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A GT Generated by a Family of Maps
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Abstract. In this paper we define weak and strong generalized topologies. We show that a large range of
generalized topological spaces can be characterized by the weak and strong generalized topologies. As a
main result, we prove that a GTS is completely u-regular if and only if y is the weak GT generated by the
family CL,V(X) of all bounded (y, vr)-continuous functions.

1. Introduction

Generalized topological spaces [6] were defined and studied by A. Csaszér in 2002. Let X be a nonempty
setand (X) denotes the power set of X. A subset u of P(X) is called a generalized topology (GT as an acronym)
on X if it contains () and any union of elements of u belongs to i [6]. The pair (X, u) is called a generalized
topological space (GTS as an acronym). A subset A of X is called p-open (or u-closed) if A € u(or X\ A € u). A
GTS (X, p) is called strong [5] if X € u. For A C X, we show the union of all y-open sets contained in A, by
iu(A) and the intersection of all u-closed sets containing A by c,(A). i,(A) and c,(A) are called the interior and
closure of A, respectively [6]. The union of all elements of , i.e., i,(X) is denoted by M, [9]. In fact, M, is the
largest pu-open subset of X. It is obvious that M, = X if and only if u is strong. The family of all generalized
topologies on a nonempty set X constructs a lattice which is denoted by G(X) [3]. Let 1, v € G(X). p is called
to be finer (stronger) than v if v C p [7]. In this case, we also say that v is coarser (weaker) than p.

2. Preliminaries

Definition 2.1. ([7]) Let (X, u) be a GTS.  C u is called a base for u if every M € p is a union of a subfamily
of .

As [9]if B € P(X), then the family u(B) composed of @ and all sets N C X of the form N = Ui B;, B; € 8
and I # () is arbitrary, is a GT on X and f is a base for p(f) called the generalized topology generated by f.

Lemma 2.2. Let X be a set and p C P(X). Then the following hold:
(1) u(p) is the weakest GT on X containing .
(2) u(B) = Nl € GXIB € .
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Proof. (1) If uis a GT on X containing f, then it also contains all unions of some elements of §, i.e., u(B) C u.
(2) It is an immediate consequence of part (1). [

Proposition 2.3. Let yand i’ be two generalized topologies on X generated by bases  and B, respectively. Then u
is finer than w if and only if for every x € X and every B € B containing x, there exists B' € f such that x € B C B.

Proof. Necessity. Let i’ be finer than p and x € B € . Then B is a p'-open set containing x and so by our
assumption, there exists B € 8" such that x € B' C B.

Sufficiency. Let for every x € X and every B € f containing x, there exists B' € 8 such that x € B' C B.
Thus B is a union of some elements of 8, i.e., f C u(8) = 1’ and so by Lemma 2.2, i’ contains p = p(B). O

Definition 2.4. ([6]) Let (X, ) and (Y, v) be two generalized topological spaces. A function f : X — Y is
called (u, v)-continuous if f~}(U) € y, for every U € v.

Lemma 2.5. ([4]) If pisaGTon X, A C Xand x € X, then x € c,(A) if and only if x € M € u implies MN A # (.

The following two lemmas show that to specify the closure of a set in a GTS and to examine continuity
of a function between two generalized topological spaces, it is just enough to consider sets of a base:

Lemma 2.6. ([14]) Let u be a GT on X, B a base for u, A C X and x € X. Then x € c,(A) if and only if x € B €
implies BN A # 0.

Lemma 2.7. ([8]) Let (X, p) and (Y, v) be two generalized topological spaces and p a base for v. A function f : X =Y
is (u, v)-continuous if and only if f~1(B) € , for every B € .

Definition 2.8. ([10]) Let (X, u) be a GTS and Y € X. Also suppose that uy = {O N Y|O € u}. Then uy is a
GT on Y which is called the relative GT on Y. In such case we say that Y is a u-subspace of X.

Let (Z,v) be a GTS, f : X = Z be a function and Y C X. Since (f]Y)"'(U) = f(U) NY, for every v-open
set U, we have the following result:

Lemma 2.9. Let (X, u) and (Z,v) be two generalized topological spaces and Y € X. If f : (X, u) — (Z,v) is
(u, v)-continuous, then f|Y is (uy, v)-continuous.
3. A GT Generated by a Family of Maps

Definition 3.1. ([14]) Let (X4, tla)aca be a family of generalized topological spaces and {f,}sca be a family
of of maps, where X is a set and f, is a map of X to X,. Then, y, = { UUIU C{f;N(Uy) : Uy € o, € A}} is
called the GT on X generated by the family {f,}4ca of maps.

By Definition 2.1, we have the following result:

Proposition 3.2. Let X be a nonempty set. If (X, o) is a GTS, fo : X = X, is a function for each o € A and py, is
the GT on X generated by the family {fa}aca of maps. Then the following statements hold:

(1) {f; N Uy Uy € pa, € A} is a base for iy
(2) If Bo is a base for u, for each o € A, then the set {f;l(ua)|ua € Ba, a € A} forms a base for .

Let (X4, Ua) be a GTS for each a € A. We note that the GT on X generated by the family {f, : X —
(X4, Ha)laea of maps is the smallest element between all GTs u on X making each f, (i, tn)-continuous. The
following result is needed.

Proposition 3.3. ([11]) Let (X, p) be a GTS and Y a p-subspace of X with the relative GT py. Then py is the GT on
Y generated by the inclusion map 1 : Y — X.
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Lemma 3.4. Let (X, u), (Y,v) and (Z, A) be generalized topological spaces. If f : X — Y is (u, v)-continuous, and
g:Y — Zis (v, A)-continuous, then g o f is (u, A)-continuous.

Theorem 3.5. Let {(Xy, tia)laea be a family of generalized topological spaces and f, : X — (X4, ) be a function for
each a € A. Let the GT on X generated by the family {fy}aea of maps is equal to . A function f from a GTS (Y,v) to
(X, ) is (v, u)-continuous if and only if f, o f is (v, s )-continuous, for each a € A.

Proof. Necessity. Let f be (v, u)-continuous. Then by Lemma 3.4, f, o f is (v, u,)-continuous, for each a € A.

Sufficiency. If f, o f is (v, ua)-continuous, for each a € A, then f1(f;1(Uy)) = (fa © f)"1(U,) is v-open for
each U, € p,. By Proposition 3.2, the set of all f; L(U,), where a € A and U, € Ua, form a base for u and so
by Lemma 2.7, f is (v, u)-continuous. [J

Definition 3.6. Let {(X,, ia)}aea be a family of generalized topological spaces, X = [],e4 X be its Cartesian
Product and 1, : [],ea Xo — Xa be the projection map, i.e., 74 assigns to the point x = {xy}qea its aOth
coordinates x,g.

(1) ([14]) The GT on X generated by the family {7, },eca of maps is called the generalized product topology
(briefly GPT) denoted by [],ea ta-

(2) (19D B = {I1aea MalMy € g forall a € A and M, = M, for all but a finite number of indices a} is a
base for a GT on X called the product (or Csaszar product in [11]) of the GT’s y, and it is denoted by
PaEAHa-

By Theorem 3.5 and Definition 3.6(1) we have the following result.

Corollary 3.7. Let {(X4, ta)laea be a family of generalized topological spaces and X = [],ca Xa be its Cartesian
Product. If u = [1ea ta is the GPT on X, then a function f from a GTS (Y,v) to (X, u) is (v, u)-continuous if and
only if my o f is (v, [y )-continuous, for each a € A.

Remark 3.8. It is well known that Definition 3.6(1) and Definition 3.6(2) are equivalent in the class of
topological spaces, and so Corollary 3.7 holds if u is the product of topologies {ta}aea, i-e., 4 = Pacatia,
where y, is a topology for all « € A. But, Corollary 3.7 does not hold if u is the Csaszar product of
generalized topologies {i4}aea even if all p,’s are strong as it is shown in Example 3.9. Thus, Definition
3.6(1) and Definition 3.6(2) are not equivalent in general.

Example 3.9. Let X1 = X, = {a,b} and 1 = {0,{a}, Xa}, p2 = {0,{0}, X2}, Y = {a,b,c}, v = {0,{a, b}, {b,c}, Y}
and p = Piepoypi. Then the function f : Y — X; X X, with f(a) = (a,a), f(b) = (a,b) and f(c) = (b, b) is not
(v, p)-continuous since f ~1({a} x {b}) = {b} is not v-open. Itis easy to check that the functions 711 0 f and w0 f
are (v, u1)-continuous and (v, y2)-continuous, respectively.

Definition 3.10. Suppose we are given a GTS (X, p), a family {(Xq, tia)}aea of generalized topological spaces
and a family 7 = {f,}aeca of maps, where f, : (X, u) = (Xa, Ha) is a (4, pta)-continuous. If for every x € X and
every p-closed subset F of X such that x € X'\ F there exists a € A such that f,(x) € c,, (fa(F)), then we say
that the family # separates points and p-closed sets.

Theorem 3.11. Let (X, i) be a GTS, {(Xa, la)}aca be a family of generalized topological spaces and F = {fa}aea be
a family of maps, where

fa 1 (X, 1) = (Xa, ta) 18 (U, a)-continuous for all a € A.

Then, u is equal to the GT on X generated by the family F of maps if and only if the family F separates points and
u-closed sets.
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Proof. Necessity. Let u be equal to the GT on X generated by the family ¥ of maps. If F is u-closed
and x € X \ F, then there exists a p,-open set U, for some @ € A such that x € f; LU,) € X \ F since
{fﬁ‘l(uﬁ) | Ug € g, p € A} is a base for u by Proposition 3.2. If y = f.(x) € U, N fo(F), then y € U, and there
is z € F such that y = f,(z), and so z € f;!(U,) N F which is a contradiction.

Sufficiency. Suppose that the family ¥ separates points and u-closed sets. If x € U for some u-open set U,
then F = X'\ Uis p-closed and x € X'\ F, and so by supposition there exists & € A such that f,(x) ¢ c,, (fa(F)).
Thus by Lemma 2.5, there is a p,-open set U, such that f,(x) € U, and U, N fo(F) = 0. If y € f; L(U,), then
fa(y) € Uy 50 fo(y) ¢ fo(F) which shows that y ¢ F = X \ U consequently y € U, and so x € f;1(U,) C U.
Thus by our assumption, p is the GT on X generated by the family # of maps. O

Theorem 3.12. Let (X, u) be a GTS and {(Xa, a)laca be a family of generalized topological spaces such that for
each a € A there exists a family {(Ya,, Ha,))ren, of generalized topological spaces. If u is equal to the GT on
X generated by the family {fo : X = (Xa, Ha)laea of maps and each g is equal to the GT on X, generated
by the family {ga, : Xa — (Yau, flar)sen, Of maps, then p is equal to the GT on X generated by the family
{ga, 0 fo : X = Yoy, ) aea,ren, of maps.

Proof. Let U be a y-open set and x € U. Then by our assumption and Proposition 3.2, there exists a p,-open
set U, for some «a € A such that

x € fi (U C U (1)

Since i, is equal to the GT on X,, generated by the family {g,, : Xo = (Ya,, ta) e A, of maps and f,(x) € U,,
there is A € A, and Uy, € o, such that f,(x) € g;1(Ua,) € U,. Thus

X € f (3 Uan)) = (Gaa © £ (Uan) € £ (U, @)
and so (1) and Proposition 3.2 complete the proof. [

Theorem 3.13. Let (X, u) be a GTS, {(Xa, tia)laeca be a family of generalized topological spaces and F = {f, : X —
Xolaea be a family of maps. If u is equal to the GT on X generated by the family F of maps and Y is a u-subspace of
X with the relative GT py. Then py is equal to the GT on Y generated by the the family {fu|Y}aea of maps.

Proof. By Proposition 3.3, py is the GT on Y generated by the inclusion map ¢ : Y — X and f,|Y = fyot
for every &« € A . Now Theorem 3.12 shows that uy is equal to the GT on Y generated by the family
{faoo1:Y = X,}aea of maps and this completes the proof. [

Let f = {(—o0,b)|Ib € R} U {(a, +o0)|a € IR}. Recall that the family vg composed of @ and all sets G € R of
the form G = Uj¢B;, where B; € f and I # () is arbitrary, is a GT on R [8]. It is called the standard GT on R.

Notation 3.14. Let X be a nonempty set and (X, u) be a GTS. We denote by C,,,,(X) the set of all (u, vRr)-
continuous functions. A function f € C,,(X) is called to be bounded if |f(x)| < 1, for some n € IN and each
x € X. The subset of all bounded functions in C,,,, (X) is denoted by Cj, ,, (X). Let ¢ € R denote the constant
function on X with image {c}. If f, g € C,,,(X), then the functions f + g, fg, —f and cf are defined as usual.

Lemma 3.15. Let f be a continuous real-valued function on R. Then, f € C,p.,(R) if and only if x < y implies
f(x) < f(y) or x <y implies f(x) > f(y).

Proof. The proof is straightforward. [J

Let X be a nonempty set and (X, i) be a GTS. Then, it is easy to see that u is not strong if and only if
Cur(X) = 0ifand only if C} , (X) = 0. Let (X, u) be a GTS which is strong. It is easy to check that if f and g
are in Cy,,, (X) (C;, . (X)), then so are —f, cf and f + c. However, as the following example shows, f + g and

UVR

fgneed not be in Cy (X) (C}, . (X))
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Example 3.16. Suppose that f(x) = x*> and g(x) = x. Then by Lemma 3.15, f and g are (vg, vr)-continuous,
but f — g = x> — x and fg = x* are not so, since (f — g)"!(~0,0) and (fg)~' (-0, 1) are not vR-open.

Definition 3.17. ([11]) A GTS (X, ) is called completely p-regular if for every p-closed set F C X and for
every x € X such that x ¢ F, there exists a (i, Vr)-continuous function f : X — [0, 1] such that f(x) = 0 and
f(y) =1, forevery y € F.

Let (X, u) be a completely p-regular GTS. If there is a proper u-closed set, then it is an immediate
consequence of the above definition that (X, p) is strong.

Example 3.18. ([1]) Let X = {a,b,c,d} and p = P(X) \ {{a}, (b}, {c}, {d}}. Then,
B = {{a,b},{a,c}, {a,d}, {b,c}, {b, d}, {a, d}}

is a base for the GTS (X, u) such that every member of 8 is p-closed. Therefore, the GTS (X, p) is completely
u-regular.

The following interesting result is needed in this paper.
Theorem 3.19. ([11]) Every p-subspace (Y, uy) of a completely u-regular GTS (X, ) is completely u-regular.

Lemma 3.20. A GTS (X, u) is completely p-regular if and only if for every u-closed set F C X and every x € X such
that x ¢ F, there exists f € C;,,, (X) and a € R such that one of the following conditions hold:

UVR

(1) f(x)>aand f(y) <a, foreachy € F;
(2) f(x)<aand f(y) > a, foreach y € F.

Proof. Necessity. Obvious.

Sufficiency. Let for every p-closed set F C X and every x € X such that x ¢ F, there exists f € ], (X)
and a € R such that one of the conditions (1) or (2) holds. If F C X is a y-closed set and x € X \ F, then there
exists a (u, vr)-continuous function f : X — [c,d] and a € R such that one of the conditions (1) or (2) holds.
Without loss of generality we can assume that the condition (1) holds. Thus by Lemma 3.15, the function

g : R — R defined by

1 t<a
gty =1 g a<t<fl
0 t> f(x)

is (vr, vr)-continuous and therefore by Lemma 3.4, h = go f : R — [0,1] is (i, vr)-continuous such that
h(x)=0and h(y) =1, foreveryy € F. O

Proposition 3.21. Let (X, u) be a GTS. Then, (X, u) is completely p-regular if and only if the family Cj,,, (X)
separates points and p-closed sets.

Proof. Let (X, u) be completely u-regular and x € X \ F. Then by Lemma 3.20, there exists f € Civg (X)
such that one of the conditions in Lemma 3.20 holds. Without loss of generality we can assume that the
condition (1) in Lemma 3.20 holds. Thus f(x) ¢ ¢, (f(F)) since the vr-open set U = (b, o) contains f(x) but

U N f(F) = 0, where b is an arbitrary number in the open interval (a, f(x)). The converse is obvious. [

Theorem 3.22. A GTS (X, u) is completely u-regular if and only if y1 is equal to the GT on X generated by the family
Chve (X) of maps.
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Proof. If (X, u) is completely p-regular, then by Proposition 3.21, Cj,
Now Theorem 3.11 implies that y1 is equal to the GT on X generated by the family C}, , (X) of maps.
Conversely, let i be equal to the GT on X generated by the family Cj,, (X) of maps. If F is a y-closed
setand x ¢ F, then U = F° is a u-open set containing x. Thus, there exists a vg-open subset V of R and a
function f € C},, (X) such that x € f ~1(V) € U since u is the GT on X generated by Cpvg (X). By Proposition
3.2, we can suppose that V is of the form (—oo,b) or (4, +o0) in which 4,b € R. As we mentioned before,
—f € CL/V(X), for each f € Cpp(X). Furthermore, f~!(—o0,4) = (—f)7!(—a, +0). Thus replacing f by —f,

enables us to assume that V has the form (4, +o0). Thus x € f~!(a, +c0) C U. This is apparent that f(x) > 4,
and f(y) < a, for every y ¢ U. Now Lemma 3.20 completes the proof. [J

(X) separate points and p-closed sets.

A space (X, ) is called u-T; [15] if for every pair of distinct points x and y of X, there exists a y-open
subset U of X such that x € U and y ¢ U. u-T1 completely p-regular spaces are called T35 (or Tychonoff) in
[11]. Makai et al. considered [0, 1] with the relative topology vz and showed that in the category of GenTop
(GTS’s with continuous functions), a GTS X is T35 if and only if it is homeomorphic to a subspace Y of a
power of the GTS [0,1] (see [11, Theorem 4.12]).

Definition 3.23. Let {y}qeca be a family of generalized topologies on X. The supremum of y,’s is defined
to be p(Ugseatla), i-e., the GT on X generated by the base Uaca i, and it is denoted by sup,,. 4 ta-

The following result is an immediate consequence of Lemma 2.2(1), Definition 3.2 and Definition 3.23:
Theorem 3.24. Let {lia}aea be a family of generalized topologies on X.
(1) sup,, fa is the weakest GT on X containing all u,’s.
(2) sup,, pa is the weak GT generated by the family {I, : X — (X, tla)}aea of identity maps.

Definition 3.25. Let {(X,, ta)laea be a family of generalized topological spaces and let f, be a map from
X, to asetY, for each a € A. The strong generalized topology (briefly, strong GT) induced by the family
F = {falaca of maps on Y is the GT u, which consists of all sets U in Y such that ﬁ;l(ll) is p4-open, for each
a €A.

Definition 3.26. Let {i4}aea be a family of generalized topologies on a nonempty set X. The infimum of
tea's is defined to be the GT () e4 o On X denoted by infuea pq-

The following result is an immediate consequence of Definitions 3.25 and 3.26:

Theorem 3.27. Let {t1,}qca be a family of generalized topologies on a nonempty set X. Then the following statements
hold:

(1) infyea iy is the strongest GT on X contained in all u,’s.
(2) infuea g is the strong GT on X induced by the family {1, : (X, ua) — Xl}aea of identity maps.
The following result is an immediate consequence of Definitions 3.25 and 2.4.

Theorem 3.28. Let {(Xy, ta)laca be a family of generalized topological spaces and let f, be a map from X, toa set Y,
for each o € A. The strong generalized topology us induced by the family F = {fu)aea of maps on Y is the finest GT
u on Y making each f, (U, u)-continuous.

Theorem 3.29. Let Y have the strong GT u generated by the family {f, : Xo — Ylaea of maps. If (Z,v) is a GTS,
then amap g : (Y, ) — (Z,v) is (u, v)-continuous if and only if g o f, is (s, v)-continuous, for each a € A.

Proof. Necessity. It follows from Theorem 3.28 and Lemma 3.4.

Sufficiency. Suppose that go f, : X, — Zis (14, v)-continuous, for each &« € A, and U € Z is a v-open set.
Thus f; (g7 (U)) = (9 o fo) }(U) is pa-open, for each a € A. Therefore by Definition 3.25, g~(U) is y-open
which yields that g is (1, v)-continuous. 0O
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Theorem 3.30. Lef {(Xy, ta)}aca be a family of generalized topological spaces and let F = {fy : (Xu, Ha) = Yaea
be a family of maps such that for each a € A, there exists a family {(Z,,, 1o, )} 1en, Of generalized topological spaces.
If vg is the strong GT on Y induced by the family ¥ of maps and for every o € A, i, is equal to the strong GT on X,
induced by the family Gy = {gar : (Zan, ar) = Xalrea, of maps, then v is equal to the strong GT on Y induced by

the family {fa © gar : (Zar, Har) = Yaearea, of maps.

Proof. Let v be the strong GT on Y generated by the family {fy © gar : (Zar, tar) = Ylaearea, of maps. We
claim that v = vs. Let U C Y be vs-open. Then by our assumption, f; L e Ua for each @ € A and so for
each A € Ay, (fa © gar) ™ (U) = g1 (f; (D) is pa1-open which implies that U is v-open. Thus v, C v.

Conversely, suppose that U C Y be v-open. Then by our assumption, (fy © gar) " (U) is par-open for
eacha € Aand A € A, and so g} (f; (1)) is par-open, for each A € A,. Thus, f;(U) is ia-open since i, is
the strong GT on X, induced by the family G, of maps. Thus, U is vs-open since v; is the strong GT on Y
induced by the family # of maps. Therefore, v C v; and this completes the proof. [
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