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Abstract. Our aim in this paper is to investigate some special types of lightlike submanifolds in metallic
semi-Riemannian manifolds. We study invariant lightlike submanifolds and screen semi-invariant lightlike
hypersurfaces of metallic semi-Riemannian manifolds and give examples. We obtain some conditions for
the induced connection to be a metric connection and present integrability conditions for the distributions
involved in the definitions of such types.

1. Introduction

The existence of a wide range of applications in mathematics and physics has made the Riemannian
and semi-Riemannian geometries an important research area for differential geometry. But by the 1970s,
Einstein’s general relativity theory shifted the interest on Riemannian and semi-Riemannian geometries to
the Lorentzian geometry. Later, Duggal and Bejancu published a book on lightlike geometry in 1996 [10]
and filled an important gap in the theory of submanifolds. In this book, the geometric objects for obtaining
the Gauss-Codazzi equations of a lightlike submanifold are defined by means of a non-degenerate screen
distribution.

The main difference between the theory of lightlike submanifolds and semi-Riemannian submanifolds
arises due to the fact that in the first case, a part of the normal vector bundle TN⊥ lies in the tangent bundle
TN of the submanifold N of a semi-Riemannian manifold N̆, whereas in the second case TN ∩ TN⊥ = {0}.
Thus, the basic problem of lightlike submanifolds is to replace the intersecting part by a vector subbundle
whose sections are nowhere tangent to N. To construct a nonintersecting lightlike transversal vector bundle
of the tangent bundle, Duggal and Bejancu used an extrinsic approach while Küpeli used an intrinsic
approach [21]. Since then, many authors have studied the geometry of lightlike hypersurfaces and lightlike
submanifolds. Recent studies have been updated in [11]. Many studies on lightlike submanifolds have
been reported by many geometers (see [1, 3, 13, 14, 23] and the references therein). In this paper, we follow
the approach given by Duggal and Bejancu in [10]. We note that lightlike hypersurfaces are examples of
physical models of Killing horizons in general relativity [16] and the relationship between Killing horizons
and black holes is based on Hawking’s area theorem [18].

It is known that the number φ = (1 +
√

5)/2 = 1, 618033... is a solution of the equation x2
− x − 1 = 0 and

it is called as golden ratio. The golden ratio is very interesting because of its use in art works and frequent
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occurrence in the nature. Thus, Crasmareanu and Hretcanu defined a golden manifold N by a tensor field
Φ on N satisfies Φ2 = Φ + I in [7]. In the same paper, the authors showed that φ and 1 − φ are eigenvalues
of Φ. Then, in [29] Şahin and Akyol introduced golden maps between golden Riemannian manifolds and
showed that such maps are harmonic maps. Finally, lightlike hypersurfaces of a golden semi-Riemannian
manifold were studied by Poyraz and Yaşar in [22].

In 1997 Spinadel introduced metallic means family or metallic proportions as a generalization of the
golden mean in [24]-[28]. Let p and q be positive integers. Then, members of the metallic means family
are the positive solutions of the equation x2

− px − q = 0 and these numbers, which are called (p, q) metallic
numbers, are denoted by

σp,q =
p +
√

p2 + 4q
2

. (1.1)

The members of the metallic means family take the name of a metal, like the golden mean, the silver
mean, the bronze mean, the copper mean and many others. A metallic manifold N̆ has a tensor field
J̆ such that the equality J̆2 = pJ̆ + qI is satisfied, where p and q positive integers and the eigenvalues of
automorphism J̆ of the tangent bundle TN are σp,q and p − σp,q [9]. Moreover, if (N̆, 1̆) is a Riemannian
manifold endowed with a metallic structure J̆ such that the Riemannian metric 1̆ is J̆-compatible, i.e.,
1̆( J̆X,Y) = 1̆(X, J̆Y), for any X,Y ∈ χ(N̆), then (1̆, J̆) is called metallic Riemannian structure and (N̆, 1̆, J̆) is a
metallic Riemannian manifold. Metallic structure on the ambient Riemannian manifold provides important
geometrical results on the submanifolds, since it is an important tool while investigating the geometry of
submanifolds. Invariant, anti-invariant, semi-invariant, slant and semi-slant submanifolds of a metallic
Riemannian manifold are studied in [6, 19, 20]. Some types of lightlike submanifolds of a metallic semi-
Riemannian manifold are introduced in [2, 12] and the authors obtained important characterizations on
such submanifolds of metallic semi-Riemannian manifolds with examples.

In this paper, we study some special types of lightlike submanifolds in metallic semi-Riemannian
manifolds. In section 2, we give basic information needed for the rest of the paper. In section 3 and
section 4, we research invariant lightlike submanifolds and screen semi-invariant lightlike hypersurfaces
of metallic semi-Riemannian manifolds, respectively. In these sections, we give some characterizations and
investigate the geometry of leaves of distributions which arise from definitions. In general, the induced
connection of a lightlike submanifold is not a metric connection. Therefore it is an important problem to
find conditions for the induced connection to be a metric connection. So, we find necessary and sufficient
conditions for the induced connection to be a metric connection. Finally, we note that the paper contains
examples.

2. Preliminaries

Let N̆ be a differentiable manifold and J̆ be a (1, 1) type tensor field on N̆. If the following equation is
satisfied, then J̆ is called a metallic structure on N̆ :

J̆2 = pJ̆ + qI, (2.1)

where p, q are positive integers and I is the identity operator on the Lie algebra χ(N̆) of the vector fields on
N̆. If J̆ is a self-adjoint operator with respect to semi-Riemann metric 1̆ of a semi-Riemann manifold N̆, that
is,

1̆(J̆U,V) = 1̆(U, J̆V), (2.2)

is satisfied, then 1̆ is said to be J̆-compatible and (N̆, J̆, 1̆) is called a metallic semi-Riemannian manifold.
Using (2.2), we can write

1̆(J̆U, J̆V) = p1̆(U, J̆V) + q1̆(U,V), (2.3)

for any U,V ∈ Γ(TN̆).
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It is well known that the non-degenerate metric 1̆ of a (m + n)-dimensional semi-Riemann manifold N̆
is not always induced as a non-degenerate metric on an m-dimensional submanifold N of N̆. If the induced
metric 1 is degenerate on N and rank(Rad(TN)) = r, 1 ≤ r ≤ m, then (N, 1) is called a lightlike submanifold
of (N̆, 1̆), where the radical distribution Rad(TN) and the normal bundle TN⊥ of the tangent bundle TN are
defined by

Rad(TN) = TN ∩ TN⊥

and

TN⊥ = ∪x∈N{u ∈ Tx N̆ | 1̆(u, v) = 0, ∀v ∈ Tx N}.

Since TN and TN⊥ are degenerate vector subbundles, there exist complementary non-degenerate distribu-
tions S(TN) and S(TN⊥) of Rad(TN) in TN and TN⊥, respectively, which are called the screen distribution
and screen transversal bundle (or co-screen distribution) of N such that

TN = S(TN) ⊥ Rad(TN) , TN⊥ = S(TN⊥) ⊥ Rad(TN).

On the other hand, consider an orthogonal complementary bundle S(TN)⊥ to S(TN) in TN̆ such that

S(TN)⊥ = S(TN⊥)⊥S(TN⊥)⊥, (2.4)

where S(TN⊥)⊥ is the orthogonal complementary to S(TN⊥) in S(TN)⊥.
We now recall the following important result.

Theorem 2.1. Let (N, 1,S(TN),S(TN⊥)) be a r-lightlike submanifold of a semi-Riemannian manifold (N̆, 1̆).
Then, there exists a complementary vector bundle ltr(TN) called a lightlike transversal bundle of Rad(TN)
in S(TN⊥)⊥ and a basis of Γ(ltr(TN) |U) consists of smooth sections {N1, ...,Nr} of S(TN⊥)⊥ |U such that

1̆(ξi,N j) = δi j , 1̆(Ni,N j) = 0 , i, j = 1, .., r,

where {ξ1, ..., ξr} is a basis of Γ(Rad(TN)) [10, page 144].

This result implies that there exists a complementary (but not orthogonal) vector bundle tr(TN) to TN
in TN̆|N, which is called transversal vector bundle, such that the following decompositions are held:

tr(TN) = ltr(TN) ⊥ S(TN⊥) (2.5)

and

S(TN⊥)⊥ = Rad(TN) ⊕ ltr(TN). (2.6)

Thus, using (2.4), (2.5) and (2.6), we get

TN̆|N = S(TN) ⊥ S(TN)⊥

= S(TN) ⊥ {Rad(TN) ⊕ ltr(TN)} ⊥ S(TN⊥)
= TN ⊕ tr(TN). (2.7)

A submanifold (N, 1,S(TN),S(TN⊥) is called
(1): r - lightlike if r < min{m, n},
(2): Co - isotropic if r = n < m, i.e., S(TN⊥) = {0},
(3): Isotropic if r = m < n, i.e., S(TN) = {0} and
(4): Totally lightlike if r = m = n, i.e., S(TN) = {0} = S(TN⊥).
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The Gauss and Weingarten equations of N are given by

∇̄UV = ∇UV + h(U,V) , ∀U,V ∈ Γ(TN), (2.8)

and

∇̄UN = −ANU + ∇t
UN , ∀U ∈ Γ(TN) , N ∈ Γ(tr(TN)), (2.9)

where {∇UV,ANU} and {h(U,V),∇t
UN} are belong to Γ(TN) and Γ(tr(TN)), respectively. ∇ and ∇t are linear

connections on N and on the vector bundle tr(TN), respectively. The second fundamental form h is a
symmetric F (N)-bilinear form on Γ(TN) with values in Γ(tr(TN)) and the shape operator AV is a linear
endomorphism of Γ(TN).

If we consider (2.7) and using the projection morphisms denoted by

L : tr(TN)→ ltr(TN) , S : tr(TN)→ S(TN⊥),

then, for any U,V ∈ Γ(TN), N ∈ Γ(ltr(TN)) and W ∈ Γ(S(TN⊥)), we can write

∇̄UV = ∇UV + hł(U,V) + hs(U,V), (2.10)
∇̄UN = −ANU + ∇ł

U(N) + Ds(U,N), (2.11)

∇̄UW = −AWU + Dl(U,W) + ∇s
U(W), (2.12)

where {∇ł
UN,Dl(U,W)} and {Ds(U,N),∇s

UW} are parts of ltr(TN) and S(TN⊥), respectively and hł(U,V) =
Lh(U,V) ∈ Γ(ltr(TN)), hs(U,V) = Sh(U,V) ∈ Γ(S(TN⊥)). Denote the projection of TN on S(TN) by P̄. Then, by
using (2.8), (2.10)-(2.12) and taking account that ∇̄ is a metric connection we obtain

1̆(hs(U,V),W) + 1̆(Y,Dl(U,W)) = 1(AWU,Y), (2.13)

1̆(Ds(U,N),W) = 1̆(N,AWU), (2.14)

∇UP̄V = ∇∗UP̄V + h∗(U, P̄V), (2.15)

and

∇Uξ = −A∗ξU + ∇∗tUξ, (2.16)

for U,V ∈ Γ(TN) and ξ ∈ Γ(RadTN), where ∇∗ and ∇∗t are induced connections on S(TN) and Rad(TN),
respectively. On the other hand, h∗ and A∗ are Γ(Rad(TN))-valued and Γ(S(TN))-valued F (N)-bilinear forms
on Γ(TN) × Γ(S(TN)) and Γ(Rad(TN)) × Γ(TN), respectively. h∗ is called local second fundamental form on
S(TN) and A∗ is second fundamental form of Rad(TN).

By using above equations we obtain

1̆(hl(U, P̄V), ξ) = 1(A∗ξU, P̄V), (2.17)

1̆(h∗(U, P̄V),N) = 1(ANU, P̄V), (2.18)

1̆(hl(U, ξ), ξ) = 0, A∗ξξ = 0. (2.19)

In general, the induced connection ∇ on N is not a metric connection. Since ∇̄ is a metric connection, by
using (2.10), we get

(∇U1)(V,Z) = 1̆(hl(U,V),Z) + 1̆(hl(U,Z),V). (2.20)

However, it is important to note that ∇? is a metric connection on S(TN).
In case of N is being a lightlike hypersurface, we recall that hl(U,V) = B(U,V)N, for all U,V ∈ Γ(TN),

and hs = 0, where B is called the second fundamental form of N.
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3. Invariant Lightlike Submanifolds of Metallic Semi-Riemannian Manifolds

We begin by defining the invariant lightlike submanifold of a metallic semi-Riemannian manifold.

Definition 3.1. Let (N̆, J̆, 1̆) be a metallic semi-Riemannian manifold and (N, 1) be a lightlike submanifold
of N̆. Then, we say that N is an invariant lightlike submanifold of N̆, if the following conditions are satisfied:

J̆(S(TN)) = S(TN) (3.1)

and

J̆(Rad(TN)) = Rad(TN). (3.2)

Corollary 3.2. Let (N̆, J̆, 1̆) be a metallic semi-Riemannian manifold and (N, 1) be an invariant lightlike
submanifold of N̆. Then, the lightlike transversal distribution ltr(TN) is invariant with respect to J̆.

Proof. We assume that N is an invariant lightlike submanifold of N̆. Then, for any U ∈ Γ(S(TN)), ξ ∈
Γ(Rad(TN)) and N ∈ Γ(ltr(TN)), we have

1̆(J̆N, ξ) = 1̆(N, J̆ξ) , 0 (3.3)

and

1̆(J̆N,U) = 1̆(N, J̆U) = 0. (3.4)

From (3.3) and (3.4), it is clear that J̆N has no component in Γ(Rad(TN)) and Γ(S(TN)), respectively. On the
other hand, since Rad(TN)⊥S(TN⊥), then S(TN⊥) does not contain J̆N. Thus, the proof is completed.

Example 3.3. Let N̆ = R5
1 be a metallic semi-Riemannian manifold of signature (−,+,+,+,+) with respect to the

canonical basis {∂x1, ∂x2, ∂x3, ∂x4, ∂x5}. Consider a metallic structure J̆ defined by

J̆(x1, x2, x3, x4, x5) = (σx1, σx2, σx3, (p − σ)x4, (p − σ)x5).

Let N be a submanifold of (R5
1, J̆, 1̆) given by

x1 = u3 , x2 = − sinαu1 + cosαu3,

x3 = cosαu1 + sinαu3 , x4 = u2 , x5 = 0.

Then TN is spanned by {Z1,Z2,Z3}, where

Z1 = − sinα∂ x2 + cosα∂ x3,

Z2 = ∂ x4,

Z3 = ∂ x1 + cosα∂ x2 + sinα∂ x3.

Hence N is a 1−lightlike submanifold of R5
1 with

Rad(TN) = Span{Z3}

and

S(TN) = Span{Z1,Z2}.
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It is easy to see that

J̆Z3 = σZ3 ∈ Γ(Rad(TN)),

J̆Z1 = σZ1 ∈ Γ(S(TN)),

J̆Z2 = (p − σ)Z2 ∈ Γ(S(TN)),

which mean that S(TN) and Rad(TN) is invariant with respect to J̆. On the other hand, by direct calculations, we get
the lightlike transversal bundle and screen-transversal distribution are spanned by

N =
1
2
{−∂ x1 + cosα∂ x2 + sinα∂ x3} , W = ∂ x5,

respectively. It is clear that ltr(TN) and S(TN⊥) are invariant distributions. Thus, N is an invariant lightlike
submanifold of N̆.

Let (N̆, J̆, 1̆) be a metallic semi-Riemannian manifold and N be an invariant lightlike submanifold of N̆.
In this paper, we assume that

∇̄ J̆ = 0, (3.5)

which implies that ∇̄U J̆V = J̆∇̄UV and similarly ∇̄U J̆N = J̆∇̄UN, for all U,V ∈ Γ(TN), N ∈ Γ(ltr(TN)).

Now we denote the projection morphisms on S(TN) and Rad(TN) by T and Q, respectively. Then, for
any U ∈ Γ(TN) we write

U = TU + QU, (3.6)

where TU ∈ Γ(S(TN)) and QU ∈ Γ(Rad(TN)).
Appliying J̆ to (3.6) we get

J̆U = J̆TU + J̆QU. (3.7)

If we denote J̆TU and J̆QU by SU and LU, respectively, then we can rewrite (3.7) as

J̆U = SU + LU, (3.8)

where SU ∈ Γ(S(TN)) and LU ∈ Γ(Rad(TN)).

If we differentiate (3.8) and using (3.5), (2.8), (2.10)-(2.12), for any U,V ∈ Γ(TN), we have

S∇UV + L∇UV + J̆hl(U,V) + J̆hs(U,V) = ∇
∗

USV + h∗(U,SV) + hl(U,SV) + hs(U,SV)

− A∗LVU + ∇∗tULV + hl(U,LV) + hs(U,LV). (3.9)

Considering the tangential, lightlike transversal and screen transversal parts of this equation we obtain the
following.

Lemma 3.4. Let (N̆, J̆, 1̆) be a metallic semi-Riemannian manifold and (N, 1) be an invariant lightlike sub-
manifold of N̆. Then, we have

S∇UV = ∇∗USV − A∗LVU, (3.10)

L∇UV = h∗(U,SV) + ∇∗tULV, (3.11)

J̆hl(U,V) = hl(U, J̆V), (3.12)

J̆hs(U,V) = hs(U, J̆V), (3.13)

J̆∇UV = ∇∗USV − A∗LVU + h∗(U,SV) + ∇∗tVLV, (3.14)

where U,V ∈ Γ(TN).
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Theorem 3.5. Let N be an invariant lightlike submanifold of a metallic semi-Riemannian manifold N̆. Then,
the radical distribution Rad(TN) is integrable if and only if either

A∗
J̆X

Y = A∗
J̆Y

X and A∗XY = A∗YX

or

A∗
J̆X

Y − A∗
J̆Y

X = p(A∗XY − A∗YX),

for any X,Y ∈ Γ(Rad(TN)) and Z ∈ Γ(S(TN)).

Proof. We know that the distribution Rad(TN) is integrable if and only if [X,Y] ∈ Γ(Rad(TN)), for all
X,Y ∈ Γ(Rad(TN)), that is,

1̆([X,Y],Z) = 0.

Thus, for any Z ∈ Γ(S(TN)), using (2.3) and (3.5), we have

1̆([X,Y],Z) = 1̆(∇̄XY − ∇̄YX,Z)

=
1
q
1̆(∇̄X J̆Y − ∇̄Y J̆X, J̆Z) +

p
q
1̆(∇̄YX − ∇̄XY, J̆Z)

= 0.

If we use (2.10), we get

0 = 1̆(∇X J̆Y, J̆Z) − p1̆(∇XY, J̆Z) − 1̆(∇Y J̆X, J̆Z) + p1̆(∇YX, J̆Z).

Finally, using (2.16) in the last equation, we obtain

1̆(−A∗
J̆Y

X + A∗
J̆X

Y, J̆Z) + p1̆(A∗YX − A∗XY, J̆Z) = 0,

which completes the proof.

Theorem 3.6. Let N be an invariant lightlike submanifold of a metallic semi-Riemannian manifold N̆. Then,
the screen distribution S(TN) is integrable if and only if either h∗ is symmetric and self-adjoint or

h∗(U, J̆V) − h∗(V, J̆U) = p(h∗(U,V) − h∗(V,U)),

for all U,V ∈ Γ(S(TN)) and N ∈ Γ(ltr(TN)).

Proof. S(TN) is integrable if and only if 1̆([U,V],N) = 0, for all U,V ∈ Γ(S(TN)) and N ∈ Γ(ltr(TN)). Using
(2.3) and (3.5), we get

1̆([U,V],N) = 1̆(∇̄UV − ∇̄VU,N)

=
1
q
1̆(∇̄U J̆V − ∇̄V J̆U, J̆N) +

p
q
1̆(∇̄VU − ∇̄UV, J̆N)

= 0.

If we use (2.15), we have

1̆(h∗(U, J̆V) − h∗(V, J̆U), J̆N) − p1̆(h∗(U,V) − h∗(V,U), J̆N) = 0,

which completes the proof.
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Theorem 3.7. Let N be an invariant lightlike submanifold of a metallic semi-Riemannian manifold N̆. Then,
the induced connection ∇ on N is a metric connection if and only if

A∗
J̆ξ

U = pA∗ξU,

for all U ∈ Γ(TN) and ξ ∈ Γ(Rad(TN)).

Proof. Assume that ∇ is a metric connection. Then, ∀∇Uξ ∈ Γ(Rad(TN)), for U ∈ Γ(TN) and ξ ∈ Γ(Rad(TN)).
Thus, using (2.10) and (2.3), we derive

1
q
1̆(∇̄U J̆ξ, J̆Z) −

p
q
1̆(∇̄Uξ, J̆Z) = 0,

for Z ∈ Γ(S(TN)).
Then if we use (2.10) again and (2.16) in the equation above, we get

1
q
1̆(A∗

J̆ξ
U, J̆Z) −

p
q
1̆(A∗ξU, J̆Z) = 0,

which completes the proof. The converse of the assertion is obvious.

Theorem 3.8. Let N be an invariant lightlike submanifold of a metallic semi-Riemannian manifold N̆. Then,
the radical distribution Rad(TN) defines a totally geodesic foliation on N if and only if

hl(ξ, J̆U) = phl(ξ,U),

for all U ∈ Γ(S(TN)) and ξ ∈ Γ(Rad(TN)).

Proof. We assume that Rad(TN) defines a totally geodesic foliation on N. That is, for ξ, ξ1 ∈ Γ(Rad(TN)),
∇ξξ1 ∈ Γ(Rad(TN)). Since ∇̄ is a metric connection, one can easily see that

1(∇ξξ1,U) = 1̆(∇̄ξξ1,U) = 1̆(ξ1,∇ξU) = 0.

Using (2.3), (2.10) and (2.15), we have

1̆( J̆ξ, hl(ξ1, J̆U)) − p1̆( J̆ξ, hl(ξ1,U)) = 0,

and assertion is proved. The proof of the converse part can be made similarly.

Theorem 3.9. Let N be an invariant lightlike submanifold of a metallic semi-Riemannian manifold N̆. Then,
the screen distribution S(TN) defines a totally geodesic foliation on N if and only if

h∗(U, J̆V) = ph∗(U,V)

for U,V ∈ Γ(S(TN)).

Proof. S(TN) defines a totally geodesic foliation on N if and only if ∇UV ∈ Γ(S(TN)), for U,V ∈ Γ(S(TN)). If
we consider ∇̄ is a metric connection, we get

1̆(∇UV,N) = 1̆(∇̄UV,N) = 0,

for N ∈ Γ(ltr(TN)).
Using (2.3), (2.10) and (2.15), we obtain

1̆(∇∗U J̆V + h∗(U, J̆V), J̆N) − p1̆(∇∗UV + h∗(U,V), J̆N) = 0,

which completes the proof. The converse proof is obvious.
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4. Screen Semi-Invariant Lightlike Hypersurfaces of Metallic Semi-Riemannian Manifolds

We recall the definition of a screen semi-invariant hypersurface in a metallic semi-Riemannian manifold.

Definition 3.10. [2] Let (N̆, J̆, 1̆) be a metallic semi-Riemannian manifold and (N, 1) be a lightlike hyper-
surface of N̆. Then, we say that N is a screen semi-invariant lightlike hypersurface of N̆, if the following
conditions are satisfied:

J̆(Rad(TN)) ⊆ S(TN) (4.1)

and

J̆(ltr(TN)) ⊆ S(TN). (4.2)

From definition above for a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold, we can define a non-degenerate distribution L0 such that S(TN) is decomposed as:

S(TN) = L0⊥L1 ⊕ L2, (4.3)

where L1 = J̆(Rad(TN)) and L2 = J̆(ltr(TN)).

Proposition 3.11. [2] Let (N, 1) be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold (N̆, J̆, 1̆). Then, J̆L0 is invariant with respect to J̆.

Proof. Let consider any vector field U of Γ(L0). From (4.3) and (2.2), we derive

1̆(J̆U, ξ) = 0 and 1̆(J̆U,N) = 0, (4.4)

for ξ ∈ Γ(Rad(TN)) and N ∈ Γ(ltr(TN)). That is, J̆U < Γ(ltr(TN) ∪ Rad(TN)).
Similarly, using (4.3) and (2.3), we have

1̆(J̆U, J̆ξ) = 0 and 1̆( J̆U, J̆N) = 0. (4.5)

That is, J̆U < Γ( J̆(ltr(TN)) ∪ J̆(Rad(TN))) and proof is completed.

Thus, TN can be written as:

TN = L1 ⊕ L2⊥L0⊥Rad(TN). (4.6)

If we denote the invariant distribution of TN by L such as

L = L0⊥Rad(TN)⊥ J̆(Rad(TN)), (4.7)

then, (4.6) is reduced to

TN = L ⊕ L2. (4.8)

Thus, from (2.7) and (4.8), we have the following decomposition:

TN̆ = L1 ⊕ L2⊥L0⊥{Rad(TN) ⊕ ltr(TN)}. (4.9)
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Example 3.12. Let N̆ = R5
2 be a metallic semi-Riemannian manifold of signature (−,+,−,+,+) and metallic

structure J̆ is defined as

J̆(x1, x2, x3, x4, x5) = (σx1, σx2, (p − σ)x3, σx4, (p − σ)x5).

Let N be a hypersurface of (R5
2, J̆, 1̆) given by

x5= (p − σ)x1+(p − σ)x2 + x3.

Then we get

U1 = ∂ x1 + (p − σ)∂ x5 , U2 = ∂ x2 + (p − σ)∂ x5 ,

U3 = ∂ x3 + ∂ x5 , U4 = ∂ x4.

If we choose

ξ = (p − σ)U1 − (p − σ)U2 + U3 = (p − σ)∂ x1 − (p − σ)∂ x2 + ∂ x3 + ∂ x5

and

W1 = U4 ,

W2 = −∂ x1 + ∂ x2+(p − σ)∂ x3+(p − σ)∂ x5,

W3 = −
1

2(1 + (p − σ)2)
(−∂ x1 − ∂ x2+(p − σ)∂ x3−(p − σ)∂ x5)

then S(TN) = Sp{W1,W2,W3} and Rad(TN) = Sp{ξ}. By direct calculations we get

N = −
1

2(1 + (p − σ)2)
{(p − σ)∂ x1 + (p − σ)∂ x2 + ∂ x3 − ∂ x5}.

By choosing q = 1, we obtain J̆ξ = W2 and J̆N = W3, which imply that N is a screen semi-invariant lightlike
hypersurface of N̆.

Let us denote the projection morphisms on L and L2 by B and R, respectively. Then U ∈ Γ(TN) can be
written as:

U = BU + RU, (4.10)

where BU ∈ Γ(L) and RU ∈ Γ(L2).
Applying J̆ to (4.10) we derive

J̆U = J̆BU + J̆RU. (4.11)

If we denote J̆BU and J̆RU by S1U and R1U, respectively, then we can rewrite (4.11) as

J̆U = S1U + R1U, (4.12)

where S1U ∈ Γ(L) and R1U ∈ Γ(ltr(TN)).

Let N be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian manifold N̆.Using
(3.5), (2.10) and (2.15), ∀U,V ∈ Γ(TN), we obtain

J̆∇UV + J̆B(U,V) = ∇∗U J̆V + h∗(U, J̆V) + B(U, J̆V). (4.13)

Considering the tangential and lightlike transversal parts of (4.13), we give following.
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Proposition 3.13. Let N be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold N̆. Then we have

J̆∇UV = ∇∗U J̆V + h∗(U, J̆V) − J̆B(U,V), (4.14)

B(U, J̆V) = 0, (4.15)

for all U,V ∈ Γ(TN).

Theorem 3.14. [2] Let N be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold N̆.Then, the invariant distribution L is integrable if and only if

B(J̆W, J̆U) = pB(U, J̆W) + qB(U,W)

for all U,W ∈ Γ(L).

Proof. L is integrable iff [U,W] ∈ Γ(L), for all U,W ∈ Γ(L). That is, 1̆([ J̆W,U], J̆ξ) = 0, for ξ ∈ Γ(Rad(TN)).
Then, using (2.2), (3.5) and (2.3), we get

1̆(∇̄ J̆W J̆U, ξ) − p1̆(∇̄UW, J̆ξ) − q1̆(∇̄UW, ξ) = 0.

Finally, if we use (2.10) in the last equation, the proof is completed.

Theorem 3.15. Let N be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold N̆. Then, the radical distribution Rad(TN) is integrable if and only if

∇
∗

ξ J̆ξ1 − ∇
∗

ξ1
J̆ξ = p(A∗ξξ1 − A∗ξ1

ξ) (4.16)

or

J̆∇∗ξ J̆ξ1 − J̆∇∗ξ1
J̆ξ = p(∇∗ξ J̆ξ1 − ∇

∗

ξ1
J̆ξ) (4.17)

for any ξ, ξ1 ∈ Γ(Rad(TN)).

Proof. We assume that Rad(TN) is integrable. Then, 1([ξ, ξ1],Z) = 0 for for all ξ, ξ1 ∈ Γ(Rad(TN)) , Z ∈
Γ(S(TN)). If we use (2.3), we have

0 = 1̆(∇̄ξ J̆ξ1, J̆Z) − p1̆(∇̄ξξ1, J̆Z) − 1̆(∇̄ξ1 J̆ξ, J̆Z) + p1̆(∇̄ξ1ξ, J̆Z) (4.18)

Then, using (2.10) and (2.15), we obtain

1̆(∇∗ξ J̆ξ1 + pA∗ξ1
ξ − ∇∗ξ1

J̆ξ − pA∗ξξ1, J̆Z) = 0,

which satisfies (4.16).
On the other hand, if we use (2.2), (2.10) and (2.15) in (4.18), we get

0 = 1̆(∇∗ξ J̆ξ1 − ∇
∗

ξ1
J̆ξ, J̆Z)

+ p1̆(∇∗ξ1
J̆ξ + h∗(ξ1, J̆ξ) − J̆B(ξ1, ξ) − ∇∗ξ J̆ξ1 + h∗(ξ, J̆ξ1) − J̆B(ξ, ξ1),Z).

Since B is symmetric and from (4.14), we have

1̆(J̆∇∗ξ J̆ξ1 − ∇
∗

ξ1
J̆ξ + p∇∗ξ1

J̆ξ − p∇∗ξ J̆ξ1,Z) = 0,

which satisfies (4.17) and the proof is completed.
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Theorem 3.16. Let N be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold N̆. Then, the screen distribution S(TN) is integrable if and only if

∇
∗

U J̆W − ∇∗W J̆U = p(∇∗UW − ∇∗WU) (4.19)

or

∇
∗

U J̆W = ∇∗W J̆U (4.20)

for any U,W ∈ Γ(S(TN)).

Proof. We know that S(TN) is integrable iff 1̆([U,W],N) = 0, for for all U,W ∈ Γ(S(TN)) , N ∈ Γ(ltr(TN)).
Using (2.3) and (3.5), we get

1̆(∇̄U J̆W − ∇̄W J̆U, J̆N) − p1̆(∇̄UW − ∇̄WU, J̆N) = 0. (4.21)

If we use (2.10) and (2.15) in (4.21),

1̆(∇∗U J̆W − ∇∗W J̆U − p∇∗UW + p∇∗WU, J̆N) = 0

is obtained and (4.19) is satisfies.
On the other hand, using (2.2), (2.10) and (2.15) in (4.21), we get

1̆(∇∗U J̆W − ∇∗W J̆U, J̆N) = 0.

Thus, (4.20) is satisfied and the proof is completed.

Theorem 3.17. Let N be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold N̆. Then, the induced connection ∇ on N is a metric connection if and only if one of the followings
is satisfied:

∇
∗

U J̆ξ = −pA∗ξU (4.22)

or

qA∗ξU = 0, (4.23)

for all U ∈ Γ(TN) and ξ ∈ Γ(Rad(TN)).

Proof. ∇ is a metric connection iff ∇Uξ ∈ Γ(Rad(TN)) that is, 1(∇Uξ,Z) = 0, for U ∈ Γ(TN), ξ ∈ Γ(Rad(TN))
and Z ∈ Γ(S(TN)). If we consider (2.10), we have

1̆(∇̄Uξ,Z) = 0. (4.24)

Then, using (2.3), (3.5), (2.10) and (2.15), we obtain

1̆(∇∗U J̆ξ + pA∗ξU, J̆Z) = 0,

which satisfies (4.22).
Now, using (2.3) in (4.24), we get

1̆(J̆∇̄U J̆ξ − pJ̆∇̄Uξ,Z) = 0.

Using (2.10), (2.15) and (2.16), we derive

0 = 1̆( J̆∇∗U J̆ξ + J̆h∗(U, J̆ξ) + J̆B(U, J̆ξ) + pJ̆A∗ξU − pJ̆∇∗tUξ − pJ̆B(U, ξ),Z).

Finally, if we use (2.3) and (4.15) in the last equation,

1̆(−qA∗ξU + q∇∗tUξ,Z) = 0

is obtained and (4.23) is satisfied.
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Theorem 3.18. Let N be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold N̆. Then, the radical distribution Rad(TN) defines a totally geodesic foliation on N if and only if

∇
∗

ξ J̆U = p∇∗ξU,

for all U ∈ Γ(S(TN)) and ξ ∈ Γ(Rad(TN)).

Proof. We assume that Rad(TN) defines a totally geodesic foliation on N. That is, for ξ, ξ1 ∈ Γ(Rad(TN)),
∇ξξ1 ∈ Γ(Rad(TN)). Since ∇̄ is a metric connection, we can write

1(∇ξξ1,U) = 1̆(∇̄ξξ1,U) = 1̆(ξ1, ∇̄ξU) = 0.

Using (2.3), (2.10) and (2.15), we have

1̆(J̆ξ,∇∗ξ J̆U − p∇∗ξU) = 0

and assertion is proved.

Theorem 3.19. Let N be a screen semi-invariant lightlike hypersurface of a metallic semi-Riemannian
manifold N̆. Then, the screen distribution S(TN) defines a totally geodesic foliation on N if and only if

∇
∗

U J̆V = p∇∗UV,

for all U,V ∈ Γ(S(TN)).

Proof. S(TN) defines a totally geodesic foliation on N iff for U,V ∈ Γ(S(TN)), ∇UV ∈ Γ(S(TN)). If we consider
∇̄ is a metric connection, we get

1̆(∇UV,N) = 1̆(∇̄UV,N) = 0,

for N ∈ Γ(ltr(TN)). Using (2.3), (2.10) and (2.15),

1̆(∇∗U J̆V, J̆N) − p1̆(∇∗UV, J̆N) = 0,

which completes the proof.
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[3] B. E. Acet, S. Yüksel Perktaş, E. Kılıç, On lightlike geometry of para-Sasakian manifolds, Scientific Work J. Article ID 696231
(2014).

[4] M. A. Akyol, Metallic maps between metallic Riemannian manifolds and constancy of certain maps, Honam J. Math. 41(2) (2019)
343–356.

[5] C. L. Bejan, K. L. Duggal, Global lightlike manifolds and harmonicity, Kodai Math. J. 28 (2005) 131–145.
[6] A. M. Blaga, C. E. Hretcanu, Invariant, anti-invariant and slant submanifolds of a metallic Riemannian manifold, Novi Sad J

Math. 48(2) (2018) 55–80.
[7] M. Crasmareanu, C. E. Hretcanu, Golden differansiyel geometry, Chaos, Solitons and Fractals 38(5) (2008) 1229–1238.
[8] M. Crasmareanu, C. E. Hretcanu, Applications of the Golden Ratio on Riemannian Manifolds, Turk J Math 33(2) (2009) 179–191.
[9] M. Crasmareanu, C. E. Hretcanu, Metallic structures on Riemannian manifolds, Revista de la union matematica Argentina 54(2)

(2013) 15–27.
[10] K. L. Duggal, A. Bejancu, Lightlike Submanifolds of Semi-Riemannian Manifolds and Its Applications, Kluwer Academic, 1996.
[11] K. L. Duggal, B. Sahin, Differential Geometry of Lightlike Submanifolds, Birkhauser, 2010.
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