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Approximate Controllability of Impulsive System Involving
State-Dependent Delay and Variable Delay in Control
via Fundamental Solution

Syed Mohammad Abdal?, Surendra Kumar?®

?Department of Mathematics, University of Delhi, Delhi 110007, India

Abstract. This article is concerned with the approximate controllability for a new class of impulsive
semilinear control systems involving state-dependent delay and variable delay in control in Hilbert spaces.
We formulate new sufficient conditions which guarantee the existence of solution to the considered system.
We use the theory of fundamental solution, Krasnoselskii’s and Schauder’s fixed point theorems to establish

our major results. Finally, two examples are constructed which demonstrate the effectiveness of obtained
results.

1. Introduction

Let 7 and 2 be Hilbert spaces, and . (Z’; 7) the space of all bounded linear operators from 2 into
€. Consider the following semilinear functional differential equation involving state-dependent delay
and variable delay in control given by

% = A&(t) + L(&;) + B1(t)z(t) + Ba(t)z(h(t)) + F(t, ép(t,gr)), te(0,M], t+t,
&=pe, @)

A&(t) = Ik(Ey), k=1,---,m,

where 0 = tg < t; <t < --- < t,, < M are fixed, the state variable &() € 7, z(-) € L*([0, M]; Z) is the
control variable, and By, B, € Z(%; 7). Define h(t) = t — hi(t) (1 (t) is positive) is strictly increasing and
continuously differentiable on [0, M]. Let Z be an abstract phase space, which is defined later. Then
&t (=00,0] — I, given by &x(k) = &(t + «) for k¥ < 0, belongs to 2. We assume that L € Z(2; 5¢) and
A is a closed linear operator (not necessarily bounded) from 77 into itself that generates a Cy—semigroup
{S(H)}t>0. The function F : [0, M] X & — S is specified later, and p : [0, M] X Z — [0, ) is a continuous
function. For convenience, choose r(t) such that r(h(t)) = h(r(t)) = t.

In various fields of engineering input or output delays emerge naturally in different modeling and
dynamical control systems. However, it is important to achieve the satisfactory control systems for the
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modeling of framework involving variable delays because variable delays represent more positive and
powerful characteristics and behavior as compared to fixed time delays. At different point of applications,
the existence of delay in variable in a flexible spacecraft is very common because of actuators physical
design and energy consumptions. Therefore, to make the prediction regarding valuable system dynamics,
it is required that system must involve these variable delays. Significant worsening of performance and
instability of the system generally leads to the presence and requirement of variable delays in dynamical
systems. In a delayed system both the present and past states directly or indirectly effects the future
state of the system. We generally deal with dynamical control systems involving variable delay in control
whenever there is any delay in input function. It is remarkable that several mathematical models which
showcase dynamical systems involving delay in control are of special significance in control theory. Thus,
it is important to discuss controllability for delayed semilinear systems involving variable delay in control.
In particular, we can easily found different equations involving state-dependent delay in different practical
control models. Indeed, it is natural to involve state-dependent delay in system dynamics as apparent large
number of models representing real world problem may need the past states of the system for effective
output. Delayed differential equations emerge in various biological and physical applications, because of
this authors generally attract towards the consideration of variable or state-dependent delay. Moreover, it
comes out that in various problems system dependency on time delay is only an additional assumption for
making the study easier.

Controllability played a pivotal role in every part of the history of modern control theory. Systematically
the study of controllability was initiated at the starting of 60’s last century. After that, several controllability
results were accomplished extensively in finite and infinite dimensional spaces using various approaches
[6, [14] 22, 31]]. Some basic concepts of control theory are introduced by Barnett [5] and Curtain et al. [6].
Mokkedem et al. [18][19] discussed the approximate controllability of dynamical control systems by using
the technique of fundamental solution. Controllability of various systems involving delay in control has
broadly discussed by few authors. Klamka [12, [13] discussed controllability of linear system involving
delays in control. Sikora and Klamka [29] 30] developed some interesting results by assuming constrained
controls (that is the control functions are restricted to take their values in a prescribed admissible set)
for linear and semilinear fractional systems with multiple delays in control in finite dimensional spaces.
Balachandran [3] concerned with relative controllability of dynamical control system involving delay in
control. Shen and Sun [28] studied relative controllability of nonlinear system involving variable delays
in control. Kumar and Sukavanam [15] discussed controllability of semilinear systems involving fixed
delay in control. Shen [27] proved relative approximate controllability of semilinear functional systems
involving infinite delay and variable delay in control. Arora and Sukavanam [2] established approximate
controllability for a semilinear differential equation of second order involving variable delay in control.

On the other hand, the theory of impulsive differential equations attracted many researchers because
of its presence in several fields such as, in pharmacokinetics, population dynamics [4,32], mathematical in
epidemiology [8], fed-batch culture in fermentative production [9], among others. However, if we compare
the development of control theory for ordinary differential equation and impulsive differential equation,
then the second one is not yet adequately studied in relation with the first one. Theory of impulsive
differential equations involving state-dependent delay has discussed by several authors. Muthukumar
and Rajivganthi [21] determined the approximate controllability of stochastic neutral semilinear system
involving state-dependent delay and impulse. Sakthivel and Anandhi [25] established sufficient conditions
for the approximate controllability to a semilinear differential equation involving state-dependent delay
for the impulsive process. Selvarasu ef al. [26] obtained a set of sufficient conditions for the approximate
controllability of impulsive fractional semilinear system involving state-dependent delay and poisson
jump. Zhang et al. [33] investigated the approximate controllability of fractional stochastic semilinear
system involving state-dependent delay and impulse.

Motivated by the above cited work and discussion, the foremost purpose of this article is to construct
new sufficient conditions for the approximate controllability to the system (I). For this we formulate an
appropriate control function associated to the system (I). By using this control function, fundamental
solution, Krasnoselskii’s and Schauder’s fixed point theorems, we show that the system has a mild
solution. Finally, approximate controllability is reported for the system (1) under the assumption that the
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linear system (F = 0 in (I))) is approximately controllable. Nevertheless, we would point out here, that to
the best of our knowledge the approximate controllability of semilinear systems involving state-dependent
delay and variable delay in control for the impulsive case is not considered in the literature yet. In this
article, we try to fill this gap which is the novelty of our work.

The set up of the remaining paper is as follows: We introduce the abstract phase space 2, basic notations,
definitions and results in Sect. 2. We establish the existence of a mild solution to the system (1) by using the
resolvent operator and fixed point technique in Sect. 3. We also show approximate controllability result for
impulsive semilinear differential equation having state-dependent delay and variable delay in control. In
Sect. 4, the obtained results are demonstrated with the help of two examples.

2. Preliminaries

Initially, we introduce the phase space . Next, we evolve the concept of fundamental solution and
provide some results associated with it. The section is closed by raising an expression for a mild solution
to the system (1) followed by resolvent operators. Let .7 endowed with the norm || - ||. For more details
related to semigroup of operators, we suggest our readers to see [7, 24].

Define

PC ={&:[0,M] — 22 : &is continuous at t # fy, &(t,) = E(t) and é(t;) exists fork=1,--- ,m}.

Clearly, (PC; || - llpc) is a Banach space with the norm ||&]lpc = sup [|(s)|]. Initially, Hale and Kato [10] gave
se[0,M]

an axiomatic definition of phase space 2. Let Z be the collection of all mapping from (—oco, 0] into JZ with

the seminorm || - || (see [11]]), and the following axioms holds in Z:

(A) If £ : (=00, w +d] = J (w > 0and d > 0) is such that &, € Z and €|[g,0+q) € PC([w,  + d]; ), then for
any f € [w, w + d], we have
(i & ez
@) JIE@DI < B||&ll» where B > 0 is a constant which is independent of &(-)
(iii) I&ele < K(t — w) sup{llEG)I : w < 5 <t} + R(f — w)||E€wll2, where K, R maps [0, o) into itself. Also
K(-) is continuous and R(-) is locally bounded, and both K(-) and R(-) are independent of &(:).
(B) The phase space Z is complete.

To setup an expression for fundamental solution, we require following assumptions:

(a) Define the function ¢) by

I x =0,
v = {o, <0 @

which belongs to Z for any n € ¢, and ||¢9]||@ < Inll.

(b) The maps K and R appeared in axiom (A) are bounded on [0, o). Let K4, and Ry, be constants such
that
Kar = max K(s) and Rys = sup R(s).
se[0,M] se[0,0]

Consider the system

% =AEH) + L&), t>0

50=1P€@/
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then

SMOPO) + [ St~ LE(, Y)ds, >0,
P(t), t<0,

is the mild solution of (3).
The fundamental solution Q(t) € £ (57) of equation (3) is an operator valued function defined by

é(t/ ¢) = {

s+ [ st -9)LQyds, =0,
g”_&, i t<0,

where Q;(x) := Q(t + «), k < 0 (see [18])). Clearly, Q(t) is the unique solution of (3). For any n € ., we have

&y, t20,

Qm”:{o F<0

where gb?, is defined by (2) and belongs to 2 due to assumption (a).

Definition 2.1. For given z(-) € L*([0, M]; Z), &(, ¥, 2) = (—o0, M] — I is reffered to as a mild solution to the
system (1) with initial data € 9, if it is in PC and the following intergal equation holds:

t
QUY(0) + fo Qt = L) + B1()2(s) + Ba($)z(h(s)) + (s, Epeo)lds
E0 =104 ) QU -k, te(0,0],

O<te<t

ll)(t)/ -0 <f< 0/

= oY), s<0,
) = {0, s> 0.

Remark 2.2. Throughout the remaining paper we assume that h() > 0, as the system (1)) has no delay in control
whenever h(M) is negative. Also z(s) = 0, s € [h(0), 0].

By keeping in mind that there is a delay in control, we redefine the mild solution as follows:

Definition 2.3. For given z(-) € L*([0, M]; Z), &(-, ¥, z) : (—o0, M| — S is referred to as a mild solution to the
system (1) with initial data ¢ € 9, if it is in PC and the following integral equation is satisfied:

h(t) t
QBY(0) + fo [QUt = 9)B1(s) + Qt = r(s)Ba(r(s))r'(5)]z(s)ds + fh( Q= 9B (92(5)s
t
&H=1, fo Qt =)L) + F(s, Epse)lds + Y Qt = tl(&s), t € [0,4],

O<tr<t

(), —oo0 < t <0.

Definition 2.4. We say that the system (1)) is approximately controllable on [0, M], if for any initial data \ € 2,
H(M, ) is dense in the Hilbert space 7. That is,

R(M, ) = A,
where (M, ) = {&(M, P, 2) : () € L*([0, M]; Z)}.
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Let Q°, B} and B;, be the adjoint of Q, B; and By, respectively. Then introduce the following operators:
The controllability linear map La, : L2([0, M], Z) — S of the system (T)) is defined by

(M) M
Lz =f (Q(H = 1)B1(1) + QM — 1(1))Ba(r(7))r’ (7))z(7)dT +fh )Q(M - 1)B1(7)z(7)dT,
0 (M
and

(BI(D)Q'(M — 1) + By(r(1)Q"(M — r(0))r'(1))n, € [0, ()],

(Lym(T) = {B;(T)Q*(M - 1)1, T € (W(M), M].

The controllability Gramian map on the interval [s, M] to the system (1) is defined by

h()
f (' (1)Q(M — r(1))Ba(r(1)) By (r(1)) Q" (M — (7))’ (1)
+Q(M — 7)B1(7)B}(1)Q" (M — 1))dT

M
" f QM — T)B,(0)B}(0)Q" (9 — D), s € [0, h(30)];
h(a1)

[ = LyL}, =

A
f QM — 7)B1(7)B1(1)Q" (M — 1)d7, 5 € (h(M), M].

For @ > 0 and s € [0, M], the resolvent map R(a, ') is defined by R(a, ) = (al + T2)~L.

3. Approximate Controllability

This section is devoted to the approximate controllability of the impulsive system (1) containing state-
dependent delay and delay in control. In what follows, we assume that 0 < p(t,y) < tforall y € 4. To
show the solvability and the approximate controllability for the system (I), the following hypotheses are
required:

(G1) There exist constants 6 € R and Py > 1 such that for all s > 0, [|S(s)|| < Pge?. Particularly, for every
0<s<M,

[IS(s)|| < P, for some P > 1.
(G2) There exists [ > 0 such that ||L|| = L

(G3) For each t € [0, M], the function F(t,-) : ¥ — 4 is continuous and for each i) € &, the function
F(-,¢) : [0, M] — F is strongly measurable, and satisfies the following conditions:

(a) There exist positive constants Lr and Lr such that
IE(t, &) = Ft, )l < LellE = nllo, IFE Ol < Le(1 + 1IEll2)-
(b) There exists L > 0 such that for t1,f, € [0, M] we have
E(E, &) — F(E Sl < Litr — tol.

(c) The function p : [0, M] X Z — [0, o) is such that the function t — p(t, &) is continuous for every
& € 9, and there exists a constant L, > 0 such that

lp(t, &) — pt, NI < LollE —1ll, &,n € Z and for all t € [0, M].
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(G4) The functions Iy : ¥ — ¢ are continuous, and there exist constants gx and §x fork =1,2,--- ,m, such
that
k(&) = L(Il < gellE =z, k(I < G (1 + [1Ell2)-

(G5) The operator aR(a,T'}") tends to 0 as @ — 0* in the strong operator topology.

Remark 3.1. [18| Theorem 3.2]. For Q(t), t € R, we have the following

(i) The family of bounded linear operators Q(t) is strongly continuous which is defined on ¢ and there exist

contants y € R and ¢y > 0 such that
Q)| < c1e”®, s = 0.

Particularly, for every 0 < s < M, we have

1Q(s)II < P, for some P > 1.

(ii) If {S(s)}s>0 is compact, then {Q(s)}s>o is compact.
(iii) For each 0 <s < M, Q(s) is uniformly continuous.
Lemma 3.2. The following are equivalent:
(a) T3F > 0.
(b) Assumption (Gb) holds.
(c) The System

G = AL + L) + Bi(Bz(t) + Bahz((), t € [0, 91] @
<(0) = ¥(0),
is approximately controllable.
Proof. The proof is straightforward, for more details see [27, Lemma 2.1]. I

For further development, we construct an expression for the control function. That is, for any &4 € 2 and
a > 0, the control function is defined by

[P (OB, (r(0)Q (3 = () + B (BQ (9 ~ DIR (e, T [ ~ QUOY(O)]
OB O (o =)+ B0 (o = DI [ R@, T29Q000 = L) + FG, & s
v JFR@TI Y QO = WL}, ¢ [0,h(0)]

z(t) = k=1

t
BL(OQ (01 - DR(@, T3 e~ QY(O) - B0Q 0 ~0f [ Ria 1290000 =911

+F(S, Spoc0) s + R@, T30 ) QM = t)1(E), ¢ € [(30), 2]
k=1

®)
Also introduce the operator
h(t)
QMP(0) + fo [Q(t = $)Ba(s) + Q(t = r(s))Ba(r(s))(r' (s))]2" (s)ds
¢ t
@5 (1) = + " Q(t — s)B1(s)z*(s)ds + fo Q(t = s)[L(Ys) + F(s, Epis e.))1ds ©)

+ Y Q- t)I(E), telo ],

O<t<t

U(t), —o0 <t <0.
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For the sack of convenience, let N = max{||B1(7)||, |B2(7)|| : T € [0, M]} and r = max{||’(7)|| : T € [0, M]}.

Theorem 3.3. Suppose that € . If (G1) — (G4) hold, then for a > 0, there is a mild solution to the system (1) on
(=00, M] provided that

1 _ _ _ _ o _ mo_
—M[PN + PNr]z{MPLFKM + MPLL, Ky + P Z quM} + MPLrKqy + Z PijKar < 1. 7)
k=1 k=1

Proof. Define the map 7(-) : (=00, M] — S by

_ (Qmyo), £>0,
1) = {¢(t), —oo <t <0.

Clearly forany 0 < t < M, 1, € 9 with g = ¢ and t — 17 is a continuous map on [0, ], which leads to the
continuity of the map t — n;in || - [|o.
Consider the set Cg{ = {u € PC : up = 0} with the norm

llullac = sup{llu(s)ll : 0 < s < M}

For 6 > 0, set B[0;0] = {u € Cg{ ullar < 6}. Clearly, B[0; 6] is a non-empty, bounded, closed and convex
subset of PC. For each u € B[0; 6], define

, 0<7<M,
L_l(T) = {S(T) T
3 —oo < 1<0.

If &(-) satisfies (1), then split it as &(t) = u(t) + n(t), t € [0, M], which yields that & = i, + 1 for ¢ € [0, M], and
for each z% € L*([0, M]; Z) the function u(-) has the form

h(t) ¢
u(t) = f [t — 9)B1(s) + QU — r(s)Bar(s))r (5)]2*(5)ds + f Ot = 9)B1 ()2 (5)ds
0 h(t)

t
+ f Q(t - S)[L(lps) + F(S, ﬁp(s,ﬂsﬂls) + T]p(s,ﬁ5+1]5))]ds + Z Q(t - tk)Ik(atk + T]tk)/ te [0/ M]
0

O<tr<t

Define @ on B[0; 0] by
h(t) ¢
(Pu)(t) = f [Q(t = 5)Bi(s) + Q(t — 7(5))Ba(r(s))r’ (s)]z" (s)ds + fh( ) Q(t = 5)B1(s)z"(s)ds
0 t

t
* f Q(t = L) + (S, oo n) + Mot + Y QU = t)l(d, + ).
0

O<tp<t

Then clearly ® is well-defined on B[0; 6] for each 6 > 0. Also the operator ®* has a fixed point if and
only if ® has a fixed point. Let @ = ®; + O, and, P; and O, are defined by

h(t) "
(P1u)(t) =f [Q(t — 8)B1(s) + Q(t — 7(s))Ba(r(s))r' (s)]z" (s)ds + f Q(t = s)B1(s)z"(s)ds
0 he)
t ~
(quu)(t) :ﬁ Q(t - S)[L(¢S) + F(S, ap(slﬂs+r]5) + T]p(s,g#ns))]ds + Z Qt - tk)Ik(ﬁtk + T]tk)~

O<tp<t

Now, in order to understand the proof easily we break it into several parts.
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Step (i): We claim that ®B[0; 8] C B[0; 5]. Suppose it does not hold, then for any 6 > 0, there is u° € B[0; 6]
and t° € [0, M] such that 6 < ||Pu’(t%)||. For t € [0, h(#1)], it follows that

llz* ()l =

[ (B (r(H)Q" (M = (1)) + By (HQ"(M = HIR(et, I3[ Ear — Q(M)(0)]

- DOBCOIQ (06 =)+ EOQ 0~ 01 { [ R, 1290001 =1L

m
+ F(SI ﬂp(s,ﬁsﬂ]s) + T]p(s,ﬁsﬂ]s))]ds + R((X, r(y)\{) Z Q(M - tk)lk(ﬂtk + Th’k)}
k=1

By axiom (A), we have

[upisenllz < Kacd, for any u € B[O; 6],

and hence

”5p(s,§s)”@ = “ﬂp(s,ﬁs+ns) + 7Yp(s,ﬁs+n_‘;)||9 < ||7/_lp(s,ﬂ,-+1]5)”@ + ||7]p(s,ﬂs+r7,~)”@
< Kard + RafllYll o + KarPllg(O)ll = 61,

and
iy, + 11, ]l < K + Rogl¢llor + Ko Pllp(O) ]| = 4.

Thus

1~ = - 1, o~ = = 1.~  ~
2 (1 <~ [PNP + NPI[ladl + PIy (@] + ~['NP + NPIMPIRyllgil + ~[PNP + NPI3PLs
m

IO
X (1 + [ p(s, a0, + Npts,aeen)ll2) + E[VNP + NP]PZ Ge(1 + iy, + 11,112)
k=1

<[NP+ NP1l + PIp(O)l]

1

- - - 1 o~ = =
+ ~[rNP + NPIMPIRa[{/l 7 + —[rNP + NPIMPL(1 +61)

a
1
+_
a

['NP + Nﬁ]FZ Ge(1 + 1)
k=1
Now, if t € [h(M), M], then

t
I25(#)Il =| B3 (HQ" (M — HR(@x, T5)(Ear = QM) P(0)) — By (HQ (M ~ t){fo R(a, IZ)Q(M ~5)

1~ ~ 1.~ 1~ - 1. -
<—NP[lléacll+ PIY(O)l + —NP*MIRs( ¥l + —NPHMLE(L+51) + ~NP* )" (1 +01)
k=1

X [L(lﬁs) + F(s, Hp(s,is+n,) + Up(s,ﬁsms)))]ds + R(a, 1"8”) Z QM — t)I(ity, + ﬂtk)}
k=1
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Therefore,

o)
5 <l (1) = H fo [Q(t — $)B1(5) + Q(t — 1(s)Ba(r(s))r’(5)]2" (5)ds

i [ Qt-9Bie)E)s + fo Qt - 9L

h(t)

+ F(S/ ﬂp(s,ﬁs+175) + 77p(s,ﬁ_.;+1]5))]d5 + Z Q(t - tk)Ik(ﬂtk + ntk)
H

O<ty<t

Wy 1 - - _
Sfo [PN+PNV]{Z[VNP+NP][II<SM|I + PllyO)ll]

+ %[rNﬁ + NP]MPIR [l + %[erﬂ NP]MPLr(1 + &)
+ é[rNﬁ +NPIP Y g1 + 61)}ds
k=1

t
— (1 ~ — 1 ~
# [ EN{INFllEad + PIYOI] + NP IRal gl
h(t)

+ ANPr a1+ 6y) + LNP? Z Ge(1 + (51)}ds
a o P
t ~ mo
+ f PlRacllyllg + Lr(1 + 61)lds + ) Piie(1+ 61)
0 k=1

f . 1 — —_ —_
< fo (PN + PN7I{ < [2NP + NPl + PO

1~ o~ ~ 1.~ =
+ —["NP + NPIMPIRyllll + —[rNP + NPIMPLy(1 + 51)

1 . o m
+ =[NP+ NPIP ) g1 + 61)}ds

k=1

+ MP[IRogl[¢llor + Le(1 + 61)] + Z Paj(1 + 67).
k=1

Dividing both sides by 6 and taking the limit as 6 — co we get

1~ = — & _ L
1< M[PN + PNr]z{MPLFKM +P Z quM} + MPLrKay + Z PijKar,
k=1 k=1

2301

which is a contradiction to . Hence, we conclude that for each a > 0, there is a 0 > 0 such that ® maps

BJ0; 6] into itself.
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Step (ii): @ is a contraction map. By substituting the value of z% in ®;, we have

h(t)
(Pyu)(t) = fo [Q(t — 8)B1(s) + Q(t — 7(s))Ba(r(s))r' ()]

X [/ ()B3(r(s))Q (M — 1(s)) + B} (5)Q"(M — 5)IR(ar, I)
X [Ear = Q(M)Y(0)]ds

h(t)
- fo [Q(t — 9)B1(5) + Qt — r($)Ba(r(s)r ()]
X [F (9)By(r($) Q" (3 — r(5)) + B (5)Q" (3 — )]

t
X { fo‘ R((X, F?{)Q(M - F)[L(lflr) + F(r, L_tp(,/ﬁymy) + np(r,ﬂ,m,)))]dr
+R(a, rg[) Z QM - tk)Ik(ﬁtk + mk)}ds
t k=1
+ ‘fh‘(t) Q(t - 5)B1(5)B;(5)Q (M — 8)R(ex, T ) (Ear — Q(M)(0))ds

t t
- [ ae-9meBEQ-9{ [ Ra 1m0t

h(t)

+ F(T/ ap(r,ﬂ,ﬂ],) + 77p(r,ﬁ,+1]r)))]dr + R(Of, l—v(fi)v{) Z Q(M - tk)lk(ﬂtk + ntk)}ds-
k=1

For u,v € 77, we have
[I(D1)(F) = (ro)D)l
h(t)
< [ 106 =981+ Q= BN O
X |Ir' (s)By(r(s))Q" (M — r(s)) + B (s)Q" (M — S)Il{j; IR(a, T})Q( — 1)l
X ||F(r, ﬂp(r,ﬂ,+n,) + Up(r,ﬁ,+r],)) - F(r, z7,0(r,z7y+r],) + Up(r,5,+1]r))”d7

+IR@ TN Y IQ = )i, + i) = Ti@, + i s
k=1

t
+ IQ(t — s)B1(s)B1(s)Q (M — S)||{f IR, T?)Q(M — 1)
h(t) 0
XWE(, o, +n,) + Mot +n) = F( Opira4n,) + Nptra,+n)lldr

+IR@ TN Y IQ = )i, + i) = Tu@, + i)
k=1

1)
< fo IQ(t — 8)B1(s) + Q(t — r(s))Ba(r(s))r’ ()l

X |Ir'(s)B3(r(s))Q" (M — 1(s)) + Bi(s)Q"(M — S)II{ fo IR(a, T)Q(M =7l

X [”F(T’, ﬂp(r,ﬁ,+r],) + 77p(r,ﬁ,+r],)) - F(?‘, Z7,0(;’,12,+r],) + T]p(r,l‘t&’]v))”
+ ||F(7’, z_)P(rrﬂr‘H]r) + np(hﬂyﬂh)) - F(T, ?7P("/?7r+f]r) + nP(Vﬁrﬂir))H]dr
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+IR@ T3ON Y IQUH = )i, + i) = Ti@y, + i) fds

k=1
+ " IQ(t = 5)B1(5)B7 (s)Q"(M — S)Il{f; IR(a, T7)Q(M = 1)l
t

X [”F(V/ ﬂp(r,ﬁ,+7],) + 7]p(r,ﬁ,+n,)) - F(V/ Z_]p(r,ﬁ,+r],) + Tlp(r,ﬂr+r],))”
+ ||F(7’, Z_]p(rrﬂr‘”]r) + T’P(Vrar‘*"]r)) - F(r’ 5P(rﬂ7r+71r) + nP(Vrﬁr‘”Zr))H]dr

+ IR TEONY QA = t) (I, + 1) = T, + m )l s
k=1

W) | _ _ s _m
< f E[PN + PNr]Z{ f P[LrKallu = 0llar + LL,Kag|lu — 0llarJdr + PZ GiKarllu — UIIM}ds
0 0 k=1

t S m

1~ — —

N f —PZNZ{ f PLeKallt — ollas + LLyKadllu = ollacldr + B Y qeKaglht ~ UIIM}ds
h(t) & 0 =

t S m
1 ~ — — —
< f (PN + PN f PILeKocllt = ollac + LLoKallt = ollaldr + P )" qeKagll = ollcfds
0 0 k=1

1 . _ _ _ m
< [PN + PNr{ sP{LeKolt = ollac + LL,Kaellu = ollc] + P Y ikl = ol
k=1

1 ~ . . . . m
:{EM[PN + PNr]z{fMPLpKM + MPLL, Ko + PZ quM}}Ilu —Ollas,
k=1

1 ~ . . . . m
where EM [PN + PNr]2{M PLrKa + MPLL Ky + P Z quM} < 1 (by assumption @), which yield that @
k=1
is the contraction map.

Step (iii): @, is continuous on B[0; 5].
Let {t"},erv € B[0O; 8] be a sequence such that #" — u as n — oo. Then for any s € [0, M], u
as n — oo. Hence

n
ploat) > Uplsms)

”F(S/ aZ(S,ﬂ;’ﬂ]s) + np(s,ﬁ;’+1],;)) - F(S, ﬂp(s,l_ts+l75) + np(s,l?s-H]s))”
SIEGS, @ gy + Mptsarnd) = F(S o arny + Mpts,aen)l

+ “F(S/ ﬂp(s,ﬁ§+qs) + T]p(s,ﬁs”ﬂ]s)) - F(S/ ﬂ[)(s,t_l5+n5) + np(s,ﬁsﬂls))“
— 0, asn — oo.

Further notice that for s € [0, #]
“P(S/ ﬁ:(s,ag_,.,k) + 7]p(s,ﬁ§’+1]5)) - F(S, ﬁp(s,ﬁs+ns) + 77p(s,ﬁs+ns))“ < 2f61 (S)

Thus by the Lebesgue dominated convergence theorem

t
(D2} (8) — (D)) < fo QU = FG, Ty g1y + Mptorony) — FS Eptsnany + pts ) asl]

£ ) NQ(E = (s + 1) = Iy, + i)l

0<ty<t

t
SPL IIE(s, 722(5/1—,34_,]5) + 77p(s,ﬁ§+175)) - F(s, Up(s,a,+ns) T np(s,ﬁﬁqg))llds
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m
+ Pqu”ﬁg — || = 0, asn — co.
k=1

Therefore, @, is continuous on B[0; 8] for t € B[0; d].
Step (iv): @, is equicontinuous. First we check the equicontinuity of the family

Z(t) = {(Dau)(t) : u € B[O; 5]}
on (0, M]. Lete > 0be givenand 0 < t; < t, < M, then
[[(Dau)(t2) — (Pour)(t1)l

t1—€
Sf ”Q(t2 - 5) - Q(tl - S)HHL(EDS) + F(s, ﬂp(s,a5+q5) + 77p(s,125+7]s))“d5
0

+ Z 1Q(t2 — ti) — Q1 — tllIMi (g, + el

O<ty<ti—€

t
+ f “Q(tZ - S) - Q(tl - S)H“L(IPS) + F(S/ ap(s,ﬁ5+1]5) + T]p(s,ﬁs+175))”ds
t

1—€

) QM = t) = Qlt = NIk, + 1)

h—e<ti<t

12
- f 1Q(t = SYILGPs) + FGS, s eny + Tptssnlids + 3 IQ(E = )@y, + )l
t

t<te<tr

Thus we see that for each u € B[0; 0], [[(D,u)(t2) — (Pou)(f1)|| — 0 as t, — t1 — O for sufficiently small € > 0 as
for each t € (0, M], Q(¢) is uniformly continuous. At t = 0 the equicontinuity of Z(-) is trivial. Hence Z(:) is
the equicontinuous family.

Step (v): We now explain that @, maps the ball B[0; ] into a precompact subset of 7. Clearly Z(0) is
precompact in 7. Now, we break @, that is ®, = W; + W, as

t
(Pru)(t) = fo QU =)L) + F(5, pts,n.on) + Mot ncen)) s, £ € (0,341,

(Wou)(t) = ) QU — )l + 1), t € (0, M].

O<ty<t
Using Lemma 3.1 in [20]], one can easily show that
W1(BIO; 6](£)) = {(W1u)(t) : u € B[0; 6]}

is precompact in 7 forall t € [0, M]. We can also easily prove that W1(B[0; 6]) is uniformly bounded. Hence
using the Arzela—Ascoli theorem, we deduce that W, is the compact operator as @, is equicontinuous. Next,
it remains to prove that W, (B[0; 0]) is precompact for each t € (0, M]. It is trivial whenever t € (0,#;]. Now

it is required to determine that U = { Z Q(t — t)l(ity, + 1) : t € (ti, tisa], u € B[O; 6]} is precompact in .7
O<ty<t

fort € (t,tis1], i=1,2,--- ,mand u € B[0;5]. By using the compactness of {Q(t)};~0 and assumption on I,
it yields that the set U is precompact in 7. Obviously, the elements of U are equicontinuous. Therefore,
compactness of W, is implied by the Arzela—Ascoli theorem. Thus, ®, = W; + W5 is a compact operator.
Hence, Z(t) is precompact in JZ for every t € [0, M]. By the Arzela—Ascoli theorem, ®, is completely
continuous.

Hence, we conclude that the operator @ has a fixed point as all hypotheses of Krasnoselskii’s fixed point
theorem are satisfied, consequently ®* has a fixed point, say £, which is a mild solution of the system
1. O
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Theorem 3.4. Suppose that the system @) is approximately controllable and all conditions in Theorem 3.3 hold.
Further, assume that the function F is uniformly bounded. Then the system (1)) is approximately controllable on
[0, a1].

Proof. By Theorem 3.3, it follows that £(-) is a mild solution of the system (1)) on (—oco, M] corresponding to
the control z%(-) and satisfying

(M)
E4() =Q(NY(0) + fo [Q(A = $)B1(5) + Q( = 1(3))Ba(r(s))r’ ()]
X [ (9)B3(r(s))Q (M = 1(5)) + B} (5)Q" (M = 5)IR(a, T3
X [Ea = QUONP(O) = Y QA — b)I(ER)Ids
k=1

K1)

_ fo [0(3 - 5)B(5) + Q(H — H&)Ba(r(s)F ()]
X [P (BL(r($)Q (M — r(s)) + By(&)Q" (3 — )]

x fo R(a, T2)QA — DIL(G,) + F(1, & o) ldrds

M
+ QM — 5)B1(s)B; (5)Q" (M — s)R(er, T )(Eac = QUM)YP(0)

h(ar)

Z QU — t)L(ER))ds
M

- Q(M = 5)B1(s)B; (5)Q (M — s) fo R(a, I7)Q(M = NIL(py)

h(a)
+ F(T’, é“P(,,gg))]drds

M
¢ [ Q-9+ Fo e+ Y QoF = 1D

O<tr<M

Then clearly
EX () =Q(M)Y(0) + T R(er, Ty [Ear — Q(M)Y(0) — Z QM — ti)(Ef)]
k=1

(M) (M)
- fo f [Q(3 — $)B1(5) + QM — r&)Ba(r(&)F ()]

X [ (8)B5(r(s))Q (M — 1(s)) + By(5)Q"(M — 5)]
X R(a, T})Q(M = 1)[L(y) + F(r, & py 0 dsdr

M) M ~
_ f on Q(M — 5)B1(5)B;(5)Q (M — s)R(a, T?HQ(M — r)[L(¢,)
+ F(r, Cfap(r,gg))]dsdr

M e
_ fh(M) f Q(M — 5)B1(5)B;(5)Q (M — s)R(a, T?)Q(M — r)[L()
+F(r, éap(y,gg))]dsdr
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M
¢ [ Q0 =9I+ Fs e eals + Y QU= ile)

O<t <M
QNP + (1 - aR@ T [Ear — QONYO) — Y QA — BI(ED)]
(M) ) k=1
_ fo T2 R(a, T2)Q(M — L) + F(r, & 007
M
_ fh( TR TYQ — L) + E(r, £ o))

M
o [ Q-9+ Fo s+ Y Q= 101(ED)

O<tr<M
—QENY(O) + (1 - aR@TINEx - QONYO) ~ Y QA — t)I(ED)]
k=1
M
- fo (I = R, T2)Q( — DLW, + F(r, & e0)ldr

M
o [ Q0 - 9L+ F6 &l + Y QOF = I(ED)

O<t<M

E9(M) =Ea — aR(@;TY)[Eac — QOANY(0) = Y QU — t)I(EL)]
k=1

M
+ fo aR(@; T2)Q( — L) + F(5, £ o)1

By the hypothesis, F(s, &% ) is uniformly bounded, for a > 0 a weakly convergent subsequence, repre-
sented by, F(s, ‘Eap(s,é.‘:)) exists such that for every s € [0, M], F(s, &* p(s,g;r)) — f(s) say, weakly in . Now,
since the family {Q(f)}+~0 is compact, we assert that for every s € [0, M), Q(M —s)F(s, £ s ce)) — Q(M —5)f(5)
in ##. Therefore, we deduce that

-0,

M
H f QA = )(E(s, £ ) — FE)dS

as a — 0". Finally, by the assumption that linear system () is approximately controllable, the operator
aR(e;T3') — 0 strongly as @ — 07, [laR(a; T3]l < 1 and using the Lebesgue dominated convergence
theorem, we obtain

IE4(M) = Eall <llaR(; T3 ar — QM)P(0) — Z QM — ti)Ik(EIII
k=1

M ~
+ fo R (@ T*9YQ( — L) + F&)]Ids

M
. fo AR (@ T2)Q( — S)[F(s, £ ) — F($)]ds

— 0, asa — 0%,

and that comes to the conclusion. [



S.M. Abdal, S. Kumar / Filomat 34:7 (2020), 2293-2313 2307

We are now obtained the approximate controllability of the system (1) by Schauder’s fixed point theorem
under different hypotheses. In order to establish the approximate controllability results, we need the
following hypothesis:

(G6) The function F : [0, M] X & — S satisfies the following condition:

(a) For each r > 0, there exists a continuous function f; : [0, M] — (0, o) such that forany 0 < ¢ < M
and p € ¥

sup [IF(t, Yl < fi(D),

Yl <r

M
and there is a constant 6, > 0 such that li(rsn inf% f f5,(H)dt = Oy < 0o, where
—00 O

81 = Kagd + Raglltll + Kar P (O)]]-

Theorem 3.5. Suppose that hypotheses (G1), (G2), (G4) and (G6) are hold. Then the control system (1) has at least
one mild solution on (—oo, M|, provided that

1 _ _ _ 1 _ _ _m _ o
—M[PN + PNr2P6, + —M[PN + PNr2P 2 GKog + Poy + P Z. GeKar < 1.
k=1 k=1

Proof. Consider B[0; 6] = {u € CSW Slullar < (5} as given in Theorem 3.3. Define @ on B[0; ] by

h(t) t
(Qu)(t) = f [Q(t = 5)B1(s) + Q(t — 7(s))Ba(r(s))r’ (s)]z" (s)ds + fh( ) Q(t — 5)B1(s)z"(s)ds
0 t

t
+ fo Q(t - S)[L(lljs) + F(S/ l’_lp(s,ﬂ5+1]5) + 77p(s,125+r]5))]d5 + Z Q(t - tk)lk(ﬂtk + TM)~

O<t<t

Next we prove that @ satisfies all conditions of Schauder’s fixed point theorem. For t € [0, h(#M)],

IOl <[NP+ NPTl + P(O)l]
o M

+ =[rNP + NP]MPIR 0|l + %[rNI-S +NP]P f fs, (Dt
0

QI R

+ ~['NP + Nﬁ]ﬁz Ge(1 + 69).
k=1

For t € [h(M), M ], then

m

. 1.~ ~ 1, ~ 1.~ (™ 1. =Y.
Izl SENP[HEMH + PllpO)ll] + ENP MIR ||l + ENP f(; fo, ()t + ENP kzzqu(l + 01).

We claim that ®B[0; ] € B[0;6]. Suppose it does not hold, then for any 6 > 0, there is u® € B[0;6] and
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t> € [0, M] such that 6 < ||Pu’(t®)||. Then consider
) hi(t)
5 <l ()] = H fo [t — $)B1(s) + QU — r(s)Ba(r(s)F ()12 (5)ds

t t B
+ | Q(t = 5)Bi(s)z"(s)ds + fo Q(t = 9)[L(s)

h(t)

+ F(S/ ap(s,ﬂsﬂys) + np(s,ﬂﬁm))]ds + Z Q(t - tk)Ik(ﬂfk + 77tk)

0<ty<t

WO _ 1 - —
< fo [PN + PNAA{ S NP+ NPTl + Py O]

M
+ %[er + NPIMBIR Il + %[rNP + NP|P f fo (Bt
0
+ %[rNﬁ +NPIP Y g1 + 61)}ds
k=1

- (1~ ~ 1.~
+f PN{—NP[IIEMIHPIIgb(O)II]+—NPZMZRMIILPII@
]’l(t) o o

1 - M ‘ 1 - m ) }
+aNPfO fou(t)dt + —NP ;qk(1+61) ds

m

t~ —~—
" f BlRal9llo + fo,(5)]ds + Y Piie(1 + 61)
0

k=1

t~ — — — —
< fo (PN + PNrA{ LN + NPTl + POl

L\ NP + NPIaDIR L NP + NPIP " d
+ NP+ NPJa(FIRu iyl + NP+ NPIP [ f

+ %[rNﬁ +NP]P

=

Gl + 61)}ds

P
1l
—_

%4 mo
+ MPIRsf|[Y]lo + P f s, (s)ds + Z PGi(1 + 61).
0 k=1

Dividing both sides by 6 and taking the limit as 6 — co we get

1 . . _ 1 . . . m ~ . . m ~
1<=M[PN + PNr2Ps, + ~M[PN + PNr?P Z GcKac + Py + P Z Ko,

k=1 k=1

2308

which is a contradiction to our assumption. Hence, we conclude that there is 6 > 0 such that ® maps B[0; 6]
into itself. Moreover, using the methods in Theorem 3.3 above and the technique in Theorem 3.1 of [1]], it
is not difficult to verify that ® is completely continuous. Hence, the operator @ satisfies all conditions of
Schauder’s fixed point theorem. Therefore, there exists a fixed point £ on B[0; 0]. Hence, the control system

has at least one mild solution on (—oco, #]. O

Theorem 3.6. Suppose that the system @) is approximately controllable and all conditions in Theorem 3.5 hold.
Further, assume that the function F is uniformly bounded. Then the system (1) is approximately controllable on

[0, ].

Proof. The proof is similar to Theorem 3.4. [J
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4. Applications

Example 4.1 Consider the following system

Zu(t, &) = Zut, &) + f_‘: " (s = t, & mu(s, ndnds + Biz(t, &) + Baz(t/2, &)
+ 1B = us - prOp2(lu®dlD, Eds,
0<t<2,0<é<m, t#t,i=1,2,--,m,
ut,0)=ult,m)=00<t<2,
u(x, &) =9Y(x,&), x<0,0< &<,
Au(t;, &) = [ yis — t)uls, E)ds, j=1,2,-- ,m,

where w(-,, "), b(*), p1(*), p2(-) and y;, j = 1,2,- -+ ,m are appropriate functions which will be defined below.
The mathematical model of heat flow in materials is described by the system (8) and so-called retarded type
([16] 23]). At time t, the temperature of the point & is denoted by u(t, &), where 0 < t; < t, <--- <t, <M
are fixed and p; : [0, 00) — [0, o0), i = 1,2, are continuous functions.

Set s = L*([0, 7t]). Here, we take i1 (t) = t/2 whichimplies h(t) = t/2 and r(t) = 2t. Define W(t)(-) = W(t, ")
and Y(t)(-) = P(t,-). Let A : D(A) € 5 — A be defined by

A[J — [_,l/l
and
D(A) ={u() e s : u', u” are absolutely continuous, p”’ € 5, u(0) = u(n) = 0}.

Then clearly A generates a compact Co—semigroup {S(t)};>o which is also self adjoint. Clearly the eigenvalues
of Aare —n?, n € IN, and 5,(&) = \/g sin(n&) are the corresponding orthogonal eigenfunctions with norm 1.

Now we have the following

(i) For u € D(A), we obtain

(9]

Ay =- Z nz(y, S1)Sn.

n=1
(ii) If p € 2, then
S =Y e 5050, ©9)
n=1

and ||S()|| < e7'.

For more details one can see [18].

Consider the phase space 2 = PCy X L?(h, 5#) (where h : (—0,0) — R is a positive function) (see [11]),

with the norm
1/2

0
||¢||@=||¢(0>||+( f h(C)IIlP(C)Ilde) ,

where h and K|l ()|I* are real valued Lebesgue integrable functions on (—oo,0) and ¢ is continuous at 0. It
is well known that, PCy X L*(h, ) satisfy the axioms (A) and (B) by choosing a proper function h. Clearly,
assumptions (2) and (b) also hold (see [11]). Furthermore, for a proper choice of &, due to Hino et al. [11],
we have 3, K(:), R(-) £ 1. Thus it follows that max{R4;, Kss} < 1.

Suppose that for the system (8), the following conditions hold:
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(i) Forany x <0, w(x,0,") = w(x, 7, -) = 0 where w(x, -, -) € C'([0, 7] X [0, 7t]) and

I= f(;n(j:;l % f: lw(x, &, q)lzdr]dk)dé < 0.

(ii) The function b : R — R is continuous and bounded such that

L= ﬁ, %ds)l” <o

(iii) The functions y, : R — R are continuous such that

([ )

foreveryk=1,2,--- ,m.

2310

(10)

DefineL: 2 — 5, F(-,-) : [0,2] X 2 — 3, p(-,*) : [0,2] X Z — [0, 00) and I : & — F respectively, as

—1 T
L)) = f fo (i 1, ) (s,

0
P(t,l[l)(u)=j: b(s)y(s, u)ds,

o0

p(t, ¥)(w) = t = p1(HP2(llY (0, W),
0
L) (u) = I Vi Y(s, u)ds, i=1,2,-- ,m,

00

for t € [0,2], ¢ € 2. Thus the system (8) can be written in the abstract form given by the system (T).
Evidently, F verifies (G3) which is guaranteed well by the assumption (ii). Furthermore, assumption (i)

satisfies the hypothesis (G2). Moreover, for any ¢ € &,

wwns)=1( [ : [ et &y, s.0),

where §,(&) = \/%cos(né), n=1,2,---.Infact, for any ¢ € 7, we obtain

T —1 T
IL@)IP < fo f fo Wk, & M) (dndi

< ([ [ ot & mcormanas) ac.

By Hélder’s inequality, it follows that

2
dé

2

< [ [ [N enan) ([ wwmra) o

< fo n( I ;% fo ' |a)(1<,5,n|2d17d1<)[ I o: h(K)( fo ' |(p(1<,n)|2d17)d1<]dé

< fo ( f ‘:% fo "o, & P g
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Hence, (G2) holds with I given by (10).

Consider . .
Z = {z = Zznsn : Zzﬁ < +oo},
n=2 n=2
and
© 1/2
el =( Y 2)

Then % is a Hilbert space. If B; = B, = B and

(9]

Bz = 2z351(&) + Zznsn(é), forz = Z ZuSy € &,
n=2

n=2

then, B € £(Z, 5¢) and the adjoint B* is given by

Bv = (201 +02)52(E) + Y 0us(), (11)
n=3

0o

with v = Z ,8,(8) € .
n=1
It remains to verify condition (G5). Observe that, for the associated linear system corresponding to (8),
the explicit expression for the fundamental solution Q(t) is quiet difficult to write. On the other hand, for
any t € [0, 1], the expression for Q(f) can be written easily, which guarantee that the condition (G5) holds.
Indeed, the solution of the system

LW(t) = —AW() + L(W;) + (1), t€]0,2],
Wy=0

on the interval [0, 1] is t
W= [ St-9feds, 1eD1l
Thus for any ¢ € [0, 1], Q(f) = S(t) and hence O
Q' = Q) = ().

It is proved in [17] that
dx(t, &) = (xee(t, &) + Biz(t, &))dt

is approximately controllable on [0, 2]. That is,

2
j‘QQ—ﬂBﬁxJQ—ww>o,
0

and meanwhile h2)1
f 7' (£)Q(2 — 2t)B,B5Q* (2 — 28)r' (t)dt > 0,
0

from which and Lemma 3.2, one can deduce, the linear system corresponding to (8) is approximately con-
trollable, therefore (G5) is satisfied. Moreover, ||F|| < L;. Further we can impose suitable conditions on the
above defined functions to verify the assumptions of Theorem 3.4. Hence the approximate controllability
of the system (8) on [0, 2] follows from Theorem 3.4.
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Example 4.2 In Example 4.1 set

F(t, P)(&) = e'*ee” Viglo N

Clearly F(t,1)(&) does not satisfy the Lipschitz condition (G3), however it satisfies the hypothesis (G6).
Thus Theorem 3.4 can not be applied to the system (§) if F is given by (I2). On the other hand, since all
hypotheses in Theorem 3.6 are fulfilled, for the function F defined by (12), the system (8) is approximately
controllable on [0,2]. Hence, we conclude that Theorem 3.4 provides only sufficient conditions for the
approximate controllability of the system (T).

5. Conclusion

In this paper, we discussed approximate controllability of impulsive semilinear differential equation
having both state-dependent delay and variable delay in control. It is significant to find the approximate
controllability for such systems as they are important from the theoretical and real life application aspect. In
this work, we use a new control function, and theory of fundamental solution to get our results. We also use
the resolvent operator, Krasnoselskii’s and Schauder’s fixed point theorems. Finally, the developed theory
is validated with the help of two examples. This problem can be extended for the stochastic case, which is
our future work. It is also interesting to develop theory for constrained controllability of an abstract system
involving delays in control and state-dependent delay.
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