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Abstract. For some classes of analytic functions f and g in the open unit disk U, we consider the general
integral operator M,, that was introduced in a recent work [2] and we obtain new conditions of univalence
for this integral operator. The key tools in the proofs of our results are the Pascu’s and the Pescar’s
univalence criteria. Some corollaries of the main results are also considered. Relevant connections of the

results presented here with various other known results are briefly indicated.
1. Introduction and preliminaries

Let A denote the class of the functions of the form:
f@)=z+ Z a,z",
n=2

which are analytic in the open unit disk

U={zeC:z|<1}
and satisfy the following usual normalization conditions:

f0)=f(@O)-1=0,

C being the set of complex numbers.

We denote by S the subclass of A consisting of functions f € A, which are univalent in U.
In [24] Silverman define the class Gy. Precisely, for 0 < b < 1 he considered the class

gb={fem;‘1+zf"(z) 2@, [Ze) zeIU}. @)

@  f@) f(2)

For some interesting investigations regarding sufficient conditions for univalence of various families of

integral operators see the work by (for example) Breaz et al.[7], Deniz et al. [8], Frasin [9], Stanciu et al. [25]
and Oprea et al [14]. We consider the integral operators

z n . a;—1 ) i %
Mn(z)={6 fo tél]‘[[(@) (g7 )" (M))y]dt} ,
i=1
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where f;, g; are analytic in U, and a;, 8;, i € C for all i = 1,n,neN \ {0}, 6 € C, with Red > 0.

Remark 1.1. The integral operator M,, defined by (3), introduced by Birbatu and Breaz in the paper [2], is a general
integral operator of Pfaltzgraff, Kim-Merkes and Ovesea types which extends also the other operators as follows:
i)Forn=1,0=1,a;—1 = a;and p1 = y1 = 0 we obtain the integral operator which was studied by Kim-Merkes

[11] .
ﬁ@:ﬁ@?)ﬁ

ii) Forn=1,0 =1and a1 — 1 = y1 = 0 we obtain the integral operator which was studied by Pfaltzgraff [23]

Gola) = fo (F )" dt.

iii) For a; — 1 = a; and B; = y; = 0 we obtain the integral operator which was defined and studied by D. Breaz

and N. Breaz [5] )
z - n l(t) a; B
Dy =6ft51 (f—) dt|

) [ 0 1_1[ t

this integral operator is a generalization of the integral operator introduced by Pascu and Pescar [18].
iv) For a; — 1 = y; = 0 we obtain the integral operator which was defined and studied by D. Breaz, Owa and N.

Breaz [6] )
_ : 61 s ’ i ’
nm_kﬁt EM@]ﬂ,

this integral operator is a generalization of the integral operator introduced by Pescar and Owa in [22] .
v) For a; — 1 = a; and y; = 0 we obtain the integral operator which was defined and studied by Pescar in [20]

Falz) = [6 fo o H(@) Q0% dt] ,
i=1

this integral operator is a generalization of the integral operator introduced by Frasin in [10] and by Ovesea in [15].
vi) For a; — 1 = a; and y; = 0 we obtain the integral operator which was studied by Ularu in [26]

1, = [é fo o H (@) (@ ) dt} .
i=1

Thus, the integral operator M, introduced here by the formula (3), can be considered as an extension and a
generalization of these operators above mentioned.

In the present paper, we derive the univalence conditions for the integral operator M,, when g; € Gy, and
fie Aforalli=1,n.

The following univalence conditions were derived by Pascu [13], [14] and Pescar in [16]. These are
extensions of some very well-known and important univalence criteria for analytic functions defined in the
open unit disk U that have been obtained by Ahlfors [1] and Becker [4] and by Becker (see [3]).

Theorem 1.2. (Pascu [16]) Let f € Aand y € C. If Rey > 0 and

zf"(2))
f@)

1 _ |Z|2R€)/

<1,
Rey -

forall z € U, then the integral operator

Fy(2) = (y fo ﬂ’-lf'(t)dt) g

is in the class S.



C. Bdrbatu, D. Breaz / Filomat 34:7 (2020), 2225-2234 2227

Theorem 1.3. (Pascu [17]) Let 6 € C with Red > 0. If f € A satisfies

zf"(2)
f'@

forall z € U, then, for any complex y with Rey > Red, the integral operator
z ;
H@=@fﬂ%@ﬂp
0

Theorem 1.4. (Pescar [19]) Let y be complex number, Rey > 0 and ¢ a complex number, |c| <1,c # —1,and f € A,
f@) =z+mz®+ .. If
2f"(2))

vf'(2)

Fy(2) = (7/ fo f”_lf'(t)dt)y ,

Finally, in our present investigation, we shall also need the familiar Schwarz Lemma [12].

1 _ |Z|2R€5
Red

<1

—_ 4

is in the class S.

clzl” + (1 - |z|2>') <1

== 7

forall z € U, then the integral operator

is in the class S.

Lemma 1.5. ( General Schwarz Lemma [12]) Let f be the function reqular in the disk Ur = {z € C: |z]| < R,R > 0}
with ( f (z)| < M for a fixed number M > 0 fixed. If f(z) has one zero with multiplicity order bigger than a positive
integer m for z = 0, then

M
|f(z)| < R_'"Zm’ z € Ug.
The equality for z # 0 can hold only if
f(Z) — ei@ R_A:Inzml

where O is constant.

2. The main univalence criteria

Our main results give sufficient conditions for the general integral operator M, defined by (3) to be
univalent in the open disk U.

Theorem 2.1. Let v, 6, a;, Bi, yi be complex numbers, ¢ = Rey > 0, with

n

c=> Z [la,- -1+ @b +1) |ﬁ,‘ + |)/,|] . 4)

i=1

Ifgi€ Gy, 0<b;i <1, fiec Aand

Zm@”Fl‘%w
fi@ " o@

forall z € U, i = 1,n, then the integral operator M., defined by (3) is in the class S.

—1’ <1, )
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Proof. We define the function

z N ita,—l v it%
e [T[[5) oo (%) a

gi € Gy, 0 < b; <1, f; € Aso, that obviously

H;, (2) = ﬁ(@) @ @) (91 (Z))

i=1

The function H,, is regular in U and satisfy the following usual normalization conditions

H,(0)=H,0)-1=0
HY@) N[, () (Z) zg/() | _
wm‘ZHW]Wﬂ@ )@ @ " @m QL

W (O N (@ e (7@ 72
‘iﬂhm ”(ﬁ@ q+&(¢@) g@>+0+ﬂ(%@> ﬂ*y(%@> Q}

Since g; € Gp,,, 0 < b; < 1foralli= 1,1 from (2), (5) and (6), we obtain

and

) §:| a u‘f() ' g(;) ), ‘ 'ﬁW 20/2) ’+bhw%%%2_1us
< B o S 51
I HN S
_:l[lai—ll‘%—l ('ﬁ|b+|ﬁ|+)yl|)‘ ‘ )ﬁ|b]

< Z [|04i =10+ |Bi| bi + |Bi] + [ + |B] bz’] < Z [|04i — 1]+ (2b; + 1) |B] + ‘Vil]/
i=1 i=1
which readily shows that

1 _ |Z|2C
c

2H}(2)
H,(2)

< 1—|zI [Z [Ial — 1| + (2b; +1)|ﬁ|+|7’1”} =

SJZWrwﬂW”W”M%L

i=1

By Theorem 1.2 it results that the integral operator M, given by (3) is in the class S. [

2228

(6)

)
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Theorem 2.2. Let a;, B, y;i be complex numbers, M; > 1, N; > 1 are real numbers, for all i = 1,1 and y € C with
¢ = Rey

n

¢ 2 ) [l =11 @M; + 1) + (|| + |B] + ] @Ni + 1) + b 1] )

i=1
Ifgi € Gy, 0 < b; <1, f; € Asatisfy
2 ¢ 2 7
zfi(zz_l‘<1 zgi(zl_
[fi(2)] [9:(2)]

forallz € U, i = 1,n, then for any complex number & with Red > Rey, the integral operator M,,, given by (3) is in
the class S.

lfi@| <M, |gi(2)| <N, (10)

Proof. From the proof of Theorem 2.1, we have:

zH}/(z) f( ) )
] 3 =[] ol o] ) g
Thus, we obtain
1- 2 |z2Hy ()] _ 11—z v fi(2) zg;(2)
CZ SEIE CZ ;[Iai—ll|—f() =1+ bi|B] + (b )ﬂ|+|ﬁ|+(%|)l D 1Hs
1|z ”{ (zz @) ) ( 7@ 19|, ) }
< la; — 1] — |+ 1|+ (b; |Bi| + |Bi| + |Vi +b; (11)
e L [Ger SN (el b
Since ( f,-(z)' <M; g,-(z)( <N, z€eU,i=1,nand for each fi, gi satisfy conditions (10), then applying General
Schwarz Lemma, we obtain fi(z)) < ‘(z)| <NjlzlforallzeU,i=1,n. Using these inequalities from
(11) we have , . 2
1- 2 |zH@)| _1-* v f; ‘
i— -1M;+M;+1
R EACN ZH' |(M(H e )+
L R
b + |Bi| + |y Ni+N;i+1|+Db;|Bi|| £
- Z] B led+ ) | 5 B

1<
< E L [Iai -12M; +1) + (bl |ﬁ1) + |ﬁ,‘ + |)/,|)

forall z € U, i = 1,n and from the hypothesis, we get

1 _ |Z|2C
C

zH/(2)
n(2)
Applying Theorem 1.3. for the function H,, we prove that M, is in the class S. [

zeU.

Theorem 2.3. Let a, fi, yi be complex numbers and 6 € C with

Red > ) [l =11+ @b + 1) |p] + (12)
i=1
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and let ¢ € C be such that

n

1
d<1- 2 [l = 1+ @b + 1) |Bi] + ] (13)

Ifgz-egb[,0<bi§1,fi€ﬂand

e e
‘ @ 1’ <l ‘

e 1’ <1, (14)

forallz € U, i = 1,n, then the integral operator M,,, given by (3) is in the class S.

Proof. From (7), we deduce that

i H” 1|20 H” 15120 |
c|z|2°+(1—|z|2‘5)‘2H’18 SICI+|1 5|Z| ZH'jggcu‘l 5|Z| 3 [l =11+ @b+ 1) B + ] <
n n =1

1 n 1 n
<+ 5 Z{ [l = 11+ @b + 1) [i] + il < 1el + Reb - [l = 1+ @b; + 1) |Bi] + ]| < 1.

Finally, by applying Theorem 1.4, we conclude that M, defined by (3) is in the class S. [J

Theorem 2.4. Let av;, Bi, vi be complex numbers, M; > 1, N; > 1 are real numbers and 6 € C with

Red > Z‘ [l = 11 @M; + 1) + (b [Bi] + B + [yi]) @Ni + 1) + b 8], (15)
and let ¢ € C be such that

el <1- RLecS ; [l = 11 @M + 1) + (i Bi] + 8] + [i]) @N: + 1) + BBl (16)
Ifgi € Gy, 0 < b; < 1, f; € A satisfy

or 1< 1 o

forallz € U, i = 1,n, then the integral operator M, given by (3) is in the class S.

Proof. From the proof of Theorem 2.3, we have

el (1= ) S| < it s ) [l = 1@+ 1+ (b + o + ] v 1)+
n i=1

forall z € U, i = 1,n and from the hypothesis, we get

zH! (z
c |Z|2(‘) + (1 _ |Z|2b) n ( )

<
sH )| =

Applying Theorem 1.4 for the function H,,, we prove that M, is in the class S. O
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3. Corollaries and consequences

First of all, upon setting 6 = 1 in Theorem 2.1, we immediately arrive at the following corollary:

Corollary 3.1. Let y,a, Bi, vi be complex numbers, 0 < Rey <1, ¢ = Rey, with

e2 )" [lai =11+ @b+ 1) g + ]

i=1

Ifgiegb[,0<bi§1,fieﬂand

2f/(2) l ‘zgg )
-1 <1,

fi(2) 9i(2)

forallz € U, i =1,n, then the integral operator M;,, defined by

z 1 . a;—1 ) Vi
M;(2) = fo H[(@) (g/(t))ﬁ"(g%”) ]dt (18)

is in the class S.

—1|<1,

Letting 0 = 1 and y; = 0 in Theorem 2.1, we obtain the following corollary:
Corollary 3.2. Let vy, a, Bi be complex numbers, 0 < Rey <1, ¢ = Rey, with

c2 ) [l =11+ @b + D]
i=1

Ifgz-egb[,0<bi§1,fie&1{and

fi@) 9i(2)
forall z € U, i = 1,n, then the integral operator F,, defined by

z N ) ai—1
Fal2) = fo H[(@) (g/(t))ﬁf]dt (19)

is in the class S.

2/ @) 1l <1, ‘zg;(z) - 1| <1,

Remark 3.3. The integral operator given by (19) is a known result proven in [26].
Letting 0 = 1 and B; = 0 in Theorem 2.1, we have the following corollary:
Corollary 3.4. Let y, a;, y;i be complex numbers, 0 < Rey < 1, ¢ = Rey, with

n
2 ) [lai=11+ ]
i=1

If fi,9i € Aand

2/(2) ' ‘zgxz)
-1| <1,

fi(@) 9i(z)

forall z € U, i = 1,n, then the integral operator G, defined by

z 1 . a-1, Vi
6.0)= [ 1"1[[(@) ) ]dt 0

is in the class S.

—1|<1,
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Remark 3.5. The integral operator given by (20) is another known result proven in [13].

Putting 6 = 1 and a; — 1 = 0 in Theorem 2.1, we obtain the following corollary:

Corollary 3.6. Let v, B, y: be complex numbers, 0 < Rey <1, ¢ = Rey, with

e> )" [@bi+1)a] + ).
i=1

If9i € Gy, 0 <b; < 1and
20,2)
9i(2)

l|<1,

forallz € U, i =1,n, then the integral operator 1 ,, defined by

z I it Vi
Iu(z) = fo L[[(g/(t))ﬁ‘ (@) ]dt (21)

is in the class S.
Remark 3.7. The integral operator from (21) was proven in [20].
Lettingn =1,06 =y =aand a; —1 = 1 = 1 in Theorem 2.1, we obtain the next corollary:
Corollary 3.8. Let o be complex number, Rea > 0, with
Rea > |a — 1| (2b + 3).

IfgeGy0<b<1, feAand

2f'(z) 29'(2)
ek AU ok R
forall z € U, then the integral operator M, defined by
~ z ) g(t)) a-1 T
M(z) = {“f(; [f(t)g (t)T] dt} , (22)

is in the class S.
Lettingn=1,0=y =a, a1 —1 =1 = y1 and by = b in Theorem 2.2, we obtain the following corollary:
Corollary 3.9. Let o be complex number, M > 1, N > 1, Rea > 0 with

Rea > |a — 1| (2M + 2bN + 4N + 2b + 3).
Ifge Gy, 0<b<1,feAsatisfy
fﬁ@_4<1 29(2)
[f@r [9@)]’
forall z € U, then the integral operator M, given by (22) is in the class S.

-1<1, |[f@|<M |9@)|<N

Lettingn=1,0=y =a, a1 —1 = 1 = y1 and b; = b in Theorem 2.3, we obtain the following corollary:
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Corollary 3.10. Let o € C* with
Rea > |a — 1] (2b + 3),

and let ¢ € C be such that .
|C|S1—@|0(—1|(2b+3)

Ifge Gy, 0<b<1, feAand

-1

zf'(2) 1' <1 ZAN 1

f) 9(z)
forall z € U, then the integral operator M, given by (22) is in the class S.

Lettingn=1,0=y =a, a1 —1 = 1 = y1, by = b in Theorem 2.4, we obtain the following corollary:
Corollary 3.11. Leta € C',M > 1, N > 1 with
Rea > |a — 1| (2M + 2bN + 4N + 2b + 3),

and let ¢ € C be such that .
|c|S1—@la—1|(2M+2bN+4N+2b+3).

Ifg€ Gy 0<b<1,feAsatisfy

—Z2f’(zz) - 1’ <1 —Zzg,(zz) - 1‘ <1
[f(2)] [9z)]

forall z € U, then the integral operator M, given by (22) is in the class S.
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