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On the Convergence of Series of Moments
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Abstract. Given a triangular array {X,,x, 1 < k < n,n > 1} of random variables satisfying [E|X,, [ < oo for
somep >

p
<

1and sequences {b,}, {c,} of positive real numbers, we shall prove that } ¢,

n
]E| Z(Xn,k - ]EXn,k) /bn —&
n=1 k=1
oo, where x, = max(x, 0). Our results are announced in a general setting, allowing us to obtain the conver-
gence of the series in question under various types of dependence

+

1. Introduction

In [5], Li and Spataru proved the following statement: if {X,,, n > 1} is a sequence of independent and
identically distributed (i.i.d.) random variables with EX; = 0Oand p > 0,0 < g < 2, ¥ > 1 are such that
gr = 1, then

E|Xqlf < oo ifp>gr
E|X;]7log(1 + |Xi]) < 00 if p =gr (1.1)
E|Xp|7" < co ifp < gr

is equivalent to

f Z 2P ZXk > P11 dx < 0 forall € > 0.
P

A few years later, Chen and Wang [2] showed that, letting p > 0, {X 1} be a random sequence and {b,},
{cn} be sequences of positive real numbers,

f ch IX | > x'/Pb, }dx<oo foralle >0
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and

. IXul A\ ,
chlE max b —£,0)] <oo foralle >0

n=1

are equivalent. Hence, putting x, = max(x, 0), Li and Spataru’s result can be restated as: if {X,,, n > 1} is a
sequence of i.i.d. random variables with EX; = 0and p > 0,0 < g < 2,7 > 1 are such that gr > 1, then (1.1)
is equivalent to

i w2k [n‘l/"

p

—¢| <o forall e > 0. (1.2)

k=1

n=1

+
The extension of (1.2) to arrays of (dependent) random variables has been emerged in literature over the last
years (see [9], [11], [12], [13] or more recently [14]). Our purpose in this paper is to give general sufficient
conditions to obtain

S Zn: Xn, —]EXn, P
ZCHIEP e 2 k)) —¢&| <oo foralle>0 (1.3)
n

n=1 +

when {X,x, 1 <k < n,n > 1}is a triangular array of random variables and {b,}, {c,} are sequences of positive
constants. Namely, we shall assume that row sums of a suitable truncated triangular array of random vari-
ables satisfies classical moment inequalities, scilicet, a von Bahr-Esseen type inequality [10] or a Rosenthal
type inequality (see, for instance, [8] page 59). These are general assumptions which cover well-known
dependent structures, particularly extended negatively dependence or pairwise negatively quadrant de-
pendence (see Lemma 3.6 in last section).

In the sequel, we shall denote the indicator random variable of an event A by 14 and, for each t > 0, we
shall define also the function g;(x) = max(min(x, t), —t) which describes the truncation at level t.

2. Main results

In our first two statements, we shall establish the convergence of series (1.3) by assuming that, for any
t > 0, the (truncated) array of random variables {g;(X, k), 1 < k < n,n > 1} satisfies a von Bahr-Esseen type
inequality, i.e. there is a sequence of positive numbers {a,} such that for some g > 1,

n q n
E Y [9:X00) — EgXu0]| < ) | Elge(Xu ! @1
k=1 k=1

foralln >1andt > 0.

Theorem 2.1. Let p > 1, {X,, 1 <k <n,n > 1} be an array of random variables satisfying E|X,, ([ < oo for each
1<k<nandalln > 1, and verifying (2.1) for a g > p and some sequence {a,} of positive numbers. If {b,}, {c,} are
real sequences of positive numbers such that

q
(2) Toy Ty ancaby” [ P (X! > 1) dt < oo,
(b) Xty Yik=1 cuE |X"J<II{\X,,,k|>b,,}/b" < 0o,
(©) Zta Tiea (L + aun)enby” fo P{IXual > 1) df < oo,

then

< 00

icnm[lzz_gxn,; “EX| T

n=1 +

forall e > 0.



J. Lita da Silva / Filomat 34:6 (2020), 1875-1888 1877

Proof. Fixing ¢ > 0, we have

p

n
E () (Xox — EX,0)

k=1

-[ IP{
0 k=1

Y X = EXp0)
<%P{

Y X = EXp0)| > sbn} +f IP{
k=1 LA k=1

Y (Xux = EXy)

— &b,

+

> eb, + t”P} dt (2.2)

> tl/”} dt.

Defining X! | := gy, (Xyx) and X/, = X, x — X |, Chebyshev inequality and assumption (2.1) entail

IP{ > ebn}

Y (Xux — EX,p)

k=1

{ ~EX,) }+IP{Z(X" ~EX!) %}
<q—bq]E Z(x ~EX) )| + - X! —EX!,
2.3)
2 ay
[] 44
nZ]Ep( A+ Z]ElX
k=1
22 gy, 4
< e - Z []E Xkl lix, 1<p,) + BplP {| Xkl > bn}] * e, Z E X klT1x, 155,
no k=1 k=1

22q—1an
=7 Z f (1Xual? > tydt + — ZJE|XM|1{,XM>,JH}.

Setting Yn = gon(Xug) and Y7, = Xy — Y7, it follows

Crfgcve o

n

Y X = EXp0)| >

k=1

00 1/P
<f P Z(Y ~EY,,)| > dt+f Y” ~EY},) N TS
by, k=1 o 2
Hence
n
® 7 ’ tl/p
L]P{ (v, -EY,,) > z}dt
n k=1
0o n q
<21 -q/p ’ 4
2 fbp t E;(Yn,k EY,,) dt

q q/p 79
<2a,,fwt Z]EIY 1t

<2"a L’ d WPZ ELXl" Lix, <o) + 4 p]P{|X k| > tl/p}] dt @4)
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n . t1/p
= 274, zf t—q/pf ) {)ank| > s} dsdt
=229~ 1q€¥ Zf 1P |X k| >SS f £ q/Pdtds

max(b’ sP )

n =4

by 00
= 22’7_11701,, Z |:Zb+p f Sq_1 ]P{‘X k| > S} ds + q%f; Sp_l]P{|Xnk| > S} ds ]
22‘7 10Cnbp 1 i qu |X ‘ > tl/q dt + 2 Zf |X | > tl/P
k=1

On the other hand, |Y;’k| < |X,,/k| I|x, |>t1r), We obtain for every p > 1

0o 1 , , flp
fb ]P{ kz; (vy —EY/)|> 7}ou
<‘L W;EW

< 42]; PR 'X”/k|l{|xn,k|>t”?’}dt
= (f -Wf (Xnk| > s dsdt+foo]PHXn,k| S tl/p}dt)
v ¥

o

k
Thus, by gathering (2.

i E [ |zz=1<xn,£ ~EXu0)| E]”

), (2.3), (2.4) and (2.5) we get

.
P
—eb}
+
> ¢eby, +C—;’f P
by, Jv,

22q—1 22q 1 4 ©
+P ) ancnf |Xnk|q>t dt+_2
n=1 k=1 €

n=1 k=1

22q-1 4 ) (1+ ”) y
( zf’”l)z Wrods (g, o

n=1 k=1

Z(Xnk—lEXnk)

Z(Xn,k -E Xn,k) nk — E Xn,k)

>Hm}dq

Cn
EIE |Xn k|I{|X Kl>by }

n

1878

(2.5

(2.6)
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according to assumptions (a), (b) and (c). The proof is complete. [

Theorem 2.2. Let {X,x, 1 < k < n,n > 1} be an array of random variables satisfying E|X, x| < oo foreach1 <k <n
and all n > 1, and verifying (2.1) for a q > 1 and some sequence {a,} of positive numbers. If {b,}, {c,} are real
sequences of positive numbers such that

q
(8) X5y Yy ancaby? [ P {1X,lf > 1) dlt < oo,
(b) Xty Yik=y cuE |X",k|1{\X,,,k|>b,,}/b" < o,

(©) Xt Ty (@nca/by) [ P {IXoal > £} dt < oo,

then
= [Iz;zzl(xn,k — EXup)| ]
Z c,E 2 —&| <o
n=1 n +
forall e > 0.

Proof. All steps in the proof of Theorem 2.1 remains true for p = 1 except the upper bound (2.5). Supposing
Y =g Xup) and Y = Xy p — Y7, we have, for any t > b,

n

Y (v -EY)

n

<Y (v +EIY7)

k=1 k=1
n
< 2 (sl oy + E sl I y)
k;l
< (|Xn,k| I{lxn,k|>bn} +E |Xn,k) I{|Xn,k|>bn}) .
k=1
Hence,

(Yo, ~EY],)

t
>§}dt

k=1
0o n t
< f P{Z (el o + B s o)) > E}dt

k=1
=2 flzn P {kz: (|X,1,k| I{|Xn,k|>bl1} +E |Xn,k‘ I{|Xn,k|>bn}) > S} ds (2.7)
2 =1

n
2 (1%l I oy + E X 1{|xn,k|>bn})l
k=1

n

= 4 IE |X”/k| I{|Xn,k|>b”}
k=1

and

CH]E [|ZZ_1(XVI,£ -E Xn,k)| _ E]
n +
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nk — E Xn,k) — &b,

+

22q—1 22q 1 a C n
<( p ) n "f |X,,k| >t dt+( +4) b—n IX"kll{lX,,k|>b,,}

2271 - nCn “
+‘7q_1 Zab: fb P {[X,4] > ¢} dt

k=1

by employing (2.2), (2.4) with p = 1 and (2.3), (2.7). The thesis is established. [

The next two results, give us conditions for the convergence of (1.3) under the assumption that, for
every t > 0, the array of random variables {g:(X,,x), 1 <k < n,n > 1} satisfies a Rosenthal type inequality.
Specifically, we shall admit that there are sequences of positive numbers {§,} and {&,} such that for some
q>2,

q q/2

n,k) -E gt(Xn,k)] (28)

<P Y Elgi(Xnlf + &
k=1

Y Elgi (X0
k=1

foralln >1andt > 0.
Theorem 2.3. Let p > 1, {X,x, 1 <k <n,n > 1} be an array of random variables satisfying E|X, (P < oo for each

1<k<nandalln > 1, and verifying (2.8) for a q > maxip, 2} and some sequences {$,}, {<n} of positive numbers. If
{by), {cn) are real sequences of positive numbers such that

(@) Yot Ykt Bucnby "fO {IX,xl7 > t} dt < oo,

12/ (p— q)

q/2
(b) Zn 1 gncnb 4 J(; g (Zk 1 f }dS) df < oo,

o - t "
(© T &ncali” (Tia PO, > 1 dt) <,
(d) Z:lozl ZZ:l cyE |Xn,k|I{|X”,k|>bn}/bn < o,

(€) Lty Lt (1 + Bu)enby” fbp {IXoklP >t} dt < oo,

then
. IE ok —EXp)| T
Z ¢, E 2 —¢&| <oo
n=1 n +
forall € > 0.

Proof. The proof follows in exactly the same manner as the proof of Theorem 2.1 except for upper bounds
(2.3) and (2.4) which must be replaced. Letting X’ := gy, (Xux) and X7, = X, — X', assumption (2.8)

nk’
ensures
n
P { > ebn}
-E X'

Y Xk — EX,p)

k=1

|z

n k

i

Z(X" ~EX/)

b
2
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q
2 7 2 44 44
< ;(X”k EX)| + 5 F ;(X ~EX!)
29 E y ”
< qbq X, 7+ {Z b k|2 +—Z]E|X 2.9)
n k=1
_1571 .
- Z [ 10Ty ) + DI {1Xnsl > b}] + T Z E Xl o0,
ey 15 € i
Rl

q/2
k 1
221771‘3” bZ 4 n
_ q 4
=~y Z fo P{|X, .7 > t}dt + ) ; E X kljjx, o)
q/2
L 228, f
dt
eqbq ;
On the other hand, considering Y; L= G (X,.x) we have
” y , £/p
fp P { Y (Y -EY,) > } dt
by =1
Z (Y;,k -E Y;,k)

. q
<21 f PR
b!’
n k=1

00 n 00 n '1/2
<298, f ) t‘q/PZIEIY;,kl”’dHZan f ) t‘q’”[Z]EIY;,kIZ] d
k=1

n

n

dt

n n

PZZq 1ﬁ W 22 B N [
n ,;f |X k(>t1/'4}dt+ P ,;‘fb” ]P{|Xn,k|>t1/p} dt

q/2

n
+2%2¢g, t alp dt (2.10)

W Z (]E X‘fl,kl{\kaKﬂ/P} + tz/p]P{|ank| > tl/p})
22!7 1ﬁnb77 q n 1 qu_lﬁn ) R
(X0 > £19) d f Pllx. .| > A7) g
Zf | ‘>t }t+ =7 ,;‘ i {l n,k|>t } t
£2p n q/Z
L% e ( f Z]P . S} N
2q-1 P q n ) R
S Zf ol oo 2 [
= =

Employing (2.2), (2.5), (2.9) and (2.10) as in (2.6) the conclusion follows. The proof is complete. [

q/2
P {Xi/k > s} ds] do.

Theorem 2.4. Let {X, , 1 <k <n,n > 1} be an array of random variables satisfying E|X,, ;| < co for each 1<k<n
and all n > 1, and verifying (2.8) for a q > 2 and some sequences {B,}, {&n} of positive numbers. If (b}, {c,} are real
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sequences of positive numbers such that

(a) Z 1Zk 1 Bucnby, qfon {IXp .7 > t} df < o0,

2/ a)

o b q/2
0) Ea(&acafb) [ (i ) PIX2, > slds)  di < oo
_ 2 q/2
(©) Xot1 Encnby” (ZZ:1 I P{X2, >t} dt) < oo,
(d) Z;ozl ZZ=1 c, B |Xﬂ,k|[{|X,,,k|>b,,}/bn < 00,

(@) Toly Lia(Buca/bn) [y P {IXuxl > 1} df < oo,

then
= |Zey (Ko — E Xoup)|
Z cyE 2 —&| <o0
n=1 n +
forall e > 0.

Proof. The thesis is a consequence of (2.2), (2.10) withp = 1 and (2.7), (2.9). O

Remark 2.5. Notice that if {X,,x, 1 <k < n,n > 1} is an array of row-wise extended negatively dependent random
variables with dominating sequence {M,,n > 1} (see [6]), then (2.8) holds with g > 2 and B, = &, = C(q)(1 + My,)
with C(q) a positive constant depending only on q (see Lemma 2 of [6]); further, (2.1) still holds for these dependent
structures with 1 < q < 2 and a, = C(q)(1 + M,,), where C(q) > 0 depends only on q.

Supposing 0 < p < 1, € > 0 and b, a real sequence of positive numbers, Lemma 2.1 of [9] and elementary
inequality (x + y)’ < x” + y*, x,y > 0 lead us to

n
E||) X —ebn] <E

By taking q > p, we obtain

p

nklfix, <p,)

p
—ebn] +E
+

n
Z, Xoklyix, 150}
k=1

p
nklfix, i<p,)| ~ Ebn]
n 00 n
p 1
< bn]P{ Z Xouklx, 1<n,)| > 5bn} + jb; IP{ A nklx, <) | > p} dt

q
<eE +E

7 e
f 9Pt
v

n

Z Xoukl{1x, p1<0,)
2 X jl1x, 1<b, )

k=1
Z Xoklyix, 1<b,)

(s 1. P )b” E
q-p
14
b, <(€‘7+ P )b” 0
. q-p

Z Xn kI Ixnk|<b }
k=1

P
n

=0 E

nklfix, <p,)

'7

which yields

n
>
k=1

q I4
+E

2 Xkl {1x, 10}

(2.11)

Z Xn kI |Xn k|>bn}
k=1
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Hence, we can still announce the result hereinafter whose proof follows from inequality (2.11); we omit the
details.

Theorem 2.6. Let 0 < p < 1, {Xy, 1 <k <n,n > 1} be an array of random variables satisfying E|X, [ < oo for
eachl <k <nandalln > 1. If {b,}, {c.} are real sequences of positive numbers such that

@) Yoy Yoy cnb;qIElX,,,kl'?I{lxn/kan} < oo for somep < q <1,
(b) Xt ercl:l Cnb;pIE |Xn,k|p1{\X,,,k|>by,} <,

then

forall € > 0.

Remark 2.7. Under the assumptions of Theorem 2.1 (or Theorem 2.3) we obviously have, for any 0 <r < p,

r

e [Izz_l(xn,k —EX,)| ]
— & < 0

c,E b,
=1
.
- sbn]
+

< b;JP{ Y Xk = EX,p)| > ebn} + f ]P{
k=1 b

r
n

(2.12)

n

forall € > 0, because

E

n
Z(Xn,k -E Xn,k)
k=1

n

Xk = E X k)
k=1

=b,P Z(Xn,k —E X )| > ebnp + r f PP
k=1 P Jv,
1 00
<UPY Xop ~ BXyp)| > ey b + 0,7 f P
{ Z k ‘ } Y,

k=1 n

> t”f} dt

i(xnrk - EXu0)| > sl/”} ds (t = sr/p)
k=1

> sl/’”}ds

n
z(xn,k —EX,x)
=1

and

i CE [ |Z e (X = E X )| ~ g]r

by
<Z[cn]l’{ >ebn}+;—';f ]P{
n I, -

n
Y (X = EXo0)
n=1 k=1

n
Y (X = EXo0)
k=1

> sl/”} ds].

In the same way, (2.12) holds for every 0 < r < 1 whenever the assumptions of Theorem 2.2 (or Theorem 2.4) are met.

3. Applications

It is straightforward to see that

f P {|Xil? > #)dt < EXiP iy, s 3.1)
up
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E X L, 1>
P {1 Xl > u} < + (32)
and
1
j(; P{|X, k" >t} dt <uTPE|X, k|pl{|X dsu) t E |X”rk|q1{|Xn,k|<M} (3.3)

for any p,q,u > 0. Thus, if {a,} is a constant sequence then Theorems 2.1 and 2.2 can be gathered in the
following result.

Corollary 3.1. Let p > 1, {Xyx, 1 <k <n,n > 1} be an array of random variables satzsfymg E|X,, kI” < o for each
1 <k<nandalln > 1, and verifying (2.1) for a q > p and some constant sequence {a,}. If {b } are real
sequences of positive numbers such that

(i) Lozt L cub,"E |Xn,k|q1{lxn,k|<b,z} <o
(i) Xota Lit Cnb;p]E |Xn,k|p1{|xmk|>b”} <o

then

< 00

E [ |ZZ:1(X;1,£ - ]EXn,k)) _e '

+

forall € > 0.

Proof. Since {a,} is a constant sequence, (ii) ensures assumption (c) of Theorems 2.1 and 2.2 via (3.1).
According to (3.3), (i) and (ii) together guarantee assumption (a) of Theorems 2.1 and 2.2. Finally, assumption
(b) of Theorems 2.1 and 2.2 follows from (ii) by noting that

|Xn’k|1{|Xn,k‘>bn} < |Xn’k|p1{|Xn,k|>bn }
by - v

Hence, Corollary 3.1 is proved. [
Similarly, we can also join Theorems 2.3 and 2.4 when sequences {,} and {&,,} are both constant.

Corollary 3.2. Let p > 1, {Xyx, 1 < k <n,n > 1} be an array of random variables satisfying E|X,, klf’ < o for each
1<k<nandalln > 1, and verifying (2.8) for a q > max{p, 2} and some constant sequences {B,}, (). If {bu}, {cu}
are real sequences of positive numbers such that

(i) Lozt X cub,"E |X”/k|q1{|xmk|<bn} <o

(i) Xnta Liwt Cnbr_zp]E |Xn,k|pl{|xmk|>b”} <o

)Q/Z

(i) L2y ubi™ (Zhoy BIXotl T o)) < 00,
. oo - q/2
(iv) Yooy cuby,” (ZZ:l E Xi,kI{IXn/kan}) < 00,
then
i [IZZ_1<Xn,k ~EX,)|
Cn]E — < 00

by

n=1

forall e > 0.
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Proof. From (iii) and (iv), we have that conditions (b), (c) of Theorems 2.3 and 2.4 are verified since

0 (o
)
o 4=t Jo
w(n q/2
<262y P f [Z t2/(pq)]p{X2k>t2/(pq)}] dt
n,
0 k=t

v n a2
+207212p, 7 f [Z E Xl {|Xn,k|<t1/<*"”}] df
0 k=1

£2/(p=4)

q/2
]P{Xﬁ/k > s} ds] dt

n

b;ﬂ)—q q/2
<2022y p f [Z 120 (-Dg |Xn,k|p1{|xn,k|>t1/<pu)}] dt
0 k=1
n

P n q/2
-2)/21,"P 2 2
2612 fo Z E X200k i) + Z E Xn,kl{bn<|Xn,k|<tl,(,,_q)}J dt
k=1 k=1

n q/2 P
< 207202 [ZIE|XH,;{|”{|X”,H>%}] [ wenernay
k=1 0

ZZ=1 ]E Xfl kl{lxn klghn} q/z — bﬁ_q . q/z
+ 2q—2 [ b2 ' + 2”1—2bn7’ f Z E Xi,kl{bn<|xn,k|<tl/(p_q)} dt
n 0 k=1
n q/2 —pq/2 n E X2 I q/2
e 2(q - p)b, " (L BX L, ien, )
G-2)/2},P p n G2 ! :
< 2 bn [kZl‘ E |Xn’k| I{lxn,k|>bn}] P(q —_ 2) +2 b%
n q/2 w
+21720," [Z E Xkl I{x, b, }] [bﬁ_” "2+ f {92220 dt]
k=1 ' 0
/2 /2
_ 22— p) (T B T | (i B Xl )
p(q-2) 8 b2
/2 /2
4002 Yia E Xkl Ix, 150,) ! . 2771 - p) Yia E XLy, b,) !
v, pq-2) v
/2
_ [W +2Na-p) zq_z] Tkt EIXl I o )
p(q—2) v
2 q/2
e {Zf-l E X (L1, i<b,) ]
b2
n

and

n bﬁ q/2
b, [Z f P{X2, > t] dt}
k=10

n q/2
< 20=2/2p 4 (Z B2IP {| X, il > bn}] + 2622 4
k=1

n q/2
2
Z E X |Xn,k<b,,}J

k=1
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n q/2 Z" EX2 I q/2
- - - _ k=1 Xkl <by
< 20 2)/2bnq [bi p Z E |ank|pl{|kal>b”}] + 2@-2)/2 [ ke {1 %k }]

2
k=1 b”

q/2
{lXVl k|<bn} ]

n 14 q/2
< 20D (Zkzl E Xl I{|X,,/k>b,,}] Y [Zk_

b b%

The remaining assumptions of Theorems 2.3 and 2.4 follow from (i), (ii) as in the proof of Corollary 3.1. The
proof is complete. [

L nk(x), 1 <k <n,n > 1} be an array of functions defined on [0, o0) satisfying for all n > 1 and every
1<k<mn,

\yn,k(t)
P

T and

\yn k(t)
W,x(0)=0, 0< t’q l as 0<t7 (3.4)

forsomel <p <gq.

Corollary 3.3. Let (W, k(x), 1 < k < n,n > 1} be an array of functions defined on [0, co) verifying (3.4) for some
<p<g<2,and{Xur 1<k< n n > 1} be an array of zero-mean random variables satisfying (2.1) for such q and

some constant sequence a,. If {b,}, {c,} are real sequences of positive numbers such that

(1) Lt en ey BY (X )/ Wi () < 0,

then Y, cyE (|Zk1 ,,k|/b ) < oo forall € > 0.

Proof. From W, (t)/t7 | as 0 <t T, it follows

IE:|)(n’k|q1{|Xn,k|<bﬂ} < IE\IIYI,k(an,k”“X”“gbn})

< 3.5
bZ \Pn,k(bn) ( )
forall1 <k <nandn > 1. On the other hand, W, «(#)/# T as 0 < ¢ T entails
IE:|><n’kIpl{lxn,k|>bn} < IE\Ijn’k(lxn’k|I{|Xn,k|>bn}) (3 6)
bfl h \I"n,k(bn) ’ ’
EW,0i(XtlTx, 1)) < EWi(1Xkl), (37)
Ewn,k(lxn,k”“xmkpbn}) < Ewn,k(lxn,kn/ (38)

foreach1 <k <nandn > 1. Hence, (3.5) and (3.7) yield

EIX " 1x, ,1<b,) B EW,, 1 (1X,.)
b S W, (by)

forany 1 < k < nand n > 1, which assures assumption (i) of Corollary 3.1. Moreover, (3.6) and (3.8) imply

EIX kP Iix, 15,) y BW,, k(1 X kll{ix,, 5,)) _ BV (IXo)
bz = \pn,k(bn) h \I”n,k(bn)

(3.9)

forevery 1 < k < nmand n > 1. Thus, assumption (ii) of Corollary 3.1 holds via (3.9) and (1). The proof is
complete. [
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Corollary 3.4. Let {W,x(x), 1 < k < n,n > 1} be an array of functions defined on [0, o) verifying (3.4) for some
p = land q > max{2,p}, and {X,,x, 1 < k < n,n > 1} be an array of zero-mean random variables satisfying (2.8) for
such q and some constant sequences f,, &n. If by}, {c,)} are real sequences of positive numbers such that

(1) Zle Cn 22:1 IE\yn,k(lxn,kD/\yn,k(bn) <,
o q/2
(2) Zn:l Cn (ZZ:l E Xi,kl{lxn,kan}/b%) < 0o,
(3) Lo € [ Loy B (X ) /Wi b)]"? < o0
) n 4
then },~, c,E (|Zk=1 X,,,k| /by — e)+ < 0.
Proof. The thesis is a consequence of Corollary 3.2 by arguing as in the proof of Corollary 3.3. O

Remark 3.5. We observe that Theorem 3 of [12] can be obtained via Corollaries 3.3 and 3.4 by taking c, = 1 for
all n > 1 and WV, i (x) not depending on n,k satisfying W, (0) = O; indeed, for such sequence c,, the assumption

Y cn [T B, (1 X k) /Wi (B)]"? < 0o can be dropped in Corollary 3.4.

The lemma below gives us a von Bahr-Esseen type inequality for row-wise pairwise negative quadrant
dependent (NQD) triangular arrays (see, for instance, [7]). The proof can be performed as in Theorem 2.1
of [1] by employing the truncation X’ , = g.(Xux), 1 <r <2and X/, = X, x — X’ ,, being thus omitted.

Lemma3.6. Let1<r<2and {X,x, 1<k<n,n>1}bea trlangular array of zero-mean row-wise pairwise NQD

random variables such that E | X" < oo foralln > 1and any 1 <k < n. Then

n
w| <CO) Y EXul, n>1

where C(r) > 0 depends only on r.

Remark 3.7. Itis worthy to note that using Lemma 3.6 in Theorems 2.1 and 2.2, we can extend Theorem 3.7 of [1] to
sequences {X,, n > 1} of pairwise NQD and 1dentzcally distributed random variables, by admitting X, = Xi, p =1,
cpn=n"2andb,=n"?P (0<p<2uwithl <r<2,t>1,andtp <2

Remark 3.8. Let us point out that all statements presented throughout can be properly extended without effort to

general arrays {X,,;, 1 < j < kn, n > 1}, where {k,} is a sequence of positive integers such that k, — oo as n — oo.

Conszderzng also an array {W,;(x), 1 < j < ky,n > 1} of functions defined on [0, c0) satisfying (3.4) for every
< j<kyandalln > 1, we conclude from Lemma 3.6 that our Corollary 3.3 extends Theorem 1.1 of [14].

Corollary 3.9. Let 1 <r <2and {X,x, 1 <k <n, n > 1} be a triangular array of row-wise pairwise NQD random
variables such that E | X, x|" < coforalln > land any 1 <k < n. If 1 < p < r and {b,} is a real sequence of positive
constants satisfying,

(1) L5 Yo by " P{IXol > 1) di < oo,

() Enta Lo EIXilix, js0,)/bn < 00,

) Lot Xy b [ PAXual? > 1} df < oo,

then Y1 E [|ZZ:1 Xux—E X,,,k)| /b, — e]i < oo forall e > 0.

Proof. From previous Lemma 3.6 we obtain (2.1) with ¢ = r and a, = C(r). The thesis follows from
Theorems 2.1 and 2.2 by taking ¢, =1 foralln > 1. O
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4. Final comments

In 1947, Hsu and Robbins [4] introduced the concept of complete convergence (see also [3] for a survey).
By taking ¢, = 1 for all n > 1 in (1.3), we obtain that |ZZ:1(Xn,k -E X,,,k)| /by converges completely to zero:

indeed, setting A,(¢) := {cu: |ZZ=1(Xn,k -E Xn,k)| /by —¢€ 2 0}, we have, for each 6 > 0,

" (Xux — EX, i " (Xux — EX, i
DO tcn. 0] Y ey ¥/ 16 el 2.7 Y (O
b, by,
+ +
" (Xux—EX, y
— 5P ['Z"‘l( Z 'k))—e] > 641 A(e)
n +
(p=1).
" (X, —EX, !
+ 5P [Zie o 'k)'—s > 54 M A, e)C
by .
" (Xox—EX,
= 5P i z ’k)|>e+61/1”

Furthermore, by using the elementary inequality |x[? < max(1,2/7) [(le - + eP] for every real number
x and any p, € > 0, it follows

22:1 (Xn,k -E Xn,k)

T Xk~ EXp)| T
b, -

E b,

+ & p=1)

p
<2t ]E[

+

so that, our statements also guarantee the convergence in mean of order p > 1 (to zero) for triangular arrays
of random variables under the considered assumptions.
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