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Abstract. Some necessary and sufficient conditions for the existence of the n-skew-Hermitian solution
quaternion matrix equations the system of matrix equations with n-skew-hermicity,

A1X = C], XB1 = Cz,

AzY = C3, YBZ = C4,

X=-XTY=-YT,

AsXAT +B3YB! =Cs,

are established in this paper by using rank equalities of the coefficient matrices. The general solutions to the
system and its special cases are provided when they are consistent. Within the framework of the theory of
noncommutative row-column determinants, we also give determinantal representation formulas of finding

their exact solutions that are analogs of Cramer’s rule. A numerical example is also given to demonstrate
the main results.

1. Introduction

In this paper, R and C stand for the real number field and the complex field, respectively. The quaternion
algebra is denoted by H and is defined as

H = {hy + i + hpj + hak | i2 = % = K* = ijk = =1, ho, hy, hp, h3 € R},

The collection of all the matrices of dimension m X nn over H is denoted by H"*". Its subset of matrices with
arank r is specified by H/>". An identity matrix with conformable shape is denoted by I. For any matrix A
over IH, R(A) and N(A) stand for the column right space and the row left space of A, respectively. D[R(A)]
denotes the dimension of R(A). By [29], we have D[R(A)] = D[N(A)], which is known as rank of A denoted
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by 7(A). The conjugate transpose of A is denoted by A*. A" means the Moore-Penrose inverse of A € H™",
i.e. the exclusive matrix Y € H™" satisfying

AYA = A, YAY = Y, (AY)" = AY, (YA)' = YA.

For more properties on generalized inverses, consult [6, 75] and [30]. Furthermore, Ly = I — A'A and
R4 =1 - AA" are couple of projectors induced by A, respectively. It is evident that Ly = LY, = L} = L7 and
Rs=R, =R} =R3.

The idea of quaternions were first time introduced by an Irish mathematician Sir William Rowan
Hamilton in his research in [23]. Quaternions have prolific use in diverse areas of mathematics like
computation, geometry and algebra; see, e.g. [8, 31, 56, 83]. Presently, quaternion matrices have a central
position in control theory, mechanics, altitude control, computer graphics, quantum physics and signal
processing; see, e.g. [1,34, 65]. In skeletal animation systems, quaternions are mostly practiced to interpolate
between joint orientations specified with key frames or animation curves [9]. A researcher in [88] gave a
comprehensive study on quaternions.

Numerous problems in different areas of sciences and engineering can be converted into matrix equations
and hence the investigation of linear matrix equations have crucial function in matrix theory and its
applications; see, e.g. [5, 10, 12, 13, 16-18, 20, 22, 26-28, 32, 33, 55, 57, 59, 62-64, 71-73, 76, 78, 80—
82, 84, 85, 89, 90]. For example, the most famous Lyapunov equation

B X + (le)* =A;

has vital function in optimal control, stability analysis, system theory and model reduction [58, 69]. The
general solution of

CXC'+DYD'=A

was analyzed by different authors with different techniques in [11, 52, 86]. In [87], the least squares 7-
Hermitian solution to AXB + CXD = E was computed. The numerical solution to the two sided Sylvester
matrix equation was researched in [14, 15]. We first introduce the definition.

Definition 1.1. [27, 74, 87] A matrix A € H™" is known to be n-Hermitian and n-skew-Hermitian if A = A" =
—nA*nand A = —A" = nA'n, where 1 € {i, j, Kk}, respectively.

Convergence analysis in statistical signal processing and linear modelling [72-74] are some fields in
which the applications of n-Hermitian matrices can be viewed. The singular value decomposition of the -
Hermitian matrix was examined in [27]. Very recently, a researcher in [53] determined the anti-n-Hermitian
solution to some significant matrix equations including

AsXAT +B3YBY = Cs 1)

and gave general solution to these equations when they are consistent. He and Wang [24] gave the general
solution to

A X + (A4X)’7* + B4YBZ* + C4ZCZ* =Dy, (2)

bearing n-Hermicity over H. The n-skew-Hermitian solution to the equation (2) was explored in [60]. An
iterative algorithm for determining the n-Hermitian and n-skew-Hermitian solutions to AXB + CYD = E
were established in [4].

Motivated by the above mentioned work and keeping the latest advancement of n-skew-Hermitian
matrices in mind, we in this paper, find some necessary and sufficient conditions for the existence of the
n-skew-Hermitian solution to

A1X =Cy, XBy =Gy,

A)Y =Cs, YBy = Cy,

X=-X" Y=-y" 3)
AsXAT + B3YBI = Cs,
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and provide its general solution when this system is consistent by using the rank equalities of coefficient
matrices. Observe that the system (1) is a particular case of our system (3). We will also give more necessary
and sufficient conditions for the existence of the solution of (1) than the one presented in [53]. One other
reason for the consideration of the system (3) is that the Hermitian solution to a system that is similar to (3)
was computed in [19], the n-Hermitian solution was analyzed in [25], and determinantal representations of
the least-norm solution are obtained in [61], respectively.

We also get the direct methods of finding exact solutions, namely explicit determinantal representation
formulas that are analogs of Cramer’s rule. Our proposed Cramer’s rules are based on the theory of row-
column noncommutative determinants introduced in [35, 36], by using determinantal representations of the
Moore-Penrose inverse matrix [37]. Within the framework of the theory of noncommutative row-column
determinants, determinantal representations of various generalized quaternion inverses and generalized
inverse solutions to quaternion matrix equations have been derived by one of the authors (see, e.g. [41-45])
and by other researchers (see, e.g. [66-68]). Moreover, Cramer’s rules for generalized Sylvester matrix
equation and for some systems of matrix equations over H are recently explored in [46—48] and [49-51],
respectively.

The remaining part of this paper is composed as follows. In Section 2, we start with some remarkable
results which have significant role during the construction of the main results of this paper. Necessary
and sufficient conditions for the general solution (X, Y) to (3), where X and Y are 1-skew-Hermitian, are
presented in Section 3. Some particular cases of (3) are also examined in Section 4. Based on row-column
noncommutative determinants, Cramer’s rules of the system (3) and its particular cases are derived in
Section 5. A numerical example is presented in Section 6. Finally, in Section 7, the conclusions are drawn.

2. Preliminaries
We begin with some famous results which will be used in the remaining part of this paper.
Lemma 2.1. [54]. Let A € H™, B € H>* and C € H™ be known. Then

(1) 7(A) + r(R4B) = r(B) + (RsA) =r[ A B |

(2) r(A) + r(CLy) = r(C) + r(ALc) = r[ Ié }

(3) r(B) + r(C) + r(RgALc) = r[ A B ]

C o
Lemma 2.2. [24] Let A € H"™*" be given. Then
(1) (AN = (A1, (AT)" = (AT
(2) r(A) = r(AT) = r(A") = r(ATA™) = r(ATAM).
(3) (ATA)T = AT (AT = (ATA)1 = (AT)1AN.
(4) (AAH)T = (AT AT = (AA)T = A1(AN).
(5) (La)™ = —n(La)n = (La)" = Lar = Rar-.
(6) (Ra)™ = —n(Ra)n = (Ra)" = Lar = Ran.
Lemma 2.3. [79]. Let A, B and C be given matrices with right sizes over H . Then
(1) At = (A*A)TA* = A*(AA)*.

(2) La=12 =L}, Ra =R% =R;,.
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(3) La(BLa)" = (BLa)",(RaC)'Ra = (R4C)".

Lemma 2.4. [53]. Let A;, By, C; and D, be given with conformable dimensions over IH. Set

o =L o |
E: n* ,F: % .
|55 |5

Then the system AyY = Cp, YBy = D, has n-Skew-Hermitian solution if and only if ReF = 0 and EF"™ = —FE™".
Under these terms, its general n-Hermitian solution is
_ rt v oot oy P
Y=EF-(E'F)" +E'E(E'F)™ + LgVLg,
where V = =V is a free matrix over H with conformable size.
Remark 2.5. Since for any n,, € {i,j, k} forallm =1,2,3, and q = ap + aym1 + axnp + asns, the conjugate of q is
q" =ag—aim — axny — aznz and
q" = —mqn = ag + ayn — a2 — asns,
g M =mqm = —ap— a1 + axnp + azns,
then elements of the main diagonal of an n1-Hermitian matrix A = A™* must be as

me _
aii =4ag + a1z + asns,
and a pair of elements which are symmetric with respect to the main diagonal can be represented as

ah*
ij
e
ji

=4ag + a1 +asnz +azns,

a.. =dg—ain +daxny +asnsz.

Similarly, elements of the main diagonal of an 11-skew-Hermitian matrix A = A~ must be as

M _
aii - 111 nl 7

and a pair of elements which are symmetric with respect to the main diagonal can be represented as

e
a; "= ag +aym + aymy + asns,

-
ji
where for all a,, € R forallm=0,...,3.

a = —ap + a1 — az12 — az1n;3.

Since the Moore-Penrose inverse of a coefficient matrix and its inducted projectors are crucial to expres-
sions of solutions, there is a problem of their construct. The inverse matrix is determined by the adjugate
matrix that gives a direct method of its finding by using minors of an initial matrix. Due to minors, this
method can be called the determinantal representation of an inverse. The same is desirable for generalized
inverses. However, determinantal representations of generalized inverses are not so unambiguous even
for complex or real generalized inverses. Through looking for their more applicable explicit expressions,
there are various determinantal representations of generalized inverses, in particular for the Moore-Penrose
inverse (see, e.g., [3, 21, 39, 40, 70]). By virtue of noncommutativity of quaternions, the problem for deter-
minantal representation of quaternion generalized inverses is even more complicated. All of the previous
defined quaternion determinants are derived by transforming a quaternion matrix to an equivalent com-
plex or real matrix (see, e.g.,[2, 7, 88]). However, by this way it is impossible to give the determinantal
representations of generalized inverses. Only now it became possible due to the theory of column-row
noncommutative determinants introduced in [35, 36].

For A € H™", we define n row determinants and n column determinants. Suppose S, is the symmetric
group on the set I, = {1,...,n}.
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Definition 2.6. [35]. The i-th row determinant of A = (a;;) € H™" is defined for any i € I, by setting

rdet;A = Z (_1)n—r (aiikl Big i - Di gy D)o (aikr,'kr+1 o i i ),
o€S,
o= (Z ikl ik1+1 . ik1+11) (ikzik2+1 e ikz+lz) . (ikyikr.'_l . l.ky+17) P
where ¢ is the left-ordered permutation. It means that its first cycle from the left starts with i, other cycles start from
the left with the minimal of all the integers which are contained in it,
i, <ilgs forall t=2,...,r, s=1,...,1

and the order of disjoint cycles (except for the first one) is strictly conditioned by increase from left to right of their
first elements, iy, < ig, < --- <.

Definition 2.7. [35]. The j-th column determinant of A = (a;;) € H"™" is defined for any j € I,, by setting

CdetjA = Z(_l)n_r(ajk,jk,+z, e ajk7+ljkr) cee (a]']'1<1+11 Ly ﬂjklj)/
T€S,

T =ity - Jor1J) -+ - Gkorly -+ o1 i) Gkaly + -+ a1k 1)

where T is the right-ordered permutation. It means that its first cycle from the right starts with j, other cycles start
from the right with the minimal of all the integers which are contained in it,

Jk < Jras forall t=2,.. .1, s=1,... 1,

and the order of disjoint cycles (except for the first one) is strictly conditioned by increase from right to left of their
first elements, ji, < ji, <+ < ji,.

Since [36] for Hermitian A we have
rdetjA = --- = rdet,A = cdetjA = --- = cdet, A € R,

the determinant of a Hermitian matrix is defined by putting detA := rdet; A = cdet;A foralli = 1,...,n.
Its properties are similar to the properties of an usual (commutative) determinant and they have been
completely explored by using row and column determinants in [36].

Further, we give determinantal representations of the Moore-Penrose inverse over H. Let a :=
{ar,...,;x} € {1,...,m} and B := {B1,...,Bx} € {1,...,n} be subsets of the order 1 < k < min{m,n}. Let
Ag be a submatrix of A € H™" whose rows are indexed by « and the columns indexed by . Similarly, let
A% be a principal submatrix of A whose rows and columns indexed by a. If A € H"™" is Hermitian, then |A[}
is the corresponding principal minor of det A. For 1 < k < n, the collection of strictly increasing sequences
of k integers chosen from {1,...,n} is denoted by Ly, = {a:a=(a1,...,a), 1 <ay <... < <n}. For
fixedieaand je B, letl, wli}:={a:a€L,mical, J.u{jl:={B:B€Lujcp}

Suppose thata jand a,a; and a; stand for the j-th columns and the i-th rows of A and A*, respectively. Let
A j(b) and A; (c) denote the matrices obtained from A by replacing its j-th column with the column-vector
b € H™!, and its i-th row with the row-vector c € H*", respectively.

Theorem 2.8. [37]. If A € H!™", then the Moore-Penrose inverse A" = (a:.fj) € H™" have the following determi-
nantal representations,

T edet; ((A°A); (a_*j))i

BEJ i}
aj = 7 = (4)
Y. AAL
ﬁejr,rz
o
Y rdet;((AA); (a;_))a
a€lyy, {]}
= 5)

Y. |AA;

a€l,,
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Remark 2.9. For an arbitrary full-rank matrix A € IH™", a column-vector ¢ € H™"  and a row-vector b € ]I—I;”Xl,
we put

cdet; (A*A), (0)) = Z cdet; (A*A); (0))F, det(A°A) = Z Al when r=n,

ﬁejn,n{i] ,Be]n,n
rdet; ((AA"); (b)) = 2 rdet; ((AA"); (b))z, det (AA") = 2 JAA® when ¥ =m.
aEI,,,,m{j} aelmm

Corollary 2.10. If A € H"™", then the projection matrices ATA =: Qa = (q,-j)m and AAT =: Py = (pif)n1an have
the determinantal representations, respectively,

. \)\B

, ]Z{‘} cdet; ((A*A)_i (u.j))ﬁ
gy =2 ' ©

¥ 1Al
,Bejr,n

Y rdet((AAY); ()

L2 o
/ Y 1AAY ’

a€l,,

where a j is the j-th column of A"A € H™" and d;. is the i-th row of AA* € H™™,

Corollary 2.11. If A € H!™", then the Moore-Penrose inverse (AT)" = ((a?j*)*) € H"™" has the following determi-
nantal representations, respectively,

Y, rdet;((A°A); (@)

vt vt a<hali}
({11.].) - ’7(“]1) TI - 77 Z |A*A|g '7 (8)
Beln
Y cdet;((AAY).a,)
Be i) B
o A
€Jrm

Lemma 2.12. [77]. Let A, B and C be given matrices matrices of conformable shapes over H. Then

AXB=C (10)
is consistent if and only if R(C) € R(A) and R(C*) € R(B*). In this case, the general solution of this equation is

X = ATCB" + L,U; + UsRg,
where Uy and U, are arbitrary matrices of adequate sizes over H.

Lemma 2.13. [38] Let A € H/™", B € H*. Then the partial solution X = A'CB' = (x;;) € H™ to (10 ) has
determinantal representations,

_ﬁe%”m cdet; ((A*A) ; (dfj,))’; ) Iz ; rdet; (BB, (d2))"

xl-j_ =
Y Al £ BB L AL T BB

,Belrl,n OIEIVZ,y ,BE]rl,n (Xelrz,r
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where
48 = Z rdet; ((BB"); (@))Z eH™, k=1,...,n,
,“drzf'{j}

df=| Y odet (AA); @) | € HX, 1=1,..,
| BETry i}

are the column vector and the row vector, respectively. ¢ and ¢ ; are the k-th row and the I-th column of C = A*CB".

Corollary 2.14. Let A € H™", C € H™ be known and X € H" be unknown. Then the matrix equation AX = C
is consistent if and only if AAYC = C. In this case, its general solution can be expressed as X = A'C + L4V, where
V is an arbitrary matrix over H with appropriate dimensions. Its partial solution X = AYC has the determinantal
representation

IR
_ ﬁe%m cdet; (4°4), ¢, ))ﬁ

xi]'
T AAlL
ﬁejk,ﬂ

where ¢ ; is the j-th column of C = A*C.

Corollary 2.15. Let B € H, C € H"™ be given, and X € IH"™" be unknown. Then the equation XB = C is solvable

if and only if C = CB'B and its general solution is X = CB' + WRg, where W is a any matrix with conformable
dimension. Moreover, its partial solution X = CB' has the determinantal representation

Y rdet;((BB); (&),

a€li, ]

Xij = Z |BB*|g ’

aEIk/,

where ¢; is the i-th row of@ = CB".

3. Some solvability conditions and the general solution to (3)

In this section, we provide some necessary and sufficient conditions for the system (3) to have a solution
(X,Y), where X = —X™ and Y = Y. Additionally, its general solution is also given when some solvability
conditions are accomplished.

Theorem 3.1. Let A1, Ay, A3, By, By, B3, C1,-+- ,Cqand Cs = —Cg* be known coefficient matrices in (3) over H
with adequate sizes. Denote

A C A C
A4 = [ Brllx- :|, C6 = [ _Cqu- ], B4 = [ B'qzx- :|, C7 = [ _8{]* ],
1 2 2 4

A =A3La,, B=BsLg, M=RuB, S=BLy,
C = Cs — AsAJCeAT + A3(ALCo)T AT — AsAL(ASCT)ADTAT
— B3B}C;BY" + B5(B{C7)"BY" — BsBL(B4C)(B})"BY
Then
(1) The system (3) has a solution (X,Y), where X = = X" and Y = =Y.
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(2)
A4CZ* = —C6An*l B4C;>(— = —C7Bn*’ RA4C6 - 0[ RB4C7 = O, (11)
RmRAC =0, RACR} = 0. (12)
(3)
A4C2>{- = —C6AZ*, B4Cg* — _C7BZ*, RA4C6 = 0, RB4C7 —] O,
MM*'R,C = R,C = R4C(BY)™B™.
(4)

ACl = —CA],  ByCJ = -CsB)

47

| A C][A] T[Aa Cz;*]:r[f‘a]
| B -G BI'|" "| By -G} By |’
C5 B3 A3 Bg A3
CIAT Ay 0 A, 0
r| -CJAT B 0 |=r|B] 0 |,
GBI 0 A 0 A
| -CI'BT 0 BT 0 BF
C,,i As 33%‘*’37* —B3C,4 A B,
r By 0 4 B> =r| A1 |+r]| A2
CGAT A 0 0 g %
| -CJAT0 B 0 0 ! 2

the above mentioned statements are equivalent. Under these conditions, the general solution to the system (3) can be
expressed as

X = -X"=AjCo— (AJCe)T + AL(ACT)AD™ + La,JATCAT)T - %A*BM*C[I + (BN ST(ATY™
1 % * * n* n* * % %
- EA*[I + SBYIC(M") BT (AT — ATSW1oST (AN — Lalyz + ULLAT(La,)™, (13)
n* 1
Y = -Y"=BiC;—(BiC;)" + Bi(BsCI)(BD)™ + LB4[§M+C(B+)'7"[I +(5tS)™
1 n* % n*
+ S+ S'S)B'C(M")" + LygWia(Ln)™ = UssLp™ + LpU{; + LLsUss — U, (LmLs)™ILY, (14)

where Uyq, -+ , U4 and Wg = —Wiy are arbitrary matrices over IH with allowable dimensions.

Proof. Obviously, (2)&=(3).
Now we show (2)< (4). By means of Lemma 2.1 and Lemma 2.2, we have

R4,Co =0 r(Ra,Co) =0 & r[ Ay Co | =r(As)

Sr _ 4 G =r — 4 _
m o= m |

| Bl -G | | B |

Rp,Cr =0 rRp,Cr) =0 1| By C; |=r(By)
[ A2 C3 ] [ A2 ]

=1 * % =71 * .
| B CC LB
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Observe that
Ay(AlCs + (ALCe)™ — ATALCT(AD™) = C,
B4(BIC7 + (BYCy)™ — BIB4CT(B)™) = C.
It follows that (15)-(16) and Lemma 2.1, we have
RyRAC = 0 & r(RyR4C) = 0 = r[ M RuC ] = r(M)
& r[ RaB RaC |=r(RaB)
=r[A B Cl=r[A B]
e r| AsLa, Bsls, C|=r[ AsLa, Bils, |

[ C B; Aj Bs; Ajz
r| 0 By 0 |= r[ By O
[0 0 A 0 A
Cs Bs; As Bs As
—r| CGBY By 0 :r[B4 0 |,
AT 0 A 0 A

similarly,

RAC(RB)q =0 T’(RAC(RB)n) =0 T[ B(,j,,, 13 } =r(A) + T(B)

C A3LA n*
—7r » RB4'1*B;V 0 4 ] = T’(A3LA4 + 1’(RB4'PB3 )
[ C A; O
e r| B 0 Bl :r[i‘13 +7 53]
0 Ay O 4 4
1]*
S e B 4], [ Bs
—r| B 0 B, =1l 4 +7 B |°
| CeAl Ay 0 ! !

2609

(15)
(16)

Now we show (1)== (2): If the system (3) has a solution (Y, Z), where Y = —Y7 and Z = —Z™. Then by

Lemma 2.4, the general n-skew-Hermitian solution to A4X = C¢ and BsY = Cy is
X = A}Ce — (A}Co)" + AL(ASCT)AD™ + La, Uy (La,)™
and

Y = BiC; — (BIC7)™ + BY(B4CI)(BY)™ + Ly, Ua(Lp,)™

respectively, where Uy = —U]" and U, = —U" are arbitrary matrices of feasible shapes.

Using (17)-(18) in A3XAT — B3YB and simplifying, we have
AUA™ + BU,B™ = C.

From this equation, we have
= RA[C - AU1AU* - BUan*]RBn* =0
= RA[CIR™ =0

(17)

(18)
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and

RA[AU;A™ + BU,B™] = R4C
=  MU,B™ = R4C = RyR4C = 0.

2610

(2)=(1): Now we prove that (X, Y) mentioned in (13)-(14), respectively, is a solution of (3) under (11) and

(12). Obviously, X and Y represented in (13) and (14) are n-skew-Hermitian. Put

1 1
Py = EA/FC(B*)'P*[I +(St9)M + E(I + sts)Bfcvy™

+ LyWio(Ly)™ = UnsLp™ + LpU'; + LyLsUng — U}, (LuLs)™,
Qo = AT(C = BPoB™)(A")"" — Lallyy + U5(LA)™.

Now (14) with the help of (19) can be expressed as
Y = Y™ = BiC; — (B{C7)" + Bi(B4C")(B))™ + Lg,PoLp,".

By Lemma 2.3, Eq. (12) and B — S = BM'M, we have

MR, =M, BS'S - S = (B-5)S'S = BMTMS*(ST) = 0, R4C = RAC(B")"B™.

By using (22), Eq. (20) can be written as follows
Qo = AYC—BPBT)A"F — Lyl + UL (La)™
= ATC(A")" = ATBPoB™(A™)" — Lyl + U (La)"™

= Afc@AhH™ - %A*BM*C(B*)”*[I + S™(SHT BT (AT

1 « N* nx n+* n* e
- EA*B[I+S+S]B+C(M+)” BT(AM)" — ATSW1,ST(AT)" — Lallyp + U LY

— A‘I'C(A‘l')n* _ %A'I'BM‘I'C(B‘I')U*BH*(AT)U* _ %A+BM+C(B+)W*SW*(A+)U*
_ %A‘fc(M‘l')r]*Bm(A‘l')q* _ %A'I'SB‘fC(M‘f)q*BrZ*(A‘I')r]*

—  ATSWpST(AT)” — Lol + UT LY

— A‘I'C(A‘I')r]* _ %A‘I'BM‘I'RAC(B‘I')WBW(A‘I')U* _ %A‘I'BM‘I'RAC(B‘l')/]*(S‘I'S)mBn*(A‘l')r]*

1 1
_ EA‘l'BB‘I'C(RA)q*(M‘I')q*Bq*(A‘I“)q* _ EA‘I'Bs‘l'SB‘I'C(M'I')q*Bq*(A‘[')qae
—  ATSWpST(A")” — Lally, + UL LY,

from (23), we have
X = -X"=A[Co— (ALCe)T + AL(ACINAD™ + La,Qo(La,)™.
By using Ra,C¢ = 0 and Rp,Cy = 0, we have
AgX =A4ALCe — Ag(ALCe)™ + A4AZ(A4CQ*)(ADW + AsLa, Qo(La)™
_ Aq _ G
—C6 = 7[ BT ]X—T[ _Crzre ],

B4Y =B4B}C7 — B4(B{C7)™ + B4B}(B4C]")(BI)" + BsLp,Po(Lp,)™

~ A l, [ G
—C7$7’|: BZ* :|Y—r|: _Cz* }

(19)
(20)

(21)

(22)

(23)

(24)
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By using (21) and (24) in Cs — A3 XAz — BgYBg*, we have
Cs — A3 XA;3 - B3YB’3’* =C—-AQyA™ - BP,B™T. (25)
Notice that
MLy =0, MS* =0, MM'R4C = R4C = R,C(B""B™,
BT — ST = MT(M')"BT, ST = S"(SYBT, Py = =P,

then

MPyB" = %[MM*C(B*)"*BW*+MB+C(M+)'7*B'7*+MM*C(B*)W*(5*S)T1*B"*]

1
= E[MM‘LRAC(B*)”*B”*

+ MB'CR,™(M")"B™ + MM'RAC(B*)™(S'S)™*B™]
1
= E[RAC + RaBB'CR ™ (M")"B™ + MM'R 4C(B")™*S™]

= %[RAC + RACLA’I* (M+)U*B’l* + RAC(B‘l')q*Sq*]

- %[RAC + RaC(B')" BT Lar (M')"'BY + R4C(B)"'S™]
- %[RAC +RaC(B)"M™ (M")"B™ + R4C(BT)"S™]

1
= S[RAC+RaC(B")"(BY = S7) + RyC(B")"'S"]

= %[RAC + RoC — RAC(BT)™'S™ + RoC(BT)™S™]
= RsC (26)
By putting Eq. (26) in (25), we have
Cs — A3XA3—B3YBI" = C — AQyA™ — BP,B™

=C - AATC(AT)"A™ + AATBP\B™(AA")™ — BP,B"™
=C — AATC(A")"A™ + (I — R4)BPoB™(AA")™ — BPyB™
=C - AATC(A")"A™ + BPyB™(AA")™ — MPyB™(AA")"™ — BP,B™
=0.

Next, we want to prove that any solution (X, Y), where X and Y are 1-skew-Hermitian matrices, of the
system (3) can be expressed by (14)-(13). Suppose that (X, Yo), where Xy = —X" and Y, = —Y{', be an
arbitrary solution of (3) and we show that its general solution can be expressed by (14)-(13). Observe that

La,XoL} = (I~ ATADXo(I - AJAY)T = Xo — AlCe + (ALCe)™ — ALALCT(ADT,
AsLa, XL} AT = A3(Xo — A[Cs + (AJCe)™ — AJALCT (AD™)AT,

that is,
AXoA™ = A3Xo — AsALCeAT + As(ALCe)T AT — A3 ALALCT (AT AT (27)
By the same approach, we have

BXoB™ = B3Y — B3B}C7BI" + B3(B{C7)"BY — B3B}B4sC] (B})"BY . (28)
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From (27) and (28), we can easily get that, AXoA™ + BY,B™ = C. Consequently,

MYB™ = RyC, BY,M™ = C(R4)", MYoM™ = RyC(R4)" (29)
Put
Uis = 3 YoBT(BY" MY MY, Usz = 51-Xo = XoAy™(41")1] (30)
Wi = 2[YoBT (B ~ B'BYo], Uss = 5 Yo (31)

With the help of (30)-(31), Po — Y can be written as follows

Po—Y()

%[M*C(B*)”* + Bfchy™ + MfcBhHr(sts)™ + stSBfctyr
+  LyLsYoB™(BY)Y"M™ (M) + Ly YoB" (B)"L] + YL
- LgYo—M'MB'BY,LILT — LuB'BY L}, — 2Yq]. (32)

To show Py—Yj = 0, we examine the term present in the second line of (32). Since MS* = 0and MY,B™ = RaC,
we have

LmLsYoB™T (B )"M™(M')" + Ly YoB™(BYLYT + YoL)

= Ly YoB™ (B )" M™ (M) — LiyS*SY B (BY )" M™(M")" + Ly YoBT(B)"L) + YL

= Ly YoB™(B")" — LuS'SYB™ (B )" M™(M')" + Y L

= YoB"(B")" — M*MYB™(B")"" — S'SYB™ (B )" M™ (M) + Y L}

= Y B™(B")" = M'R4C(B")" — STSY,M™(M")™ + Y, L}

=Y, - M'CBH” - STSY,mM™ (M. (33)
The last term of (33) can be computed by using (12) and (29) as follow

STSY M™ (MM = STBLy Y oM™ (MTYT

= S'BY M™(M")" — ST BMTMY M™(M™)™

= STCLAw(MN)™ — S'BMR4BBYCL A (M)

= S'C(M'Ra)" — S'TBM'MB'CRY (M")™

= s'c(Mh™ - S*(B - S)B*CRY (M*)™

= stsBfctyr. (34)
With the help of (32)-(34), we get that Py = Yy. Similarly,

Qv = AYC—BPOBYAYT ~ 2Lal-Xo ~ XoAT(A)] + 21X + A'AX, L

1 1 .
ATAX AT (AT — ELA[—X0 — XoAT(ANHYT] + E[Xo + ATAX,ILY
0 = QO = X().

Hence
Xo = A}Ce — (ALCo)™ + AL (A4CTNAD™ + La,Xo(La,)™,
and

Yy = BiC7 — (BIC7)™ + BY(B4sCF)(BY)™ + Lp,Yo(Lg,)".
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This implies that Xy and Y, can be written as (13)-(14), respectively, where

1 1
Uiy = 5YoBT(BY"MP (MY, Uiz = 5[-Xo - Xodi ™ (41"

1 . " 1
Wi = E[YOB” (B = B'BY,], U3 = EYO-

Thus the proof is done. [

Remark 3.2. Due to Lemma 2.3, Ly,A" = La,(AsLa,)" = AT, BM' = BsLg,(RaBsLg,)" = BsM', and Lg,B" = B'.
Since Lg,Las = LiLg,, then Lg,St = S*. So, we have the following simplification of the general solution (14)

X=-X" = AjCe—(AJCe)T + AL(AsCT)NAD™ + ATC(AT)™ - %[A*Bg,M*C(A*)”*
+ A'C(A'BsMYT] - %[A*SB*C(A*&M*)”* + A"BsMTC(ATSBTY™]
— ATSWi(ATS)T — Ly, LalioL} + (La,LalnL})", (35)
Y=-Y" = BIC;—(BiC/)" + Bi(BsCI)(BD)™ + %[B*C(M*)”* +M'C(BH™]
+ %[QsB*C(M*)”* + M'C(QsB")"] + LiyWia(Lm)™ — Lp,UnsL} L
+  (Lp, ULy L))" + L, LmuLsUnaLy, — (Lp,LmLsUraL )™, (36)
where Uqq,- -+, Uq and Wg = —Whyy are arbitrary matrices over H with allowable dimensions.

4. Particular cases of (3)

Now we discuss a particular case of (3). If A, Ay, By, By and Cy, -+, Cy4 are all zero in (3) then we get
the following renowned result.

Corollary 4.1. Suppose that As, Bz and Cs are given coefficient matrices in (1) over H of adequate sizes. Denote
M= RA3B3, S= B3LM Then

(1) The system (1) has a solution (X,Y), where X = =X" and Y = =Y.

(2) The coefficient matrices in (1) satisfy:

RuRa,Cs = 0, Ra,CsRp,™ = 0. (37)

(3) MM'R4,Cs = Ra,Cs = Ra,Cs(B3)" (BY)™.

(4) r[ 0

Az

Cs

B ]:r(B3)+r(A3), r[As Bs Cs |+r[Bs As |

are equivalent statements. Under these conditions, the general solution to the system (3) can be obtained as

X =

+

~XT = AqCo(As"Y = 2 AsTBSMICSlT + (Bs")"STI(ASTY”

1 o
EA3*[1 + SB3"1Cs(M") " BT (AD)™ — AsTSW,LS™ (A5 — La,U + U™ (LpAs)™,

—Y™ =

%M*C5(B3+)”*[I +(STS)™] + %(1 + S'S)BICs(MM™

LyWa(La)™ + VLp,™ = Lp, V™ + LyLsWy — W (LuLs)™,

where Uy, Uy, Wy, U, V and W) = =W, are arbitrary matrices over H
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In addition, using Theorem 3.1 gives the 1-skew-Hermitian solution to the system
A1X =Cq, XBy =Dy, AgXAg* = Cs. (38)
Let A, By, B3, C3 and Cy are all zero then we get the following consequence.
Corollary 4.2. Let A1, By, C1, Cp and Az be known coefficient matrices in (38) over IH of suitable shapes. Denote
Ay :[ g‘f* ] Ce :[ _%,2,* ] A=AsLg,
C = Cs5 — A3ALCeAT + A3(AlCe)T AT — Az AL (ALCT)ADTAT
Then
(1) The system (38) has a solution X, where X = =X,
(2) A4C = CeA], Ra,Co =0, RaC =0,

Cs Az As
A C A .

(3) r[ B’Yl* _Clm ]:r[ th ] r| GAT A Ay,
N

the above mentioned statements are equivalent. Under these conditions, the general solution to the system (38) can be
demonstrated as

X=-X" = AjCe—(ALCe)T + AL(ACTNAD™ + AC(ANT = La,[Lallip — UL LA™I(La,)™,

where Uy is any arbitrary matrices over H.

5. Determinantal representations of solutions to system (3) and its partial cases

Let’s put Ujq,- -+, Ujs and Wg = —W1; as zero matrices in Egs. (35)-(36). Then we have the following
partial solution to the system (3)

X = =XT = AjCe — (AlCe)™ + AL (A4CTYAD™ + ATC(AT)™ - %[A*BBM*C(A*)W* - (A+33M+C(A+)"*)”*]—
- % [ATsB'C(ATBaMT)™ - (ATSBtC(ABsMYY™)"], (39)
Y = —Y™ = BIC; — (BIC,)™ + Bi(B4CT)(B)™ + % [Bfc@tyr - (Btcatyr)” |
+ % [QsBtcMty™ — (QsBfCty™)"]. (40)
The following theorem gives determinantal representations of (39)-(40).

Theorem 5.1. Let A; € HX", By € H", A, € HY, B, € HY, Ay € H™, By € H™, r(Ay) = 17,

T 7

r(Bs) = 13, 1(A) = 19, r(B) = 110, ¥(M) = 111, 1(S) = r12. Then the partzal pair solution (39)-(40) to the system (3),
X = (x,-]-) e H™ Y = (ypg) € HP*, by the components

g = (<) g+ 5 45O _;< 4 (<4) ) - 1( 4 (<) ), (41)
o =450+ () e85+ 5O+ () )+ 5 (89 n(653) ) @

possess the following determinantal representations,
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(i)
« A6\
() ()
=t . ®
T Al
BETryn
where ég@ is the j-th column of Co := A Ce.
(ii)
. n\*
-n Y . rdet; ((A4A4)j' (ufl)) ) n
@ __ achyalj @ m
xij - ﬁ 2 7 ( )
Y |ALA )
(ﬁelw il
B
Y, cdet; ((A%A4) (u;
el )
= - , (45)
B
Y. |AJAs ]
(ﬁe],%,, ! |ﬁ
where
* ~ ﬁ n
ul = Z | cdet; ((A4A4)_i (“f)),s] ceH™ t=1,....n (46)
| BETr, i}
W =|-n Y rdetj((A340;@)) n| e H™, 1=1,..n, 47)
ael,, {j}
are the row vector and the column vector, ; is the t-th column of Ay = A ALCJ A} and @) is the I-th row of KZ.
(iii)
-n Y ‘rdet]- ((A*A)]-_ (v?))an
@ __ honli} 48
X = 5 (48)
( T |A*A|£]
BEJrgn
. B
Y. cdet; ((A A).i(v,j))
_ Beligali p
= R , (49)
( ) |A*A|§)
BETrgm
where
ol =|-n ) cdeti(A°A); @.)n| e H>", s=1,...,n, 50)
BETrg nii} ]

oj=|-n Y rdet;((4"A);@)) nleH™, 1=1,...n.
aclyy . j}
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Here 4, is the s-th column of A = A*CA" and ﬁ? is the I-th row of AT,

(iv)
—n ¥ rdet;((A"A);(@0)) 1
@) ael,9l,, {]}
Yij = Bra a (51)
(Y lAaAbR ¥ MM
BETrom €l m
where &; is the i-th row of D= DIC'Aand ® = (¢ig) is such that
. § . «
Gg= ) cdet;((4"A); ((p%j))ﬁ = ) rdet, ((MM), (¢7)), (52)
ﬁe]rg,rl{i] aEI,ll,,,,{q}
and
oM=| Y rdet,((MM), (Ef_))j eH™, f=1,...,n,
| a€lyy ma}
qp? = Z | cdet; ((A*A)_i (IA?S))Z] € Hlxm, s=1,...,m.
»ﬁelrg,n{l’
Here b . and b s are the f-th row and the s-th column of B = A'BM".
(v)
Y, cdet; ((A*A)_i (a)(p))}g
. J /g
®) ,BEIY(),FI{]}
Xij T fra p B (53)
(X WALR X BB Y MM,
.BE]rg,n lXEIylo,m ﬁE]rll,m
- X rdet;((4"A); (v?))n,
aely qfj}
= 5 - 5 (54)
(X WALR X BB Y MM,
.BE]rg,n lXEIylo,m ﬁE]rll,m

where a)_(}) is the j-th column of (31 = QW1 and 1/;5_2) is the i-th row of W, := QZ\IJ. The matrices Q = (wy) €
H™ ™" Yy = (1/12)) e H™", W= () € H™", Qy = (wﬁ?) are such that

wi= Y. rdet,(BB), (1)),
a€ly o mft}

where sgil) is the i-th row of of S1 = A*SB*;
1 . 11)))\&
W= ¥ et (6 (€)'
aelyg,,{j}
where c;ll) is the t-th row of C11 := C"¥;

Y= Y, cdety(anr), (BF?))Z,

ﬁelrll,m {q}



A. Rehman et al. / Filomat 34:8 (2020), 2601-2627

where 13_(;) is f-th column of B = MB*A;

. B
a)l(.;) = Z cdet; ((A A); (C,(;Z)))ﬁ,
BETrg mli}
where cf,laz) is the g-th column of C1, := QC.
(vi)

Y cdety (B8, (2)
ay _ Belilpl 7
Yvg =

B

4

L

ﬁE]rs,k

B Bal;

where €., is the g-th column of Cy:= B,Cy.

(vii)
-1 X ety ((B84), (7)) n
® aclyi{g} 7 a
yp = ﬂ2 7
B*B
['858/" ! 4|ﬂ)
B
det ( BB @) )
oy e\ BB (05,
= - ,
BB ﬁ)
(ﬁe%s,k ¢ 4’ﬁ
where

wi,l_) = Z cdet, ((BZB4) (E.s))ﬁ eH™, s=1,...,k,
_ﬁelrg,k{p} "’ p

W =|-n Y rdet,((B;Ba)y(B))) n| e H™, 1=1,... k.
aEIrg,k{g}

Here b  is the s-th column of B, = B;BsC;) B} and EZ is the I-th row of EZ.

(viii)

-1 L rdety (M), ((@)) 0

@) _ aGI,H,k{g}
pg 0
Y BBl ¥ MM
BETrok a€ly
. @Y\
L cdety((B'B), (@),
_ﬁe]ﬁo:k{p}

Y BBl Y MM

BEJrgk acl, x

2617

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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where
o= Y cdet,,((B*B),p(a_,))Z eH™, 1=1,...k 62)
_ﬁe]'mr’({p}
o
o =|-n Z rdet, (M'M), (&) n| e H*, q=1,...k (63)
aeI,H,k{g}

Here ¢ ; is the I-th column ofE = B*CM" and 62 is the g-th row ofE”.

(ix)
. - \\B
L cdet,((5°5),(0,)),
Ber ,vn{p}
0 = = 64)
rg colB 1B eana’ (
L ISSl X OBBl L IMME
ﬁejrlz,m ;BEIrm,k aejrn/k

where ¥ is the g-th column of%? := §'SY. Here Y = (vig) is such that
: f . N
b= Y cdet ((BB), (cD.(?))ﬁ =-n Y rdet,((MM), (o)) 1,
BET k1) “El’nrk{g}

and cag), LD%) are determined by (62) and (63), respectively.

Proof. (i) For the first term, X; = (xfjl)) := AlCs, Eq. (43) follows immediately from Corollary 2.14.
(ii) For the second term, X, = A1A4C2*(A1)’7*, due to Corollaries 2.10, 2.11, and 2.14, we get

. L cdet;((A344) ,(af‘?))ﬁ Y, rdet; ((A;A4)]. @ ))a
NC) :Z BE] i) . p _n"‘dw{f} ' “n _
/ s=1 ﬁe%%n AZA4|§ ﬁe%%n A2A4|a
Yo% _cdet; ((AZA4) 4(5’1?15))‘6 -n Y, rdet; ((AZA4), (é;))aﬂ
BEl i) ! Pl ae, ) U a

7

2
B
(ﬁe%m A ]

where d? is the s-th column of A}Aq and ¢ is the s-th row of Eg = CiAs

Suppose ¢;. and e ; are respectively the unit row and column vectors whose components are 0 except the
s-th components which are 1. So,

§§z Y cdeti((A1A4).i(e,;))Zaqs@g*) [_,7 Y 'rdetj((AZA4)j' (es.))an]

BE]y i) acly,ij} N

ij 2
[ Y AZA4)£]
ﬁ€]r7,n

7
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where c(7 ) is the st-th entry of (Eg)” := CJ'A}. Denote A, = AJACTA] = A= (d;). Since Y1, dqség*) = dy,
then

YL L odeti((4344) () ast(—n L rdetj((A;Az;)].' (et.))Zn]

(2) _ /Se]fwt[i] I»7r1 j
1] 2 !
[ )
BEn
If we denote by
n
ul =Y ) cdet;((A3Ad) (e,s))iast = ) cdeti((4344) (a.[))‘;
s=1 €]y, nli} BEJrynli}

the tth component of a row vector ul(:l) = [u(l) U (1)] then
- % @ * me
Y [—17 Y rdet;((43A4); (1)) n] =—n| ) rdet;((A340); («")") |1,
t=1 ael,, {j} acl,, .{j}

Where( (1))7] [( g)) ,...,( (1)> ] So, the second term has the determinantal representation (44), where

_ ) is determined by (46).
If we denote by
u® =Y a, [—17 Y rdet; ((AZA4)]-_(et_))Zn] =-n ) rdet;((4;40);@)) 1
t=1 aely, u{j) ael,, {j}
the sth component of a column vector u [u(z) U (2)] then
n

Yo ) cdeti((434) (e s))Z W= Y cdeti((4344) (u <12>))£.
s=1 Be]y., uli} BE]r i}

So, another determinantal representation of the second term is (44) with u_(]?) determined by (47).
(iii) For the third term X5 = ATC(A™)!, it’s evident that Eqs. (48)-(49) follow from Lemma 2.13.
(iv) Consider the forth term A'BsMTC(AN)” = X, = (x?)) of (39). Taking into account (8) for the

determinantal representation of (A™)" = (a?.”), we have for the multiplier C(A™)*
j

§ § Z rdetj ((A*A)] (at-))a -n Z rdet]‘ ((A*A)] (Eq.))arl
ZC U Zc . acly,{j} Al
gty = qt 1 Z |A*A|g = Z |A*A|g
t=1 t=1 ,BEIrg,n ﬁEIyg,n

where ;. is the g-th row of C = CA. By applying the determinantal representations (4) and (5) for the
Moore-Penrose inverses A" and M, respectively, and due to Lemma 2.13 for the first multiplier A'BM', we
obtain the matrix ® = (¢;) such that

b1y = Z cdet;((A° A).;-(@%))ZZ Z rdettl((MM*)ql((Pf))Z/

ﬁelrg,n{i} aelrll,m{q}
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and

o= Y] rdetq((MM*)q_(?f_))je]H"Xl, f=1,...m,

| €Ly m {q}

eH™™, s=1,...,m.

(P?: Z cdeti((A*A).i@s)>£

| BESry mii)

Here/b\f, and’b\_S are the f-th row and the s-th column of B = A'BM". So, we have

f@,[—n ) rdet;((A*A);@.))Zn]

9=1 a€lrg i j
) = il }ﬁ . (65)
(X 1AA? Y IMM
}Sejrg,n [VEIVU,m
Denote @ := ®C*A. From this denotation and Eq. (65), it follows (51).
(v) For the fifth term (ATSB")C((M")"B™(A")™) := X5 = (xf.?) of (39), we have
; z—):i ajitctq&;qj
- el . (66)
(X AL Y BBE X MM
ﬁelrg,n aEIrz/m ﬁE]rm,m
where
—~ a
g = —npjn=-n Y rdet;((A°4); (¢,))n,
“Glrg,n{j}
and
B
Y= Y cdet, ((MM*).L, b;)) } eH™, f=1,...,n 67)
ﬁE]rll,m{q} ﬁ
and E(;) is f-th column of B* = MB*A;
D= ) cdeti(AA), (@),
el nii}
wi=| Y rdet ((BB*),}, (s f”)) cH™, f=1,...n, (68)
aelyult) “

where s is the f-th row of S; = A*SB*. Construct the matrices WV = W) € H™" and Q = (ws) € HP™
f. af f

determined by (67) and (68), respectively. Denote Cy; := CTW, Wy := (1/)5]1.)), where

m

= Yl =-n ¥, st a6

q:l U‘EIrg,n {]}

(11

L ) is the t-th row of Ci1, and Qg := QW;. From these denotations and Eq. (66), it follows (53).

c
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Another determinantal representation of xf?) can obtained by putting Ci, := QC, () := (a)ijz,)), where

== ¥, o, (4]

pelr nli}

(1]2 is the g-th column of C1p, and W, := QW\I/ From these denotations and Eq. (66), it follows (54).
(vi)-(vii) It's evident that the proofs of the determinantal representations (55) and (56)-(57) for the first
term, Y1 := B{C;. and the second term, Y, := BI(B4C.) )(B!)™, of (40) are similar to the proofs of (43) and
(44)-(45), respectively.
(viii) Now consider the third item BfC(M*)™ := Y3 = (y;?g)) of (40). Using the determinantal representa-

tions (4) for BY, and (8) for (M*)m, we have

. DY z{ }cdet,, ((B*B),,,(b;))ﬁ cu [—17 z{ }rdety<(M*M)]-. (m)). 1
BETrg kP a€ly g
R =L L) - L BB X IMM; ’

t=1 I=1
BETr ok BEL 1k

Denote B'CM" =: C = (¢ij). Then, thinking as in the point (ii), we have

YY, Y cdet, ((B B) (e. t)) i [—n Y, rdet, ((M*M)g. (@.))Z’Y]
3) _ tom ﬁefflork{P} aEI)“k{g}
pg =

Y BBl ¥ IMMI

BEJriok BElr k

where ¢; and e ; are respectively the unit row and column vectors.

If we denote by
y . B
: Y cdet,((B'B), (e t)) b= ), edety((BB), @),
t=1 gej, o iip} BET 4t
the [-th component of the row-vector (D(l) [‘Dpl S (1)] then

Z‘D(l) =1 Z rdet, ((M"MM@-))Z’? = Z rdet, ((M"M),, ((‘DS))H»Z ”’

aelm/k{g} aebn:k{g}

where( (1)) [(@(1)) ;- ( (1)) ] So, yp)has the determinantal representation (60), where cD(l) is (62).

rl pm
If we denote by
=Y e|-n Y rdety (M'M)y(e)) n|=-n Y rdet,((MM),(@))n
=1 ae"ll'k{g} aEI’ll'k{g}
the t-th component of the column-vector @(2) [ 52; . (2)] then

i Z cdetp (B*B) (et)) E;)Z Z Cdetp((B*B)-P(‘D-(;)))Z'

t=1 56]’10"{ } ﬁE]r]O,k{P}
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So, another determinantal representation of y(S) is (61) with (Dg) determined by (63).

(ix) For the forth term QsBtC(M")"* = Y, = (y;f;) of (40) using (6) for a determinantal representation of
Qs, and similarly as in the point (viii), we have

k RNV
Y, L codet,((579), (s,t))ﬁvtg
t=1 5'5]»-12/1({17}
s 69)
rg — B Y . 2’ (
L IsSly ¥ BBl X IMM]
BEJrpk BETrok agly

where § 4 is the t-th column of $*S, and

v = Z . dett((B*B),t(cD_(?));:—ﬂ Z rdetg((M*M)g,(cag}))")Zn,

Belroalt) ael,,, k{g}

and w(l) _(;) are determined by (62) and (63), respectively. Construct the matrix Y = (v4;) and denote the

matrix Y := S*SY. Using of these denotations in (69) yields to (64).
Since for an arbitrary matrix D = (d;) over H, D = (dij)"" = (d3)" = (-1d’;7), then from this it follows
41)-(42). O

Now we give determinantal representations for particular cases of (3).

Corollary 5.2. Suppose that in conditions of Corollary 4.1, we put arbitrary matrices U, V, Uy, Uy, W1 and W, as
zeros. Then the generalized Sylvester matrix equation (1) has partial solution

X = —X" =AlCs(A})™ - [A+B3M+C5(A ) - (AlBsMiCs(Ad)T)"]
1 5 [AlSBiCs(AlBaM)™ — (AlsBICs(AlB:MY™) '], (70)
Y = -y =2 [MICsBY” - (MCsBY™) |+ 2 [QsBICS (MY ~ (QsBICs (M) (71)
which can be expressed componentwise by

== 6+ ) =565+ o).

Yoy =5 (yéi?m(wp) M)+ (60 + n () ).

wherex] is (48) or (49), x ) is (51),x is (53) or (54), y(3 is (60) or (61), and y](fg) is (64). Taking into account that
A= A3, B = B3, and C = C5

Corollary 5.3. Suppose that in conditions of Corollary 4.2 an arbitrary matrix U is zero. Then the system (38) has
partial solution

X = =X" = AlCe — (A}Co)™ + AJ(ALCI)ADT + AC(AT)T,
which by the components can be expressed as

1) (D) @ ., .0
Xij =X G+ X

wherex is (43), x ) is (44) or (45), and xﬁ) is (48) or (49).
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6. An example

Given the matrices:

fiox] L, 2 5] - [i —j+k
acli Afeeff e 7Y 7

Since C = —C™ with n = i, we shall find the i-skew-Hermitian solution to Eq. (1) with the given matrices
(72). By Theorem 2.8, one can find,

1= —j 11 k —2i —j
+_ 1 _ 1 t_ ] _
S N e
C1fioo] 4 [ 11 -k fo o
M_E[—j 0]'M‘[0 0]'RM‘§[1< 1]’LM_[O 1]'

It is easy to check that the consistency conditions (37) of Eq. (1) are fulfilled by given matrices. So, Eq. (1)
has the n-Hermitian solution. We compute the partial solution (70)-(71) by Cramer’s rule from Corollary
5.2. So,

A*:[_l _]],A”:[l. _k],A*A:[Z. 2’],Z=A*CA'I:4[‘ _.k].
_ — -j -1 -2j 2

Since r(A*A) = 1, then by (50),
o =[4 4k|, o] =[-4k 4].

Further, by (48), we obtain

@ _—i4i)i .o —i(dk)i a _ —i(—4k)i _ a _ —i(d)i .
xn —T = 0.251, x12 = 16 = —0251(, le = T = 0251(, x22 = T = (.251.
Now, we find xl(.]?) by (51). Since
o A% * _i j
B=ABM =15 [_k 1], (73)

then
¢t = [-15i, 15)], ¢4 =[-15k, 15].

-3
-3j

~15i 1.5

Taking into account (52), we get O = [_1 5k 1 5] and @ = OIC°A = [ _; ) ] Finally, we have

s ) S T s G . S I s G, S I s ), S

STy Tyt Ty Ty T Ty Tkt Tn T
Now, we find X3 by (53). The following algorithm of finding X3 is given by Theorem 5.1.
1. Find the matrix $; = A*SB* = 2 [__11 :{] .

5 —31(]

2. Find the matrix BB* = [31( ’
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3. By (68), construct the matrix the matrix Q. Since #(BB*) = 2, then

w11 = rdet1 ((BlB;)l. (Sgl))) = rdet1 |:_3?(1 _22]] = 2i.

By similar computing, we get

20 -4
Q_[Zk —4]'

4. Obtain the matrix Ci; = QC.
Coy = 2+4k -2j+2k
B712j+4k  —2-2i |
5. Construct the matrix ;. Since ¥(A*A) = 1, then Q, = C,.
6. Construct the matrix the matrix W. Since (MM*) = 1, then W = B*, where B is obtained in (73).
7. Get the matrix W, = QJW.
_|3-6j 6+3j
v ond]

8. Finally, by (54) and due to r(A*A) = 1, we have X3 = %‘I’g So,

X3 =

1 3+6j] 6-3j
8| 3j 3 |’
Hence,

1 1[i —k] 1[ 0 3—31'] 1[ 2i -3 +3j -2k
=2 ,

1 . .
X=X1—§(X2—X§7)—2(X3—X§)=Z[k il 8[3-3 o0 3-3j+2k 2i

Further, we find y,, by (36) for all p, g = 1,2. Since

A -15 0 05 0 5 3k
_ n* n _ Vi N _
C—BCM—[k O]’MM_[O 0]’BB_[—3k 2}

and @ =[0, 0], @} =[0.5k, 0], then by (60) we have

a _ 05k

M _y = O i

Yir Vi =Y =0, Yy = 05

0 0

Further, we find Y, by (64). Since, as it is obtained before, Y = %Y = [0 5k 0

0
O 7

], and

0
0

~ o

S:BLM=|: ;]],Y‘:S*SY:[

then by (64), Y, = [1(1 8

o) ez =5( oo of <3l oo o= o

1[ 2i —3+3j—2k]/Y_[0 —k]

T 8(3-3j+2k 2i Tk o0

] . Hence,

Y =

N =

So,

is the partial i-skew-Hermitian solution to Eq.(1) with the given matrices (72).
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7. Conclusion

Some necessary and sufficient conditions for the existence of the 7-skew-Hermitian solution to the quater-
nion system (3) are constructed in this paper. The expression of the general n-skew-Hermitian solution to
this system is presented when the system is consistent. Some particular cases of (3) are also discussed in
this paper. Within the framework of the theory of noncommutative row-column determinants, we give
determinantal representation formulas of finding its exact solution that are analogs of Cramer’s rule. A
numerical example is also given to demonstrate the main results.
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