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Abstract. Recently, Chen and Uddin introduced and studied warped product pointwise bi-slant subman-
ifolds of Kdhler manifolds in [13]. They have obtained many interesting results.

In the present paper, we investigate warped product pointwise bi-slant submanifolds in Sasakian
manifolds and we derive contact version of results obtain in [13]. We give a non-trivial example to prove
the existence of these submanifolds.

1. Introduction

Bishop and O’Neill introduced warped product manifolds as a natural and fruitful generalization of
Riemannian product manifolds in 1969 [2]. The notion of warped product has many applications in physics
as well as in differential geometry. By following this concept many researchers investigated geometric
properties of the warped product manifolds.

On the other hand, the critical problem for a geometer is to establish some relationships between the
main intrinsic and extrinsic invariants of a submanifold. After the statement of famous theorem of J. Nash,
different type classes of submanifolds were defined and studied. One of them is slant submanifold which
was introduced by Chen in [8]. Then this concept was studied extensively by many geometers and obtained
interesting and fruitful results in ([8] and [9])

In 1998, Etayo extended the notion of slant submanifolds and defined pointwise slant submanifolds
with a different name quasi-slant submanifold [14]. Then Chen and Garay studied and obtained new
useful results for pointwise slant submanifolds in almost Hermitian manifolds. They also stated a new
construction method to get pointwise slant submanifolds in [12].

Another natural and useful generalization of slant submanifolds was introduced as bi-slant submani-
folds by Carriazo in [5]. Later Cabrerizo et al. studied bi-slant submanifolds of an almost contact manifolds
[4]. Also, Uddin et al. investigated warped product bi-slant immersions of Kaehler manifolds in [22].

By combining the above notion warped products, pointwise slant submanifolds and bi-slant submani-
folds, Chen and Uddin introduced warped product pointwise bi-slant submanifolds in a Kaehler manifold
in [13] and they generalized some previous results derived in ([10], [16]-[24])
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In this paper, we consider warped product pointwise bi-slant submanifolds of Sasakian manifolds. We
make a characterization for a warped product pointwise bi-slant submanifolds of the form M = M; Xy M»
with distinct slant function 6; and 6,. We obtain some necessary and sufficient conditions for M to be
locally warped product pointwise submanifold. Also, we construct some non-trivial example to prove the
existence of warped product pointwise bi-slant submanifold in a Sasakian manifold.

2. Preliminaries

Now, let M be (2m + 1)-dimensional differentiable manifold with the almost contact metric structure
(p, & 1, g) satisfying
P’X=-X+n1(X)& @&E=0, =1 nop=0, (1)
7@X, oY) =g(X, V) -n(X)n(), nX) =g &),

for any vector fields X and Y on M, where @ is (1, 1) tensor field, ¢ is a vector field, 1 is 1-form and g is a
compatible Riemannian metric. If M satisfies, for all vector fields X and Y on M

Vxp)Y=g(X, V)E-n(Y)X, Vxé=-¢X, (2)

then M is called a Sasakian manifold, where V the Riemannian connection with respect to the Riemannian
metric g [3].

Now we recall some basic facts on submanifolds from ([6]-[9]). Let M be an n-dimensional submanifold
of a Sasakian manifold M such that the characteristic vector field & is tangent to M with induced metric g.

Let I' (TM) be the Lie algebra of vector fields of M in MandT (TLMzm“‘”) is set of all vector fields normal
to M. Then, the Gauss and Weingarten formulas are defined by

VY =VxY+h(X, Y) ©)
and
VxN = —AyX + VEN 4)

for any vector fields X, Y e I (TM) and N € T (TLMZ’"”‘”), where V and V+ denote the induced connections
on the tangent bundle and normal bundle of M, respectively and # is the second fundamental form, A is

the shape operator of the submanifold and V denotes the Levi-Civita connection defined on M. There is a
relation between the second fundamental form / and the shape operator A as

for any vector fields X, Y € I' (TM).
Letp € M and e;, ..., €n, €441, ..., €ams1 are orthonormal basis of the tangent space M such that
restricted to M, the vectorse;, ..., ¢, are tangent to M at p and hence e,+1, ..., €241 are normal to M. Let

{hlf].} , 4, 7=1, ...n;r=n+1, ..., 2m+ 1 be the coefficients of the second fundamental form & with respect
to the local frame field. Then we get

th]. = g(h (ei, ej), er) = g(Aere,', ej), ||h||2 = i g(h (ei, ej), h(ei, ej)). (6)

i, j=1

1 1n
The mean curvature vector H is given by H = Etmceh = Y. h(ei, €;). A submanifold is called totally

i=1
geodesic, totally umbilical and minimal ifh =0, h(X, Y) = g(X, Y)H and H = 0, respectively.
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Furthermore, for any vector field X on M we can write
X =TX+FX )

where TX is the tangential component of X and FX is the normal component of pX. If F=0and T = 0,
then M is an invariant and anti-invariant submanifold respectively. In a similar way, for any vector field N
normal to M, we set

@N = BN + CN (8)

where BN and CN are the tangential and normal components of N, respectively.
Now, let us recall some basic facts of pointwise slant submanifolds of almost contact manifolds from
[15] and [27] before we start to study on our main parts of the present paper.

An n-dimensional submanifold M of an almost contact metric manifold M is called pointwise slant, if for
anonzero vector X € T,M at any point p € M, which is linearly independent to &, the angle 0 (X) between

X and T,M — {0} is independent of the choice of nonzero vector X € {TpM - {O}} . So 0 can be regarded as
a function on M, which is called the slant function of the pointwise slant submanifold. On the other hand,
a pointwise slant submanifold M is induced a slant submanifold if its slant function 0 is globally constant
on M. Furthermore, invariant and anti-invariant submanifolds are pointwise slant submanifolds with slant

function @ = 0and 0 = g, respectively. If 0 is different from 0 and g, then the pointwise slant submanifold

is said to be proper.

Theorem 2.1. Let M be an n-dimensional submanifold of an almost contact metric manifold M such that & € T (TM).
Then M is pointwise slant if and only if

T? = cos® O (-ld + n® &) 9)
for some real valued function O defined on the tangent bundle TM of M.

Also we have the following useful relations on a pointwise slant submanifold for any vector fields X
and Y tangent to M :

g(TX, TY) = cos* 0{g (X, Y)-n(X)n(Y)}, (10)
g(FX, FY) = sin> 0 {g (X, Y) — () (V) (11)

and
BFX = sin® 0 (-X + (X)), CFX = —FTX. (12)

3. Warped Product Pointwise Bi-slant Submanifolds in Sasakian Manifolds

Definition 3.1. Let M be a submanifold of a Sasakian manifold M. Then it is said that M is a pointwise bi-slant
submanifold if there exist two orthogonal distributions D1 and D, at any point p € M such that

(i) TM =Dy @D, & (&},

(if) ¢ (D1) LD & (&),

(iii) the distributions D1 and Dy are pointwise slant with slant functions 6, and 05, respectively.

The slant functions 61 and 6, are called the bi-slant functions if 6; and 0, are different from 0 and T

and both of them are not constant on M. Also M is called proper pointwise bi-slant submanifold.

Now, let M be a pointwise bi-slant submanifold of M. Then for any vector field X € I'(TM), then we
have

X = P1X + P,X (13)
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where P; is the projection from TM onto D;. It is easily seen that P;X is the component of X in D; for each
i=1, 2
By setting T; = P; o T for each i = 1, 2, then from (13) we obtain

X = Ty X + T, X + FX (14)
for any vector field X € I'(TM) . By virtue of (9), then we get
T?X = cos® 0; (-X + n(X) &) (15)

for any vector field X € I'(TM) and for eachi =1, 2.
Now we give the first result in the following lemma for pointwise bi-slant submanifolds of a Sasakian
manifold.

Lemma 3.2. Let M be a pointwise bi-slant submanifold of a Sasakian manifold M with pointwise bi-slant distributions
D1 and D, with distinct slant functions 01 and 0y, respectively. Then for any vector fields X, Y € I' (D1 & {&}) and
Z, W eT'(D»), we have

(Z) (sin2 61 — SiI’l2 Qz)g (ny, Z) = g(AFleZ - ApyTzz, X) + g (AFT22Y — ApzT1Y, X)

and

(ZZ) (Sil’l2 62 - SiI’I2 61) g (VZW, X) = g(AFTZWX - prTlx, Z) + g(AFTIXW - Aprzvv, Z)
+1(X) g (pZ, W).

Proof. For any vector fields X and Y e I' (D; @ {&}) and Z € I' (D), then we have
9 (VxY, Z) = g(pVxY, ¢Z)

= 9(VxpY, 9Z) - g((Vxe) Y, 92)
=g (?XTlY, (pZ) + g(?xFY, (pZ) +1n(Y)g(pZ, X)
= —g(pVxT1Y, Z) + g(VxFY, ToZ) + g (VxFY, FZ) + 1 (Y) g(pZ, X)
= -3 (VxpT1Y, Z) + g((Vxp) T, Z) + g(VxFY, ToZ) + g(VxFY, FZ) + 1(Y) g (9Z, X)
= —g(VxT3Y, 2) - g (VxFT1Y, Z) + g(VxFY, ToZ) - g (VxFZ, @Y)+g(VxFZ, T1Y)
+n1(Y)g(pZ, X).

By using (2), (4) and (12), then we obtain

g (VxY, Z) = cos? 019 (VxY, Z) - sin26,X (01) g (Y, Z) — 9 (VxFT1Y, Z) + g(VxFY, T2Z)
+9(VxBFZ, Y) + g(VxCFZ, Y) - g((Vx) FZ, Y) + g(VxFZ, T1Y) +1(Y) 9 (9Z, X).

By virtue of the orthogonality of two distributions and the symmetry of the shape operator, we find
sin? 019 (VxY, Z) = 9 (ArryZ - A ToZ, X) + g(VxBFZ, Y) + g(VxCFZ, Y) + g(VxFZ, T1Y).

By taking into account of (12) in the last equation and using the orthogonality of vector fields, we arrive at
sin? 019 (VxY, Z) = 9 (Arr,yZ - A ToZ, X) +sin® 0,9 (VxY, Z) + g (Arr,zY - ApzThY, X)

which gives the first part of the lemma. For the second part, given X € I' (D1 ® {{}) and Z, W € T'(D,), then
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we have
9(VzW, X) = g (pV2W, X) + 1 (X) g(VzW, &)
= g(VzeW, X) - g((Vz0) W, ¢X) = n(X) (W, Vz¢)
= 9(V2T2W, @X) + g(VZFW, @X) +1(X) g (9Z, W)
= —g(pV2T2W, X) + g(VZFW, TiX) + g(V2FW, FX) +1(X) 7 (9Z, W)
~9(V2T3W, X) = g(V2FToW, X) + 9((Vz9) TaW, X) + g (VZFW, T1X) - g (V2FX, ¢X)
+9(V2FX, TaW) +n(X) g (9Z, W).
From (2), (4) and (12), the last equation takes the form
g (VzW, X) = cos? 6,9 (?Zw, X) —5in26,Z(6,) g (W, X) — g(?ZFTZW, X) + g(?sz, T1X)
+9(V2ZBEX, W)+ g(V2CFX, W)+ g(VzFX, T,W) + 1 (X) g (9Z, W).
By using the orthogonality of two distributions and the symmetry of the shape operator
9(VzW, X) = cos? 029 (V2 W, X) +sin? 019 (V2 W, X) + g (Arr,wX — ArwTiX, Z)
+ n (X) g (§0Z, W) + g(AFTlXW - Aprzvv, Z)
which gives us the desired result. [

Thus from the above lemma, we can give the following corollaries without proof.

Corollary 3.3. Let M be a pointwise bi-slant submanifold of a Sasakian manifold M with pointwise bi-slant distri-
butions D1 and D, with distinct slant functions 01 and 0,, respectively. Then the distribution Dy & {&} defines a
totally geodesic foliation if and only if

9(Arr,yZ — ApyToZ + Apr,zY — ApzThY, X) =0

for any vector fields X and Y e T (D1 ® (&) and Z € T (Dy).

Corollary 3.4. Let M be a pointwise bi-slant submanifold of a Sasakian manifold M with pointwise bi-slant distri-
butions D1 and D, with distinct slant functions 61 and 0y, respectively. Then the distribution D, defines a totally
geodesic foliation if and only if

g (Arr,wX — ApwTh X + A, xW — ApxToW, Z) = n(X) g (Z, W)

for any vector fields X e T (D1 @ {&}) and Z, W € T'(Dy).

4. Warped Product Pointwise Bi-slant Submanifolds in Sasakian Manifolds

Let (M, gu,) and (My, gu,) be two Riemannian manifolds and f is a smooth function on M;. The
warped product of M; and M, is a Riemannian manifold

M =M X f M>
with the Riemannian metric

9=9m + f29m,
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If the warping function f is constant then the warped product M; X; M, is called trivial. In other words,
the warped product is induced the Riemannian product.
Let X be any vector field on M; and Z a vector field tangent to M,. Then we have

VxZ=Vz;X=X(nf)Z (16)

where V denotes the Levi-Civita connection on M. For more details please see [2].

Now we investigate warped product pointwise bi-slant submanifolds in a Sasakian manifold M. We
begin following lemma.

Lemma 4.1. Let M = My Xy M, be a warped product pointwise bi-slant submanifold of a Sasakian manifold M, where
M, and M, are pointwise slant submanifolds with distinct slant functions 6, and 0y, respectively and & € I (TM;).
Then we have

sin20,X(02)g(Z, W) =g(h(X, W), FT1Z) - g(h(X, T»Z), FW) (17)
and

2tan 0,X (6,) g (TZ, W) = g (h (X, Z), FW) — g (h(X, W), FZ) (18)
for any vector fields X on My and Z, W on M.
Proof. Given X € I'(TM;) and Z, W € T'(T'M;), then we get

9(VxZ, W) =g(VxZ, W) = X(In f)g(Z, W). (19)
Furthermore, we have

g (§XZ, W) =g ((vaZ, (pW) +1n1(W)g (§XZ, 5) =y (§X(pZ, (pW) -9 ((ﬁx(p) Z, (pW)
for any X € I'(TM;) and Z, W e I'(TM) . By using (2), (7) and (8) in the last equation, then we arrive at

9(Vxz, W) = g(VxT2z, W) + g (VxTaZ, FW) + g(VxFZ, W)

= 9(VxT2Z, W) + g(VxT2Z, FW) - g(VxBFZ, W) - g(VxCFZ, W)+ g(VxFT2Z, W).

By taking into account of (2), (4) and (12), the above equation yields that

7(VxZ, W) = cos? 0,X (In f) g (Z, W) + g (h (X, ToZ), FW) +sin® 29 (VxZ, W) (20)
+5in20,X (0,) 9 (Z, W) + g (h (X, W), FT,Z).

Hence, the first part of the Lemma follows from (19) and (20).
For the second part, by replacing Z by T»Z in the first part of this lemma and by using (9), we obtain the
desired result. [J

Lemma 4.2. Let M = My Xy M, be a warped product pointwise bi-slant submanifold of a Sasakian manifold M, where
M, and M, are pointwise slant submanifolds with distinct slant functions 6, and 0y, respectively and & € I (TM;).
Then the following holds.

2X (In f) cos® 029 (Z, W) = g(h (X, W), FT2Z) — g (h(X, T2Z), FW) (21)

forany X e T(TMy) and Z, W e T (TM,).
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Proof. For any X € I'(TM;) and Z, W € I'(TMy), then we get

g (X, 2), FW) = g(V2X, FW) = g(VzX, oW) - g(V2X, T,W)

= -g(VzpX, W)+ 9((Vzp) X, W) - g(V2zX, T2W).

From (1), (2), (7) and (8), then we derive

g(h(X, Z), FW) = =g (V,T1X, W) - g(VZFX, W) = (X) g(Z, W) - g (V2X, T W).
By using again (1), (2), (4)-(8) and (16), we conclude that

gh(X, Z2), FW)=-T1X(nf)g(Z, W)+ g (Z, W), FX)-n(X)g(Z, W)+ X(n f)g(T>Z, W). (22)
By virtue of polarization, we find

gh(X, W), FZ) = -T'X(nf)g(Z W)+gh(W, Z), FX) -n(X)g(Z, W)+ X(n f)g(Z, T,W). (23)
By subtracting (23) from (22),

2X(Inf)g(ToZ, W) =g (X, Z), FW) —g(h(X, W), FZ). (24)
By interchanging Z by T>Z in (24) and using (15), we obtain (21). O

Hence we can give the following theorem

Theorem 4.3. Let M = My X¢ M; be a warped product pointwise bi-slant submanifold of a Sasakian manifold M,
where My and M, are pointwise slant submanifolds with distinct slant functions 61 and 0,. Then M is a proper
pointwise bi-slant submanifold if and only if tan 6,X (6;) # 0.

Proof. For any X € I' (TM;) and Z, W € I' (TM,), from (17) and (21), then we have

sin260,X (0,) g(Z, W) = 2X (In f) cos® 629 (Z, W). (25)
I
2
{X(Inf) —tan 62X (62)} g (Z, W) =0

By virtue of assumption, 8, # —, from (25), we obtain

which means that X (In f) = tan 6,X (6,). O

Now, we note that a warped product submanifold M = M; Xy M; of a Sasakian manifold M is mixed
totally geodesic if h (X, Z) = 0, for X € I'(TM;) and Z € I'(TM;) . As an application of the last lemma, we
derive the following theorem.

Theorem 4.4. Let M = My Xy Mj be a warped product pointwise bi-slant submanifold of a Sasakian manifold M,
where My and M, are pointwise slant submanifolds with distinct slant functions 01 and 0,. If M is a mixed totally
geodesic warped product submanifold, then we have one of the following cases:

(i) either M is a Riemannian product submanifold of My and M,

(i1) or 6 = g, that is, M is a warped product submanifold of the form My X¢ M, where M is a totally real
submanifold of M.

Proof. By virtue of (21), it yields that
2X(In f) cos? 629(Z, W)=0

which gives us either f is constant on M or cos? 6, = 0. This completes the proof. [
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Lemma 4.5. Let M = My Xy M be a warped product pointwise bi-slant submanifold of a Sasakian manifold M, where
M, and M, are pointwise slant submanifolds with distinct slant functions 6, and 0y, respectively and & € I (TM;).
Then the following equalities hold:

gh(X, Y), FZ) = g(h(X, Z), FY), (26)

[sin? 6) = sin® 05} X (In f) 9 (Z, W) = g (Arr,xW — AxT2W, Z) 27)
+ g (ArrowX - ApwTiX, Z) + 1(X) g (Z, T,W).
forany X, Y e I (TMy) and Z, W € T (TM;) .
Proof. For X, Y € I'(TM;) and Z € I' (TM,) , then we get
g(i(X, Y), FZ) = g(VxY, 9Z) - g(VxY, T2Z)
=—g (?X(pY, Z) + g((?x(p) Y, Z) +g (Y, ?XTZZ).
By using (2), (14) and (16), then we obtain
g(h(X, Y), FZ) = =g (VxT1Y, Z) - g(VxFY, Z) + (Y, VxT»Z) (28)
=-g(VxT1Y, Z)+ g (h(X, Z), FY) + g (Y, VxT22)
=X(nHg(TY, Z)+gth(X, Z), FY)+ X(In /) g(T2Y, Z)

which gives us (26).
For the second part, it follows that

7(V2X, W)= g(V2X, W) =X(In f) g (Z, W). (29)
Also, we have

9(V2X, W)= g(pV2X, oW) = 9(Vz0X, oW) - 9((Vzp) X, pW).
By using (2), (7) and (8), then we find

9(V2X, W)= g(V2TiX, W)+ g(V2FX, TaW) + g(VZFX, FW) +1n(X) g(Z, pW)
From (1), (2) and (4), then we

9(V2X, W)= = (V29TiX, W)+ g ((Vzp) TiX, W) - g (ArxZ, ToW) - g (FX, V2EW) + 1 (X) g(Z, pW).

By taking into account of (7) and (8) in the last equation and by virtue of symmetry property of the shape
operator, we get

9(V2X, W)= —g(V.T3X, W) = g (V2FT1X, W) - g (AxTaW, Z) + g (@VZFW, X)
+9(T1X, VZEW) +n(X) g (Z, W)
= cos? 019 (VzX, W) —sin201Z (01) g (X, W) + g (Arr,xZ, W) - g (Ax T W, 2)
+9(VzoFW, X) - g((V2) FW, X) - g(ArwZ, T:X) +1(X) g(Z, pW).

From (3), (7), (8), (16) and (29) and in view of the orthogonality of vector fields and symmetry of the shape
operator,

sin? 01X (In f) 9 (Z, W) = g (Apr,xW — AxTaW, Z) + g (V2BFW, X) + g(V2CFW, X)
- g(AmZ, TiX) +n(X) g (Z, pW).
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Again from (12), it yields that
sin? 01X (In f) g (Z, W) = g(Arr,xW — ApxToW, Z) — sin? 0,9 (ﬁzw, X) —sin20,Z(0,) g (X, W)
= 9(VZFToW, X) = g (ArwZ, T1X) +1(X) g (Z, pW).
By using the orthogonality of vector fields and (3), (4) and (16),

sin? 01X (In f) g (Z, W) = g (Arr,xW — ArxTaW, Z) + sin? 0,X (In £) g (Z, W) + g (ArrywZ, X)
—g(AmT1X, Z)+n(X)g(Z, pW).

Finally using the symmetry of the shape operator and (14), we reach (27). O

Now, in consideration of Hiepko’s Theorem, we can give the following main result.

Theorem 4.6. Let M be a proper pointwise bi-slant submanifold of a Sasakian manifold M with pointwise slant
distributions D1 and D, such that & is tangent to D,. Then M is locally a warped product submanifold of the form
M Xy My such that My and M, are pointwise slant submanifolds with distinct slant functions 61 and 0, respectively

of M if and only if the following identity holds
AFTlXZ — Aprzz + AFTzzx - AF2T1X = {Sil’l2 61 - Sil’l2 92} X(‘IJ) Z (30)
forany X € Dy and Z € D, and for a function u on M such that for any W € Do, W (u) = 0.

Proof. Let M be a pointwise bi-slant submanifold of the form M; X M, of a Sasakian manifold M. Then by
virtue of (26), we derive that

g(AryZ —ArzY, X) =0 (31)
forany X, Y € TM; and Z € TM,. By replacing Y by T1Y in (31), then we find

g(ArryZ — ApzT1Y, X) = 0. (32)
By interchanging Z by T»>Z in (31), it yields that

g(AryT2Z - Arr,2Y, X) = 0. (33)
By subtracting (33) from (32), we conclude

9(Arr,yZ — ApzThY + Apr,zY — ApyToZ, X) = 0. (34)

In view of (27) and using (34), we get the desired result.
Conversely, let M be a pointwise bi-slant submanifold with pointwise slant distributions D; and D, and
we assume that (31) is satisfied. Then from Lemma 1 (i), it follows

(sin® 61 = sin® 0,) g (VxY, Z) = g (Arr,yZ - ApzTY + Apr,zY — AnToZ, X)
for any X, Y € TM; and Z € TM,. Under the hypothesis, we derive
g(VxY, 2) = X (u)g(X, 2) =0
which means that the leaves of the distributions are totally geodesic in M. Moreover from Lemma 1 (ii)

(Sil‘l2 6, — Sil’l2 91)!] (VzVV, X) =g (AFTZWX - AmvT1X, Z) +g (AFT1XW — ApxToW, Z) .
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Again in consideration of the hypothesis of the theorem, we get

g(VzW, X) ==X () gW, Z). (35)
By using polarization, we also have

9(VwZ, X) ==X (1) g (W, 2). (36)
By subtracting (36) from (35), we deduce that

9(Z, W], X)=0
which gives us D, is integrable. On the other hand, from (35) we arrive at

g2 (Z, W), X) =g (VzW, X) = -X(u) g(W, 2)
where h, denotes the second fundamental form of M,. By virtue of the definition of the gradient we find

1y (Z, W) = Vg (W, 2)

where Vi is the gradient of u. This means that he leaf M; is totally umbilical in M and its mean curvature
vector H, = —Vu. Under the assumption, W (1) = 0 and this shows us the mean curvature is parallel. By
Hiepko’s Theorem, it is said that is locally a warped product submanifold. [

5. Some Remarks

In this section, we give some remarks as consequences of Theorem 2 and Theorem 4. Firstly, we begin
Theorem 2. We have the following remarks as some consequences of Theorem 2.

HIfO, =0and 0, # g is a constant, then warped product is of the form Mr Xy My is a semi-slant

warped product submanifold where 6 = 6,. Thus X (In f) = 0 which means f is constant.

2) If 6, = 0, the warped product is of the form Mg X Mr such that Mr is a complex submanifold and
Mp is a pointwise slant submanifold with slant function 6 = 6;. Hence f is constant.

3)If6, = g and 0, is a constant, the warped product pointwise bi-slant is of the from M Xy Mg becomes
a hemi-slant warped product and so f is constant.

4)1f 0, = T and 6, = 0, the warped product pointwise bi-slant submanifold turns to a warped product
CR-submanifold of the form M, Xy Mr. Thus f is constant.

5) If 0; and 6, are constant, then the warped product M = M; Xy M, is a warped product bi-slant
submanifold and f is constant.

Under these considerations, we can give the final remark of Theorem 2.

6) It is easily seen that here exist no warped product pointwise bi-slant submanifolds of the forms
M X¢ Mt or My Xy My. Here M; is a pointwise slant submanifold and Mr and My are complex and proper
slant submanifolds of M, respectively.

From Theorem 4, then we have the followings:

1)If6; = 0and 6, = =

> then M is induced contact CR-warped product and the equation (30) takes the
form
ApzpX = -X(u)Z

for any X € D and Z € D*, where D = D; and D* = D, such that D and D+ are contact and totally real
distributions, respectively.
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2)If 6; = 0 and O, = 0 is a slant function then the M is induced a pointwise semi-slant submanifold and
(30) is valid for for pointwise semi-slant warped product submanifolds and it will be

ArrzX — ApzpX = — (sin® 0) X (1) Z

forany X € D and Z € Dy, where D = D; and Dg = D, such that D and Dg are contact and proper pointwise
slant distributions of M, respectively.

3)If 01 = Oisaconstantslantangleand 0, = g, then M becomes hemi-slant warped product submanifold
and (30) takes the form

ArrxZ = ApzTX = = (cos? 0) X (1) Z

for any X € Dg and Z € D+, where Dg = D; and D* = D; such that Dg and D+ are contact and totally real
distributions, respectively.

s
4) If 61 = = and 0, = 0 is a pointwise slant function, M turns to pointwise hemi-slant warped product

submanifold and (30) becomes
AprzX = ApxTZ = (cos? 0) X (1) Z

for any X € D* and Z € Dy, where D+ = D; and Dy = D, such that D* and Dy are totally real and proper
pointwise slant distributions of M, respectively.

Under the above considerations, our results generalize some previous results studied by different
authors.

Example 5.1. It is well-known that S>**! inherits a Sasakian structure. Let N be a pointwise slant submanifold of
a 6-dimensional Kihler manifold. Consider the warped product M = N x; S3. Then M becomes a warped product
pointwise bi-slant submanifold of S***! with the distinct slant functions 6, and 0,.
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