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Some Properties of the Generalized Fibonacci and Lucas Numbers
Gospava B. Djordjevié?, SneZana S. Djordjevié?

*University of Nis, Faculty of Technology, Department of Mathematics, 16000 Leskovac, Serbia

Abstract. In this paper we consider the generalized Fibonacci numbers F,,, and the generalized Lucas

numbers L, ,,. Also, we introduce new sequences of numbers A, ,, By, u, Cym and D,y ,,. Further, we find the
generating functions and some recurrence relations for these sequences of numbers.

1. Introduction

Generalized Fibonacci numbers F,, ,, (m > 2) are given by ([1], [2], for x=1)

Fn,m = Fn—l,m + Fn—m,mr

n=>m, (1)
with:
Fom=0, Fi;u="--=Fp_1m=1 (2)
Generalized Lucas numbers L, ,, are given by ([1], [2], for x=1)
Lym =Ly-1m+ Lu—mm, n=m, 3
with:
Lom=2, Lijw=-=Lp-1m=1.

4)
So, using the well-known method, we find the following generating functions for F,, ,, and Ly, respec-
tively:

t
Fnl®) = 15—

gk

Fn,m t”/

=
I
[==]

®)

2t
Ln®) = T——m

n=0

(6)
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Using the relations (5) and (6), we get the following explicit formulas, for the sequences F,,,, and Ly,

respectively:
[n/m]
—(m-1)k

Fn+1,m = Z (Tl ("]i ) )/ (7)

k=0

[n/m]

Lo = n—(m-2k(n—(m-1k ®)
e 0n—(rn—l)k k ’

k=

Remark 1.1. The numbers F, ,, are the special case of the Humbert’s polynomials for x = 1, (see [6]), i.e., Fyi1,m =
P,(m,1/m,-1,-1,1).

It is easy to prove the following relations

Ln,m = Fn+1,m + Fn+1—m,m
= Fn,m + 2Fn+1—m,m-

Next, from (1) and (2), we find the first m + 3 members of F, ,,, and, by (3) and (4), the first m + 3 members
of Ly

Table 1:
n Fn,m Ln,m
0 0 2
1 1 1
2 1 1
m—1

3

+

—_
B QN =
QN U1 x| W —

The particular cases of F,,,, and Ly, are Fy,2, L2, Fy3 and Ly 3. The first 13 members of these numbers
are given by Table 2. Namely, the numbers F, , are the known Fibonacci numbers and L, are the known
Lucas numbers.

Something more on the generalized Fibonacci and generalized Lucas polynomials and numbers can be
seen in [3] and [4].

2. Summation formula

In this section we find a summation formula for the generalized Lucas numbers L, ,,,.

Theorem 2.1. The numbers L,, ,, and F,, ,, satisfy the following relations

“”‘1)/’”](_1)1 o {Pm,m £1, n=mk+l, 1=12,...,m-1,
n—mim —

gy Fuiim, n=mk+m.
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Table 2:

n Fn,Z Ln 2 Fn,3 Ln,S Fn,4 Ln 4
0 0 2 0 2 0 2
1 1 1 1 1 1 1
2 1 3 1 1 1 1
3 2 4 1 3 1 1
4 3 7 2 4 1 3
5 5 11 3 5 2 4
6 8 18 4 8 3 5
7 13 29 6 12 4 6
8 21 47 9 17 5 9
9 34 76 13 25 7 13
10 || 55 123 || 19 37 10 18
11 || 89 199 || 28 54 14 24
12 || 144 || 322 || 41 79 19 33

Proof. Here we use mathematical induction on #.
It is easy to check the formula (9) forn =1,2,--- ,m - 1.
Suppose that (9) is correct for n > 1. Then:

1° For n = mk + m, we find:

k .
Z (_ 1)1Ln—mi,m =
i=0

Ln,m - Ln—m,m + Ln—Zm,m +-0+ (_1)k_1L2;n,m + (_1)kLm,m
= (Fn+1,m + Fn+1—m,m) - (Fn+1—m,m + Fn+1—2m,m) +e (_l)k_l(F2m+1,m + Fm+1,m) + (_1)k(Fm+1,m + Fl,m)
= Fn+1,m + Fl,m = Z:‘nJrl,m +1;

2°Forn=mk+1,1=1,2,...,m—1, we get:

Ln,m - Ln—m,m + Ln—2m,m +eot (_1)k_1Ll+m,m + (_1)kLl,m
= (Fn+1,m + Fn+1—m,m) - (Fn+1—m,m + Z:‘n+1—2m,m) +e (_1)k_1(Fl+l+m,m + Fl+l,m) + (_1)kFl+1,m(Ll,m = Fl+1,m)

= Fn+1,m-

Remark 2.2. Form =2, by (9), we get

[("i/zl(_l)iL L {F,m +1, n=2k+2,
n—z1r —

- Fue1, 1= 2k+1.

and, for m = 3, again by (9), we find

-1)/3
i=0 o Fn+1,3, n=3k+I,1=1,2,

where k € IN.
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3. New sequences of numbers

In this section we introduce and we consider new sequences of numbers: A, Bum, Cum, and D, .
Namely, these numbers are the convolutions of the generalized Fibonacci numbers and the generalized
Lucas numbers. For these sequences of numbers we find the generating functions and some interesting
properties.

Definition 3.1. The sequence of numbers Ay, (m > 2) is defined by

[(n+m—=1)/m]
An,m = Z Fi,mpnfm(ifl),m- (10)
i=1

wheren=mp+1,1=0,1,2,...,m—1.

Some first members of the sequences A, An3 and A, ;, are given in the following table.

Table 3:

n An,2 An,3 n An,m
1 1 1 1 1

2 1 1 2 1

3 3 e .. .
5 9 4 m—11 1

6 13 5 m 1

7 25 9 m+11| 3

8 38 13 m+2 | 4

9 68 18 m+3| 5

Theorem 3.2. The generating function for the sequence of numbers A, ,, is given by

t

Anlt) = (1—t—tm)(1—tm—pm)

(11)

Proof. Since
An(t) = Ayt + Ap P + Azt + -+ Apt™ + ...,
and by (10), we get

Am(t) = (Fl,mFl,m)t + (Fl,szlm)tz + (F1/mF3/m)t3 + ...
+ (Fl,um,m)tm + (Pl,mFm+l,m + FZ,mPl,m)tm+l +...

(Flfmt + Fz/mtm+1 + Fglmtzn”l + F4/mt3m+1 +.. ) . (Fl,m + Fz,mt + F3,mt2 + F4,mi’3 +.. )

1 1
= o [Fl,mtm + Fpt®™ + F3,t3™ + Fy t™™ + .. ] o [Fl,mt + Fyut? + F3pt® + Fy t* + ]
1 tm 1 t
Sl pm_ g f T —t—pm

t
(1=t —tm) (1 —tm —pm?)
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Corollary 3.3. For m = 2 (see [5]), by (10), we get

t =
Aﬂﬂ:(l—t—ﬂxl—ﬂ—ﬁ)ZZ;A”'

Theorem 3.4. The numbers Ay, satisfy the following relations

Anctm + Apmms if1£1,
Anmz{ n—-1,m n—m,m lf * (12)

An—l,m + An—m,m + Fp+1,mr lfl = 1/

wheren =mp +land1=0,1,--- ,m—1.

Proof. Let m > 2.

1°If I = 0, then we get:
n=mp, [(mp+m-1)/m]=p,
n-1=mp-1, [((mp—-1+m-1)/m]=p,
n-—-m=mp—m, [(mp-—m+m-1)/m]l=p-1,

and
An,m = Fl,an,m + F2,an—m,m + FS,an—2m,m +eeet Fp,mFm,m/
An—l,m = Fl,an—l,m + FZ,an—l—m,m + F3,an—1—2m,m +-ot Fp,mFm—l,m;
An—m,m = Fl,an—m,m + FZ,an—Zm,m + F3,an—3m,m et Fp—l,mFm,m-
Since

Anm + Ancmm = FumFum + FomFnmm + FamFnomm + -+ + FpmFm-1m, (Fum = Fuoim = 1),
we conclude that
Anm = An-1m + Anemm-
2°If 1 =1, then we find:

n=mp+1, [(mp+1+m-1)/ml=p+1,
n-1l=mp, [(mp+1-1+m-1)/m]=p,
n-m=mp+1-m, [(mp+1-m+m-1)/m]=p,

and

An,m = Fl,an,m + FZ,an—m,m +-0+ Fp,mFm+1,m + Fp+1,mF1,m;
An—l,m = Pl,an—l,m + FZ,an—l—m,m +F---+ Fp,mFm,m;
An—m,m = Fl,an—m,m + FZ,an—2m,m +eoet Fp,mFl,m~

So, we see that the next relation holds:
An,m = An—l,m + An—m,m + Fp+1,m-
3°If 1> 2, then

n=mp+1, [((mp+I+m-1)/ml=p+1,
n=1=mp+I1-1, [(mp+I-1+m-1)/ml=p+1,
n-m=mp+l-m, [(mp+l-m+m-1)/m]=p,
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and
An,m = Fl,an,m + FZ,an—m,m +eeet Fp,mFm+l,m + Fp+1,mFl,m/'
An—l,m = Fl,mPn—l,m + F2,mPn—1—m,m +eeet Fp,mFm+l—1,m + Fp+1,mPl—1,m;
An—m,m = Fl,an—m,m + FZ,an—Zm,m +-oo+ Fp,mFl,m'
So

An,m = An—l,m + An—m,mz (Fl,m = Flfl,m)-
Example 3.5. Let m =3 andn =3 -2, then

Ag3z = F13Fs3 + Fo3F33 =5,
Asz = F13F53 + Fo3Fr3 =4,
Aszz =Fi3F33=1,
A6,3 = A5,3 + A3/3 =5.
Ifn=3-2+1, then we get
Az3 =F13F73 + FoaFy3 + F33F13=9,
Ayz = F13F43 + Fo3F13 =3,
A7z =As3+ Az +F33=09.
Ifn=3-2+2, then
Agz = F13Fg3 + Fo3Fs53 + Fa3Fo3 = 13,
A8,9 = A7,3 + A5,3 =13.
Definition 3.6. The sequence By, is defined by

[(n+m—1)/m]

Bn,m = Fi,an—m(i—l),m/
i=1

wheren =mp +1,1=0,1,2,..., m—-1.

Theorem 3.7. Form >2and n = mp + 1, wherel =0,1,...,m—1, we get

Bn—l,m + Bn—m,m + Fp+1,m/ I= 1/
Bn,m = Bn—l,m + Bn—m,m/ I+ O/ 1/
Bn—l,m + Bn—m,m + 2Fp,mr [=0.

Proof. 1° If | = 0, then we get:

n=mp, [(mp+m-1)/m]=p,
n-1l=mp-1, [((mp—1+m-1)/m]=p,
n-m=mp—m, [(mp-m+m-1)/ml=p-1,

and

Bn,m = Fl,an,m + FZ,an—m,m +-oot Fp,an—m(p—l),mr

Bn—l,m = Fl,an—l,m + FZ,an—l—m,m +0 Fp—l,an—l—m(p—Z),m + Fp,an—l—m(p—l),m/

Bn—m,m = Fl,an—m,m + FZ,an—Zm,m +ee+ Fp—l,anfmfm(p72),m-

2660

(13)

(14)
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Hence

Bn—l,m + Bn—m,m = Fl,an,m + F2,an—m,m +-0+ Fp—l,mLZm—l,m + Fp,mLm—l,m
= Fl,an,m + FZ,an—m,m +eet Fp,m(Lm,m - LO,m)
= By — 2Fp .

2°If 1l = 1, then:

n=mp+1, [(mp+1+m-1)/ml=p+1,
n—1=mp, [(mp+m-1)/m]=p,
n-m=mp+1-m, [(mp+1-m+m-1)/m]=p,

and
Bn,m = Fl,an,m + FZ,an—m,m +-- 4+ Fp,mLm+1,m + Fp+1,mL1,m/
Bn—l,m = Fl,an—l,m + FZ,an—l—m,m +eee+ Fp,mLm,m/
Bn—m,m = Fl,an—m,m + FZ,an—Zm,m +eeet Fp,le,m-
So

Bn,m = Bn—l,m + anm,m + Fp+1,m-
3° Let] > 2. Now we get:

n=mp+1, [(mp+l+m-1)/ml=p+1,
n-—1l=mp+I1-1, [mp+I-1+m-1)/ml=p+1,
n-m=mp—m+I1, [(mp+l-m+m-1)/m]=p,

and
Bn,m = Fl,an,m + FZ,an—m,m +-oot Fp,mLm+l,m + Fp+1,le,mr
Bn—l,m = Fl,an—l,m + FZ,an—l—m,m +oeeet Fp,mLHmfl,m + Fp+1,lefl,m/
Bn—m,m = Fl,an—m,m + FZ,an—Zm,m +eeet Fp,le,m-
So

Bn,m = Bn—l,m + Bn—m,mr (Ll—l,m = Ll,m)-
Example 3.8. Let m = 4 and n = 4 - 2, then we have

Bgg = F14lga + Faalyq =12,
Bra=Fialys+Foulza=7,
Bys = Fi4l4s =3,

Bgs =B74+ By +2F4 = 12.

Letn=4-2+1, then

By =F14lo4 + Fr4ls4 + F34L14 =18,
Bsy =F1als4+Fy4l14=5,
Bg/4 = B8,5 + B5,4 + F3,4 =18.

2661
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Now, letn=4-2+2, and

Bioa = Fial104 + Foalea + F3alp 4 = 24,
Bea = Fi1alea +Foalos =6,
Biosa = Bgs + Bg s = 24,

Finally, let n =4 -2 + 3, then

Bi1a = FiaLl11a + Foul74 + F34L34 = 31,
Bll,4 = B10,4 + B7,4 =24 +7=231.

Theorem 3.9. The generating function of the sequence B, , is given by

t+ 2"
(1=t —tm)(1—pm— )

Bu(t) =

Proof.

Bm(t) = Z Bn,m t" = Blfmt + Bz,mtz R Bm—l,mtm_l + ...

n=1

= (Fl,le,m)t + (Fl,mLZ,m)tz +-0 4+ (Fl,mLm—l,m)tm_l +...
= (Ll,m + LZ,mt + L3,mt2 EE LM—l,mtm_z + Lm,mtm_l +

(Fl,mt + Fzrmi’m_'—l + F3,mt2m+1 + F4rmt3m+1 + ... )

1
= ?(Lllmt + Lo t® + Ly t® + -+ + Ly ut™ + Lo — Lou) -

1( 2t ) g

= — -2
tm\1—t—tm 1—pm— g
_ t+2t"

(A=t =ty = — )

Corollary 3.10.

. t+ 212
By(t) = B t" = .
2(t) ; T A=t — )1 -2 - th)

Definition 3.11. The sequence of numbers Cy, ,, is given by

[(n+m—=1)/m]

Cn,m = Z Li,mPn—m(i—l),m-
i=1

wheren=mp+1, 1=0,1,2,..., m—-1.
Theorem 3.12. The generating function of the sequence Cy ,y, is

g opm’

) = S S ma e =y

(15)
)X
1 m 2m 3m
tm__l(Fl,mt + Fout™ + F3,,t™" +...)
(16)
17)

Proof. The relation (17) can be proved in a similar way as the relation (15), or the relation (11).

It is easy to prove the following statement.
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Theorem 3.13. The sequence of numbers C,,, for n =
m > 2, satisfies the following properties

Cn—l,m + Cn—m,m/ l * 1/
Cn m =
Cn—l,m + Cn—m,m + Lp+1,m/ =1

Definition 3.14.
[(n+m—1)/m]

Dn,m = Li,an—m(i—l),m/
i=1

wheren=mp+1, 1=0,1,2,...,m—-1.
One can easily prove the following statements.
Theorem 3.15. The formula

(1 4 261y (#m 4 247

Dulf) = pm=1(1 — t — tm)(1 — g — )

is the generating function of the sequence Dy, .

Theorem 3.16. Numbers D, ,, satisfy the following formulas

Dn—l,m + Dn—m,m + 2Lp,m, n=mp,
Dn,m = Dn—l,m + Dn—m,m + Lp+1,m/ n=mp+ 1,

Dn—l,m+Dn,m/ n =m}7+l, 1=2,3,..., m-1.

Example 3.17. Let m = 4 and
1°n=4-2
Dgs =Lialga + Losalss =12,
D74 =Lialys+Loslzs =7,
Dyg=Lialgs =3,
Dg,4 = D7,4 + D4/4 + 2L2,4 =12.

2°n=4-2+1
Dos =Li4los + Loslss +L34L14 =18,
Dsy=Lialss +Ly4l14 =5,
D9,4 = D8,4 + D5/4 + L3,4 =18.
°Lletn=4-2+2

Dioa = LiaLl10a + LoaLles + L3alos = 24,

Des = L1aLes + Loalos = 6.

D104 = Doy + Desa =18+ 6 = 24.
4°n=4-2+3

D114 = LiaLli1a + LoaLlya + L34l 4 = 31,
D11,4 = D10,4 + D7,4 =24 +7=231.

Remark 3.18. We took the values of F,,,, and L, ,, from Table 2.

0,1,...,m — 1, and

mp + I, where |

(18)

(19)

(20)

(21)
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4. Some properties of the generalized Fibonacci and Lucas numbers

In this section we give some properties of the generalized Fibonacci numbers and the generalized Lucas
numbers.

Theorem 4.1. The numbers F,, ,, and Ly ,, satisfy the following relations

m—1

n _
Z Fi,m = Z Fn+2—m+j,m -1 (22)
i=0 =0

n m—1
Z Li,m = Z Ln+2—m+j,m -1 (23)
i=0

j=0

Proof. It is easy to prove (23) forn = 1.
Suppose that (23) is correct for n > 1.
Then, for n + 1, we get

n m—=1
Z Li,m + Ln+1,m = Z Ln+2—m+j,m -1+ Ln+1,m
i=0 j=0

= Ln+2—m,m + Ln+3—m,m +eeet+ Ln,m + Ln+1,m + Ln+1,m -1
= Ln+3—m,m + Ln+4—m,m +eeet Ln+1,m + Ln+2,m -1

m—1

= Z Ln+3—m+]',m - 1/ (Ln+1,m + Ln+2—m,m = Ln+2,m)'
j=0
The formula (22) can be similarly proved.

Theorem 4.2. Let hy,, = Fy, 0 Wy = Ly, . Then the following relations

n
n
Z (i)hr+(m—l)i,nz = hr+mn,m/ (24)

i=0
n

n .
Z (i)(_l)lhrﬂm',m = (_1)nhr+(m—1)n,m/ r € Ny (25)

i=0

are correct, where Ny = IN U {0}.

Proof. It is easy to prove the relation (24) for n = 1.
Suppose that (24) is correct for n > 1.
Then, for n + 1, we get

hr+m(n+1),m = hr+mn+m,m

hr+mn+m—1,m + hr+mn,m

n
n
= hr+mn+m—1,m + E (i)hr+(m—1)i,m
i=0
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n n n+1 n
(i)hr+(m—1)i,m + ; (l _ 1)hr+(m—1)i,m

N+l " \|n — + nl h

i i—1 r+(m—1)i,m 0 r+(m—1)-0,m n+1 r+(m—-1)(n+1),m
n+1
( i )hr+(ml)i,m'

The formula (25) can be similarly proved.

5

Il
o

I
—_

5

Ly

n+

(e}

i=

Theorem 4.3. The sequence of numbers F, ,, satisfies the following relation
Fn+s,m = Fs,an+1,m + Fs+1—m,an,m + Fs+2—m,an—1,m +-0t Fs—l,an+2—m,m; (26)
where s>m—-1, n>m, m > 2.

Proof. Since

(1_t_tm)'ZPn+s,mtn=Fs,m +Fs+1,mt+1:s+2,mt2+"'+Fs+n,mtn+"'+Fs+n+m,mtn+m+---
n=0

(]
2 3 n n+1 n+m
_Fs,mt_Fs+1,mt _Fs+2,mt _"'_Fn—1+s,mt _"'_Fn+s,mt _"'_an+s,mt
n=0

:Fs,m + t(Fs+1,m - Fs,m) + tz(Fs+2,m - Fs+1) +eet tm_l(Fm—1+s,m - Fm—2+s,m)

2 -1
=Fs,m + Fs+1—m,m t+ Fs+2—m,m [ Fs—l,m " ’

hence
} Fppot' = — L a—" E "
Z mesm b= T g e T T Estlemn ¥ T g Bse2emm e e Beetm
n=0

:Ps,an+l,m + Fs+1—m,mPn,m + Fs+2—m,mPn—1,m +eeet Fs—l,an+2—m,m'
Corollary 4.4. For m = 2 and m = 4, from (26), respectively, we get:

Fn+s = Fan+1 + Fs—ll:n;
Fuisa = FsaFpi1a+ Fs3aFna+ FsoaFp 14+ Fo14Fy24.

Example 4.5. For m =4, n = 8 and s = 4, from Table 2, we find

Fgi44 = FyaFo4+F14Fga + FoaF74 + F34Fc4 =19 = Fip4.
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