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Some Properties of the Generalized Fibonacci and Lucas Numbers

Gospava B. Djordjevića, Snežana S. Djordjevića

aUniversity of Niš, Faculty of Technology, Department of Mathematics, 16000 Leskovac, Serbia

Abstract. In this paper we consider the generalized Fibonacci numbers Fn,m and the generalized Lucas
numbers Ln,m. Also, we introduce new sequences of numbers An,m, Bn,m, Cn,m and Dn,m. Further, we find the
generating functions and some recurrence relations for these sequences of numbers.

1. Introduction

Generalized Fibonacci numbers Fn,m (m ≥ 2) are given by ([1], [2], for x=1)

Fn,m = Fn−1,m + Fn−m,m, n ≥ m, (1)

with:

F0,m = 0, F1,m = · · · = Fm−1,m = 1. (2)

Generalized Lucas numbers Ln,m are given by ([1], [2], for x=1)

Ln,m = Ln−1,m + Ln−m,m, n ≥ m, (3)

with:

L0,m = 2, L1,m = · · · = Lm−1,m = 1. (4)

So, using the well-known method, we find the following generating functions for Fn,m and Ln,m, respec-
tively:

Fm(t) =
t

1 − t − tm =

∞∑
n=0

Fn,m tn, (5)

Lm(t) =
2 − t

1 − t − tm =

∞∑
n=0

Ln,m tn. (6)
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Using the relations (5) and (6), we get the following explicit formulas, for the sequences Fn,m and Ln,m,
respectively:

Fn+1,m =

[n/m]∑
k=0

(
n − (m − 1)k

k

)
, (7)

Ln,m =

[n/m]∑
k=0

n − (m − 2)k
n − (m − 1)k

(
n − (m − 1)k

k

)
. (8)

Remark 1.1. The numbers Fn,m are the special case of the Humbert’s polynomials for x = 1, (see [6]), i.e., Fn+1,m =
Pn(m, 1/m,−1,−1, 1).

It is easy to prove the following relations

Ln,m = Fn+1,m + Fn+1−m,m

= Fn,m + 2Fn+1−m,m.

Next, from (1) and (2), we find the first m + 3 members of Fn,m, and, by (3) and (4), the first m + 3 members
of Ln,m:

Table 1:

n Fn,m Ln,m

0 0 2
1 1 1
2 1 1
. . . . . . . . .
m − 1 1 1
m 1 3
m + 1 2 4
m + 2 3 5
m + 3 4 6
. . . . . . . . .

The particular cases of Fn,m and Ln,m are Fn,2, Ln,2, Fn,3 and Ln,3. The first 13 members of these numbers
are given by Table 2. Namely, the numbers Fn,2 are the known Fibonacci numbers and Ln,2 are the known
Lucas numbers.

Something more on the generalized Fibonacci and generalized Lucas polynomials and numbers can be
seen in [3] and [4].

2. Summation formula

In this section we find a summation formula for the generalized Lucas numbers Ln,m.

Theorem 2.1. The numbers Ln,m and Fn,m satisfy the following relations

[(n−1)/m]∑
i=0

(−1)iLn−mi,m =

Fn+1,m ± 1, n = mk + l, l = 1, 2, . . . ,m − 1,
Fn+1,m, n = mk + m.

(9)
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Table 2:

n Fn,2 Ln,2 Fn,3 Ln,3 Fn,4 Ln,4

0 0 2 0 2 0 2
1 1 1 1 1 1 1
2 1 3 1 1 1 1
3 2 4 1 3 1 1
4 3 7 2 4 1 3
5 5 11 3 5 2 4
6 8 18 4 8 3 5
7 13 29 6 12 4 6
8 21 47 9 17 5 9
9 34 76 13 25 7 13
10 55 123 19 37 10 18
11 89 199 28 54 14 24
12 144 322 41 79 19 33

Proof. Here we use mathematical induction on n.
It is easy to check the formula (9) for n = 1, 2, · · · ,m − 1.
Suppose that (9) is correct for n ≥ 1. Then:

1◦ For n = mk + m, we find:

k∑
i=0

(−1)iLn−mi,m =

Ln,m − Ln−m,m + Ln−2m,m + · · · + (−1)k−1L2m,m + (−1)kLm,m

=
(
Fn+1,m + Fn+1−m,m

)
− (Fn+1−m,m + Fn+1−2m,m) + · · · + (−1)k−1(F2m+1,m + Fm+1,m) + (−1)k(Fm+1,m + F1,m)

= Fn+1,m ± F1,m = Fn+1,m ± 1;

2◦ For n = mk + l, l = 1, 2, . . . ,m − 1,we get:

Ln,m − Ln−m,m + Ln−2m,m + · · · + (−1)k−1Ll+m,m + (−1)kLl,m

= (Fn+1,m + Fn+1−m,m) − (Fn+1−m,m + Fn+1−2m,m) + · · · + (−1)k−1(Fl+1+m,m + Fl+1,m) + (−1)kFl+1,m(Ll,m = Fl+1,m)
= Fn+1,m.

Remark 2.2. For m = 2, by (9), we get

[(n−1)/2]∑
i=0

(−1)iLn−2i =

Fn+1 ± 1, n = 2k + 2,
Fn+1, n = 2k + 1.

and, for m = 3, again by (9), we find

[(n−1)/3]∑
i=0

(−1)iLn−3i,3 =

Fn+1,3 ± 1, n = 3k + 3,
Fn+1,3, n = 3k + l, l = 1, 2,

where k ∈N.
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3. New sequences of numbers

In this section we introduce and we consider new sequences of numbers: An,m, Bn,m, Cn,m, and Dn,m.
Namely, these numbers are the convolutions of the generalized Fibonacci numbers and the generalized
Lucas numbers. For these sequences of numbers we find the generating functions and some interesting
properties.

Definition 3.1. The sequence of numbers An,m (m ≥ 2) is defined by

An,m =

[(n+m−1)/m]∑
i=1

Fi,mFn−m(i−1),m. (10)

where n = mp + l, l = 0, 1, 2, . . . ,m − 1.

Some first members of the sequences An,2, An,3 and An,m, are given in the following table.

Table 3:

n An,2 An,3 n An,m

1 1 1 1 1
2 1 1 2 1
3 3 . . . . . . . . .
5 9 4 m − 1 1
6 13 5 m 1
7 25 9 m + 1 3
8 38 13 m + 2 4
9 68 18 m + 3 5
. . . . . . . . . . . . . . .

Theorem 3.2. The generating function for the sequence of numbers An,m is given by

Am(t) =
t

(1 − t − tm)(1 − tm − tm2 )
. (11)

Proof. Since

Am(t) = A1,mt + A2,mt2 + A3,mt3 + · · · + An,mtn + . . . ,

and by (10), we get

Am(t) = (F1,mF1,m)t + (F1,mF2,m)t2 + (F1,mF3,m)t3 + . . .

+ (F1,mFm,m)tm + (F1,mFm+1,m + F2,mF1,m)tm+1 + . . .

= (F1,mt + F2,mtm+1 + F3,mt2m+1 + F4,mt3m+1 + . . . ) · (F1,m + F2,mt + F3,mt2 + F4,mt3 + . . . )

=
1

tm−1

[
F1,mtm + F2,mt2m + F3,mt3m + F4,mt4m + . . .

]
·

1
t

[
F1,mt + F2,mt2 + F3,mt3 + F4,mt4 + . . .

]
=

1
tm−1 ·

tm

1 − tm − tm2 ·
1
t
·

t
1 − t − tm

=
t

(1 − t − tm)(1 − tm − tm2 )
.
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Corollary 3.3. For m = 2 (see [5]), by (10), we get

A2(t) =
t

(1 − t − t2)(1 − t2 − t4)
=

∞∑
n=0

Antn.

Theorem 3.4. The numbers An,m satisfy the following relations

An,m =

An−1,m + An−m,m, if l , 1,
An−1,m + An−m,m + Fp+1,m, if l = 1,

(12)

where n = mp + l and l = 0, 1, · · · ,m − 1.

Proof. Let m ≥ 2.
1◦ If l = 0, then we get:

n = mp, [(mp + m − 1)/m] = p,
n − 1 = mp − 1, [(mp − 1 + m − 1)/m] = p,
n −m = mp −m, [(mp −m + m − 1)/m] = p − 1,

and

An,m = F1,mFn,m + F2,mFn−m,m + F3,mFn−2m,m + · · · + Fp,mFm,m,

An−1,m = F1,mFn−1,m + F2,mFn−1−m,m + F3,mFn−1−2m,m + · · · + Fp,mFm−1,m;
An−m,m = F1,mFn−m,m + F2,mFn−2m,m + F3,mFn−3m,m + · · · + Fp−1,mFm,m.

Since

An−1,m + An−m,m = F1,mFn,m + F2,mFn−m,m + F3,mFn−2m,m + · · · + Fp,mFm−1,m, (Fm,m = Fm−1,m = 1),

we conclude that

An,m = An−1,m + An−m,m.

2◦ If l = 1, then we find:

n = mp + 1, [(mp + 1 + m − 1)/m] = p + 1,
n − 1 = mp, [(mp + 1 − 1 + m − 1)/m] = p,
n −m = mp + 1 −m, [(mp + 1 −m + m − 1)/m] = p,

and

An,m = F1,mFn,m + F2,mFn−m,m + · · · + Fp,mFm+1,m + Fp+1,mF1,m;
An−1,m = F1,mFn−1,m + F2,mFn−1−m,m + F · · · + Fp,mFm,m;
An−m,m = F1,mFn−m,m + F2,mFn−2m,m + · · · + Fp,mF1,m.

So, we see that the next relation holds:

An,m = An−1,m + An−m,m + Fp+1,m.

3◦ If l ≥ 2, then

n = mp + l, [(mp + l + m − 1)/m] = p + 1,
n − 1 = mp + l − 1, [(mp + l − 1 + m − 1)/m] = p + 1,
n −m = mp + l −m, [(mp + l −m + m − 1)/m] = p,
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and

An,m = F1,mFn,m + F2,mFn−m,m + · · · + Fp,mFm+l,m + Fp+1,mFl,m;
An−1,m = F1,mFn−1,m + F2,mFn−1−m,m + · · · + Fp,mFm+l−1,m + Fp+1,mFl−1,m;
An−m,m = F1,mFn−m,m + F2,mFn−2m,m + · · · + Fp,mFl,m.

So

An,m = An−1,m + An−m,m, (Fl,m = Fl−1,m).

Example 3.5. Let m = 3 and n = 3 · 2, then

A6,3 = F1,3F6,3 + F2,3F3,3 = 5,
A5,3 = F1,3F5,3 + F2,3F2,3 = 4,
A3,3 = F1,3F3,3 = 1,
A6,3 = A5,3 + A3,3 = 5.

If n = 3 · 2 + 1, then we get

A7,3 = F1,3F7,3 + F2,3F4,3 + F3,3F1,3 = 9,
A4,3 = F1,3F4,3 + F2,3F1,3 = 3,
A7,3 = A6,3 + A4,3 + F3,3 = 9.

If n = 3 · 2 + 2, then

A8,3 = F1,3F8,3 + F2,3F5,3 + F3,3F2,3 = 13,
A8,9 = A7,3 + A5,3 = 13.

Definition 3.6. The sequence Bn,m is defined by

Bn,m =

[(n+m−1)/m]∑
i=1

Fi,mLn−m(i−1),m, (13)

where n = mp + l, l = 0, 1, 2, . . . ,m − 1.

Theorem 3.7. For m ≥ 2 and n = mp + l, where l = 0, 1, . . . ,m − 1, we get

Bn,m =


Bn−1,m + Bn−m,m + Fp+1,m, l = 1,
Bn−1,m + Bn−m,m, l , 0, 1,
Bn−1,m + Bn−m,m + 2Fp,m, l = 0.

(14)

Proof. 1◦ If l = 0, then we get:

n = mp, [(mp + m − 1)/m] = p,
n − 1 = mp − 1, [(mp − 1 + m − 1)/m] = p,
n −m = mp −m, [(mp −m + m − 1)/m] = p − 1,

and

Bn,m = F1,mLn,m + F2,mLn−m,m + · · · + Fp,mLn−m(p−1),m,

Bn−1,m = F1,mLn−1,m + F2,mLn−1−m,m + · · · + Fp−1,mLn−1−m(p−2),m + Fp,mLn−1−m(p−1),m,

Bn−m,m = F1,mLn−m,m + F2,mLn−2m,m + · · · + Fp−1,mLn−m−m(p−2),m.
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Hence

Bn−1,m + Bn−m,m = F1,mLn,m + F2,mLn−m,m + · · · + Fp−1,mL2m−1,m + Fp,mLm−1,m

= F1,mLn,m + F2,mLn−m,m + · · · + Fp,m(Lm,m − L0,m)
= Bn,m − 2Fp,m.

2◦ If l = 1, then:

n = mp + 1, [(mp + 1 + m − 1)/m] = p + 1,
n − 1 = mp, [(mp + m − 1)/m] = p,
n −m = mp + 1 −m, [(mp + 1 −m + m − 1)/m] = p,

and

Bn,m = F1,mLn,m + F2,mLn−m,m + · · · + Fp,mLm+1,m + Fp+1,mL1,m,

Bn−1,m = F1,mLn−1,m + F2,mLn−1−m,m + · · · + Fp,mLm,m,

Bn−m,m = F1,mLn−m,m + F2,mLn−2m,m + · · · + Fp,mL1,m.

So

Bn,m = Bn−1,m + Bn−m,m + Fp+1,m.

3◦ Let l ≥ 2. Now we get:

n = mp + l, [(mp + l + m − 1)/m] = p + 1,
n − 1 = mp + l − 1, [(mp + l − 1 + m − 1)/m] = p + 1,
n −m = mp −m + l, [(mp + l −m + m − 1)/m] = p,

and

Bn,m = F1,mLn,m + F2,mLn−m,m + · · · + Fp,mLm+l,m + Fp+1,mLl,m,

Bn−1,m = F1,mLn−1,m + F2,mLn−1−m,m + · · · + Fp,mLl+m−1,m + Fp+1,mLl−1,m,

Bn−m,m = F1,mLn−m,m + F2,mLn−2m,m + · · · + Fp,mLl,m.

So

Bn,m = Bn−1,m + Bn−m,m, (Ll−1,m = Ll,m).

Example 3.8. Let m = 4 and n = 4 · 2, then we have

B8,4 = F1,4L8,4 + F2,4L4,4 = 12,
B7,4 = F1,4L7,4 + F2,4L3,4 = 7,
B4,4 = F1,4L4,4 = 3,
B8,4 = B7,4 + B4,4 + 2F2,4 = 12.

Let n = 4 · 2 + 1, then

B9,4 = F1,4L9,4 + F2,4L5,4 + F3,4L1,4 = 18,
B5,4 = F1,4L5,4 + F2,4L1,4 = 5,
B9,4 = B8,5 + B5,4 + F3,4 = 18.
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Now, let n = 4 · 2 + 2, and

B10,4 = F1,4L10,4 + F2,4L6,4 + F3,4L2,4 = 24,
B6,4 = F1,4L6,4 + F2,4L2,4 = 6,

B10,4 = B9,4 + B6,4 = 24,

Finally, let n = 4 · 2 + 3, then

B11,4 = F1,4L11,4 + F2,4L7,4 + F3,4L3,4 = 31,
B11,4 = B10,4 + B7,4 = 24 + 7 = 31.

Theorem 3.9. The generating function of the sequence Bn,m is given by

Bm(t) =
t + 2tm

(1 − t − tm)(1 − tm − tm2 )
. (15)

Proof.

Bm(t) =

∞∑
n=1

Bn,m tn = B1,mt + B2,mt2 + · · · + Bm−1,mtm−1 + . . .

= (F1,mL1,m)t + (F1,mL2,m)t2 + · · · + (F1,mLm−1,m)tm−1 + . . .

= (L1,m + L2,mt + L3,mt2 + · · · + Lm−1,mtm−2 + Lm,mtm−1 + . . . )×

(F1,mt + F2,mtm+1 + F3,mt2m+1 + F4,mt3m+1 + . . . )

=
1
t

(L1,mt + L2,mt2 + L3,mt3 + · · · + Lm,mtm + L0,m − L0,m) ·
1

tm−1 (F1,mtm + F2,mt2m + F3,mt3m + . . . )

=
1
tm

( 2 − t
1 − t − tm − 2

)
·

tm

1 − tm − tm2

=
t + 2tm

(1 − t − tm)(1 − tm − tm2 )
.

Corollary 3.10.

B2(t) =

∞∑
n=1

Bn,2tn =
t + 2t2

(1 − t − t2)(1 − t2 − t4)
.

Definition 3.11. The sequence of numbers Cn,m is given by

Cn,m =

[(n+m−1)/m]∑
i=1

Li,mFn−m(i−1),m. (16)

where n = mp + l, l = 0, 1, 2, . . . ,m − 1.

Theorem 3.12. The generating function of the sequence Cn,m is

Cm(t) =
tm + 2tm2

tm−1(1 − t − tm)(1 − tm − tm2 )
. (17)

Proof. The relation (17) can be proved in a similar way as the relation (15), or the relation (11).
It is easy to prove the following statement.



G. B. Djordjević, S. S. Djordjević / Filomat 34:8 (2020), 2655–2665 2663

Theorem 3.13. The sequence of numbers Cn,m, for n = mp + l, where l = 0, 1, . . . ,m − 1, and
m ≥ 2, satisfies the following properties

Cn,m =

Cn−1,m + Cn−m,m, l , 1,
Cn−1,m + Cn−m,m + Lp+1,m, l = 1.

(18)

Definition 3.14.

Dn,m =

[(n+m−1)/m]∑
i=1

Li,mLn−m(i−1),m, (19)

where n = mp + l, l = 0, 1, 2, . . . ,m − 1.

One can easily prove the following statements.

Theorem 3.15. The formula

Dm(t) =
(1 + 2tm−1)(tm + 2tm2

)
tm−1(1 − t − tm)(1 − tm − tm2 )

(20)

is the generating function of the sequence Dn,m.

Theorem 3.16. Numbers Dn,m satisfy the following formulas

Dn,m =


Dn−1,m + Dn−m,m + 2Lp,m, n = mp,
Dn−1,m + Dn−m,m + Lp+1,m, n = mp + 1,
Dn−1,m + Dn,m, n = mp + l, l = 2, 3, . . . ,m − 1.

(21)

Example 3.17. Let m = 4 and
1◦ n = 4 · 2

D8,4 = L1,4L8,4 + L2,4L4,4 = 12,
D7,4 = L1,4L7,4 + L2,4L3,4 = 7,
D4,4 = L1,4L4,4 = 3,
D8,4 = D7,4 + D4,4 + 2L2,4 = 12.

2◦ n = 4 · 2 + 1

D9,4 = L1,4L9,4 + L2,4L5,4 + L3,4L1,4 = 18,
D5,4 = L1,4L5,4 + L2,4L1,4 = 5,
D9,4 = D8,4 + D5,4 + L3,4 = 18.

3◦ Let n = 4 · 2 + 2

D10,4 = L1,4L10,4 + L2,4L6,4 + L3,4L2,4 = 24,
D6,4 = L1,4L6,4 + L2,4L2,4 = 6.

D10,4 = D9,4 + D6,4 = 18 + 6 = 24.

4◦ n = 4 · 2 + 3

D11,4 = L1,4L11,4 + L2,4L7,4 + L3,4L3,4 = 31,
D11,4 = D10,4 + D7,4 = 24 + 7 = 31.

Remark 3.18. We took the values of Fn,m and Ln,m from Table 2.



G. B. Djordjević, S. S. Djordjević / Filomat 34:8 (2020), 2655–2665 2664

4. Some properties of the generalized Fibonacci and Lucas numbers

In this section we give some properties of the generalized Fibonacci numbers and the generalized Lucas
numbers.

Theorem 4.1. The numbers Fn,m and Ln,m satisfy the following relations

n∑
i=0

Fi,m =

m−1∑
j=0

Fn+2−m+ j,m − 1. (22)

n∑
i=0

Li,m =

m−1∑
j=0

Ln+2−m+ j,m − 1. (23)

Proof. It is easy to prove (23) for n = 1.
Suppose that (23) is correct for n ≥ 1.
Then, for n + 1, we get

n∑
i=0

Li,m + Ln+1,m =

m−1∑
j=0

Ln+2−m+ j,m − 1 + Ln+1,m

= Ln+2−m,m + Ln+3−m,m + · · · + Ln,m + Ln+1,m + Ln+1,m − 1
= Ln+3−m,m + Ln+4−m,m + · · · + Ln+1,m + Ln+2,m − 1

=

m−1∑
j=0

Ln+3−m+ j,m − 1, (Ln+1,m + Ln+2−m,m = Ln+2,m).

The formula (22) can be similarly proved.

Theorem 4.2. Let hn,m = Fn,m or hn,m = Ln,m. Then the following relations

n∑
i=0

(
n
i

)
hr+(m−1)i,m = hr+mn,m, (24)

n∑
i=0

(
n
i

)
(−1)ihr+mi,m = (−1)nhr+(m−1)n,m, r ∈N0 (25)

are correct, whereN0 =N ∪ {0}.

Proof. It is easy to prove the relation (24) for n = 1.
Suppose that (24) is correct for n ≥ 1.
Then, for n + 1,we get

hr+m(n+1),m = hr+mn+m,m

= hr+mn+m−1,m + hr+mn,m

= hr+mn+m−1,m +

n∑
i=0

(
n
i

)
hr+(m−1)i,m
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=

n∑
i=0

(
n
i

)
hr+(m−1)i,m +

n+1∑
i=1

(
n

i − 1

)
hr+(m−1)i,m

=

n∑
i=1

((
n
i

)
+

(
n

i − 1

))
hr+(m−1)i,m +

(
n
0

)
hr+(m−1)·0,m +

(
n + 1
n + 1

)
hr+(m−1)(n+1),m

=

n+1∑
i=0

(
n + 1

i

)
hr+(m−1)i,m.

The formula (25) can be similarly proved.

Theorem 4.3. The sequence of numbers Fn,m satisfies the following relation

Fn+s,m = Fs,mFn+1,m + Fs+1−m,mFn,m + Fs+2−m,mFn−1,m + · · · + Fs−1,mFn+2−m,m, (26)

where s ≥ m − 1, n ≥ m, m ≥ 2.

Proof. Since

(1 − t − tm) ·
∞∑

n=0

Fn+s,m tn = Fs,m + Fs+1,m t + Fs+2,m t2 + · · · + Fs+n,m tn + · · · + Fs+n+m,m tn+m + . . .

− Fs,m t − Fs+1,m t2
− Fs+2,m t3

− · · · − Fn−1+s,m tn
− · · · − Fn+s,m tn+1

− · · · −

∞∑
n=0

Fn+s,m tn+m

=Fs,m + t(Fs+1,m − Fs,m) + t2(Fs+2,m − Fs+1) + · · · + tm−1(Fm−1+s,m − Fm−2+s,m)

=Fs,m + Fs+1−m,m t + Fs+2−m,m t2 + · · · + Fs−1,m tm−1,

hence

∞∑
n=0

Fn+s,m tn =
1

1 − t − tm · Fs,m +
t

1 − t − tm · Fs+1−m,m +
t2

1 − t − tm · Fs+2−m,m + · · · +
tm−1

1 − t − tm · Fs−1,m

=Fs,mFn+1,m + Fs+1−m,mFn,m + Fs+2−m,mFn−1,m + · · · + Fs−1,mFn+2−m,m.

Corollary 4.4. For m = 2 and m = 4, from (26), respectively, we get:

Fn+s = FsFn+1 + Fs−1Fn;
Fn+s,4 = Fs,4Fn+1,4 + Fs−3,4Fn,4 + Fs−2,4Fn−1,4 + Fs−1,4Fn−2,4.

Example 4.5. For m = 4, n = 8 and s = 4, from Table 2, we find

F8+4,4 = F4,4F9,4 + F1,4F8,4 + F2,4F7,4 + F3,4F6,4 = 19 = F12,4.
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