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Abstract. Let f(z) be a meromorphic functions with finite order , R(z) be a nonconstant rational function

and k be a positive integer. In this paper, we consider the difference equation originated from Schwarzian
differential equation, which is of form

k
NFEAE) - SO @P] = REAFE

We investigate the uniqueness of meromorphic solution f of difference Schwarzian equation if f shares

three values with any meromrphic function. The exact forms of meromorphic solutions f of difference
Schwarzian equation are also presented.

1. Introduction and main results

In this paper, we use the basic notions of Nevanlinna’s theory, see [12, 28]. In addition, we use the
notation o(f) to denote the order of growth of the meromorphic function f(z). Let S(r, f) denote any
quantity satisfying S(r, f) = o (T(r, f)) for all r outside of a set with finite logarithmic measure.

Let f(z) and g(z) be two meromorphic functions, a be a small function relative to both f and g. We say
that f and g share a CM if f —a and g —a have the same zeros with the same multiplicities, f and g are said to
share a IM if f —a and g — a have the same zeros ignoring multiplicities. Nevanlinna’s four values theorem
(see [26]) says that if two nonconstant meromorphic functions f and g share four values CM, then f = g or
f is a Mobius transformation of g. The condition ‘f and g share four values CM’ has been weakened to ‘f

and g share two values CM and two values IM’ by Gundersen [9, 10], as well as by Mues [25].
For Schwarzian differential equation

2k
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Ishizaki [18] showed that if the Schwarzian equation (1) possesses an admissible solution, then d +

!
2k Y. 6(ajf) < 4k, wherea;are distinct complex constants, and d = deg R(z, f) = max{deg P(z, f), deg Q(z, f)}.
j=1
In particular, when R(z, f) is independent of z, it is shown that if (1) possesses an admissible solution f, then
by some Mobius transformation w = (af + b)/(cf + d)(ad — bc # 0), R(z, f) can be reduced to some special
forms, see [18, Theorem 3]. Liao and Ye[23] considered differential equation, which is a special type of the
Schwarzian differential equation,

()]

and gave the order of meromorphic solutions as follows.

= R(2), )

Theorem 1.1. [23, Theorem 3] Let P(z) and Q(z) be polynomials with deg P = m and deg Q = n, and let R(z) =
P(2)/Q(z). If f is a transcendental meromorphic solution of (2), then m—n+2k > Qand the order o(f) = (m—n+2k)/2k.

For every positive integer 7, the forward differences A" f(z) are defined as

Af(z) = f(z+¢) = f(2), A" f(z) = A"f(z + ¢) — A"f(2).

We know that Af(z) is considered as difference counterpart of f’. Recently, a number of papers focus
on unicity of meromorphic functions sharing values with their shifts or difference operators, see, e.g.
[1, 2, 5-8, 13-17, 22, 24, 27, 30]. Some papers studied uniqueness of meromorphic functions concerning
meromorphic solutions of difference equations, see, e.g. [8, 15, 27]. Others considered the value distribution
and the growth of order of meromorphic solutions of difference equations, see, e.g.[3, 4, 11, 19-21].

Chen and Li[4], Lan and Chen[20] considered the difference counterpart of form

Nfe) 3 (V]
[ G E( AG) ) ] =R g ©

which is originated from the Schwarzian differential equation (1), they obtained that the value distribution
of meromorphic solutions of (3). Furthermore, Lan and Chen[21] considered the difference equation

Nf@) 3 (NFRV]
[Af(z) ‘E(Aﬂz))] =Re @

which is a special type of equation (3), where k is a positive integer and R(z) is a nonconstant rational
function. They obtain

Theorem 1.2. [21, Theorem 1.3] Let R(z) = L&) pe an irreducible rational function with deg P(z) = pand de Q=) =
Q) & p )
g. Then

(i) every transcendental meromorphic solution of (4) satisfies o(f) > 1; if p — q + 2k > O, then (4) has no rational

solutions;
2 3
(ii) if f(z) is a meromorphic solution of (4) with finite order, then % and % in (4) are nonconstant rational
functions;

(iii) every transcendental meromorphic solution f(z) with finite order has at most one Borel exceptional value unless
f(2) = b+ Ro(2)e"”,

where a, b are complex numbers with a # 0 and Ro(z) is a nonzero rational function.
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(iv) if p—q+2k > 0,0(f) < oo, then Af(z) has at most one Borel exceptional value unless
Af(z) = Ri(2)e”,
where a is complex number with a # i2ki 7t for any ki € Z, and Ry(z) is a nonzero rational function.

Remark 1.3. ;From Theorem 1.2, we see if f(z) is a transcendental meromorphic solution of (4) with finite order,
then f(z) cannot have two finite Borel exceptional values.

We note that Af(z) lies in the denominator in (4), and so Af(z) # 0. Thus, f(z) cannot be a merommorphic
function with period c. If we remove this restriction, we investigate the properties of meromorphic solutions
of equation

k
| f@afe) - 2@ f@P] = RaxAf, 6

and obtain

Theorem 1.4. Let f(2) be a transcendental meromorphic solution of equation (5) with finite order, where R(z) is a
nonconstant rational function. Let g(z) be a meromorphic function and a, b be two distinct constants. If f(z) and g(z)
share a, b, oo CM, then one of the following statements holds:

(i) f(z) = 9(2);
(ii) f(z) = Ae™ + B, g(z) = L(f), where A(# 0), B are constants, mc = 2k, 7 for some nonzero integer ki, L(f) is a
Mobius transformation of f;

_ Ae?—1 _ (bfa) A-B (m—n)z .
(iii) f(z) =a+(b—a)gm=, 9 = b+ —“5=—, where A, B are nonzero constants, +-(# 1) means a rational

constant, mc = 2ky7ti for some nonzero integer ky.

2. Lemmas
We now give some preparations.

Lemma 2.1. [3, 11] Let f(z) be a meromorphic function with order o = o(f), 0 < oo, and let 1 be a fixed nonzero
complex number, then for each € > 0,

T(r, f(z + 1)) = T(r, f(2)) + O (r""*) + O(log 7).
Lemma 2.2. [3] Let Ao(2), ..., An(z) be entire functions such that there exists an integer 1,0 < I < n, such that

a(Ap) > rgg}{a(z‘lj)}.
il

If f(z) is a meromorphic solution to
An@yz+n)+ -+ A1(2Qy(z + 1) + Ao(2)y(z) =0,
then we have o(f) > o(A;) + 1.

Lemma 2.3. [29] Suppose that n > 2, and let f(z)(j = 1,...,n) be meromorphic functions and gj(z)(j = 1,...,n)
be entire functions such that

(z) i f]-(z)g!]i(z) = 0,'
j=1

(i) when1 < j <k < n,g(z) — gk(z) is not a constant;
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(iii) when1<j<n1<h<k<n,
T(r, f) = o{T(r, "™ ")} (r — co,r ¢ E),
where E C (1, 00) is of finite logarithmic measure.
Then fi(z) =0. (j=1,...,n)

Lemma 2.4. Let f(z) be a finite order meromorphic solution of equation (4), then Af(z) is a meromorphic solution of
equation

w(z +¢) = Q2)w(z),

where Q(z) is a nonconstant rational function.

Proof. Set
_Af(z+0)
Q@) = TAFG) (6)
We then prove that Q(z) is a nonconstant rational function.
Since f(z) is of finite order, (6) shows Q(z) is also of finite order and
Af(z+0) = Q@)Af(2), Af(z+20) = Q(z+)Af(z+0) = Qz + )Q()Af(2).
Hence,
N f(z) = Af(z+0) - Af(2) = (Q@) - DAS(), )
Asf(z) = AZ(Af(z)) =Af(z+2c) = 2Af(z+¢) + Af(z) = (Q(z + 0)Q(z) — 20Q(z) + 1)Af(2).
We see from (4) that
Nf@) 3 (ANf@)) _
Af(z) E( Af(2) ) =R, ®)
where R;(z) is some nonconstant rational function. Thus, (7) and (8) show that
Qe + Q) ~20() +1 - 5(Q) ~ 1 = Ri(2), ©)
that is,
302(») _ 1
Qe+ 0) = 3Q7(2) - Q@) + Ri(2) + 3 (10)

Q2)

Since Ri(z) is a nonconstant rational function, we deduce from (9) that Q(z) cannot be a constant.
If Q(z) is transcendental, noting that %Qz(z) - Q) + Ry(z) + % and Q(z) are irreducible, then we apply
Valiron-Mohon’ko Theorem to (10), and deduce

T(r, Q(z +¢)) = 2T(r, Q(2)) + S(r, Q),
which contradicts to Lemma 2.1. Hence, Q(z) is a nonconstant rational function. O

Lemma 2.5. Let a, b be two distinct constants, B,y be nonconstant polynomials with degp # degy, and

(11)

f(z)=a+(b—a)ei:i.

e

Then f(z) cannot be a meromorphic solution of equation (4).
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Proof. Assume that f is a meromorphic solution of equation (4). Lemma 2.4 shows
Af(z+¢) = Qz)Af(2). (12)

Without loss of generality, we assume ((z) is a nonconstant polynomial. Otherwise, we just multiply the
dominator of Q(z) of both sides of (12). We now divide our proof into two cases.
Case 2.1. deg 8 > degy. Rewriting (11) as

f@@) = a01(2)e’® + apo(2), (13)
where
b—a b-a
a1 (2) = 71 aoo(2) = a - o —1
Obviously,
0(a1) = o(ao) = degy < deg. (14)

Since ¢f is of regular growth order deg 8, we see a1, dg are small functions of ef. We conclude from (13) that

Af(z) =ap(z + C)eﬁ(ﬂc) + a00(z + ¢) — ap (2)ef @ — apo(z)

=(a01(z + 0)e’ @I PE — a01(2))ef® + agy(z + c) — ago(2)

=a11(z)e'g(z) + a19(2), (15)
where
{ﬂu(z) = ag1(z + 0)PCTIFE —qq,(2), (16)
m10(2) = ao(z + ¢) — ago(2)-
We deduce from (14), (16), Lemma 2.1 and deg(B(z + c) — f(z)) = deg § — 1 that
o(a11) < max{o(ag), degp — 1} < degp, o(a) < o(aw) < degp. (17)
We assert that a11(z) # 0. Otherwise, (16) shows
a01(z + ¢)ePETIPE _ g1 (2) = 0. (18)
Applying Lemma 2.2 to equation (18), we have
o(apr) > o(PT9PE) + 1 = (degp— 1) + 1 = degf,
which contradicts with (14).
Substituting (15) into (12), we obtain
(@11(z + )P IO — Q(2)a11(2))e"® + mp(z + ¢) = Q@)aro(2) = 0.
By (17) and deg(B(z + ¢) — f(z)) = deg f — 1, applying Lemma 2.3 to the last equality, we have
a11(z + )ePEHIPE — Q(2)a1(2) = 0. (19)

Applying Lemma 2.2 to equation (19), we get
oan) = 0(ePeT9FP) + 1 = (degp — 1) + 1 = deg,

which contradicts with (17).
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Case 2.2. deg § < degy. Rewriting (11) as

boo(2)
er@ -1’

flz)=a+
where
boo(2) = (b - a)(® - 1).
Thus, we conclude from (20) that

boo(z+0)  boo(z) _ boo(z + €)e”® — bo(2)e? &) — boo(z + ¢) + boo(2)

M@= e 7o -1 @& _ 1)@ —1)
_ b11(2)e"® + byp(2)
(@9 — 1)(er@ — 1)’
where

b10(z) = —boo(z + ¢) + boo(2)
b11(z) = boo(z + ¢) — byo(z)e? F+)7@

By (21), (23) and Lemma 2.1, we have
{o(blo) < a(bgo) = deg p < degy
a(b11) < max{a(b), (e 97} = max{deg,degy — 1} < degy.
We again assert that by1(z) # 0. Otherwise, (23) shows
boo(z + ¢) — e"EF)I7Epy(z) = 0.
Applying Lemma 2.2 to equation (25), we have
o(bpo) > o (e’ 7@) +1 = (degy — 1) + 1 = degy,
a contradiction. Substituting (22) into (12), we have

bll(Z + C)E)/(ZH) + blo(Z + C) _ bll(Z)Ey(Z) + blo(Z)

(e7E*+20) — 1)(erG+0 — 1) Q@) (7)) — 1)(er@ — 1)

or

b11(z + c)e"E ) + bi(z + ¢) b11(2)e”® + byo(z)

/@20 _ ] A = p—

or

bi(z + )" — Q)b (2)e" 2 — Q(@)bo()e” )

= bi1(z + )¢’ + (Q(2)b11(2) + bao(z + 0))e"® + Q(2)b10(2) — bro(z + ) = 0.
That is,

Ax(2)e?@ + A1(z)e"@ + Ap(z)e” = 0,
where

Ao(z) =Q(2)b10(z) — bio(z + ¢)
A1(z) = — Q@)b1o(z)e" #2977 @ — by (z + )e’ @)@ + Q(z)br1(z) + bro(z +¢),
Ax(z) =bi1(z + 0)e"IVE — Q(z)byy (z)e! E+2) ),

2008

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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By (24), (27) and Lemma 2.1, we have

0(Ap) < a(bip) < degy
0(A1) < max{o(bi), o(b11), 0(e/ 27, g(eVEVEN} = max{o (i), o(b11), degy — 1} < degy,
0(Az) < max{o(bir), o(e"**97®), 027 )} = max{o(bir), degy - 1}} < degy.

Thus, 0(Aj) < degy (j =0,1,2). Since e’ is of regular growth order degy, we obtain
T(r,A;) = ofT(r,e")} = o{T(r,e”)}, j=0,1,2.
Applying Lemma 2.3 to (26), we have
Ax(z) =0, Ai1(z) =0, Ap(z)=0.
By A»(z) = 0 and (27), we obtain
bi(z + )" — Q(2)by (2)e” 7 = 0,
or
bu(z +¢) = Q@)e" 27 E Iy (2) = 0, (28)
Applying Lemma 2.2 to equation (28), we have
o(b1) = o(@@?)VED) 41 = (degy — 1) + 1 = degy.

which contradicts with (24).
Thus, f(z) of the form (12) cannot be a meromorphic solution of equation (4). [

Lemma 2.6. [19] Let Ay(2), ..., Au(z) be entire functions of finite order such that among those coefficitets having the
maximal order 0 = max{o(Ax),0 < k < n}, exactly one has its type strictly greater than the others. If f(z) # 0isa
meromorphic solution of equation

An(@2)f(z+ @p) + -+ + A1(2) f(z + w1) + Ao(2) f(2) = 0, (29)
then o(f) 2 0 + 1.
Lemma 2.7. [11, 19] Let w be a transcendental meromorphic solution with finite order of difference equation
P(z,w) =0,

where P(z,w) is a difference polynomial in w(z). If P(z,a) # 0 for a meromorphic function a, where a is a small
function with respect to w, then

( w
m 7

3. Proof of Theorem 1.4

a) = S(r, ).

Proof. (i) We first support that Af(z) # 0. Then equation (5) can be changed into equation (4).
Since f(z) and g(z) share a, b, co CM, we have

1 1 1 1
N 7)) M) M) e =
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By the second fundamental Nevanlinna Theorem, we have

T(r,g) <N(r,g) + N(r, ) + N(r, ﬁ) + 5(1, 9)

g—a
=N(r, f) + N(r, ]%a) + N(r, ]%b) +5(r,9)
<3T(r, f) + S(r, ).

Thus, g(z) is of finite order.
Since f(z) and g(z) share a,b, c0 CM, we see again that

f@)-a .
g@—-a ° “ (30)

and

where a(z) and f(z) are polynomials.
Assume, to the contrary, that f(z) # g(z). Then from (30) and (31), we obtain

(31)

e“ 21, Pzl e zef, az) %p@2).
Again by (30) and (31), we get

ef—1

f(Z)=ﬂ+(b—ﬂ)eﬁT

— (32)

or

O =a+b-05 33)
- er—1’
where y = § — a is a nonzero polynomial.
If B and y are both constants, then f is a constant from (33), a contradiction.
If B is a constant and denoting A = ¢, then A # 1. (32) shows

A-1
Aer -1
Hence, f(z) has two distinct finite Borel exceptional values a and a + (b — a)(1 — A), which contradicts with

Remark 1.3.
If  is a constant and denoting B = ™, then B # 1. (32) shows

f@=a+(-a

f@ =a+({-a

ef -1
Bef —1

Thus, f(z) has two distinct finite Borel exceptional values b and a + %%, which contradicts with Remark 1.3
again.

If y is a constant and denoting A = 22

er=17

f(z)=a+Aef — A= Aef +B.

B =a— A, then A, B are constants. By (33), we have

It is easy to see that f(z) has two Borel values B and co. Theorem 1.2 (iii) shows deg f = 1. Without loss of
generality, we assume (z) = mz, then f(z) = Ae" + B, where m is a nonzero constant. Thus,

Af(z) = A(e™ - 1)e™, Af(z+c) = A" (" —1)e"™. (34)
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We note that Af(z) # 0 from (4). Thus, " —1 # 0 and Af(z + ¢) = e"°Af(z), which contradicts with Lemma
2.4.
We deduce from (33) and Lemma 2.5 that deg§ = degy, and

Bt _ 1 BE _q
@) — 1 @ —1)

Af(z) = (b—a) ( (35)

Without loss of generality, we assume Q(z) is a nonconstant polynomial in Lemma 2.4. By (35) and
Lemma 2.4, we conclude that

P20 _ 1 pBlzte) 1 P _ 1 B _1q
er(z+20) _ 1 - et — 1 eVa+o) — 1 B ev@ — 1)’

or
BE+20) 1 @ 1 B+ _ 1
g}’(z+25) _ 1 + Q(Z) EV(Z) _ 1 - (Q(Z) + 1)gV(Z+C) _ 1/
that is,

eﬁ(z+25)+y(z+c)+)/(z) + Q(z)eﬁ(z)+)/(z+25)+)/(z+c) _ (Q(Z) + 1)e/§(z+c)+y(z+2c)+y(z)

_ PERRIYER) | ((7)BErY ) _ e L () pf@ (420

+ (Q(Z) + 1)eﬁ(z+c)+y(z+2c) + (Q(Z) + 1)eﬁ(z+c)+y(z) _ ey(z+c)+y(z)

_ Q(Z)e)/(z+2c)+y(z+c) + (Q(Z) + 1)6)/(Z+26)+)/(Z) + eﬁ(z+26) _ (Q(Z) + 1)e[€(z+c)

+ Q(z)ef® — &) 1 (Q(z) + 1)e’ &) — Q@ = 0.
Rewriting the above equality as

Ay(2)ePO 2@ 1 A3(2)ePOE 4 Ay (2)e?7® + A1(2)ePD + Ap(z)e’® =0, (36)
where

Ag(z) =efEH20-BREOYE) | O()el ERINEHI2E) | (Q(z) 4 1)ePEO-BOE206),

A3(Z) - _ eﬁ(z+2c)—ﬁ(z)+y(z+c)fy(z) _ Q(Z)ey(zﬂ:)fy(z) _ eﬁ(z+2c)fﬁ(z) _ Q(Z)ey(erZc)fy(z)

+(Q() + 1)eFEI-BRE01E) 4 (O(z) + 1)ebE0-HE),

Asz) = - /@ty _ Q(Z)EV(HZC)+)/(Z+C)—27(Z) +(Q@2) + 1)€y(2+20)—7(2), (37)

Ai(z) =200 — Q) + eI + Qa), (38)

Ap(z) = = @970 4 (Q(z) + 1))~ Q(a). (39)
Obviously,

0(A4) < max{degp —1,degy — 1}, 0(A3) < max{degf—1,degy —1},
0(Ap) <degy -1, o(A1) <degf—-1, o(Ag) <degy-1.

That is,
0(Aj) <degB=degy, (j=0,1234). (40)
Thus, equation (36) can be rewritten as

Ay(2)ePOTE 1 A3(2)eP® + Ay (2)e?® + A1(2)ePD 7@ + Ay(z) = 0. (41)
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In the following, we divide our proof into four cases.
Case 3.1. deg( + y) < degy. Combining this with deg 8 = deg ), we get

deg(f—y) = degy, deg(p—2y)=degy.

Thus, éf,e?,ef7, b2 are of regular growth order degy.
Equation (41) shows that

A3(2)eP@ + Ay(2)e® + A1(2)efP@7) + By(z) = 0, (42)
where

Bo(2) = As(2)ef@7@ + Ay(z).
By this and (40), we obtain o(By) < max{o(A4), 0(Ao), deg(f + y)} < degy = degp. Then

T(r,Aj) = o{T(r,ef)} = o{T(r,€")} = 0T (r,ef ) = o{T(r,e )} (j=1,2,3)
T(r, Bo) = ofT(r, &)} = o{T(r,€”)} = ofT(r, &)} = o{T(r, e’ )}

Together with (42) and Lemma 2.3, we have
Bo(z) =0, Aj(z)=0, j=1,2,3.
By As(z) = 0 and (37), we have
—e/EFIVE) _ O(2)e? FH29NVEHI2E) L (Q(z) + 1)e’EH2)E) = .
or
_Q(Z)e)/(2+26)—)/(2) +(Qz) + 1)6V(Z+2C)—)/(Z+C) —1=0. (43)

In Case 3.1, we again split two subcases.
Subcase 3.1.1. degy > 2. Let H(z) = ¢/¢*977®), then

e/ G+207Y() = pr(E20-y(E+AH )Y@ = H(z + 0)H(2).
Thus, equation (43) can be written as

—Q()H(z + ¢)H(z) + (Q(z) + )H(z+¢c) — 1 = 0.
For any given meromorphic function w(z), set

P(z,w) = —Q@@)w(z + c)w(z) + (Q(z) + Dw(z +¢c) — 1.

Then P(z, H(z)) = 0. Moreover, P(z,0) = =1 # 0. By this and Lemma 2.7, we have m (r, Il{) = 5(r,H). But

m (r, I%I) = m(r, /@7 E)) = T(r, %) =T(r,H) + O(1).

Thus, T(r, H) = S(r, H), a contradiction.
Subcase 3.1.2. degy = 1. Let y(z) = mz + ny, where m # 0,n; are complex constants. Then y(z + 2c) —
y(z +¢) = mc,y(z + 2c) — y(z) = 2mc. Substituting these into (43), we have

e -1E™QE) -1 =0.
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Since Q(z) is a nonconstant polynomial, we have ¢ = 1. Then ¢t = ¢’@. By degp = degy,
deg(B + y) < degf, we may assume f(z) = —mz + ny, where 1, is a complex constant. So, /9 = ¢f®. By
ePE*9) = o) @+ = ¢/ and (32), we see f(z + ¢) = f(z). Thus, Af(z) = 0. This contradicts with Af(z) # 0.

Case 3.2. deg(f — y) < degy. Equation (41) shows that

(As@)eP7) e + (As@)e + Ax(2)) € + (Ar1(@)e" + Ap(2)) e = 0, (44)
By (40), (44), deg(p — y) < degy and Lemma 2.3, we obtain
Ay(2)eF7 =0, As(2)efV + Ax(z) =0, A(2)eP7 + Ap(z) = 0.
Substituting (38), (39) and B(z) = a(z) + y(z) into the last equality A1(z)e’™” + Ao(z) = 0, we have
@ E2ITO (2642 _ 1) (Q + 1) OO (119 1) £ Q&) ~ 1) = 0.
That is to say, y(z) = e*® — 1 is a meromorphic solution of equation
e’E2977@ (7 + 2¢) — (Q + 1)e’“*I7@y(z + ¢) + Qu(z) = 0. (45)
Since a cannot be a constant, by deg(f — y) = dega < degy, then degy > 2. Set

k-1

Y(z) = akzk +a_1z° "+ +ag,

where k > 2 is an integer, ax # 0,41, ..., ag are constant. Then

1

Y(z+20) = p(z) = 2kear 2" + -, y(z+0) = p(2) = ke + -

By these, we see in the equation (45), the coefficient @20y ig of order k—1 with type [2kcay], the coefficient

—(Q + 1)@’ is of order k — 1 with type |kcai|. By these and applying Lemma 2.6 to equation (45), we

haveo(y) > (k—1)+1 =k = degy. Buto(y) = o(¢* — 1) = dega = deg(B — y) < degy, a contradiction.
Case 3.3. deg(B — 2y) < degy. Equation (41) can be rewritten as

As(@)eP® + A3(2)eP DT + Ag(2)e7® + (Ax(2) + Ar(2)ePD D) = 0. (46)

By deg = degy and deg( — 2y) < degy, we have deg(p — ) = deg(B + y) = degy. By this and (40), we
have

T(r, Aj) = o{T(r, )} = o{T(r,€")} = o{T(r,ef7)} = of T(r,e’*?)} (j=0,3,4)
T(r, Ay + A16F72) = o{T(r,eP)} = o{T(r, ")} = o{T(r,ef7)} = o{T(r,f*7)}.

Combining this with (46) and Lemma 2.3, it follows
Ai2) =0, As(z)=0, Ao(z) =0, Asx(z)+ A1(2)fP26 =,
By Ap(z) = 0 and (39), we have
—e’G+2977@) L (Q(z) + 1)e’#H977@ — Q(z) = 0. (47)

If degy > 2, then deg(y(z + 2¢) — ¥(z)) = deg(y(z + ¢) — ¥(z)) = degy — 1 > 1. Set H(z) = ¢/“*977®, then
e’c+29Y®) = H(z + c)H(z). Equation (47) can be written as

—H(z + ¢)H(z) + (Q(z) + 1)H(z) — Q(z) = 0.
For any given meromorphic function w(z), set

P(z,w) = —w(z + c)w(z) + (Q(z) + Dw(z) — Q(2).
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Hence, P(z, H(z)) = 0. It is easy to see P(z,0) = —Q(z) # 0, by this and Lemma 2.7, we have m (r, %) = S5(r, H).
Thus, N(r, %) =T(r,H) + S(r,H). But N(r, Ili) = N(r, ﬁ) =0, a contradiction.

If degy = 1, let y(z) = mz + n;, where m # 0,n; are constants. Hence, y(z + 2c) — y(z) = 2mc,
Y(z + c) — y(z) = mc, substituting these into (47), we get

(@ =1)(Q) — ™) =0.

Thus, ¢ = 1. So, e/@*9) = 7@,

By deg(f — 2y) < degp = degy, we may assume (z) = 2mz + np, where n, is a constant. Then
ePEre) = gmztlmetmy — ptmztmy = of() - By B+ = o) @1+ = () and (32), we see f(z +¢) = f(z). Then
Af(z) =0, a contradiction again.

Case 3.4. deg(B + ) = deg(B — v) = deg(B — 2y) = degy. By this and (40), for j =0, 1, 2,3,4, we have

T(r, A;) = ofT(r, &)} = of T(r, ")} = o{T(r,e# ")} = o{T(r, &F*")} = ofT(r, ef )},
Combining this with Lemma 2.3, we have
Ai(z)=0, j=0,1,23,4.

By As(z) = 0 and (37), we also obtain (43).

If deg y > 2, using the same method as the above Case 3.1.1, we get a contradiction.

If degy =1, then degp = degy = 1. Let y(z) = mz + n1,(z) = nz + np, where m # 0,n # 0,11, n, are
complex constants. Then y(z + 2¢) — y(z + ¢) = mc, y(z + 2¢) — y(z) = 2mc. Substituting these into (43), we
have

@™ =1)(e™Qz)—-1) =0.

Since Q(z) is a nonconstant polynomial, we have "¢ = 1. Then !¢+ = ¢/,
By A1(z) =0, (38) and B(z + 2c) — B(z) = 2nc, f(z + ¢) — B(z) = nc, we have

(@ = 1" - Q) =0.

Since Q(z) is a nonconstant polynomial, we have ¢" = 1. Then ef¢+9) = ¢f@). By f+0) = ¢f() (40 = 1)
and (32), we see f(z +¢) = f(z). Then Af(z) =0, a contradiction.

(ii) We second support that Af(z) = 0. By checking the proof of Theorem 1.4 (i), we also obtain (30)-
(34). Thus, we deduce from (34) and Af(z) = 0 that ¢ = 1, and mc = 2k;7i for some nonzero integer k;.
Therefore, we obtain from (31), f(z) = mz and f(z) = Ae"™ + B that

3 b+Af-bA+B)
= B
where L(f) is a Mobius transformation of f . Thus, (ii) holds.

(iii) We third support that Af(z) = 0. By checking the proof of subcase 3.1.2, Case 3.3 and Case 3.4 in

the Theorem 1.4 (i), we see y(z) = mz + 1y, f(z) = nz + ny, where mc = 2kymi, nc = 2k,mi for some nonzero
integer ki, k;. Substituting y(z) = mz + ny, f(z) = nz + n, into (33), we have

9(2) = L(f),

ehztm _ 1 Ae? — 1

f(Z)=ﬂ+(b—ﬂ)m:ﬂ+(b—ﬂ)m, (48)

where A = ¢, B = ¢" are nonzero constants, and - = %is arational number. Substituting (48), f(z) = nz+n,

into (31), we have

(b _ (1) A— Be(m—n)z
A Bemz — 1

By a(z) = B(z) — y(z) cannot be a constant, we see 2> # 1. Thus, (iii) holds. [T

g=b+
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