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Painlevé o-Equations sy, s, s4 and Their Value Distribution

Ewa Ciechanowicz?

Institute of Mathematics, University of Szczecin, Poland

Abstract. Local solutions of Painlevé equations Py, P,, Py, as well as of the equations S;, Sy, Ss satisfied
by their Hamiltonians, can be extended to functions meromorphic in C. This way they become a point of
interest for value distribution theory. Distribution of values of solutions of P;, P, and P, is already well

described. In the paper we discuss mostly S;, S; and S, in this context. In particular, we pay attention to
deficient, asymptotic and ramified values of solutions of these equations.

1. Introduction

Value distribution and growth properties of meromorphic solutions of the main Painlevé equations are
quite well recognized. The Painlevé o-equations are the second order differential equations fulfilled by the
Hamiltonians of Painlevé equations [6, 19]. In this paper we concentrate on the equations S, S, and Sy
related to the first, second and fourth Painlevé equations, and compare their properties with those of Py, P,
and Pj.

One of the prominent features of the Painlevé equations is the possibility to represent them as a Hamil-
tonian system

dg _oH dp _ oM
dz  dp’ dz  dq
with polynomial or rational Hamiltonians [15, 18]. The first Painlevé equation

P;: ' =6f+z
can be represented as a Hamiltonian system with the Hamiltonian

1
Hl(P/q,Z) = EPZ - 2‘73 —zq

q=p
P =6+z
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where g fulfills P;. If we put
= Hl (pr Q/ Z)r (2)

p = _Gi/ ’

and the function o fulfills the second order equation

Q

oy

—~
N

-
|

Si: (0”)* +4(0")® + 226’ — 20 = 0.

Conversely, if o solves S;, then g = —¢’, p = —0”’ solve (1).
The second Painlevé equation

Py(a): =2 +zf +a,

where a is a fixed complex parameter, can be represented with the Hamiltonian

1 1 1
Ha(p,q,2) = 5p° = (@" + 52)p = (@ + 5)q-

Here
qg=p-q- %z

=2 +a+1.
p_qp 2

Then g satisfies P, and p satisfies the equation

" o_ 1 7\2 3 _ 2 1 1 2
known as P34. The function defined as
02(2) == Ha(p, g, 2). 3)

is then a solution of the equation
77\2 "3 ’ ’ 1 1 2
Sx(a) : (") +4(c")’ + 20" (zo —a)=1(a+§),

where « is a complex parameter. Conversely, if ¢ is a solution of Sy, then

40" +2a+1
B 8o’ !
p=-2d,

are solutions of P, and Pay4, respectively [19].
The fourth Painlevé equation is
f/2 3 f3

Py(a, ) : f”=g+—+4zf2+2(zz—a)f+

b
2 4

f

where a, B are arbitrary complex parameters. If we represent P4 as a Hamiltonian system with the
Hamiltonian

Hi(p,q,2) := 2qp* — (¢ + 229 + 260)p + Ocol,
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we get
q' = 4qp —q" —22q - 26,,

{p’ =20 +2qp +2zp — Ous
Thus, eliminating p in the system we obtain that g satisfies Py(a, f) with @ = 1 - g + 26, p = —267, and by
eliminating g we obtain, that —2p satisfies Py(a, ) with a = 20y — 6 — 1, B = —202%. The function

04(2) := Ha(p, q,2) (4)
satisfies the equation

S4(60, 6) : (0”)* — 4(z0" — 0)* + 40’ (0" +200)(0” +20:) =0,
and conversely, if ¢ is a solution of Sy, then

0" —2z0" + 20 0" +2z0' — 20

20 +20%) T a0 +26,)
are solutions of the Hamiltonian system for P4 [19].

2. Value distribution and c-equations

We apply the following notations standard in value distribution theory [10, 14]. By N(r, f) and N(r, f)
we denote Nevanlinna’s integrated functions counting poles of a meromorphic function f. Then

)

N(r,a, f) := N(r, J%a), N(r,a, f) := N(r, 7 i .
count a-points with, and without multiplicity, respectively. We also put Ni(r,a, f) = N(r,a, f) — N(1,a, f).
Next,

1
f-a
denote mean proximity functions, T(r, f) the characteristic function.

We define 6(a, f), the deficiency of f at a value a € C, by the formula

m(r, f) = m(r, oo, f) and m(r,a, f) := m(r, )

.. m(ra,f) . N(r,a, f)
o(a, f) = liminf =1-limsup———
R i) " T f)
and 9(a, f), the index of multiplicity of a value g, by the formula

. . N 1 (T, a, f )
S(ﬂ, f) = llmglfT,f)
If 6(a, f) > O, then we say that the value a is deficient (in the sense of Nevanlinna), and if 9(a, f) > 0 we
call a a ramified value of f. Let us remind that it follows from the first and the second main theorems
of Nevanlinna that the set of deficient values of a meromorphic function f is at most countable and the
following relations are true:

0<6(a, f)+9G, f) <1,

Y (0@, )+ 9, ) <2.
aeC
The order and the lower order of a meromorphic function f are defined by
o log T(r, f) s 0g T( f)
o(f) := hryxls;}pW, u(f) := hmionfv.

If o(f) = u(f) then f is called a function of regular growth.
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2.1. Main results

Since 1913-14 and the papers of Boutroux it has been known that the solutions of P; are transcendental
meromorphic functions of regular growth, of finite growth order g(f) = 5/2. The rigorous proofs were given
by Steinmetz in 2002 [29] and, independently, by Shimomura in 2001 [23] and in 2003 [24]. Thus P; does not
admit rational solutions. Moreover, the solutions do not have values deficient in the sense of Nevanlinna
[22] or even in the sense of Petrenko [3].

The following result holds for solutions of S;.

Theorem 2.1. The solutions of Sy are transcendental meromorphic functions of finite order o(0) = 3. Moreover,
m(r,0) = O(log) (r > o)

and foralla € C,
m(r,a,0) = O(log ) (r = o).

Thus for all a € C, the deficiency 5(a, o) = 0 and no value is deficient.

Theorem 2.1 means, in particular, that S; does not admit entire solutions.

Solutions of P, and P, are meromorphic functions, for recent proofs see: Hinkkanen and Laine in [11]
or Steinmetz in [28]. Steinmetz in [29] and Shimomura in [23, 24] also proved that solutions of P, are of
order o(f) < 3 and solutions of P4, of o(f) < 4, while the respective lower bounds for the order of growth
of transcendental solutions ¢(f) > 3/2 and ¢(f) > 2 were shown by Hinkkanen and Laine in [12] and
independently, by Shimomura in [25] and by Steinmetz in [30] (for an overview see also: [32]). It follows
from the relationship with P, that the solutions of P34 are also meromorphic and of finite order of growth
o(f) <3 [2]. Apart from solutions of order 3, equation P, may admit rational solutions and solutions of
order 3/2 for some values of the parameter of the equation, hence the same applies to solutions of Ps.
The estimates of deficiencies for transcendental solutions of P, were given by Schubart in 1956 [21] and by
Schubart and Wittich in 1957 [22]. For a solution f of P>(«) with a # 0, we have 6(a, f) = 0 for every value a.
In case of P,(0), the same holds both for all non-zero values and for the value zero, which has been recently
shown by Steinmetz [31]. Estimates of deficiencies for P34 were shown by Filipuk and Ciechanowicz in [1].
Now we can formulate the result concerning the o-function of P,.

Theorem 2.2. The solutions of Sy(a) for any fixed a € C are meromorphic functions of finite order (o) < 3 fulfilling
the condition

m(r, o) = O(logr) (r — o0).
If o # —3, then the condition
m(r,a,0) = O(logr) (r = o0)
holds for all complex values a. If « = —} then
m(r,a,0) = O(log 1) (r = )

holds for all a # 0. Thus for a transcendental solution ¢ we have 5(a,0) = 0 for all a € C if a # —3, and for all
aeC\{0}ifa=-1.

It should be mentioned that in [31] Steinmetz proved that 6(0, f) = 0 for transcendental solutions of P»(0),
which means that zero is not a deficient value of a solution of P,(«), regardless of the choice of parameter
a. It seems plausible that the same is true both for solutions of P34 and S,.

Apart from solutions of order 4, equation P, may admit rational solutions and solutions of order 2
for some values of the parameters. The estimates of deficiencies for transcendental solutions of P, were
originally given by Steinmetz in 1982 [27]. The following result concerns the o-form of P;.
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Theorem 2.3. The solutions of S4(6o, ) are meromorphic functions of finite order o(c) < 4 fulfilling the condition
m(r, o) = O(logr) and m(r,a,0) = O(logr) (r = o0)

for all values a € C\ {0}. Thus if o is a transcendental solution of S4(0y, O), then for all non-zero values 6(a, o) = 0.

Zero may actually be a deficient value in case of certain solutions of S4, which the following example
shows.

Example 2.4. If we consider S4(1,0) or S4(0, 1) we get the equation
(0”) = 4(z0’ = 0)* + 400’ +1) = 0.
This equation is satisfied by solutions of the Riccati equation

o’ = (0% + 2z0).

-1
An example of such a solution is oo(z) = (622 foz e‘tzdt) . Here the order o(oo) = 2. Therefore, similarly as in the case
of Py, solutions of S4 of order 2 are possible. Let us also notice that 6(0,00) = 1[14, 27].

The quantity
L(r,a, f)

Bla, f) = liminf =2

T(r, f)
is called deviation of a meromorphic function with respect to a € C, where
maxlog® [f(z)] for a=oo,
z|=r

for a # oo.

If B(a, f) > 0 we say, that a is deficient in the sense of Petrenko. For all a € C the inequality

o(a, f) < pla, f)

follows easily from the respective definitions. Thus for each value deficient in the sense of Nevanlinna also
B(a, f) > 0. For meromorphic functions of finite lower order we have upper bounds of deviations similar to
the deficiency relations following from the first and second main theorems of Nevanlinna. Namely, it was
proved by Petrenko in [20] that for a function f of finite lower order u,

T if U <0.5,
— sinmu -
B(a, f) < B(p) : { nu  if p>05

and the set of deficient values in this sense is at most countable. Marchenko and Shcherba in [17] proved
that

Y B, f) < 2B(uw).

aeC

Both estimates are sharp. In general, the sets of deficient values in the sense of Nevanlinna and in the sense
of Petrenko may differ even in case of functions of finite order and of regular growth.

A value a € Cis an asymptotic value of a meromorphic function f if there exists a continuous curveI' C C,

T:z=2z(t), 0<t< oo, z(t) = oo for t — oo,
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such that
lim f(z) = tlimf(z(t)) =a.
Z—00,Z€ —00

We call such a pair {a,T'} an asymptotic spot of f. Two asymptotic spots {a;,I'1} and {ap,I'>} are considered
equal if a1 = 4, = a and there exists a sequence of continuous curves y, with one end of each y; belonging
to I'1 and the other to I',, and

i Y
By the Denjoy-Carleman-Ahlfors theorem [8], an entire function of finite lower order A cannot have more
than max{[2A], 1} different asymptotic spots. Similar estimates have been formulated with respect to
asymptotic functions, in attempt to prove so-called Denjoy conjecture (see: [7, 26]). The number of
asymptotic values of an entire function of infinite lower order or a meromorphic function even of finite
order may be infinite.

Among asymptotic values we can distinguish those, for which the function moves along the curve
towards the value a with a fixed higher speed, for instance comparable with characteristic T(r, f). We say
that a € C is an ag—strong asymptotic value of a meromorphic function f, if there exists a continuous curve
I': z=2z(),0<t< o0, z(t) > o0 as t — o0, such, that

log |f(z(t) —al™! _

lim inf =afa) > ag>0, if a# oo
I I
1 t
liminfM >ap >0, if a=oco.

oo T(I2(B)], f)
If a is an ap-strong asymptotic value of f, then an asymptotic spot {a, I'} is called an ay- strong asymptotic spot
[16]. It is easy to notice that, if a is an ap-strong asymptotic value of f, then the magnitude of Petrenko’s
deviation B(a, f) > ap. It means that a is also a deficient value in the sense of Petrenko. Marchenko proved
that the number k of distinct ay-strong asymptotic spots of a meromorphic function of finite lower order A
is finite and the inequality

k< [ZB(/\)]
Qap

holds (see: [16]). Similar results concerning strong asymptotic functions can be found, for example, in [4, 5].
The next result concerns asymptotic values in case of solutions of Py, P, P34 and Pj.

Theorem 2.5. If f is a solution of Painlevé equation Py then f does not have any strong asymptotic values. Tran-
scendental solutions of the second Painlevé equation Pr(«) do not have strong asymptotic values if a # 0. If a = 0
the solutions of the equation do not have non-zero strong asymptotic values. Transcendental solutions of Painlevé
equation Ps4(a) do not have strong asymptotic values if a # —1. If a = —1 the solutions of the equation do not have
non-zero strong asymptotic values. Transcendental solutions of P4(a, B) do not have strong asymptotic values other
that, possibly, zero.

Now we move on to discuss deficient values in the sense of Petrenko and asymptotic values of the
o-equations. We say that ¢ : (0, +o0) — Ris S(r, f) if

o(r) = o(T(r, f)) (r— oo, r¢E),
where E is a set of finite linear measure.

Theorem 2.6. Let ¢ be a solution of Sy. For all values a in C we have
L(r,a,0) = 5(r,0)  (r— o)
and f(a, o) = 0.
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Corollary 2.7. The solutions of Painlevé equation Sy do not have strong asymptotic values.
Theorem 2.8. Transcendental solutions of Sy(a) fulfill the condition
L0,0) =50, f) ().
Thus p(co, 0) = 0. Moreover, if a # —%,for all complex values a, and if ¢ = —%for alla € C\ {0},
L(r,a,0) = S(r, f) and  B(a,0) =0.
Theorem 2.8 leads to the following conclusion.

Corollary 2.9. Transcendental solutions of Painlevé equation S,(r) do not have strong asymptotic values apart from,
possibly, the value zero when a = —1.

Similar results can be formulated with respect to S.
Theorem 2.10. Transcendental solutions of S4(0o, Oc) fulfill the condition
L0,0)=S0,f)  (r— ).
Thus B(co, 0) = 0. Moreover, for all non-zero complex values a,
L(r,a,0) = S(r, f) and  B(a,0) =0.
Theorem 2.10 leads to the following conclusion.

Corollary 2.11. Transcendental solutions of Painlevé equation S4(00, Oc0) do not have strong asymptotic values apart
from, possibly, the value zero.

Zero may actually be a strong asymptotic value of solution of S4, which the following example shows.
Example 2.12. Let us again consider S4(0p, O) with (0p, O) = (0,1) or (6y, O) = (1,0), that is the equation
(0”)? = 4(z0’ — 0)* + 40" (0’ =2) = 0.

We can see that in case of value zero a positive deviation is possible as B(0,00) = 0(0,00) = 1 for the solution

2z _p o \71 . . . . . z _p
oo(z) = (ez fo et dt) of this equation. Applying the asymptotics of the function fo e"t'dt (see: [10, §2.5]), we can
make more accurate computatons and find out that

P2
T(r,00) = — + 0(1) (r — o)

s
L(1,0,00) ~ 1* (r — ), B(0,00) = T
L(r,00,00) ~logr  (r— o), B(eo0, 5g) = 0.

It should be mentioned that in case of functions of order 2, the highest possible value of deviation is 21. It follows from
Theorem 2.10 that ¥ ¢ (a, 00) = T, while the extremal value of the sum of deviations for a function of order 2 is 4m.
Moreover, the function has two asymptotic values: the value zero with two separate asymptotic spots {0,I'1}, {0,T2},
where

Ty:z(t)=t, te€[0,00), I z(t) = —t, t€[0,00),
and the value oo with two asymptotic spots {00, I'3}, {00, I'4}, where
T3: z(t) =it, t €[0,00), Ty: z(t) = —it, t € [0, ).

Here 0 is a strong asymptotic value and {0,1'1}, {0, I'2} are strong asymptotic spots, while oo is not strongly asymptotic.
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2.2. Ramification of Hamiltonians

For the estimates of multiplicity indices for P, see [13], for P4 see [1], and for P, see [27]. The following
results concerning ramification of values hold for solutions of 51,5, and S4.

Theorem 2.13. Let o be a solution of Sy. The a-points of o for a # 0 are at most double and 9(a, o) < 1. The non-zero
zeros of o are of multiplicity at most 3 and 9(0, o) < 3. The poles of o are simple with residuum 1 and 9(co, o) = 0.

Theorem 2.14. Let o be a solution of Sy(a). If a # —1, the a-points of o are at most double and 9(a,0) < 1. If

a = —13, then the multiplicity of non-zero a-points is at most 3 and 9(a,0) < %. The zeros are simple, so 9(0,0) = 0.
For any choice of the parameter a, the poles of a solution of S,(«t) are simple and (o0, o) = 0.

Theorem 2.15. Let ¢ be a solution of S4(6o, ). The non-zero a-points of ¢ are at most double and S(a, o) < %

If 000« = 0 the zeros of o are simple, so 9(0,0) = 0. If 090 # 0, the multiple zeros are of multiplicity 3 and
9(0,0) < . For any choice of the parameters 6y, Oc, the poles of a solution of S4(6o, Ow) are simple and 8(c0, ) = 0.

3. Proofs of the main results

In order to prove the theorems presented in the previous section we need a few auxiliary results.

3.1. Auxiliaries

We first recall the well-known lemmas of Clunie and of A.Z. Mohon’ko and V.D. Mohon’ko as formulated
in [9, App. B].

Lemma 3.1. Let f be a transcendental meromorphic function of finite order such that

ff=Q@f), peN,

where Q(z, u) is a polynomial in u and its derivatives with meromorphic coefficients b, (u € M). If the total degree of
Q(z, u) as a polynomial in u and its derivatives does not exceed p, then

m(r, f) = O()_ m(r,by) + Ologr)  (r — o).
ueM

Lemma 3.2. Let F(z, u) be a polynomial in u and its derivatives with meromorphic coefficients b, (u € M). Suppose
that f is a transcendental meromorphic function of finite order such that F(z, f) = 0 and let c € C. If F(z,c) # 0, then

m(r,c, f) = O(Z T(r,b,)) + O(logr)  (r — o).

uEM

The following results concerning deviation are modified versions of the (generalized) lemma on the
logarithmic derivative, Clunie lemma and Mohon’ko-Mohon’ko lemma.

Lemma 3.3. [1] Let f be a meromorphic function. Then, possibly except for v in a set of finite linear measure, for
k=1,2,... we have

f(k)
L(r, 00, 7) = O(log(rT(r, 1)) , (r > o),

where f® means the k-th derivative of f.
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Lemma 3.4. [1] Let f be a transcendental meromorphic solution of

fnP(er) = Q(er)/ 5)

where n is a positive integer, P(z, ), Q(z, f) are polynomials in f and its derivatives with meromorphic coefficients
ay, by, respectively, which are small with respect to f in the sense that

L(r,00,a0) =51, f),  L(1,00,by) = 5(r, f).
If the total degree d of Q(z, f) as a polynomial in f and its derivatives is d < n, then
L(r,00,P(z, f)) = S(1, f).

Lemma 3.5. [1] Let

P& f, f, . f)=0 (6)

be an algebraic differential equation (P(z, ug, u1, ..., Uy,) is a polynomial in all arquments) and let f be its transcendental
meromorphic solution. If a constant a does not solve the equation (6), then L(r,a, f) = S(r, f) and B(a, f) = 0.

3.2. Proof of Theorem 2.1

Let 0 be a solution of S;. Then g = —¢’, p = —o¢” fulfill (1), so g is a solution of P;. Thus g is meromorphic,
which means that ¢’ and ¢” are also meromorphic functions. It follows from S, that
1

0= E(U")2 —2(0") + 20/, (7)
so 0 is a sum of meromorphic functions and thus is also meromorphic in C. We know that solutions of P,
are transcendental meormorphic functions of order g(f) = 2.If f is a solution of P; then f = —o’ for a certain
solution o of the equation S;. It follows that ¢’ has to be a transcendental meromorphic function of order
o(o’) = g Since for meromorphic functions the order of the derivative is the same as of the function itself,
we get p(0) = %

Next, from (7) and by basic properties of the mean proximity function,

7

m(r,0) < 2m(r,¢”) + 4m(r,c’) + O(log r) < 2m(r, (;—,) +6m(r,0’) + O(logr).

As m(r,0") = m(r, f) for a certain solution f of Pj, it follows that m(r, 0’) = O(log ). Applying the lemma on
the logarithmic derivative to ¢/, we get

m(r, o) = O(logr) (r = o).

Let us notice now that if 2 € C \ {0}, then a constant a does not satisfy the equation S;. Thus, by Lemma
3.2,

m(r,a,0) = O(logr) (r — o0). (8)

Next,

’

m(r, };) < mf(r, %) + m(r, i). 9)

Moreover, —¢’ solves P; and for a solution f of P,
1
f

m(r, =) = O(logr) (r » ),
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which means that also
m(r, %) = O(logr) (r = o).
Applying the lemma on the logarithmic derivative to (9), we now obtain
m(r,0,0) = m(r, %) = O(log ) (r — 0). (10)
It follows from (8) and (10) that
m(r,a,0) = O(logr) (r = o0)
for all a € C, which completes the proof.

3.3. Proof of Theorem 2.2

By the definition (3), each solution of the equation S,(a) can be expressed as a polynomial with rational
coefficients and in variables p, 4, where g satisfies P, and p satisfies P34. Since p, g are meromorphic, o is also
a meromorphic function. Moreover, by the relationship p = —20” between a solution p of the equation P34
and the derivative of 0 we get

0(0) = o(d”) = o(p)-
We have o(p) < 3 [2], which implies o(0) < 3.
Next, by (3) again,
m0,0) = mr, 39— (@ + 32p — (@ + )0,
where p, g are the solutions of P34 and P, respectively. It follows that
m(r,0) < 3m(r,q) + 3m(r, p) + O(logr) (r = o0).
Since for solutions of P, we have m(r,q) = O(log ) and for solutions of P34 also m(r, p) = O(logr), we get
m(r,0) = O(logr) (r = o0).

Consider now the equation Sy(a) with @ # —1. In this case no constant fulfills the equation, so by Lemma
3.2, wegetforallaeC

m(r,a,0) = O(logr) (r — o0). (11)

If a = —1 the equality (11) holds for all non-zero complex numbers, by the same argument, which
completes the proof.

3.4. Proof of Theorem 2.3
By the definition (4), each solution ¢ of the equation 54(6y, f) can be represented as

o= 2qp2 - (q2 +22q + 2600)p + O0g,

where g satisfies Py(a, ) witha = 1-0p+20., p = —293, and —2p satisfies P4(a, f) witha = 200 -0 -1, f =
—2062. Since p, q are meromorphic, then ¢ is also a meromorphic function. Moreover,

T(r,0) = T(r,2qp* — (q* + 229 + 200)p + Ooq)
< 5T(r,q) + 3T(r,p) + O(log )
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As both g(g) < 4 and g(p) < 4, we get o(0) < 4. Similarly,
m(r, o) < 5m(r,q) + 3m(r, p) + O(log 7).
By known estimates for solutions of P4 we have
m(r,q) = O(logr) and m(r,p) = O(log 1),
so we get m(r,0) = O(logr) (r = o), and 6(c0,0) = 0.
Let us now notice that, as a non-zero constant a does not solve S4(6y, 0«), by Lemma 3.2 we get for all

aeC\ {0}

m(r,a,0) = O(log ).

3.5. Proof of Theorem 2.5

Let f be solution of P;. Then, by Theorem 3.16 in [3] we have (g, f) = 0 for every value a € C. If a were
to be an ay-strong asymptotic value of f, then S(a, f) > ag > 0 - a contradiction. It follows that f does not
have ay- strong asymptotic values for any ag > 0.

By Theorem 3.3 in [1] and a similar reasoning we obtain conclusions concerning strong asymptotic
values of solutions P, and Pj.

3.6. Proof of Theorem 2.6

Let 0 be a solution of S;. By a similar argument as in the proof of Theorem 2.1, since ¢ fulfills the equation
(7) and by the properties of the function of deviation, we get

L(r,0) <2L(r,0")+4L(r,0") + O(logr) < L(r, Z—/:) +6L(r,0’) + O(log ).

As L(r,0") = L(r, f) for a certain solution f of Py, it follows from Theorem 3.16 in [3] that L(r,¢”) = S(r, o).
Applying Lemma 3.3 to ¢’ and the fact that S(r, 0’) = S(r, ), we obtain

L(r,0) = S(r,0) (r — o).
If a € C\ {0}, then a constant a does not fulfill the equation S;. Thus, by Lemma 3.5,
L(r,a,0) = S(r,0).
Next,

1 o’ 1
L(r, 5) < L(r, ;) + L, ;)-

We apply again Lemma 3.3. Moreover, it follows from Theorem 3.16 in [3] in connection with the fact
that 0’ = —f for a solution f of P;, that

L(r, (%) = S(r,0") = S(r,0).

This way we obtain the statement.
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3.7. Proof of Theorem 2.8

By a similar argument as in the proof of Theorem 2.2, since we consider transcendental solutions of the
equation S;(«) and by the properties of the function of deviation, we get

L(r,0) = L(r, %pz — (> + %z)p —(a+ %)q),

where p, g are the solutions of P34 and P,, respectively. It follows that
L(r,0) <3L(r,q) + 3L(r,p) + O(log ) (r = o0).

Applying Theorems 3.3 and 3.9 from [1], we get
L(r,0)=5p)+5(rq)  (r— o).

By the relationships of o with p and g, we have
5(r,p) = S(r,0) and 5(r,q) = S(r, 0).

It follows that L(r, o) = 5(r, 0).
If a # —1 then no constant 4 € C fulfills the equation Sy(a). Thus, by Lemma 3.5,

L(r,a,0) = S(r,0)

and f(a, 0) = 0.1f, on the other hand a = —%, then the same argument holds for non-zero values, so f(a,0) =0
for all a € C\ {0}, which completes the proof.

3.8. Proof of Theorem 2.10
By definition (4), a solution ¢ of 54(6y, f«) can be represented as

0 = 2qp* — (g% + 22q + 200)p + Ouog,

where g satisfies Py(a, ) witha = 1-0p+20., p = —293, and —2p satisfies P4(a, f) witha = 200 -0 —1, f =
—262,. Applying the properties of the function of deviation, we get

L(r,0) < 5.L(r,q) +3L(r,p) + O(log).
As o is transcendental, applying Theorem 3.3 from [1], we obtain
L(r,0) = S(r,p) + 5(r, 9).

It follows from the relationships between p and g with ¢ that £L(r, o) = 5(r, 0).
Let us now notice that, as a non-zero constant a does not solve S4(6p, ). By Lemma 3.5 we get for all
aeC\{0}

L(r,a,0) = S(r,0).

3.9. Proof of Theorem 2.13

Let z be an a-point of a solution ¢ of 51 (a # ). If a # 0, the assumption that o(zp) = a, 0’(zp) = 0 leads
to the conclusion that (0" (zo))*> = 2a. Thus the non-zero a—points of ¢ are at most double. It follows that

— 1
Ni(r,a,0) = N(r,a,06) — N(r,a,0) < EN(r,a,a)

and

N 1
S(a,0) = limionf% <5
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Assume now that z is a zero of ¢. Standard computations lead to the Taylor series around zj of the form

0(z) = a1(z — z0) + /a1 (2> + ZEO)(Z —z0)* + (—af — Zgo)(z - z0)°

z 1 .
+(—a1 4 [—m (@2 + 50) - 520" + Y az - z0)f
k=5

with a; depending on zp and a;.
If we assume that zg is a multiple zero we get the series around zj of the form

z 1 z2
o(z) = _EO(Z - ZO)3 - ﬂ(z - 20)4 - %(Z - 20)7 + ...

It follows that, apart from possibly a zero point at zero, all the zeros of ¢ are of multiplicity at most 3. so
1 2 1 2
V< = _ < =
Nl(r,g) < 3N(r,a)ﬁLO(logr) and 30,0) < 3

Let now zy be a pole of the solution of S;. The expansion around z is

1

Z—2p

1
o(z) = +ap + ;—8(2—20)3 + ﬂ(z—zo)4+a5(z—zo)5 ¥,

S0 2y is a simple pole with residuum 1. It follows that (0, o) = 0.

3.10. Proof of Theorem 2.14

Let 0 be a solution of the equation Sy(«). The assumption that z is an a-point of o (7 # o0) leads to the
system of equations binding the initial coefficients of the expansion around z :

2 3 2 _ - 1 1y2
4a5 + 4a] + 2zoa; — 2am = gl@+3)
6203 + 6a3a; + 22014y — Ady =0
1843 + 24a2a4 + 24105 + 18ajas + ayaz + 4zoa3 + 6z0m1a3 — 3aa3 = 0
36azay + 200205 + 843 + 361023 + 12a3a, + a5 + a1a3
+6z0a0a3 + 4zga104 — 2aay =0
72a; + 120a3as + 60206 + 720303 + 54143 + 96a1a2a4 + 30a3a5
+7ara3 + 3a1a4 + 9zoa§ + 16z9a2a4 + 10zpa1a5 — baas =0

If « # —1 the multiple a-points of ¢ are at most double. Indeed, the assumption that a(z9) = 4, 0’(z9) = 0
leads to the equality (0" (z9))? = 411(0‘ + %)2. Thus we have 3(a,0) < % Ifa= —% , the assumption that z is a
multiple a-point of ¢ with a # 0 leads to the conclusion that the multiplicity is 3 and 9(a,0) < 3. The zeros
in this case are simple with the expansion

0(z) = a1(z — z0) + \/—a%(al + %zo)(z —z0)2 + (—a% - Zgoal)(z -z + ...,

so 3(0,0) = 0.
The initial part of the Laurent expansion around a pole z is

1 Z 1 1 1
o(z) = p—— +ap — go(z —2zp) — g(z ) i %(ao + gzo)(z - 20 + ...

Thus the poles of ¢ are simple with residuum 1, so (0, 0) = 0.



E. Ciechanowicz / Filomat 34:6 (2020), 1959-1973 1972

3.11. Proof of Theorem 2.15

Let o be a solution of 54(0y, 0). If 0(z9) = a (a # 0, 00) and assuming that 0’(zp) = 0, we get 0"’ (z0) = +2a.
Thus multiple non-zero a-points are at most double and 9(g, o) < %

Around an a-point zy of 0 (a # o0) we have a Taylor expansion with the initial coefficients bound by the
system

a3 + a3 + (200 + 200 — 22)a% + 2zoaay + 4000001 — a* =
3as + 302 + (400 + 46) — 223)a1 + 2200 + 4000

64 + 6102 + (400 + 400 — 225)ay — o1 +a

5a5 + 3a1a3 + (200 + 260 — z5)as + 2a3 — zoa,

ae + 12a1a4 + (8900 + 86y — 42%)&4 + 18a,a3 — 5zpaz — a»

105a7 + 30a1a5 + 10200 + 200 — z3)as + 48a2a4 — 14zoay + 2745 — 4a3

Il
[=NeNe N NNl

Let now zy be a zero of . The system above leads to the following expansion around z

0(z) = ai(z—2z0)+ \/—a? — (200 + 200 — 23)a% — 40601 (z — 20)*
—(a2 + 5(2000 + 200 — 22)a1 + 50.00)(z — 20)® + Ly ak(z — z0)*
with a; depending on zp, 2; and parameters 0., 0.

If 6,09 = 0 the zeros are simple and thus 9(0, 0) = 0. If 0,09 # 0, the multiple zeros are of multiplicity
3 with the expansion

4 4 2
o(z) = —390090(2 -z + Eemeo(zew +200 — 25)(z — z9)° — ?02090090(2 —z0)% + ...

It follows that 9(0,0) < % in this case.
Let zg be a pole of a solution ¢ of 54. The expansion around zj is

Zé —2(6 + 69)
+ag+ ——

o(z) = Z— 20 3

zZ
(z—2z0) + EO(Z -0 + ...,

so the pole is simple with residuum 1 and thus 3(e0,0) = 0.
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