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A Note on the Power Graphs of Finite Nilpotent Groups
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Abstract.

The power graph P(G) of a group G is the graph with vertex set G and two distinct vertices are adjacent
if one is a power of the other. Two finite groups are said to be conformal, if they contain the same number
of elements of each order. Let Y be a family of all non-isomorphic odd order finite nilpotent groups of class
two or p-groups of class less than p. In this paper, we prove that the power graph of each group in Y is
isomorphic to the power graph of an abelian group and two groups in Y have isomorphic power graphs if
they are conformal. We determine the number of maximal cyclic subgroups of a generalized extraspecial

p-group (p odd) by determining the power graph of this group. We also determine the power graph of a
p-group of order p* (p odd).

1. Introduction

Given a group, there are different methods to associate a graph with the group. Recently, the power
graph associated with a group has deserved a lot of attention. The term “power graph” was first considered
and introduced by Kelarev and Quinn [12]. Let G be a group. The undirected power graph $(G) has the
vertex set G and two distinct vertices x and y are adjacent if x = ¥ or y = x™ for some positive integer m.
Because this paper deals only with undirected graphs, for convenience throughout we use the term “power
graph” to refer to an undirected power graph defined as above, see also [1, Section 3].

Recently, a lot of interesting results on the power graphs have been obtained, see for examples [3—
5,8, 18]. A detailed list of open problems and results about power graphs can be found in [1]. Cameron
and Ghosh [4] showed that for two finite abelian groups A; and A,, P(A1) = P(A,) if and only if A; = A,.
They also showed that two finite groups which have isomorphic power graphs are conformal [3, 4]. In
general, converse of above result is false (see Remark 4.17). In Section 4 of this paper, we find a family
of non-abelian groups in which converse holds, that is, if two finite groups are conformal, then they have
isomorphic power graphs.

In [15], Mehranian, Gholami and Ashrafi gave the structure of the power graphs of cyclic groups, dicyclic
groups, semidihedral groups and Mathieu group My; or the Janko group J;. In [10], Ghorbani and Barfaraz
obtained the structure of power graphs of groups of order a product of three primes. The structure of the
power graphs of elementary abelian p-groups and dihedral groups are also known [7, 18].
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In this paper, we find the structure of the power graphs of generalized extraspecial p-groups and p-
groups of order p* (p odd) and as an application, we find the number of maximal cyclic subgroups (a cyclic
subgroup that is not a proper subgroup of any another proper cyclic subgroup) of generalized extraspecial
p-groups. Let Z(G) denote the center of the group G. A finite p-group G is called extraspecial p-group if
Z(G) and y»(G) coincide and have order p, where y,(G) is the commutator subgroup of G. If Z(G) of a finite
p-group G is cyclic and y»(G) has order p, then G is said to be a generalized extraspecial p-group. For more
details see [19].

2. Notations and Basic Definitions

Throughout the paper all groups considered are finite and p denotes a prime. Let C(G) denote the set
of all distinct cyclic subgroups of the group G. Further, let ¢x(G) denote the number of cyclic subgroups of
order p* (k is a non-negative integer) in the group G. Cardinality of a set X is denoted by [X|, o(x) denotes
the order of the element x in the group G and identity element of the group G is denoted by 1.

Let I be a graph. A set of pairwise non-adjacent vertices of I' is called an independent set. The
independence number of a graph I' is the cardinality of the largest independent set and is denoted by S(I').
Let I' and I'; be the graphs with disjoint vertex sets V1 and V, and edge sets E; and E, respectively. Then
their union I'; U I'; is the graph with vertex set V = V1 U V; and edge set E = E1 U E,. The join of I'; and I'»
is denoted by I'1 + I'; and it consists of graph I'; U I'; and all edges joining V; with V;. For any graph I, let
U?_,T denote the graph obtain by union of s copies of I'.

Definition 2.1. Let G be a group. For elements u and v in G, define a relation R such that uRv if (u) = (v). It is
evident that R is an equivalence relation.

Let [u] denote the equivalence class containing # € G under the relation R and let C’(G) denote the set of all
equivalence classes G/R. Following [9], write

C(G) = {[u] | u € G} = {[uool, [u11], -~ , [wail, -~ , [u21l, - -+, [mnl), (1)
where [ug] = {1} and [u] = {wi1, -, Wit}

Definition 2.2. Let G be a group. For u and v in G, we say u < v if one of the following holds.
(i) forsomeiandt, u =y, v = vy, and Iy <lp.

(ii) (u) & (v).

Defineu <vifu <voru=no.

Definition 2.3. [9] An ordered pair (S, <s), where S is a finite set, is said to be a partially ordered set or poset if the
binary relation <g is reflexive, antisymmetric and transitive. For u,v € S, if u <g v or v <, u, then u and v are said
to be comparable otherwise u and v are incomparable.

Definition 2.4. [9] Let (S, <s) be a poset. Then the comparability graph of S is the graph with vertex set S, where
two distinct elements are joined if they are comparable and it is denoted by T.

Let G be a group. It is immediate from Definition 2.2, (G, <) is a poset. For rest of this paper, let us
denote this poset by L. Clearly, the comparability graph of L is the power graph of a group G, that is,
P(G) = Tz, (9, Example 1]).

Definition 2.5. [9] A subset S’ of S in a poset (S, <s) is said to be chain, if all elements in S’ are pairwise comparable.
A subset W of S is said to be homogeneous if one of the following condition holds, for any v € S\W.

o forallue W, u <sv.
o forallueW,v <su.
o forallu € W, u and v are incomparable.
Definition 2.6. [9] A chain in a poset (S, <s) that is also homogeneous is called a homogeneous chain.

Remark 2.7. [9, Example 2] Let G be group. Then each element [x] € C'(G) is a homogeneous chain in L.
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3. Basic Results

In this section, we state some results that will be used later. Let G = Zyu X Zpo X -+ X Zpos =

(x1) X {xp) X -+ X {xs) such that xfai =1lforie{l,2,---,s} and ay,...,a; > 1. Then we have the following
result.

Lemma3.1. If1 # g € G, where g = x g ;2‘32 '--xfkﬁﬁs such that 0 < k; and p + B; Y i, then there are p>~! cyclic
subgroups of order o(g)p containing {g). Further, if for some i = i,, ki, = 0, Bi, # O, then there doesn’t exist any cyclic
subgroup of order o(g)p containing (g).

k k ks
Proof. Let g € G such thatg = xp A p LGRS xk P where p 1 Bi. First, we count the number of elements i € G

such that #” = g. Consider h = x] xgz --xf. Now, i" = g implies x}"'x) - xb" P pzﬁ LTS
pkig; = pri mod p* Vie{l,2,--,s}. For fixed i, latter equation has integer solution r; 1f and only if p | p"B;.
Thus, if for some i = i,, k;, = 0 and Bi, # 0, then there doesn’t exist any & € G such that /¥ = g.

Now, assume k; > 0, V i. So, if pkf Bi = pri mod p“, then pkf‘l Bi =r;i mod p“"‘l. Thus, the latter equation
has p distinct solutions for each fixed i and that are r; = p“~18; + kp*~!, where 0 < k < p — 1. Thus, for given
g= klﬁl 22‘62 X f P where p £ pi and k; > 0, there are p* elements & € G such that /7 = g and o(h) = o(g)p.

Now, let (h) be a cychc subgroup of order o(g)p such that (g) C (h) and I’ = g. Suppose w € (h) such
that w” = g, then w = h" and h"? = w” = g. This implies that rp = p mod o(h). Thus, r =1 + k%h), where

1 <k < p. Thus, each cyclic subgroup (h) of order o(g)p contains p distinct elements w € (h) such thatw” = g.

Ts —X

Hence that, there are %5 = p*L cyclic subgroups of order o(g)p containing g for k; > 0V i. This completes the
proof. [

Lemma 3.2. Let G be a finite abelian group such that G = Zyn X Zy, X - -+ X Zy. Then the number of elements of
—————
n factors
order p' in G is

1, t=
pn+l _ 1, t=1
pn+t _ pn+t71 2<t<m

Proof. Letay, ay,...,a,,a,41 be the generators of G such that a’l’m = 1,af =1,fori=2,3,...,n+ 1. Then each

element of G is uniquely written as [T/ aﬁ’ 0<B1<p",0<Bi<pfori=23,--- ,n+1.

Take g = [T/} a'g’ Now, for 1 <t <m,

n+1 v .
g = [H “f"] =&

i=1

Thus, the number of the elements g € G such that g*' = 1is p"*!. Hence, the number of elements of order p'
of Gisp™1 -1, fort = 1and p"*' — p"*'~1, for 2 < t < m. This completes the proof. [

Corollary 3.3. Let G be a finite abelian group such that G = Zyn X Z X --- X Z,,. Then
| —
n factors
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Proof. The number of elements of order p' is equal to ¢:(G)¢p(p'). Thus, the result follows from the Lemma
32. O

Theorem 3.4. [14] Let A = Zyn X Zyn X - - - X Zyn . Then P(A) is isomorphic to

n factors

n—1

K + ngl(Kq‘)(p) + Ui: (K¢(p2) + Ui;l( R Uf:] (K(P(pm—l) + U]::n;l K(P(P’”)) cee ))),

p-1

where | = T

Let G be a finite group. Recall that a cyclic subgroup of G that is not a proper subgroup of any other
proper cyclic subgroup of G is called a maximal cyclic subgroup of G. Let M¢ denote the set of all maximal
cyclic subgroups of G.

Theorem 3.5. [13, Corollary 2.14] Let G be a p-group. Then B(P(G)) = IMcl.

Following [16], two finite groups are said to be conformal if they have same number of elements of each
order.

Theorem 3.6. [16, Page 107] Two finite abelian groups are isomorphic if and only if they are conformal.

4. Power Graph of a Nilpotent Group

In this section, we use Baer’s trick to prove Theorem 4.1 and 4.2.

Let G be a group. Then we may define a binary operation o on G by x o y = w(x, y) where w is some fixed
word in x and y. If the set G, with the binary operation o, define a group, then we say w to be a group-word
for G, and we write the corresponding group by G, that is, as a set G, = G and operation of G, is o.

Let (H,-) be an odd order nilpotent group of class two. Then we can define a group-word w as
follows: for x,y € H, w(x,y) := xy[x,y]" (by xy wemean x - y). If y,(H) the commutator subgroup

of H, has finite exponent m and n = %1, then corresponding group H, is an abelian group. Indeed,

xoy = xylx, y]% = yx[x, y]mzi = yxly, x]% = y o x (for more details see [11, p. 142]). This Hy, is the
corresponding abelian group to H. It is easy to observe that H and H;, are conformal.

Theorem 4.1. Let H be an odd order nilpotent group of class two. Then P(H) = P(Hy).

Proof. The powers of elements in H and H,, are same. Thus, P(H) = P(H,). This completes the proof. [

Above result is false for an even ordered group. For example, Dg the dihedral group of order 16, is
a nilpotent group of class two but $(Ds) is not isomorphic to the power graph of any abelian group [17,
Theorem 15].

Theorem 4.2. Let H' and H? be two odd order nilpotent group of class two. If H' and H? are conformal, then
P(H1) = P(H?).

Proof. By Theorem 4.1, P(H') = P(H.) and P(H?) = P(H2). Also H' is conformal to Hi,, i = 1 or 2. Hence,
H} and H2 are conformal. So, by Theorem 3.6, H., = H2. Thus, P(H.) = P(H2). Hence, P(H') = P(H?).
This completes the proof. [J

Two finite groups with isomorphic power graphs are conformal and two finite abelian groups have
isomorphic power graphs if and only if they are isomorphic (see [3, 4]). Thus, we can easily deduce the
following corollaries.

Corollary 4.3. The power graphs of two odd order nilpotent groups of class at most two are isomorphic if and only if
they are conformal.
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Corollary 4.4. The number of non-isomorphic power graphs for the nilpotent groups of class at most two and order
n (n is odd) is equal to the number of non-isomorphic abelian groups of order n.

For finite p-groups, Theorems 4.1, 4.2 can be generalized for groups of larger class. If the class of a
finite p-group G is less than p, then there exists a group-word w such that G, is an abelian group [6, p. 446,
Theorem 4.8]. In fact, following [6], group-word w which makes G, abelian, can be obtained from Lazard’s
inversion of the Baker-Campbell-Hausdorff formula

x oy = xylx, yI ™ 2[lx, y, 12 [, yl, w72
Thus, in similar manner as above, we can easily deduce the following result.

Theorem 4.5. Let X be a class of all finite non-isomorphic p-groups of class less than p. Then for G € X, P(G) =
P(Gw), where Gy, is the corresponding abelian group to G and two groups in X have isomorphic power graphs if they
are conformal.

Proposition 4.6. Let G be p-group of class less than p with |G| = p"***"s such that

— PP PR
G_<x1/x2/x3/“'/xs|x1 _x2 _“'_xs _11R>/

where R is a set of commutator relations. Then the corresponding abelian group G, is given as

Gu = Zyn X+ X Ls.

1 s o .

Proof. Let K = (xq,x2,x3,-++ ,%s | x’; = ... = xf = 1,xixj = xjx; for i,j € {1,---,s}). Clearly, G, =
. . "1 2

(x1,x2,x3,--+ , %) and G, = G as a set. Since powers of each element in G and G, are same, so x’l’ = x’; =

cee = xfys = 1in Gy. Also, x; o xj = xj o x; for all i, j. Thus, the generators of G, satisfy the relations of K, so

by Von Dyck’s Theorem [19, Page 51], there is a surjective homomorphism ¢ : K — G, with x; — x; for all
iefl,---,s}. Moreover, |Gyl = |G|. So, |Gy| = K|. Thus, G, = K. This completes the proof. [

4.1. Power Graph of a Generalized Extraspecial p-Group, p Odd

In this subsection, we find the structure of power graph of a generalized extraspecial p-group G (p odd)
and as a consequence, we also find the cardinality of the set Mg.

Let G be a generalized extraspecial p-group of order p*"*", m > 1 and p odd (for m = 1, G will be
extraspecial p-group). Then G has generators a;,a, - - - ,a2,, b which satisfy the following conditions:

Z(G) = <b>,bp”’ = 1,(,17 =1forie {2, ’2;,1}

m—1

[a2io1, a0l =WV ,i€{1,2,--+ ,n}
[aic1,a]=1,j #2i
[azi, o] = 1,k #2i-1,

and either @) =1 (in this case, G is called generalized extraspecial p-group of exponent p™) or a® = b (in this

case, G is called generalized extraspecial p-group of exponent p™*1). For more details see [19].

Proposition 4.7. 1. If G is a generalized extraspecial p-group of order p**™ with exponent p™ and p odd, then
P(G) = P(A), where A = Zyn X Zy X - -+ X Zy.
N—— ———
2n factors
2. If G is a generalized extraspecial p-group of order p™*™ with exponent p"*! and p odd, then P(G) = P(A),
where A = Zyns X Ly X - -+ X 2.
———
(2n — 1) factors
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Proof. This follows from Theorem 4.5 and Proposition 4.6. [J

Now the problem reduces to the problem of determining the power graph of the abelian group E =
Lygn X Ly X -+ X Ly = {x1) X (x2) X ==+ X (x,), where o(x1) = p" and o(x;) = p,for2<i<nandn > 1.
———
n-1 factors

Theorem 4.8. The power graph P(E) is isomorphic to the graph

Ky + [T1U (Ko + [T2 U (Ko + [T3 U Koy + [+ + [Tna U (Kogry + [T U Koo )] - )]

pi-1 _
-1

1_ . 1
1K¢(p;),for] €{2,3,--- ,mland I'y = Uiil Ko (p)-

where Tj = U
i=1

Proof. Let us identify E with (x1) X (x2) X -+ X {x,,), where o(x1) = p" and o(x;) = p, for 2 < i < n. Then by
Corollary 3.3, E has ’;T_ll cyclic subgroups of order p and these cyclic subgroups are given as:

m—1

m—1 o m—1 o m—1 a _
<x§’ >/ <x1177 x2>/ <x1177 x32x3>/ Tty <x11p xlez s xiillxn>/

where a; € {1,2, ...,p} for 1 <i < n—1. For m = 1, these are the only non-trivial cyclic subgroups of E.
Assume m > 2. B
By Lemma 3.1, except the cyclic subgroup (x’i ), none of the other cyclic subgroups of order p are

contained in cyclic subgroups of a higher order. Moreover, cyclic subgroup (x’;m_m) of order p'1, t > 1is
contained in p"~! cyclic subgroups of order p'. Since, the number of all cyclic subgroups of order p',t > 1
in the group E is p"~! (Corollary 3.3), the cyclic subgroup (x*"""') of order p'~! is contained in all cyclic
subgroups of order p'.

Recall that C’'(E) = {[x] | (x) € C(G)}, where [x] = {y € G | (y) = (x)}. Thus, the set C’(E) has p"!
equivalence classes of cardinality ¢(p') for 1 < t < m, ’;"%11 equivalence classes of cardinality ¢(p) and one
equivalence class of cardinality one.

Following (1), we write

C'(E) = {[Voo],[Vit] |ief{l,---,mland 1 <t < ’Z__ll, fori=l and1 <t < p”_l,for i> 1}, where [V]

denotes the equivalence class of cardinality gb(pi). Moreover, [Vyo] = {1} and [Vi] = {xit1,--- s Xitg(py - By
Remark 2.7, each element [V;] gives a chain

Xitd =000 2 Xipg(pl)

of length ¢(p) in the poset L. Clearly, the identity element of the group E is comparable with every element
of E in L. Now, collecting all arguments, we draw the Hasse diagram of the poset .Lr in Figure 1.
In Figure 1, Vj denotes the chain

Xit,p(p')

Xit,p(p')-1

Xit,2 [
Xit,1
corresponding to the elements of [V;]. Here x;; is called the minimal element and Xit (i) 18 called the

maximal element of the chain. In Figure 1, edge between V;; and V1 (i < i") means there is an edge between
the maximal element of V;; and minimal element of V.
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Va1
&)
Q V3prz—1
Van
Vo
Q Vzpn—l
Vi
Via .|
k g
Voo

Figure 1: Hasse Diagram of L

We know that the comparability graph 7, of the poset L is equal to the power graph of E. Now we
deduce the P(E) with the help of Figure 1. Each [Vj] is a chain of length ¢(p), so the vertices corresponding
to the elements of [Vj] give a complete graph Ky, in (E). Moreover, each [V;;] is a homogeneous chain.
Therefore if x;j, < X jr m OF Xirjo yy =< Xijm fOr SOme x;ij,, € [Vij]and xijo € [Virj], then we get Ky + Kgpry in
P(E) corresponding the vertex subset [V;;] U [V;], otherwise vertices corresponding to subset [V;] U [Vy;]
give union of graphs K, and K, in (E). Now by Figure 1, we can conclude the result. [

By Propositions 4.7 and Theorem 4.8, we deduce the following corollaries.

Corollary 4.9. Let G be a generalized extraspecial p-group of order p*"*™ with exponent p™, p odd. Then P(G) is
isomorphic to the graph

Ky + [r1 U (Ko + [r2 U (Ko + [r3 U (Kooy + [ + [rm_1 U (Kot + [rm U K¢(,,,n)])] . ])])])]

p2n+1_1

whereI'; = Ufj{qu)(p;),for j€f2,3,--- miand I’y = Ul.z’{'l

-1
Kd)(p)-

Corollary 4.10. Let G be a generalized extraspecial p-group of order p**™ with exponent p™**, p odd. Then P(G) is
isomorphic to the graph
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Ky + [T1 U (Ko + [T2 U (Ko + [T3 U (Koo + [+ + [Tin U (Kiomy + [Tomer U Ko ])] - D))

p2n -1

2n-1_1 . T
whereT'j = Uf_ Koiy for j €1{2,3,-- ,m+ 1} and Ty = Ul Kep).

=1

Theorem 4.11. Let G be a generalized extraspecial p-group of order p***™, (p odd). Then

a— a— -1
|MG|:{;;11+(b—2)(p -1+ (53 -1), b=2
- b=1

p,1 7 7

where a = 2n + 1, b = m, when exponent of G is p™ and a = 2n,b = m + 1, when exponent of G is p"™*1.

Proof. Firstly, we find the number of maximal cyclic subgroup of E = Z,» X Z,, X --- X Z,,. By Figure 1, it
—————
n-1 factors
is clear that for x € [Vj;] (j > 1), (x) is a maximal cyclic subgroup of E. Also for x € [V;1], (x) is a maximal
cyclic subgroup of E. Since for x,y € [Vj;], (x) = (y). So we need to count V;; for j > 1 and V1. Thus, by
Figure 5.1, we have

)

p-1

T m=1.

n— n— p-1
|ME|={p Lem=-2)p =D+ (55 -1), m=2

By Theorem 3.5 and Theorem 4.7, for generalized extraspecial p-group G of exponent p™ |[Mg| = IMa,|,
where Ay = Zyn X Z, X - - - X Z,, and for generalized extraspecial p-group G of exponent p"*!, [IMc| = |Ma,|,
—
2n factors
where Ay = Zyna X Zy X -+ X Z,. Thus, by (2), we can complete the proof. [J
| ——
(2n — 1) factors

4.2. Power Graph of a Group of Order p*, p Odd

In this subsection, we find the structure of power graph of a group of order p* (p odd). Following
[2], there are 15 groups of order p* up to isomorphism. We number them P; to Pi5. The groups P; to
Ps5 are abelian, Pg to P1g and P14 are of class 2, and Pq; to P13 and Pi5 are of class 3. Here we list the all
non-isomorphic groups of order p*.

1. P =Z,.
2. Py =7, %7,
3. P3 = sz X sz.
4. Py =2y X2y X Zp.
5. Ps =2, X Zy X Zy X Z,p.
6. Ps = (u,v|u” =P =1, v luo = ul*).
7. Py ={(u,v,w| W =P =P = 1, uv = vu, wu = uw, wlvw = vuP).
8. Py =(u,v|u =" =10 uv = ul*r).
9. Py = (u,u,w | u’ =vP =wP =1, w uw = u*?, ou = uv, wo = vw).
10. Pyg ={u,v,w | W =P =P = 1, uv = vu, w uw = uv, vw = wo).
11. P = wo,w|u’ =oP =wP = 1,0 uo = ul*?, wluw = uv, vw = wo).
12. @) Pip = (wo,w |’ =P =1, 0P = 1,0 uv = u™*, wluw = wo, wow = uPv), p > 3.

1

(b) Py = (u,v,w | u”” =oP =1,wP = u?, v 'uv = u, wuw = uv™, vw = wo), p = 3.
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13. (@) P13 = (wo,w |’ =P = wP = 1,0 v = uM*?, wluw = v, w™!
residue mod p.
(b) Py3 = (u,v,w | u”’ =P =1,wP = u?, v uv = u, wuw = uv™!, vw = wo), p = 3.
14. Py =, o,w,x | P =P =wP = x¥ =1, x lwx = wu, vx = X0, UX = XU, VW = WU, UW = WU, UV = VU).
1

vw = u¥v, p > 3 and d is any non

1 1

15. (@) P15 = (w,0,w,x | uP = oF = wP = ¥ = 1,x 'wx = wo, x~
vuy,p > 3.

VX = UU, XU = UX, VW = WU, UW = WU, UV =

1 1

(b) P15 =u,v,w | W= =P = 1,uv = vu,w uw = uv,w vw = urv),p =3.

Lemma 4.12. The following hold in groups of order p*, p > 3.
1. P(Ps) = P(P2).
2. P(Pg) = P(Pg,)
3. P(P7) = P(Po) = P(Pro) = P(P11) = P(P12)) = P(P13) = P(Pa).
4. P(Pr4) = P(P15) = P(P5).

Proof. This follows from Theorem 4.5 and Proposition 4.6. [J

Lemma 4.13. The following hold in groups of order p*, p = 3.

1. P(Pe) = P(P2).
2. P(Pg) = P(P5).
3. P(P7) = P(Py) = P(Pro) = P(Py).
4. P(PM) = P(P5)

Proof. Pg, P7,Pg, Po, P19, P14 are p-groups of class 2 and Py, P3, P4, Ps are abelian. Thus, by Theorem 4.1 and
Proposition 4.6, we can conclude the result. [

Lemma 4.14. The following hold in groups of order p*, where p is any prime.

1. P(P1) = K.

2. P(P2) =Ky + [ULKq)(p) U (Ko + [UEKW% U (Koga + Uf:1K¢<p3))])]-
3. P(P3) = Ky + U] [K¢><p> + UleKW)]'

4. P(Py) = Ky + [Uf:f Ko U (K(/xp) + UilK¢(P2))]'

5. P(Ps) = K1 +|UL qu(p)]-

Proof. Since Py is a cyclic group of order p*, P(P1) = K,u. Now, 2,4, and 5 are determined by using Theorem
4.8 and 3 from Theorem 3.4. [J

Now, we find the structure of power graphs of groups P11, P12, P13, P15, for p = 3.

Lemma 4.15. For p = 3, the following hold:
1. P(Pu) =K + [U?lez U (K2 + U1.1:21K6):|.
2. P(P13) = Ky + [u}jlkz U (1<2 + ul?zlké)].
3. P(P11) =Ky + [Ulzzlle U (Kz + U?:1K6)].
4. P(P15) =K + [U?Sle U (K2 + U?=1K6):|.
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Figure 2: Hasse Diagram of £p,,

Proof. Let P11, P12, P13, and Ps5 be the groups of order 81. Further, let T = (u,v,w | v’ = v* = 1,w° = u®,uv =
out, wluw = uo™, vw = wo), B € {1,-1}. Clearly [u,w] =1 and [1®,v] = 4’ = 1. Thus, u® € Z(G). By using
relations wv = vw, wu = uvw, and vu = u’v, we can show that v/u! = 4 1*0)y/ and whu' = y*+3kE-Dgikyk
where1 <7<9,1<j<3, and1 <k < 3. Thus, each element of the group T can be written in the form
u'v/wk for some i, j,k > 1. By using above relations, we can deduce that (u'v/w*)? = u3*+2*0% Now, for
P1p, B = 1. Thus, (uviwk)? = w322k gq (uolwf? =1fork=3,1< j<3,andi € {3,6,9}. Therefore, P1,
has 8 elements of order 3 and 81 — 9 = 72 elements of order 9 (exponent of Py, is 9). Hence, P1; has 4 cyclic
subgroups of order 3 and 12 cyclic subgroups of order 9.

For p = —1, T = Py3. Thus, (u'v/w*)? = u3*+2°5 In similar manner as above, we can obtain that P13 has
13 cyclic subgroups of order 3 and 9 cyclic subgroups of order 9.

Now for Py, [u3,0] = v’ = 1. By using relations wu = uv’w, vu = u’b, and wv = vw, we have
vl = u1+60y] and whu' = u+o*i-Dy2kick where 1 <i < 9,1 < j < 3,1 < k < 3. Thus, each element of the
group P17 can be written in the form u'v/w* for some i, j k > 1. By using above relations, we can obtain that
(u'oiwk)? = u3+?) Using this relation, similarly as above, we can obtain that Py has 22 cyclic subgroups of
order 3 and 6 cyclic subgroups of order 9.

Again for Pi5, u® € Z(G). Using relations uv = vu, wu = u’v*w, and wo = u’vw, we have w v/ = u3kvick,
Wyt = y(+N3kI-D2iky )k and (uivick)? = u31+2) Thus, using last relation, we can deduce that Py5 has 31
cyclic subgroups of order 3 and 3 cyclic subgroups of order 9.

In all four groups, observe that the cyclic subgroup (%) is contained in all cyclic subgroups of order
9. Therefore, we obtain the structure of power graph of the group P, and for remaining groups, power
graphs can be obtained by doing similar process. Now, we find P(P1,). Since P, has 12 cyclic subgroups
of order 9 and 4 cyclic subgroups of order 3, the set C’(P12) has 12 equivalence classes of cardinality 6 and
4 equivalence classes of cardinality 2.

Following (1), we write

C'(Pr2) = {[Vool, [Vl i€ (1,2} and 1 < t < 4, fori=1and 1 <t < 12, for i = 2}, where [V;] denotes the
equivalence class of cardinality (1)(3i). Moreover, [Vo] = {1} and [Vi] = {xit1,--- ,xit,¢(3l)}.

The Hasse diagram of the poset Lp, is given in Figure 2 . Since only one cyclic group of order 3 is
contained in all cyclic subgroups of order 9, so only one Vy; say Vi1 is connected to V for all t in Hasse
diagram of the poset Lp,,.

In Figure 2, recall that V;; denote the a chain of length ¢(3) corresponding to element [V;] (see proof of
Theorem 4.8). Thus, we get K3y in $(P1) corresponding vertex subset [Vi].

We know that the comparability graph 77, , of the poset Lp,, is equal to the power graph of Py,. Thus,

by Figure 2, we can determine that P(P12) = K; + [Uf’lez U (Kz + U}:21K6)]. This complete the proof. [J

3 3jk

Theorem 4.16. For p = 3, there are 8 non-isomorphic power graphs for groups of order 81 and there are 5 non-
isomorphic power graphs for groups of order p*, p > 3.
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Proof. This follows from Lemmas 4.12, 4.13,4.14, and 4.15. O

Remark 4.17. For p = 3, P4 and P13 are conformal and their power graphs are also same and P3, P, are conformal
but have different power graphs.
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