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The Cubic p-Functional Equation in Matrix Non-Archimedean Random
Normed Spaces

Zhihua Wang?, Chaozhu Hu?

?School of Science, Hubei University of Technology, Wuhan, Hubei 430068, P.R. China

Abstract. Using the direct method and fixed point method, we investigate the Hyers-Ulam stability of the
following cubic p-functional equation

fl+ 2)+ fc=29) = 2+ ) = 26 - ) = 126)
=p(af+ D +afe- Yy - fae ) - fl - ) - 6fw)

in matrix non-Archimedean random normed spaces, where p is a fixed real number with p # 2.

1. Introduction

The concept of stability for a functional equation arising when we replace the functional equation
by an inequality which acts as a perturbation of the equation. In 1940, Ulam [25] posed the first stability
problem concerning group homomorphisms. In 1941, Hyers [7] gave the first affirmative partial answer
to the question of Ulam for Banach spaces. Subsequently, Hyers’ result was generalized by Aoki [1] for
additive mappings and by Rassias [20] for linear mappings by considering an unbounded Cauchy difference.
Gavrutd [6] obtained generalized Rassias’ result which allows the Cauchy difference to be controlled by a
general unbounded function in the spirit of Rassias” approach. The stability problems of several functional
equations have been extensively investigated by several mathematicians (see [8, 9, 11, 21, 22] and references
therein); as well as various stability results of functional equations and inequalities were investigated
[12, 13, 17-19] in matrix normed spaces, matrix paranormed spaces and matrix fuzzy normed spaces.

In 2016, Park [15] considered the functional equation

Fla+29) + fx=29) =2+ y) - 2fx — y) ~ 12 (2)
= p(4fe+ Dy +afe- D)= fa+ y) - - y) - 6£00) )
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where p is a fixed real number with p # 2. And he established the general solution and proved the
generalized Hyers-Ulam stability of the functional equation (1) in fuzzy Banach spaces by using the fixed
point method. The main purpose of this paper is to apply the direct method and fixed point method to
investigate the Hyers-Ulam stability of functional equation (1) in matrix non-Archimedean random normed
spaces.

2. Preliminaries
In this section, some definitions and preliminary results are given which will be used in this paper.

Definition 2.1. (cf. [23]). A mapping T : [0,1] X [0,1] — [0,1] is a continuous triangular norm (briefly, a
continuous t-norm) if T satisfies the following conditions:

(1) T is commutative and associative;

(2) T is continuous;

(3)T(a,1)=aforallae0,1];

(4) T(a,b) < T(c,d) whenever a < cand b < d forall a,b,c,d € [0,1].

Typical examples of continuous t-norms are the Lukasiewicz t-norm T;, where Ty(a,b) = max(a + b —
1,0),V¥a, b € [0,1] and the t-norms Tp, Ty;, Tp, where Tp(a, b) := ab, Tp(a, b) := min(a, b),

min(a, b), if max(a,b) =1,
Tp(a,b) :=
0, otherwise.
By a non-Archimedean field we mean a field K equipped with a function (valuation) | - | from K into
[0, 00) such that |r] = Oif and only if ¥ = 0, |rs| = |r||s|, and |r+s| < max{|#], |s|} forr,s € K. Clearly |1] = |[-1| =1
and |n| <1 foralln € N.
Let X be a vector space over a field K with a non-Archimedean non-trivial valuation | - |. A function

I -1l : X = [0, 00) is called a non-Archimedean norm if it satisfies the following conditions:
(i) [lxl]] = 0 if and only if x = 0;

(ii) For any r € K and x € X, |[rx]| = |r{l|x||;

(iii) For all x, y € X, [Ix + yl| < max{||x||, ||[yll} (the strong triangle inequality).

Then (X, || - ||) is called a non-Archimedean normed space.

We adopt the usual terminology, notions and conventions of the theory of non-Archimedean random
normed space as in [3, 14, 16, 23, 24]. Throughout this paper, A* is the space of all probability distribution
functions, i.e., the space of all mappings F : R U {—o0, 00} — [0, 1] such that F is left-continuous and non-
decreasing on R, F(0) = 0 and F(+c0) = 1. D" is a subset of A* consisting of all functions F € A* for which
I"F(+00) = 1, where I” f(x) denotes the left limit of the function f at the point x, that is, I” f(x) = tlirg f@).

The space A" is partially ordered by the usual point-wise ordered of functions, i.e., F < G if and only if
F(t) < G(t) forall f € R.

Definition 2.2. (cf. [10, 24]). A non-Archimedean random normed space (briefly, NA-RN-space) is a triple (X, u, T),
where X is a linear space over a non-Archimedean field IK, T is a continuous t-norm, and u is a mapping from X into
D* such that the following conditions hold:

(NA-RN1) uy(t) = eo(t) for all t > 0 if and only if x = 0;

(NA-RN2) pa(t) = yx(ﬁ)for allxe€ X, t>0,and a #0;

(NA-RNB) pirsy(max(t, s)) = T(ux(t), uy(s)) forall x,y € X and t,s > 0;

It is easy to see that if (NA-RN3) holds, then

(RN3) physy(t +5) = T(x(t), py(s))-

Definition 2.3. (cf. [10]) Let (X, u, T) be an NA-RN-space. Let {x,} be a sequence in X. Then {x,} is said to be
convergent if there exists x € X such that

lim py,—(t) =1
n—oo

forall t > 0. In this case, x is called the limit of the sequence {x,}.
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A sequence {x,} in X is called Cauchy if for each ¢ > 0 and t > 0, there exists ny such that for all n > ny
and all p > 0 we have py,,,—x,(f) > 1 — e. If each Cauchy sequence is convergent, then the random norm is
said to be complete, and the NA-RN-space is called a non-Archimedean random Banach space.

We will also use the following notations. The set of all m X n-matrices in X will be denoted by M,, ,(X).
When m = n, the matrix M, ,(X) will be written as M,,(X). The symbols e¢; € My ,(C) will denote the row
vector whose jth component is 1 and the other components are 0. Similarly, E;; € M, (C) will denote the nxn
matrix whose (i, j)-component is 1 and the other components are 0. The n x n matrix whose (i, j)-component
is x and the other components are 0 will be denoted by E;; ® x € M,(X).

Let (X, || - ||) be a normed space. Note that (X, {|| - ||,}) is a matrix normed space if and only if (M, (X), || - ||..)
is a normed space for each positive integer n and [|AxBl||x < ||All||Bll|x]|» holds for A € My, x = [x;;] € M, (X)
and B € M, x, and that (X, {|| - [|,}) is a matrix Banach space if and only if X is a Banach space and (X, {|| - ll.})
is a matrix normed space.

Let E,F be vector spaces. For a given mapping h : E — F and a given positive integer n, define
hy : M, (E) = M,(F) by

h([xi7]) = [h(xi))]

for all [x;;] € M, (E).

We introduce the concept of a matrix non-Archimedean random normed space.
Definition 2.4. (cf. [5]) Let (X, u, T) be an NA-RN-space. Then:
(1) (X, {u™}, T) is called a matrix non-Archimedean random normed space if for each positive integer n, (M,,(X), u™, T)
isa non—Archimedeqn random normed space and yff;iB(t) > y&")(m) forallt >0, A € Mi,(R), x = [x;] € M,,(X)
and B € M, (IR) with ||Al| - ||Bl| # 0.
(2) (X, {u™}, T) is called a matrix non-Archimedean random Banach space if (X, i, T) is a non-Archimedean random
Banach space and (X, {u™}, T) is a matrix non-Archimedean random normed space.

Example 2.5. Let (X, {|| - |l»}) be a matrix normed space and a, p > 0. Define

t _ > O, = [x;;] € M,,(X).
Hx ( ) at ﬁ”x”n * [ ”] "( )
Since
at at ||A|f||B|| t
(k) (n)
u t) = > = =U
AxB( ) at + ﬁ||AXB||k at + ﬁ(||A||||X||n||B||) QTGN 1|f|\B|\ + ﬁllxlln ! (”A””B”)

forall't >0, A € M,(R), x = [x;;] € My(X) and B € M, (R) with ||Al - |[B|| # 0, (X,{y(”>}, Ty) is a matrix
non-Archimedean random normed space.

3. Stability of the cubic p-functional equation (1): Direct method

From now on, let (X, { y(")}, T) be a matrix non-Archimedean random normed space, (Y, { y(”)}, T) be
a matrix non-Archimedean random Banach space. In this section, we prove the Hyers-Ulam stability of
the cubic p-functional equation (1) in matrix non-Archimedean random normed spaces by using the direct
method. We need the following lemmas:

Lemma 3.1. (cf. [15]). Let V and W be real vector spaces. If a mapping f : V — W satisfies (1), then f is cubic.

Lemma 3.2. Let (X, {™}, T) be a matrix non-Archimedean random normed space. Then
M)y (£) = uu(b) forall t > 0 and x € X;

En®x

(2) For all [x;j] € My (X) and t = -21 tij >0,
i,j=

() 2 ) () 2 Tl (4) 26, = 1,2,...,m),

t ..
a(8) 2 () = T (—5) 20,j = 1,2,....,n);
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3) nl}_r}r.}o Xm = x if and only zfny_r)r.}o Xijm = Xij for X = [Xijm], x = [xi;] € Mi(X).

Proof. (1) Itis easy to see that Ex;®x = e;xe;. By the definition of M,,(RR), it follow that [|Exl| = ||[EwE;, |l =

||IExk|%, so we have

IExll=1 and |lejexll = [|Exll = llexll®,
thus

llexll = llexll = 1.

By the definition of matrix non-Archimedean random normed space, for all t > 0, we

() ()
HEex(t) = loy, () 2 yx(”e e ||) L (t).
k
Since ex(Ex ® x)e; = x,
. t .
el = Hoteionq ) 2 He oo o) = Heenld

Thus, we have yEk1®x(t) = ux(t).
(2) Since iy, (t) = peg [xijle (t) 2 ‘u[xl/](l\ekll\lﬂ’lll) = (Z,),](t)’

B ® =02 T, )26 = 1,20 ) = Tl () 6, = 1,2,...m),
ij®Xij
ij=1

where t = Z tij. Soy(”) (t)>T([uxU( 5) i, j=1,2,...,n).
3) For xm = [xijm], x = [xij] € Mp(X),t > 0. If hm X, = X, then hm \ _x(t) = 1. Tt follows from (2) that

ruxkz(t) 2 !Jg;)]](t)/
which is to see that

i p -, () 2 i ) (0= lim p5) ()= 1,

that is,

Lim x; = xij.

m—o0

On the contrary, by iy, (t) > ygzv)v](t) > T(,Ux,](,,%) 1i,j=1,2,...,n), we obtain the result. O
ij

For a mapping f : X — Y, define Df : X2 — Y and Df, : My(X)? — My(Y) by
Df(a,b) = f(2a+b) + f(2a —b)—2f(a+b) - 2f(a - b) - 12f(a)
- p(4f@+ D) +afa-3) - fla+h) - fla- b - 6f@),
Dfu([xi), yi]) == fo@lxij] + [yi]) + fuRlxii] = [yiiD) = 2fu([xii] + [yi]) = 2fu(lxii] = [yii]) — 12 fu([xi7])

o4l + ) + it - ) g+ D) — ] - Ly - 65 D)
foralla,b € X and all x = [x;;], y = [yij] € Mu(X).
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Theorem 3.3. Let ¢ : X? — D" be a function such that there exists a € R with 0 < |8| < |a| such that
ab
#(5,5)0 = p(a,b)(alt) @

foralla,be Xandall t > 0 and 11m T”mqo(a O)('ﬁgﬁl ty=1foralla € Xandall t > 0. Suppose that f : X — Yisa
mapping satisfying

n
(0
EDj ety ® 2 Zi (i i) (1) ®)
ij=

forall x = [x;], y = [yij] € My(X) and all t > 0. Then there exists a unique cubic mapping C : X — Y such that

) ®) > 7|72, (i 0)(Mt)'i i=1,...,n 4)
Hhp-cup' = 7\ T e Wi D e o) 2 b ] = e

forall x = [x;;] € My(X) and all t > 0.

Proof. When n = 1, (3) is equivalent to
pfap(t) = ¢(a, b)(H) ®)
foralla,b € Xand all t > 0. Letting b = 0 in (5), we get
ra-sre) () = (a, 0)(|12lalt) (6)
foralla € X and all t > 0. Replacing a by 5 in (6) and using the inequality (2), we get
Hfan-sfan () 2 ¢(a, 0)(I2lla™*'t) @)
foralla € X and all t > 0. It follows from (2) and (7) that

12|+
‘usmf(zﬂ) 8m+1f(zm+l )(t) = (p(ﬂ 0)( |8|m ) (8)
foralla € X and all t > 0. Hence
m+p 2]+
e ()-8 i) () 2 T (st y-sen sy (D) 2 T2 P pla, O) (= r— T )

foralla € X and all t > 0. Since lim 777, ¢(a, 0)('2':;'[* ) =1foralla € X and all t > 0, it follows that the

sequence {8" f()} is a Cauchy sequence in the matrix non-Archimedean random Banach space (Y, u™, 7).
Hence, we can define the mapping C: X — Y by

Hm g (4)-co) (f) = 1 (10)

foralla € X and all t > 0. Next, we have

e m 2lja| !
Hf(a)- 8mf(zm)( ) = [sz 1(8{f(zc) 8”1f(2[+ )(t) 27}:01(Hszf(z%)_slﬂf(#)(t)) 7'[ Ol(P( 0)( |8|5 l’) (11)
foralla € X and all t > 0. Therefore,
—_— 2ljal
tr@-c@ () = T (fr@-sm i) @), tsn f)-ca) (D) = T (T2, p(a, 0)(Wt)f Hs £ )-Ca) (£)- (12)
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Moreover, letting m — oo in (12), we obtain
12]]ar] !
I8¢

As 7 is continuous, from a well known result in the probabilistic metric space (see [23, Chapter 12]), it
follows that

£). (13)

U f@-c@(t) = T2 p(a, 0)(

n%i_l}c}o&lsm FQm(2a+b))+8" £(2-7(2a—b))—2-8" £(2- (a+b))—2(8") £ (2~ (a—D))~12(8") f(2 ")
S @ £+ 0 §)-87 2 (0 ) -8 2 a-b)-6(8m 1 2-ma) ()
= tuC(Za+h)+C(Za—b)—2C(a+h)—2C(a—b)—12C(a)—p(4C(u+%)+4C(a—g)—C(a+b)—C(a—b)—6C(a))(t)
foralla, b € X and all ¢ > 0. On the other hand, replacing a,b by 27"a,27™"b in (5), and using (2), we get
"111_11}0“8"7 (27(2a+D))+8" f(27 (2a—b))-2-8" f(27" (a+b))-2(8") f(27" (a—b))—12(8") f (27"a)
—p(4(8™) f(27 (a+5))+4(8™) F(27"(a—§))~8" f(2 7 (a-+D))~8" f(2 7 (a=D))~6(8") f (2~"a)) (t)

> 9(a,5)(g1)

foralla,b e Xand allt > 0. Since lim ¢(g, b)(‘lg",,, t) = 1, we infer that C is a cubic mapping.

To prove the uniqueness of C, let C’ : X — Y is another cubic mapping such that

2 a€+1
te@-fa() = TZyp(a 0)(| |:8||z )

forallae Xand allt > 0. Let n = 1. Then we have

ter@-ca(t) = T (Uc@-sm f) (1), tsn i )-c@(D))-

Thanks to (10), we can conclude that C(a) = C’(a) for all 2 € X, which gives the conclusion. Thus the
mapping C : X — Y is a unique cubic mapping.
By Lemma 3.2 and (13), we get

(n) t e o |2||(X|€+1 o
“fZ([xff])—Cn([xi,»])(t) > T(yf([x[j])_c([xij])(;) t,j=1,... ,n) > T(ﬂzl(p(xij, 0)(Wt) i,j=1,...,n

for all x = [x;;] € M,(X) and all t > 0. Thus C : X — Y is a unique cubic mapping satisfying (4), as desired.
This completes the proof of the theorem. m]

Corollary 3.4. Let r, 0 be positive real numbers with v < 3. Suppose that f : X — Y is a mapping satisfying

(n) (t) > t (14)
Fontsltod™ = FTE 000+ Tyl

forall x = [xij], y = [yij] € Mu(X) and all t > 0. If

t
lim 7,2 (—) =1
moe g e Ollall

foralla € Xand all t > O, then there exists a unique cubic mapping C : X — Y such that

» - t coa
i (t)>T(‘T o ae— "]‘1""'”) "
fullsD-Cull) T Bl

forall x = [x;;] € M(X) and all t > 0.
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Proof. The proof follows immediately by taking ¢(a, b)(t) = foralla,b € Xand all t > 0 in

Theorem 3.3. O

t
t+0(llall"+11611")

Theorem 3.5. Let ¢ : X2 — D be a function such that there exists a € R with 0 < |a| < |8| such that
t
®(2a,20)(t) = @(a, b)(m) (16)

foralla,be Xandall t > 0 and lim T.2.0, 0)(|2||8I t)y=1forallac Xandallt > 0. Suppose that f : X — Yisa

la”
mapping satisfying (3) for all x = [x,]],y = [yij] € My(X) and all t > 0. Then there exists a unique cubic mapping
C: X — Y such that

(n) o o RIS
B (e D—Coll ] )(t) > TN\T 2, (xij, 0)( aln? i, j=1,...,n (17)
forall x = [x;;] € My(X) and all t > 0.
Proof. Letting b = 0 in (5), we get
Hra-(t) = @(a, 0)(21I8lE) (18)
foralla € X and all t > 0. Replacing a by 2"a in (18) and using the inequality (16), we get
12118
H pangy—1etn ) = @, 0)(—— " t) (19)

foralla € X and all t > 0. It follows from (16) and (19) that
I2||8|erl

Hparo _gery (t) = p(a, 0)( t) (20)

gm+1

foralla € X and all t > 0. Hence

mtp m+p |2||8|€+1
Hrema f2”’+Va) =T, (u fzfa) gatrg (B) 2 ¢(a, 0)(

8m sl+p |

t) (21)

foralla € X and all + > 0. Since hm ‘7'°°m(p(a 0)(|2|| 7 t) =1foralla € X and all > 0, it follows that the
sequence {%} is a Cauchy sequence in the matrix non-Archimedean random Banach space (Y, y("),‘T).
Hence, we can define the mapping C:X—>Yby

hm ‘Llf(Zmn) —C@a )(t) (22)

m—00

foralla € X and all £ > 0. Next, we have

m m 2]18]+!

‘uf(u) f(2"ﬂ) (t) fl):m 1(f(2f) f(zf”a) (t) 2 T[ ol(uf(zfm f(zf+1a))(t)) 2 T ol(P( 0)( | | ) (23)

foralla € X and all t > 0. Therefore,
-1 12 || |‘7+1

H@-ca(®) 2 Ttz _ e (t),ﬂﬂz'"n) —c®) = T (T 2y ¢(a, 0)( t)z#ﬂz"‘a) ) (24)

Moreover, letting m — oo in (24), we obtain
- |2||8|f+1
Lf@-c@ () = T2p(a, 0)( ). (25)

The rest of the proof is similar to the proof of Theorem 3.3 and thus it is omitted. This completes the proof
of the theorem. |
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Corollary 3.6. Let r, 0 be positive real numbers with r > 3. Suppose that f : X — Y is a mapping satisfying (14) for
all x = [x;j], y = [yi;] € Mu(X) and all t > 0. If

t
lim 7";3,”(— =1
—00 = 2|¢r
U + ez Ollall

foralla € Xand all t > O, then there exists a unique cubic mapping C : X — Y such that

t

2[7 2
t+ e Ol

B ® = T(TEC =) (26)

forall x = [x;;] € My(X) and all t > 0.

Proof. Letting ¢(a, b)(t) = mel\’) foralla,b € X and all t > 0 in Theorem 3.5, we obtain the result.c0

4. Stability of the cubic p-functional equation (1): Fixed point method

In this section, we prove the Hyers-Ulam stability of the cubic p-functional equation (1) in matrix
non-Archimedean random normed spaces by using fixed point method. We begin with the definition of a
generalized metric on a set.

Let E be a set. A functiond : E X E — [0, o] is called a generalized metric on E if d satisfies
(1)d(x,y) =0ifand only if x = y;
2)d(x,y) =d(y,x), Vx,y € E;
(B)d(x,z) <d(x,y)+d(y,z), Vx,y,z € E.
Before proceeding to the proof of the main results, we begin with a result due to Diaz and Margolis [4].

Lemma 4.1. (cf. [4]). Let (E,d) be a complete generalized metric space and | : E — E be a strictly contractive
mapping with Lipschitz constant L < 1. Then for each fixed element x € E, either

A(J"x, " x) = 00 Vn >0,

dA(J"x, " x) < 00 V1 > ny,

for some natural number ng. Moreover, if the second alternative holds then:
(i) The sequence {]"x} is convergent to a fixed point y* of J;
(if) y* is the unique fixed point of | in the set E* := {y € E | d(J"x, y) < +coyand d(y, y*) < Td(y, Jy), Vx,y € E".

Theorem 4.2. Let s € {1, -1} be fixed and let ¢ : X?> — D" be a function such that there exists there exists an L with
0<L<1land
b t
t
¢(a,b)(t) = ( > GgrL

foralla,b e Xandall t > 0. Suppose that f : X — Y is a mapping satisfying (3) for all x = [x;;], y = [y;;] € M,(X)
and all t > 0. Then there exists a unique cubic mapping C : X — Y such that

T) (27)

( (xiy, O)(2BAD py - = 1,...,n), ifs = —1,

n2L

”f,,qx,,]) oty ® 2 (28)

'r(@(xij,())('z”f“rf#t) ij= 1,...,n), ifs=1

forall x = [x;;] € M(X) and all t > 0.
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Proof. When n = 1, similar to the proof of Theorem 3.3, we have

Hafea-16£@) () = @(a, 0)(t) (29)

foralla € Xand all t > 0.
Let S :={g: X — Y}, and introduce a generalized metric d on S as follows:

Lﬂgjﬂzzinf{Re]R+

;WMWMQ¢@meeXW>@.

It is easy to prove that (S,d) is a complete generalized metric space (cf. [2]). Now, we define the mapping
J:5—Sby

Jg@) = ég(Zsa), forallge S andae X,s € {l1,-1}. (30)

Let g,h € S and let A € IR, be an arbitrary constant with d(g, i) < A. From the definition of d, we get

Ug(a)-hia)(At) = @(a, 0)(t)
forall a € X and t > 0. Therefore, using (27), we get

T g(@)-Thia)(ALE) = ‘U(ég(zsa)—éh(%u))(/\[’t) > @(2°a,0)(I8F°Lt) = ¢(a, 0)(t) (31)

for some L < 1,alla € X and all ¢ > 0. Hence, it holds that d(J g, Jh) < AL, thatis, d(J g, Jh) < Ld(g, h) for
allg heS.
Furthermore, by (27) and (29), we obtain the inequality

L : - _
m, ifs= 1,

a(f,Jf) <

N Y
FEL ifs=1.

It follows from Lemma 4.1 that the sequence J™ f converges to a fixed point C of 7, that is, for alla € X
and allt > 0,

C:X =Y, lm po oy o) =1 (32)

and
C(2°a) = 8°C(a). (33)

Meanwhile, C is the unique fixed point of J in the set S* = {g € S : d(f, g) < co}. Thus there exists a A € R,
such that

U f@)-c@(At) = @(a, 0)(t)
foralla € Xand all t > 0. Also,

L . _
W/ lfS = _1,

d(f/C)S%d(f/jf)S 1 |
2IBII=0)” ifs =1.

This means that the following inequality
o, 0B8Ry, ifs = -1,

L fay-ca)(t) = (34)
¢(a,0)(12/18I(1 = L)t), ifs=1
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holds for alla € X and all t > 0. As 7 is continuous, from a well known result in the probabilistic metric
space (see [23, Chapter 12]), it follows that

Wlli_l;roloys—smf(zsm (2ﬂ+b)) +8—5mf(25m (Za_b))_z.s—smf(zsm ({,H—b)) _2(8—571’1 )f(zsm (a_b))_lz(g—sm )f(Zsmu)

,p(4(8—5m)f(25m (a+%))+4(8—sm)f(25m ([l* % )),8—5mf(25m (a+b)),8—smf(2sm (a,b)),6(8—sm)f(2sma)) (t)

= ”C(2a+b)+C(2u—b)—2C(a+b)—2C(u—b)—12C(u)—p(4C(a+%)+4C(a—%)—C(u+b)—C(u—b)—6C(u))(t)
foralla,b € X and all t > 0. On the other hand, it follows from (3), (27) and (32) that
r}[i_l’)]f(;lo[,lgfsmf(zsm (2a+b))+8*5'”f(25”’ (2u—b))—2-8’5”’f(25"’ (a+b))—2(8*5”’)f(25"’ (a_b))_lz(sfsm )f(zsmu)

_p(4(8—sm)f(25m (a+%))+4(8—5m)f(25m (IZ— % ))_8—smf(zsm (a+b))_8—5mf(25m (a_b))_6(8—sm)f(zsma)) (t)

|8|sm 1
TS B =@, b)(;t)

> ¢(a, b)(

1

mwt) = 1, we infer that C is a cubic mapping.

foralla, b € Xand all t > 0. Since lim ¢(a, b)(
By Lemma 3.2 and (34), we get

(n) by
[’lﬁ,([x,'j])—Cy,([xi/])(t) 2 T(luf([xi]])_c([xii])(ﬁ) L= 1,..., 7’1)

n2L

T((p(xij,())(wt) = 1,...,n), ifs =1,

\%

7"(<p(x,-]-,0)('2”8',§+”t) = 1,...,n), ifs=1

for all x = [x;;] € M,,(X) and all £ > 0. Thus C : X — Y'is a unique cubic mapping satisfying (28), as desired.
This completes the proof of the theorem. m]

Corollary 4.3. Let r, O be positive real numbers with v # 3. Suppose that f : X — Y is a mapping satisfying (14) for
all x = [x;j], y = [yij] € Mu(X) and all t > 0. Then there exists a unique cubic mapping C : X — Y such that

SR :
T( PR e T A AR '”)' if0<r<3,
)
H ﬁ:([xif])—Cn(IXi/D(t) = BIG2P =12 )
—[21")t L .
T( FEP-Rh o2 - ) = L '”)/ ifr>3

forall x € X.

Proof. The proof follows immediately by taking ¢(a, b)(t) = m foralla,b e Xandall t > 0, and
choosing
1237, if0<r<3,
L=
23, ifr>3

in Theorem 4.2. O
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