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Abstract. Multigranulation rough set (MGRS) theory has attracted much attention. However, with the
advent of big data era, the attribute values may often change dynamically, which leads to high computa-
tional complexity when handling large and complex data. How to effectively obtain useful knowledge from
the dynamic information system becomes an important issue in MGRS. Motivated by this requirement, in
this paper, we propose relative relation matrix approaches for computing approximations in MGRS and
updating them dynamically. A simplified relative relation matrix is used to calculate approximations in
MGRS, it is showed that the space and time complexities are no more than that of the original method. Fur-
thermore, relative relation matrix-based approaches for updating approximations in MGRS while refining
or coarsening attribute values are proposed. Several incremental algorithms for updating approximations

in MGRS are designed. Finally, experiments are conducted to evaluate the efficiency and validity of the
proposed methods.

1. Introduction

Rough sets theory, which was proposed by Pawlak in 1982 [19], has become an important mathematical
tool for effectively processing uncertain and ambiguous information. It has been widely used in machine
learning [12, 17, 18, 23, 30, 31], pattern recognition [2, §, 11, 15, 26, 27, 39], decision making [43, 44], image
processing [19, 20], data mining and etc. With respect to various requirements, many extensions have been
proposed to overcome its limitation, such as covering based rough sets [10, 40], neighborhood rough sets
[13, 33], variable precision rough sets [9, 46], fuzzy rough sets [7, 29, 32, 34-36], multigranulation rough sets
[24] and etc.

Pawlak’s rough sets (PRS) are constructed by a single equivalence relation, which is regarded as a
single granular structure. Therefore, PRS is too restrictive to apply in other information systems. For
example, it is difficult to extract decision rules from multi-source information system. To overcome this
problem, Qian et al. [24] proposed the MGRS theory, in which the lower and upper approximations are
no longer composed of a single relation, but are approximated by multiple binary relations. What’s more,
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MGRS theory includes optimistic multigranulation rough sets (OMGRS) and pessimistic multigranulation
rough sets (PMGRS). Based on the PMGRS model, Qian et al. [21] studied the attribute reduction from a
decision table. Based on the MGRS theory, many models have been proposed to apply MGRS into a broader
area, such as variable multigranulation rough sets [45], neighborhood multigranulation rough sets [14, 16],
incomplete multigranulation rough sets [22], variable precision multigranulation decision-theoretic fuzzy
rough sets [3] and local multigranulation decision-theoretic rough sets [25].

The incremental updating method can effectively acquire new knowledge on the basis of the previous
knowledge, which has received a lot of attention. Hu et al. [6] investigated a matrix-based incremental
method to update knowledge in neighborhood multigranulation rough sets while adding or deleting
granular structures. Using the dominant rough set method, Sang et al. [28] studied the incremental attribute
reduction approach when adding a single object to the data, and proposed an incremental algorithm to
updating the dominant conditional entropy. Based on the matrix-based incremental knowledge updating
method, Xu et al. [37] proposed incremental algorithms of positive domain, negative domain and boundary
domain to update the neighborhood multigranulation rough set knowledge. Before applying MGRS in real
life situation, we must calculate the approximations. However, in an information explosion era, the
structures of data sets become more and more complex, the attributes often increase or decrease, attribute
values may change, and the objects may often change. At this time, computing the approximations of
MGRS by dynamic method is an effective way to solve these problems. Yang etal. [38] proposed a dynamic
update method when the granular structures increase. Yu et al. [41, 42] proposed vector-based and matrix-
based approaches to compute the approximations in MGRS, respectively. Hu et al. [4] paid attention to
the dynamic updating approximations in MGRS while refining or coarsening attribute values. Hu et al.
[5] proposed the matrix-based approaches to dynamically update approximations in MGRS when a single
granular structure changes.

In real world applications, attribute values are variable during the knowledge update process. For
example, some attribute values in the information system will be out of date, so they need to be updated
in time. Therefore, some new attribute values are added in the domain to improve the timeliness of the
data. When the attribute values are coarsened or refined, the knowledge granular may change. In order
to improve the efficiency of knowledge acquisition, it is important to update the approximations in MGRS
while refining or coarsening attribute values. In this paper, we propose relative relation matrix approaches
for computing approximations in the context of MGRS while refining or coarsening attribute values. By
reducing the calculation of elements that are not related to the target concept, we obtain a relative relation
matrix, which reduces the dimension of the equivalence relation matrix. Its calculation time and storage
space are no more than the original matrix. In other words, the relative relation matrix is obtained by
simplifying the equivalence relation matrix proposed in [5]. Finally, experiments are conducted to evaluate
the efficiency and validity of the proposed methods. From the experimental results, the relative relation
matrix-based approaches have a better performance than matrix-based approaches.

The rest of this paper is organized as follows. In Section 2, some basic concepts about MGRS are
reviewed. In Section 3, the relative relation matrix-based approaches are proposed, and we design a static
algorithm to calculate lower and upper approximations in MGRS. In Section 4, dynamic approaches for
updating approximations in MGRS while refining or coarsening attribute values are proposed. In Section 5,
several dynamic algorithms are designed for updating approximations in MGRS. In Section 6, experiments
are conducted to show the efficiency and validity of the proposed methods. Finally, some conclusions are
given in Section 7.

2. Preliminaries

In this section, some basic concepts about MGRS are briefly reviewed.

Definition 2.1. ([19]) Let IS = (U,AT, VAT,f) be an information system, where U = {x1,x,---,x,} is a
nonempty finite set of objects called the universe. AT = {Aj, Ay, ,An} is a nonempty finite family of

attribute sets, the element Ay € AT is called an attribute set, for any k € {1,2,--- ,m}. Var = |J Vaisa
AEAT
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domain of attributes values, where V4 is the domain of attribute set A. f : U X AT — V7 is a decision
function such that VA € AT, x e U, f (x,A) € Va.

Definition 2.2. ([24]) Let IS = (U, AT, Var, f) be an information system. ¥X C U, the optimistic multigran-

o
ulation lower and upper approximations of X are denoted by >, AL (X) and Yy Ax (X), respectively.

o

> A (X)={xelllx]ls, SXV[xla, S X V- V[xls, S X},
k=1

m % m O
DA (X)) =~ A (~X),
k=1 k=1

where [x],, is the equivalence class containing x in terms of the attribute set Ay and ~ X is the complement
of the given X.

Theorem 2.3. ([24]) Let IS = (U,AT, Var, f) be an information system. YX C U, then

O

m

A O ={xelllxly, NX#0A[X4,NX#OA - Alxls, N X #0}.
k=1

Definition 2.4. ([24]) LetIS = (U, AT, Var, f ) be an information system. YX C U, the pessimistic multigran-

ulation lower and upper approximations of X are denoted by >, A (X) and Py Akp (X), respectively.

P

> A (X)={xeUllxls, S X Alxls, SX A+ Axla, € X},
k=1

m P m p
D A (X)) =~ A (~X).
k=1 k=1

Theorem 2.5. ([24]) Let IS = (LI,AT, Var, f) be an information system. YX C U, then

P

D A (X)) ={xeUllx]a, N X#0V[x]g, N X #0---V[x]a, N X#0}.
k=1

Definition 2.6. ([1]) Let IS = (U AT, Var, f) be an information system, where Ay € AT for any k €
{1,2,---,m}. f(xi, Ax)isthe value of x; with respect to the attribute set Ay. Then Uy, = {xi* If(xic, Ax) = f(x,-,Ak)}.
Suppose f(xi,Ax) = V, where V ¢ V4, and x; € Uy,. Then the attribute value set f(x;, Ax) of object x; is
refined to V.

Definition 2.7. ([1]) Let IS = (U,AT, Var, f) be an information system, where Ay € AT for any k €
{1,2,---,m}.  f(x;, Ax) is the value of x; with respect to the attribute set Ay, f(x;, Ax) is the value of x;
with respect to the attribute set Ay, and f(x;, Ax) # f(xj, Ar). Then Uy, = {xi* |f(xi, Ax) = f(xi, Ak)}. Suppose
f(xie, Ax) = f(x), Ax), Yxi- € Ug,. Then the attribute value set f(x;, Ax) of object x; is coarsened to f(x;, A).

3. On computation of approximations in MGRS based on the relative relation matrix

In this section, a static approach is proposed to calculate the approximations in MGRS, which is based
on the relative relation matrix.



Z.L. Xian et al. / Filomat 34:7 (2020), 2253-2272 2256

Definition 3.1. ([5]) Let U = {x1,x», -+, x,} be an universe, the boolean column matrix of X C U is denoted
as GH(X) = [x¥ (1), x¥(x2), -, x%(xu)]T, and GY, (GY (X))) = X, where “T” denotes the transpose operation
and xY(x) is known as the characteristic function:

u()_ 1 xe X
Y= xexe

Definition 3.2. Let IS = (U,AT, Var, f) be an information system. [x]s, denotes the equivalence class
containing x with respect to the granular structure A; on U. The relative approximation space with respect

to X is defined as Wy = |J[x]a,. Then RIS = (Q,AT, Var, f ) is called a relative information system such
xeX
that Q = {W1, Wz, e, Wm}

Definition 3.3. Let RIS = (Q,AT, Var, f ) be a relative information system. ¥X C U and given the granular
structure Ay, the boolean column matrix of X in Wy and U are denoted by G"+(X) and GY(X), respectively.
L : U — W is a bijective mapping and L™! is an inverse mapping of L satisfies that L(GY(X)) = G"*(X) and
LH(GM (X)) = GY(X).

Definition 3.3 shows that the two information systems IS = (U, AT, Var, f) and RIS = (Q,AT, Var, f)
can be converted to each other via the mapping.

Definition 3.4. Let RIS = (Q,AT, Var, f ) be a relative information system. ¥X C U and given the granular

structure Ay, denote Wy = {wl,wz, cee Wy, } and 7 = |Wy|, then we call My, = (m;j);,xr, the relative relation
matrix of Ay with respect to X, where

1 wielwla, .
m;; = i,7€{1,2,---,1}.
if {0 w; ¢ [wj]Ak jEf )

Table 1. A decision information system.

u ay ap as d
X1 2 2 1 1
X2 1 3 3 2
X3 2 2 1 1
Xy 1 1 3 2
X5 2 1 2 1
X6 3 3 3 1

Example 3.5. Let IS = (U, AT, Var, f) be an information system with U = {x1, x2, x3, x4, x5, X6}, A1 = {a1, a3}
and A = {ap,a3} (see Table 1). Let X = {x1, x4, x5}, according to Definition 3.2, Wi = {x1,x2,x3, x4, x5} =
{wl,wz,w3,w4,w5}, Wz = {Xl,X3,X4,X5} = {wl,wz,wg, ZU4}. By Definition 33, GU(X) = [1, O, 0, 1, 1,O]T,
G"(X) = [1,0,0,1,1]", G"(X) = [1,0,1,1]7, L (G™ (X)) = L1 (G"*(X)) = GY(X). From Definition 3.4,
we have that for any k € {1, 2}, the relative relation matrix can be calculated as follows:

10100 L1 0o
01010 L 100

Ma=|[1 0100 Mu=|y 41 o
01010 00 0 1
0000 1
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According to [5], the relation matrix can be calculated as follows:

101000 101000
010100 010001
. 101000 . 101000
Mi=lo10100[™M2 000100
000010 000010
000001 010001

It shows that the dimension of the relative relation matrix is not higher than that of the equivalence
relation matrix. Therefore, M, and M}, occupy more storage space than M, and M,,. Reducing the
calculation of elements unrelated to X can simplify the relation matrix proposed in [5].

Definition 3.6. Let RIS = (Q,AT, Var, f) be a relative information system. The diagonal matrix D4, of
granular structure Ay induced by the relative relation matrix M, can be defined as follows.

.11 1
DAk - dlag(fl/ /\72/ ’ Tm)/

Tk
where A; = > mj;forany i€ {1,2,---,r}.
=1

From the viewpoint of probabilistic rough sets, the definition of inclusion degree can be introduced. Let

P; = ‘[wi]*‘f‘mxl, P; is the degree of equivalence class [w;]4, included in X, where 0 < P; < 1(1 <i < ry). If

P; =1, then w; belongs to the element in the lower approximation; if P;>0, then w; belongs to the element
in the upper approximation.

Definition 3.7. Let RIS = (Q,AT, Var, f) be a relative information system. ¥X C U, G (X) represents the
boolean column matrix of X in Wi, M, = (m;j),,xr, denotes the relative relation matrix of Ay, D4, denotes
the diagonal matrix of granular structure Ay induced by the relative relation matrix. The column matrix
Hx, (X) of the granular structure Ay can be calculated as follows.

Ha(X) = Da, - (Ma, - G™(X),
where “ -7 denotes the product of matrix.
Through the matrix multiplication, Hy, (X)) can induce the upper and the lower approximations.

Example 3.8. (Continuation of Example 3.5) By Definition 3.7, the column matrix Hy, (X) and Ha,(X) can be
calculated as follows.

Ha,(X) = Da, - (Ma, - G™ (X)) =[1/2,1/2,1/2,1/2,1]",
Hu,(X) = Dg, - (Ma, - G™(X)) =[1/2,1/2,1,1]".

In order to further describe the approximations in MGRS, the column matrix Ha,(X) = [l 15 ,--- 1 1T
is used to define two types of cut matrices.

Definition 3.9. ([5]) Let RIS = (Q,AT, Var, f) be a relative information system. VX C Uand0<a <f <1,
Ha (X) = [l 15 -+, 1 1" denotes the column matrix of Ar. The two cut matrices of A can be denoted as
follows.

1. HYP(X) = () )y, where

A 1 a<hy <p
i A iel1,2,--,n}.
A { 0 otherwise { o
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2 kaﬁ X) = (h )rkx1,Where

. 1 a<h, <
hj = Ali ‘8 ie{l/zf"'/rk}‘
k 0 otherwise

Definition 3.10. Let P = [pl,pz,...,pn]T is an n-dimensional column matrix. C,(P) = [c1,¢0,...,cu]T is a
boolean column matrix called the y-cut of P, where

1 i >
ci={ PEZY e, 2, ).
0 pi<y

Theorem 3.11. Let RIS = (Q, AT, Var, f) be a relative information system. YX C U, the following results hold.

m O m m O m
GO A ()= L HYME)), GUO A (X)) = CuO_ L HYX)).
k=1 k=1 k=1 k=1
Proof. Suppose that
(@]
GM(S oA, () = Iy 000 @D A 000 (@2 Xy o (@)

k=1

Vse{l,2,---,r}, we have

(@)

(ws)—I@wseZAk (X)
k=1

& Hk € {1/2/ rm}/[wS]Ak g X
i th € [wS]Akr(wtl wS) € Rk/ w € X

Zm A

©my =1,xy"(w) =1

Y
Z:’;l Mgt X Xxk(wt)

3y Mt
m

e nl)=1.
k=1

=1

sl
e hy =

m —0
Therefore, GY(1, A (X)) = Ci(>0 L‘l(HEk’H(X))). Similarly, we can also have that GY(>_;L; Ar (X)) =
= k=1

Co(52 LN HOY (X)), ©
k=1

Theorem 3.12. Let RIS = (Q, AT, Var, f) be a relative information system. ¥YX C U, the following results hold.

P P

GUO " Ar () = CuO_ L EEM0), GY O~ A (X)) = GO LI HYIX)).

k=1 k=1 k=1 k=1

Proof. The proof is similar to that of Theorem 3.11. O
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Example 3.13. (Continuation of Example 3.8) The boolean column matrix of lower and upper approximations

in OMGRS can be computed as follows.

O

2 2
GO A (x) =GO LM HEEM X)) = Gi([0,0,0,1,2,01") = 0,0,0,1,1,0]".
k=1 k=1

Similarly, we have

O

2 2
GO A (X)) =GO LM HM X)) =11,0,1,1,1,0]".
k=1 k=1

The boolean column matrix of lower and upper approximations in PMGRS can be computed as follows.

P

2 2
IO A () = L HY (X)) =10,0,0,0,1,01",

k=1 k=1

2 P 2
GUO A ) =GO L EHYX)) =11,1,1,1,1,00".

k=1 k=1

Thus, according to Definition 3.1, we can obtain that

P

O
2 P

2 © 2 2
> A () ={xg,xsh, > A (X) =, x5,x4,x5), Y Ae (X) = {xs)h, > Ar (X)) = {x1, X2, X3, x4, X5)
k=1 k=1 k=1 k=1

Based on the above results, we design a static algorithm to compute the lower and upper approximations
in MGRS.

Algorithm 1 Relative relation matrix-based static algorithm for approximations in MGRS (RRMS).
Input: IS = (U, AT, Var, f) and X € U.
Output: Approximations in MGRS.

1: foreach k € |AT| do
2: Compute Wy = | [x]a,;

xeX

3: Let r, = |Wy;

4: foreachi,jer. do

5; if XEY)I;]Ak (w;) =1and )(}V(\/K(w]-) =1thenm; =1
6: end if

7: end for

8

Compute the diagonal matrix Dy,;
9 Let GM(X) = L(GU(X)), Ha,(X) = Dy, - (M, - GW+(X)).
10: end for

11: GUOPL AC (X)) = G (é LA HIIX0); G A (X)) = cmé LHOT(X))).

12 GUSEL A (X)) = cmgf:l LV HI (X)), GUT A (X)) = cl<k§_31 LY HY X)),

Suppose that |[R(X)| = max{|Wk|}. The time complexity of Step 2 is O(JAT||X|| ~ X])). Steps 4-7 are
to calculate M, with time complexity O(JAT|[R(X)[?)). Step 9 is to calculate Hu, (X) with time complexity
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O(AT|IR(X)|?)). Steps 11-12 are to compute the approximations of MGRS with time complexity O(|AT||U]).
The total time complexity of Algorithm 1is O(JAT||R(X)|?). Similarly, the total space complexity of Algorithm
1is S(IR(X)?). The total time and space complexities of the static algorithm in [5] are O(JAT||U|?) and S(|U/?),
respectively. Based on the relative relation matrix approach, it shows that the time and space complexities
of Algorithm 1 are no more than that of the static algorithm in [5].

4. Relative relation matrix-based dynamic approaches for updating approximations in MGRS while
refining or coarsening attribute values

4.1. Relative relation matrix-based approaches for updating approximations while refining attribute values

In this subsection, we present the relative relation matrix-based theorems for dynamic updating ap-
proximations in MGRS while attribute values refining. For convenience of description, for any X C U, a list
of symbols are shown in Table 2 at times ¢ and ¢ + 1. For all Va € Var (k < m), HVA;(H € Vi such that
Var € Vg forany k € {1,2,--- ,m}. When the attribute values of x; with respect to granular structure Ak
are refined, there exists equwalence class [x;]}; is divided into [x;]%! and [x;]4" such that [x;]5! N[x]5! =
and [x;] A= [xl]“rl U [x]]f+1 What’s more, according to [4], we have the following results.

Table 2. A list of symbols.

Variable Implication Time ¢ Time t +1
Information system (UAT, Var, f')  (UAT,V ypun, f141)
Attribute values Var Vam
Equivalence class of x [x]’,, [x]t+1
Lower approximations of OMGRS S A (X) Py A,ﬂ”o(X)
Upper approximations of OMGRS St AL (X) e AR (X)
Lower approximations of PMGRS S AP (X > ke A,i*lP(X)
Upper approximations of PMGRS o1 AL (X) ope AR (X)

Lemma4.1. ([4]) Let IS' = (U, AT, Var, f*) and IS"* = (U, AT, V gen, f**1) be the information systems at times
tand t + 1, respectively. For any X C U, the following results hold.

O 0]
ZAk (X) C ZAH—l (X), ZAt (X) 2 ZAHl (X);
k=1

P P
I m ’ m ;

m P m
STALX) YA (X)) AL (02D AR (X).
k=1

k=1 k=1 k=1

We can find that Lemma 4.1 represents the relations of lower and upper approximations in MGRS
between times t and ¢ + 1. The lower approximations of MGRS at time t are included in the lower approx-
imations at time f + 1, and the upper approximations of MGRS at time ¢ include the upper approximation
at time ¢ + 1, which means that the lower approximations of MGRS become larger, and the upper approxi-
mations of MGRS become smaller. However, if we use Lemma 4.1 for updating approximations in MGRS
directly, the search region is too large. When the attribute values are refined, the searching region will

=P
be BNP(X) = > ieq A;i X)- >, A,iP(X), which is out of the smallest approximation and is in the biggest
approximation. Therefore, we only need to find the lower approximations increasing elements and the

upper approximations decreasing elements in BN(X). By the following theorem, we can further reduce
the search region which makes the algorithm more efficient.
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Theorem 4.2. Let IS' = (U, AT, Var, f') and IS = (U, AT, V s, f**1) be the information systems at times t
—p
and t + 1, respectively. For any X € U, if BNP(X) = > /L, AL (X)- >0, A,t{P(X), the following results hold.

m O m O m

GUQ_ A () =GYQ_ AL (X)) A L= Ci(Y_ L HGHBN"X)))),
k:l , k;l , k;l

GUQ_ AR (X)) =GYQ_ AL (X)) A (1= Cu(Y LT (HZ BN (X)),
k=1 k=1 k=1

where 1 = GY(X) = [1 - xx(x1), 1= x¥(x2), -+, 1 = x5 ()"

—i—0
Proof. Suppose that HY(BNP(X)) = [hi‘ik,hilk,...,hﬁ]. For any x; € > ;. A" (X), by Lemma 4.1,

t+1
Ak

O O O m
Sh AT(X) € YL AL (X), then xs € Sy AL (X). What's more, if x, € GY (C1(> L™ (HU(BNT(X))))),
k=1 k

m n U m
then (Y. i) = % = 0, and [x]{' N X = 0. Therefore, GY,(C1(> L’l(Hfi’ﬂ](BNP(X))))) c
k=1 =1 k=1

U~>"p, AT (X). Thus, we can conclude that > AP (X) € U~GY (C1(3 LY (HYY(BNP(X))))). Hence,
k=1

t+1
Ak

ST AR () € S AL (X) N (U - GEﬁ(cl(kil L (HOBNP (X))). If 2, € GEfl(cl(kil L HOI(BNP (X)),

t+1 t+1
Ak Ak

- sLy _ i maXx{ ) +1 _
forany s € {1,2,..,n}, k € {1,2, ..., m}, then ci(kz::l hAk) = W =0, [xS]AJ; N X = 0. In other words,

if x, € U - GY(C1(X L-YHY(BNP(X))))), then [x]J5' N X # 0, for any k € {1,2,..,m}. Thus, we have
k=1

t+1
Ak

O m —F—0
that x; € Sp., AT (X). Therefore, U — GY,(C1 (Y. L HENBNP (X)) € Sopn; AT (X). This implies
k=1

t+1
Ak

J— m —_ -
that S, AL (X) 0 (U = GY(Co(3 L HUJBNP (X)) € Spy AT (X). Form above, Sy AR (X) =
k=1 k

t+1
Ak

i A,tco(X) N (U - G (C1 (X L HHEY(BNP (X)))))). Thus, the result holds. Similarly, we have
k=1

GU(TIL AT (X)) = GUTIL AL (X0) A (1 - cm(kfjjl L7 (H (BNP(X)))). B

Theorem 4.3. Let IS' = (U AT, Var, f') and IS = (U, AT, V gpen, f**1) be the information systems at times t
P
and t + 1, respectively. For any X € U, if BNP(X) = Yoy AL (X) — i, A" (X), the following results hold.

O O

GUOQ_ A (X)) =GUQ_ AL (X)) v Gy LT H (BN (X)),
k=1 k=1 k=1
m p m p m

GIO A (X)) =GUO AL () v () LT HBNT(X)))).
k=1 k=1 k=1

Proof. Suppose that HQ;}(BNP(X)) = [h}qlk, hiik, ey hzt]. Forany s € {1,2, ..., n}, it is easy to see that

m O
e AT (N e ki Xl € Xorx]h! € X [x]y, € X
k=1
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By Lemma 4.1, x5 € > 1, A,iO(X) & [x]4! € Xand [x]}, < X. From the definition of BN”(X), we can obtain

t+1
Ak

that [x,]y, ¢ X = x, € BNP(X). If x, € GY(Co(>, L™ (HZH(BNP(X))))), then ¢ (3 ) = % =1,
k=1 k=1 =1

and [x];! € X. Thus, we have

% € GH (GO L HENBNP (X)) © [x]4! € X and [x]), € X.
k=1

Therefore, we can conclude that

m (@) m o m
e AT (X)ex,e ) AL (X)orx € GH(Ci(D L‘l(HE;f}l](BNP(X)))))
k=1 k=1 k=1
m O m
ox ey Ay (X)UGHCO  LTHIBNT (X))
k
k=1 k=1

Form above, one can see that

O o

S At ()= AL (X0 UGHCS LU HMIBN (X)),
k=1 k=1 k=1
Hence, we have
m 0 m O m
GU(Z A}t{+1 (X)) = GU(Z Al (X)) V Cl(z L_l(Hl[ql;k'}l](BNP(X))))/
k=1 = k=1

Similarly, we can prove that

P P

GUQ_ A (X)) =GYQ_ AL (X)) v Cu(Y_ L (HY (BN"(X))).0
k=1 k=1 k=1

Table 3. A refined decision information system.

u a ap as d
X1 2 2 1 1
X 1 3 3 2
X3 4 4 1 1
Xy 1 1 3 2
X5 2 1 2 1
X6 3 3 3 1

Example 4.4. (Continuation of Example 3.5) The refined information system is show in Table 3. We denote

W? = Ul [x]4, as the relative approximation space with respect to BN"(X). Then we can obtain that
xeBNP(X)

aliy? = [alid! = (a), [ld! = el = {xs), BNP(X) = {x1, %2, x5, x4},

WY = {x1, %2, x3, x4}, W3 = {x1, X2, X3, X4, X6} .
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By Definition 3.7, the column matrix H At (BNP(X)) and H A (BNP(X)) can be calculated as follows.

H,n (BNP(X)) = Da, - (Ma, - GV (X)) = 1,1/2,0,1/2]",
Hygn (BNP(X)) = Dy, - (Ma, - G™2 (X)) = [1,0,0,1,0]" .

According to Theorems 4.2 and 4.3, we have

O O

2 2 2
GUQ_ AR () =GYQ_ AL (X)) A (L= Ci(Y_ LT HEBN"X))))).
k=1 k=1 k=1
=11,0,1,1,1,0]" A (1 — C1([0,1,2,0,0,2]"))
=[1,0,1,1,1,0]" A[1,0,0,1,1,0]"

=[1,0,0,1,1,0]".
Similarly, we have
2 P 2 P 2
GO AR () =GUO AL (X)) A (1- GO LY HYIBN (X)) =11,1,0,1,1,0]".
=1 k=1 =1 k
2 o 2 o 2
GO A (X)) =GUO AL (X)) v L HYNBNT(X)) =11,0,0,1,1,01".
k
k=1 k=1 k=1

2 p 2 P 2
GUQ_ A (X)) =GUQ_ AL (X)) v Ca(Y | L™ (A (BN(X)) = [1,0,0,0,0,0".
k=1 k=1 k=1

Thus, by Definition 3.1, we can obtain that

O

o

5 2
DA (X) = {xy, 2, x50, > AR (X) = (x1, x4, X5},
k=1 k=1

2 P 2 ’
DAET (0 =l as), D AR (X) = o, g, 2,5
k=1 k=1

4.2. Relative relation matrix-based approaches for updating approximations while coarsening attribute values

In this section, we present the relative relation matrix-based theorems for dynamic updating approxi-
mations in MGRS while coarsening attribute values. For convenience of description, for any X C U, a list
of symbols are also shown in Table 2 at times f and ¢ + 1. For all VAtk € Var (k < m), BVA;{H € V pa such

that V A € VAi forany k € {1,2,--- ,m}. When the attribute values of x; with respect to granular structure

Ay are coarsened, [x; f{kl is the equivalence class after coarsening. Namely, [xi]fak U [x]-]fak = [x,-]f;'kl. What's

more, according to [4], we have the following results.
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Lemma 4.5. ([4]) Let IS' = (U, AT, Var, f*) and IS"* = (U, AT, V gpin, f**1) be the information systems at times
tand t + 1, respectively. For any X C U, the following results hold.

0 o) O 0]

ZAf“ (X) cZAk (X»ZAf <X>cZAf+1 (X);

k=1 k=1 k=1
P P P

m m m m
ZA,’;“ (X)S D AL (X)) AL (X) S D AR (X).
k=1 k=1 k=1 k=1

Similar to that of Lemmas 4.1, Lemmas 4.5 shows that the lower approximations of MGRS at time
t include the lower approximations at time t + 1, and the upper approximations of MGRS at time ¢ are
included in the upper approximation at time f + 1. It reveals that the lower approximations of MGRS
become smaller, and the upper approximations of MGRS become larger. We find the optimistic boundary

region BNO(X) = Y /L 1A’O(X) Ul =Y, At (X), the searching region will be the union of the biggest

lower approximation and the complement set of the smallest upper approximation. Therefore, we only
need to find the elements that decrease and increase in the lower and upper approximations, respectively.
The following theorems provide a more effective method to update the approximates of MGRS while the
attribute values are coarsened.

Theorem 4.6. Let IS' = (U, AT, Var, f') and IS = (U, AT, V s, f**1) be the information systems at times t
——0
and t + 1, respectively. For any X € U, if BNO(X) = >}, A,t{o(X) U (U =Yy AL (X), the following results hold.

O O
GUQ_ A (X)) =GYQ_ AL (X)V Cu(Y_ LT (Hy (BNO(X))),
k;l , :P k=1
GU(3- A (X)) = G“(ZA* (X))Vcl(ZL {(H (BNO(X)))).
k=1 k=1 k=1

Proof. The proof is similar to that of Theorem 4.3. O

Theorem 4.7. Let IS' = (U, AT, Var, f') and IS = (U, AT, V s, f**1) be the information systems at times t
—i—0
and t + 1, respectively. For any X € U, if BNO(X) = >/, A,iO(X) U (U - Yy AL (X), the following results hold.

(0] O
G”(ZA*+1 (X))—G”(ZAk (X)) A(1- m(ZL '(H, (BNO(X)),
k=1
P
G”<Z At+1 (X)) = G“(Z Al (X)) A (1 - cuZL {(Hy  (BNOXO)N).
k=1 k=1

Proof. The proof is similar to that of Theorem 4.2. O

Example 4.8. (Continuation of Example 3.5) The coarsened information system is showed in Table 3. We

denote WO = |J [x]4, as the relative approximation space with respect to BNY(X). Then we have
xeBNO(X)

[xs]5T = [xe]y! = fas, %6}, []) = [s]5) =[] = (22, x5, %6},

NO(X) = x2/ x41x5/ x6}/.[/\/§j = W2 = {x2/x4/ x5/ x6} .
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Table 4. A coarsened decision information system.

u ay ap as d
X1 2 2 1 1
X2 1 3 3 2
X3 2 2 1 1
X4 1 1 3 2
X5 3 3 3 1
X6 3 3 3 1

According to Definition 3.7, the column matrix H pre (BNO(X)) and H A (BNO(X)) can be calculated as
follows.

H i (BNO(X)) = Dy, - (Mg, - G"(X)) = [1/2,1/2,1/2,1/2]",
H 1 (BNO(X)) = Dy, - (Mg, - G (X)) = [1/3,1/3,1,1/3]" .

From Theorems 4.6 and 4.7, we have

O O

2
GUQ AR (X) = G”(Z AL (X)) v cz<ZL (HL A BNOCO)) = [1,1,1,1,1,1],
k=1 k=1 k=1
2 P 2 P 2
GUQ_ A () =GUQ_AL () VG LT HHIBNOX)) = [1,1,1,1,1,1],
k=1 k=1 k=1
2 0 2 O 2
GUQ_ A (X)) =GUQ_ AL (X)) A (1= G LT H(BNOX))) = [0,0,0,1,0,01",
k=1 k=1 k=1
2 P P
GUQ_ A (X)) = G”(Z Af Q)AL= cl<ZL H(H, ) (BNO(X))) = 0,0,0,0,0,0]"
k=1 k=1 k=1

Thus, according to Definition 3.1, we can obtain that

0
ZAM (X) = {x4} ZAM (X) = {x1,x2,x3, X4, X5, X6},
k=1

P

2
§ t+1 E t+1
Ak (X @ A + xl/ X2,X3,X4,X5, x6}

5. Relative matrix-based dynamic algorithms for updating approximations while refining or coarsening
attribute values

When the attribute values are refined, the granular structure will change, refining attribute values
can be seen as adding attributes. Based on Theorems 4.2 and 4.3, we propose Algorithm 2 for updating
approximations in MGRS and compare it with the matrix-based dynamic algorithm in [5].
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Algorithm 2 Relative relation matrix-based dynamic algorithm for approximations in MGRS while refining
attribute values (RRMDR).

Input: IS = (U, AT, Var, fY), 15”1 (U, AT, V g1, f*1) and X C U
Output: 37, A 1AH1O(X)Z Am X, A" 1At+1 (X)and >7iL 1APrl (X)-

1: Let BNP(X) = >0, Af (X) - S5 A (X).
2: foreachk € |AT| do
3: Compute W;

Let . = [WF|;

for each i jerdo

if X[w (w;) =1and )(Xk(w]) =1thenm; =1

end for
: Compute the diagonal matrix Dgy,;
10: LetG™{(X) = L(GY(X)),H g1 (BNP (X)) = Dy, - (M, - G (X)).
11: end for
[— o) m
122 GUTIL, AT (X)) = GU(TIL, AL (X)) A (1= Ci(3 LY HEABNP (X)))).
k=1

O 0 NI O Ul
) .
=
[N
-
'-h

At+1

13 GU(TI, AT (X)) = GUTIL AT (X)) A (1 - cm& L HS BN ().

14 GU(IL, AL19(X) = G, ALP(X) v Clé L- 1<H;[39<BNP<X»>).

15 GU(IL, AR (X)) = GU(LiL, AL () v cmé L7 (H, 2 (BNP(X))).

Suppose that [R(BNP(X))| = max{IWF|}. Step 3 needs the time complexity O(AT|IX| ~ X|). Steps
5-8 are to compute M,, with time complexity O(JAT||[R(BN?(X))?). The time complexity of Step 10 is
O(IAT|IR(BNP(X))|?). Steps 12-15 can be done with time complexity O(ATI||U]). The total time complexity
of Algorithm 2 is O(JAT||R(BNT(X))[?).

Similarly, coarsening attribute values can be seen as deleting attributes. Based on Theorems 4.6 and
4.7, we propose Algorithm 3 for updating approximations in MGRS while coarsening attribute values. The
total time complexity of Algorithm 3 is O(|AT|[R(BN(X))[*), where [R(BNO(X))| = max{|W?}.

The space complexities of Algorithms 2 and 3 are S(|R(BN”(X))*) and S(IR(BN®(X))|?), respectively. The
space complexities of the static and dynamic algorithms based on the relation matrix are both S(JUJ?) in [5].
Therefore, the space complexity of the algorithm based on the relative relation matrix is no more than that
of the algorithm based on the relation matrix.
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Algorithm 3 Relative relation matrix-based dynamic algorithm for approximations in MGRS while coars-
ening attribute values (RRMDC).

Input: IS! = (U, AT, Var, f1), IS*1 = (U AT, Vo, f41) and X C UL
—F—0
Output: Zk 1At+1O(X) Z Am (X), Zk 1At+1P(X and Zk 1At+1 (X).
1: Let BNO(X) = Y, ALP(X) U (U - Spr, Af (X).

2: foreachk € |AT| do
3 Compute W9;

4: Letr, = |W1?|

5: for each i jerdo

6: if )([w (w;) =1and Xxk (wj) =1 thenm;; =1
7: end if

8: end for

9:

Compute the diagonal matrix Dgy,;

1. Let G"(X) = L(GY(X)),Ha1 (BNO(X)) = Dy, - (Mp, - G (X)).

11: end for

12 GU(T, AR 1A”1 (X)) = GY(TiL, AL 1At X)) Vv Cm(ZL Hﬁﬂi (BNO(X)))).

13 GUT, AP (X)) = YT, AL (X)) v i3 L H(Hy  (BNOX))).
k=1

14: G, AO(X)) = GU(, AL () A (1 - cm@ L (HY (BNO(X)).

15: GU(I, AP (x)) = GU(SI, AL (X)) A (1 - cl(ZL Hyyl BNOX))).

6. Experimental results

In this section, we conduct several experiments to show the validity of the proposed algorithms. We
compare the performance of the relative relation matrix-based static algorithm (RRMS), the relative relation
matrix-based dynamic algorithms (RRMDR and RRMDC), the matrix-based static algorithm (MBS) and
the matrix-based dynamic algorithms (MBDA and MBDD) [5]. In order to verify the efficiency of RRMS,
RRMDR and RRMDC, eight data sets are chosen from UCI. They are Las Vegas Trip Advisor Reviews Data
(LVTAR), BS, Whole Sale Customers Data (WSC), Blood Transfusion (BT), Facebook Metrics (FM), Student
Mat (SM), Solar Flare (SF) and German Credit Data (GCD). The details of data sets are described in Table
5. All the experiments are carried out on a personal computer with 64-bit windows 10, AMD A10-7300
Radeon R6, 10 Compute Cores 4C+6G, and 8GB memory. The program lauguage is Matlab R2015b.

Table 5. Data sets used in the experiments.

No. Data sets Samples Attributes

1 LVTAR 504 20
2 BS 625 4
3 WSC 440 8
4 BT 748 5
5 FM 500 19
6
7
8

SM 396 33
SF 1398 13
GCD 1000 21
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6.1. The comparison of static and dynamic updating algorithms with different size of data sets

When the size of data set increases gradually, computational times are compared among RRMS, RRMDR,
MBS and MBDA in MGRS while refining attribute values, and computational times are compared among
RRMS, RRMDC, MBS and MBDD in MGRS while coarsening attribute values. Firstly, when refining the
attribute values, one attribute value is randomly added into an attribute set Ax. When coarsening attribute
values, one attribute value is randomly deleted from an attribute set A;. Secondly, every data set U is
randomly divided into ten subsets, which is denoted by {U;, Uy, -, Uyo}. Then, selecting U; as the first
temporary data set, the combination of the first part and the second part is regarded as the second temporary
data set. Namely, U; U U, is the second temporary data set, and so on. The composition of the target concept
X is randomly selected from each temporary data set, and its size is approximately 0.95 times the temporary
data set. We calculate the lower and upper approximations in MGRS by RRMS, RRMDR, RRMDC, MBS,
MBDA and MBDD ten times and compare these averages.

Experimental results of RRMS, RRMDR (RRMDC), MBS and MBDA (MBDD) while refining and coars-
ening attribute values in MGRS are shown in Figs.1 and 2, respectively. The x-coordinate represents the
size of data sets, while the y-coordinate represents the computational time. In each figure, by comparing
the computational times of the static and dynamic updating algorithms, in general, we can see that RRMS
and RRMDR (or RRMDC) have a better performance on MBS and MBDA (or MBDD), respectively. In each
sub-figure of Fig.1, RRMDR is faster than RRMS on updating approximations in most situation, especially
when the data set increases to a large size, the computational time difference between RRMS and RRMDR
based on the relative relation matrix approach becomes more obvious. What’s more, we have that the
computational time of RRMDR is less than or equal to any other algorithms in most situation. In Fig.2,
the computational times of RRMS and RRMDC stay close, in general, these results show the superior
computational efficiency of the RRMS and RRMDC over the MBS and MBDD, respectively.
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Fig 1. Computational times of RRMS, RRMDR, MBS and MBDA when the size of U increases gradually
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Fig 2. Computational times of RRMS, RRMDC, MBS and MBDD when the size of U increases gradually

6.2. The comparison of static and dynamic updating algorithms with different size of target concept X

When the size of target concepts X increases gradually, the computational times are compared among
RRMS, RRMDR (RRMDC), MBS and MBDA (MBDD) in MGRS. The process of constructing temporary
target concepts X is similar to that of subsection 6.1. When the size of target concept X gradually increases,
we choose U, as the first temporary target concept, U; U U is the second temporary target concept, and
so on. Experimental results are shown in Figs.3 and 4, which show more detailed change trend lines of
RRMS, RRMDR (RRMDC), MBS and MBDA (MBDD) with the increasing size of target concepts while
refining or coarsening attribute values, the x-coordinate represents the size of target concepts, while the
y-coordinate represents the computational time. We can find that the computational times of RRMS and
RRMDR (RRMDC)) are more efficient in comparison with MBS and MBDA (MBDD), respectively. In Fig.3,
the computational time of RRMDR is the lowest among the four algorithms. In Fig.4, the computational
times of RRMS and RRMDC stay close, but the performance of the relative relation matrix-based algorithms
is better than that of the matrix-based algorithms.
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7. Conclusion

In this paper, we discussed the problem of updating approximations in MGRS while refining or coars-
ening attribute values. Relative relation matrix-based approaches for updating approximations were pro-
posed. The results indicated that the storage and time complexities of the relative relation matrix are less
than that of the relation matrix. Furthermore, we designed two types of dynamic algorithms RRMDR and
RRMDC. The experimental results demonstrated that the computational times of RRMDR (RRMDC) are
no more than that of RRMS, MBS, and MBDA (MBDD) in most situations. In our future studies, we plan
to investigate updating approximations with the variation of objects based on the proposed approaches in
this paper.
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