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Inequalities for the Generalized Tsallis Relative Operator Entropy
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inequalities.

Abstract. In this paper, we present some inequalities for the generalized relative operator entropy accord-
ing to the generalized Tsallis relative operator entropy. Our results are generalizations of some existing

1. Introduction and Preliminaries
Let H be a complex Hilbert space and let A and B be two invertible positive operators acting on H. Fujii
and Kamei [7] introduced the relative operator entropy of invertible positive operators A and B by
S(A|B) = A7 log(A"2BA™7)A?.

Furuta [4] defined the generalized relative operator entropy by

SA(AIB) = A7(A"2BA7) log(A"?BA™7)A?,
where A € [0, 1]. It is obvious that So(A|B) = S(A|B). In [13], Yanagi, Kuriyama and Furuichi introduced the
Tsallis relative operator entropy defined by

A#,B— A
TA(AIB) = A — =

A
for A € [0, 1], where the operator A-geometric mean A#, B is defined by

A#,B = A2(A"1BA 1) Az,
Fujii and Kamei [7] obtained the following inequality as a relationship between the relative operator entropy
and the Tsallis relative operator entropy:

T_1(AlB) < S(A|B) < TA(A[B). )
Yanagi et. al [13] generalized the definition of the Tsallis relative operator entropy. They defined the
generalized Tsallis relative operator entropy by

= Abu+iaB — Afyra-11B
Tux(AIB) = ————————,
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where A, u € R, A # 0, k € Z and A}, B denotes the extended operator y-geometric mean for u € R, see [4]
for instance. The extended operator y-geometric mean Af,B is defined by

Af,B = AZ(A"IBATI)NAL.
In particular, for A € [0, 1],

Af\B - AffoB  A#\B- A
A B A

To1,1(AIB) = = TA(AB).

As a generalization of (1) we will give the relationship between the generalized relative operator entropy
and the generalized Tsallis relative operator entropy in (10), (14), and (17). Dragomir gave some inequalities
for relative operator entropy in [1, 2].

Zou [14] proved some operator inequalities related to the Tsallis relative operator entropy and gener-
alized some existing inequalities. Then, he presented some inequalities in [15] for the relative operator
entropy generalizing some results obtained in [14] and presented some new lower and upper bounds for
the Tsallis relative operator entropy and relative operator entropy. For more information on the Tsallis
relative entropy and relative operator entropy the reader is referred to [5, 6, 8, 10-12] and the references
therein.

In this paper, we prove some inequalities for the generalized relative operator entropy according to the
generalized Tsallis relative operator entropy. Meanwhile, we also give some lower and upper bounds for
the generalized relative operator entropy and generalized Tsallis relative operator entropy. Our results are
generalizations of some existing inequalities, cf. [14, 15].

2. Main Results

In this section, we achieve the upper bound of the generalized relative operator entropy according to
the generalized Tsallis relative operator entropy and extended operator geometric mean. We begin this
section with the following lemma.

Lemma 2.1. Let A € (0,1] and t > 0. Then
. A_
(i) logt < %,
(i) 1-1 <58

Proof. (i) Writing the right inequality in (1) in the scalar case, the inequality

b a=Mt —a
aloga < —

holds for any a,b > 0 and A € (0, 1]. Taking a = 1 and b = ¢t we obtain (i).
(ii) The arithmetic-geometric mean inequality

b <la+1-A7
holds for any a > 0. Taking a = % we obtain (ii) after a simple manipulation. [
Theorem 2.2. Leta>0,A€(0,1],4 20,k € IN, and v € [0, 1]. For any invertible positive operators A and B,

at -1
1 (VA4 B + (1 = v)Ally1 =10 B)

+ (v + (1 = v)a)TyxA(AIB) — (log @) Aty k-1 B. 2)

Sg+k-1A(A|B) <
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Proof. By a simple calculation we get

X"+

(ax)* — 1xq+(k71)A _ (’ZA -1, X - 1)xq+(k—1)/\
A A A !

Y

It follows from the convex combination of (3) and (4) that

(ax)" — 1xq+(k—1)/\ _ (xA -1 at — 1)xq+(k—1)/\'
A

(ax)* ~ 1xq+(k—1)A
A

A A A A
at—=1 , x*-1 _ xt =1 at -1 _
_ [ HE=DA 4 (1 P (+k=DA
= =) (1-vi— =)
A +kA _ g+(k—=1)A
a* -1 x17 x7
= T(vx‘?*“ + (1= DY+ v+ (1 - v)aﬂf
For a positive real number x one can easily find that
ax)* =1
W EDA o0 gy < (—qur(kfl)/\'
& A
Hence,
ax)* -1
YDA 00y < (—xq+(k—1)A _ (log g)xd+ DA
ogx < 1 (loga)
Combining (5) and (6), we yield
k-1)A a' -1 kA k-1)A
XD o x < l (VaTHA 4 (1 — ) TE=DAy
AHRA _ g+ (k=1)A q+(k—1)}\.

+ @+ (1 -v)ah) - (loga)x

A

2715

©)

(7)

The desired result follows from (7) by applying the functional calculus x = A"1BA"? and then multiplying

both sides with A2. [

Corollary 2.3. [15, Theorem 2.1] Let a > 0, A € (0, 1], and v € [0, 1]. For any invertible positive operators A and B,

at =1
A

Proof. By letting g = 0 and k = 1 in Theorem 2.2, we reach the result. [

S(AIB) < (VA#AB + (1 = v)A) + (v + (1 = v)a")TA(AIB) - (log a)A.

Remark 2.4. Putting v = 1in (2), we get

at =1

Sg+-1A(AlB) < Aty B + Ty (AIB) — (log @) Afly+ 1)1 B

and putting v = 0 in (2), we obtain

= at -1
Sq+k-1A(AIB) < a* T, 1 (AIB) + (

— log a)Afly+(k-1)1B.
Moreover, setting a = 1 in (8) or (9) one can find that

Sy+k-0A(AIB) < Ty 2 (AIB).

(10)
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We emphasis the inequality (10) discovers the relation of ordering between generalized Tsallis relative
operator entropy and generalized relative operator entropy. In particular, this inequality recovers the
upper bound obtained in (1) by Fujii and Kamei.

We find the lower bound of the generalized relative operator entropy according to the generalized Tsallis
relative operator entropy and extended operator geometric mean as follows.

Theorem 2.5. Leta > 0,49 >0, A € (0,1] and v € [0,1]. For any invertible positive operators A and B,
at -1
Aat
+@w+1- v)a‘A)T,q,k,,A(AIB) — (loga)Af_;—x-1)AB. (11)

S—g-k-1A(AlB) = (VAR 1B + (1 = v)A ;- x-1)AB)

1 1

Proof. Substituting x by x™ and a by a7 in (7), respectively, we have

-A
a1 (a1 4 (1 — v k=DA

x—q—k)\ _ x—q—(k—l)}\
A

x1-(k=DA log xl<

+@+A-v)a?)

— (log a‘l)x‘q_(k‘l)A

for all x > 0. Hence

—gt
(a1 4 (1 — p)x~ kDAY

x—=kA _ y=q-(k-1)A
A

—yx 1 k=1)A logx < !

alt

+w+@1=va?

+ (log a)x 9~ k-1
for all x > 0. From this we observe that

at =1
Aat

(x4 (1 — )17 EDY
X THRA) = k=1)(=2)
-A

x D oo x >

+W+d=va™h

- (log a)x—q—(k—l)A

for all x > 0. The desired result follows from (7) by applying the functional calculus x = A"2BA~ and then
multiplying both sides with A2, O

Corollary 2.6. [15, Theorem 2.3] Let a > 0, A € (0, 1], and v € [0, 1]. For any invertible positive operators A and B,

a’/‘\a—Al (VAR_1B + (1 = v)A) + (v + (1 = v)a")T_1(A|B) — (loga)A.

S(A|B) =

Proof. By letting g = 0 and k = 1 in Theorem 2.5, we find the result. [

Remark 2.7. Settingv =1 in (11), we get

= at -1
S—g-k-1A(AIB) = T4, -A(AIB) + WAﬁ—q—kAB

- (IOg H)Aﬂ—q—(k—l)AB (12)
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and setting v = 0 in (11), we obtain
S-g-te-1a(AIB) 2 a*T_y 1, _A(AIB)

at -1
+( S log a)A#-4-x-1)1B, (13)

which is a lower bound for S_;_-1)1(A|B). Moreover, letting a = 1 in (12) or (13), we deduce

S-g--1 (AIB) 2 Ty -1 (AIB). (14)
In particular, this inequality recovers the lower bound obtained in (1) by Fujii and Kamei.

Corollary 2.8. Leta >0, A €(0,1], g 2 0, k € IN. For any invertible positive operators A and B,

= 1-a

T_4x-1(AlB) - WAﬁ—q—k/\B — (loga)A#_;—-1)B
< S ;- k-11(AlB)
< S(A|B)
< Sg4-1)1(AlB)

~ at -1
<a'T,(AIB) + (

— log a)Afly+(k-1)1B. (15)

Proof. The function I'y(x) = A*log A is an increasing function of x for every A > 0. On the other hand,
Sx(AIB) = AYT 4-1124-12(x)AY/? and so the generalized relative operator entropy is an increasing function of
x for every A, B > 0[9, Corollary 1]. Hence, the second and third inequalities in (15) are hold. The first and
forth inequalities follow from (12) and (9), respectively. [

By letting ¢ = 1 and k = 0 in (15) we obtain [15, Remark 2.5] as follows:

1-a
T_A(AlB) - WAﬂ_AB - (IOg ll)A
< S(A|B)

at —1

< aT\(AIB) + ( —loga)A.

In view of Remark 2.4, 2.7 and inequalities (13), (8) one can deduce
at -1
VR loga)A#_;_-1)2B
<S4 k-11(AlB)
< S(A|B)
< S4+-1)1 (AlB)
at -1
A
Putting a = 1 in (15) or (16), we have

0~ Ty - (AIB) + (

< T, xA(AIB) +

AllyixAB — (log a)Ally 4 k-1)1B- (16)

T_yj-A(AIB) < S_4—g-1)2(AIB)
< S(A|B)
< S4+-1)1(AlB)

< T, (AIB), (17)
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which is a refinement and generalization of (1). We emphasis the inequalities (17) totalize the relation of
ordering between generalized Tsallis relative operator entropy and generalized relative operator entropy.

We now verify the lower and upper bound of the generalized Tsallis relative operator entropy with
respect to the extended operator geometric mean.

Theorem 2.9. Leta>0,A€(0,1],4 20,k € N, and v € [0, 1]. For any invertible positive operators A and B,

at-1

1
Ay -1)2B — aAﬂ—q—(k—l)/\—lB + (VAR B + (1 = v)AB_;_x-1)1B)
<+ (1= v)a Ty -1 (AlB).

Proof. By replacing —A and —q instead of A and g, respectively in (5) we find that

-A_ -A_
(ax) - ]'x—q—(k—l))\ _4 - 1(vx7q—k2\ + (1 — v)x 7 =DAy
—q—-kA _ qu—(kfl)/\

T A YV — . (18)
Due to Lemma 2.1 (ii) we have
1. 4 (ax)™ -1 ___,_
1— )y kDA 2 7 —g=(k-DA 1
(1= o < 22—y (19)

Combining (18) and (19), we get

-A _
xI-(k=DA _ %x—q—(k—l)}\—l < a - 1(vx—q—k/\ + (1= )1k
—q-kA _ y=q-(=1)A

-A

+ w1 =vahHi

and so

1 a’t -1
x~a-(k=DA _ Ex—q—(k—l)ﬂt—l n - (T 4 (1 = )1~ k-DA)
x—q—k/\ _ x—q—(k—l)/\

<w+@1-v)a? —

The desired result follows from (7) by applying the functional calculus x = A"2BA™7 and then multiplying
both sides with A2, [

Corollary 2.10. [15, Theorem 2.6.] Let a > 0, A € (0,1], and v € [0, 1]. For any invertible positive operators A and
B/

- 1(VAl:t_,\B +(1=1A) <@+ 1 -v)a)T_\(AB).

A-Laptas
a
Proof. By setting g = 0 and k = 1 in Theorem 2.9, we conclude the result. [J

Corollary 2.11. Leta>0,A€(0,1],4 20,k € N, and v € [0, 1]. For any invertible positive operators A and B,

1
(1 -loga)Af_g--1)2B — EAﬁ—q—(k—l)A—lB

< (v + (1= v)Ja My _1(AIB)
at -1
— (loga)A#_;_-1)1B + /\T(VAﬂ—q—k/\B +(1 = v)AH 4 ¢-1)1B)
< S_ 41 (AlB). (20)



I. Nikoufar, Z. Yousefzadeh / Filomat 34:8 (2020), 2713-2721 2719
Proof. The upper bound of (v + (1 - v)a‘A)T_q,k,_A(AlB) follows from Theorem 2.5. So,

v+ (1 =)a ) T-g-2(AIB) < S0 (AIB)
+ (log ﬂ)Aﬁ_q_(k_l))\B (21)
a -1
e (VAR ;2B + (1 = v)A#_4—-1)A B).
Combining this by the lower bound of (v + (1 - v)a‘A)T,q,k,, 1(A|B) in Theorem 2.9, we obtain

-A

1 a’t-1
Ay -1)\B - EAﬁ—q—(k—l)A—lB + (VAB_g-aB + (1 = v)AH_—x-1)2B)

<@+ A =)a Ty, -1(AIB)
< S_4-k-1r(AlB)
+ (log a)Aﬁ_q_(k_l)AB
at -1
- W(VAﬂfq—kAB +(1=v)Af ;- k-1)1B). (22)
Adding the operator
at -1
loga Aﬁ g—(k- 1/\B+ 1 VAﬁ —q- kAB+ 1- V)Aﬂ ——(k— 1)/\B)

to both sides of the inequalities in (22), we find the desired inequalities. [

Corollary 2.12. Leta>0,A1€(0,1],4 20,k € N, and v € [0, 1]. For any invertible positive operators A and B,

Sysk-0A(AIB) < (1 =) +va™)T 1 1 (AlB)

aht—

+

1
(1 = v)AysaB + vAlg 1A B) + (log a) Al 4 k-1)1B

1
< EAﬁq+(k—1)/\+1B + (loga — 1)Aly4¢-1)1B. (23)

ax)

Proof. Since < ax — 1, by multiplying its both sides with x7**~1* and using (5) it follows from that

at -1 kA k-1)A
——— (T 4 (1 = )t DAy

xq+k?\ _ xq+(k—1)A

< _ 1)+ k-DA
1 < (ax — 1)x

+ @+ (1 -v)ah)
By applying the functional calculus x = A"2BA"7 and then multiplying both sides with At we get

0+ (1 = VYT (AIB) + L Al + (1 = DAty 11
< ﬂAﬁq+(k—1)A+1B — Ay @-1)AB. (24)
The lower bound of the left side of (24) is Sy4(-1)1(A|B) + (loga)Af;x-1)AB by (2). So, the inequalities (2)
and (24) entail that
Sg+t-1)1(AIB) + (log a) Al x-1)2B
<@+ (1 -v)a) qkA(AlB)

at -1

+

(VAﬂq+kAB + (1= v)Alg4k-1)1B)
< aAlgi(-1)141B — Allgsk-1)2B. (25)
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By replacing a with 4! and 1 — v with v, respectively in (25) and adding the term (log a)AH;-1)1B to both
sides of the inequalities in (25), we get the result. [

Corollary 2.13. Leta>0,A1€(0,1],4 20,k € N, and v € [0, 1]. For any invertible positive operators A and B,

(1 -loga)Af_;--12B — %Aﬂ—q—(k—l)/\—lB

<@+ A =)a Ty -1(AIB)

at =1
— (log@)Af—g-g-1)2B + —— (vAl_4-aB + (1 = v)Afl_4—e-1)1B)

Aa
< S_ ;- k-1r(AlB)
< S(AIB)
< Sg+-1)1(AlB)
< (1= v) +va )T, 1 (AIB)
at -1
A
< %Aﬁq+(k—1)A+1B + (loga — 1)Ally4k-1)1B-

+ (1 = v)Aly4aB + VA 4 k1)1 B) + (log a) At (k-1)1B

Proof. The first and second inequalities follow from Corollary 2.11. The third and forth inequalities are a
consequence of Corollary 2.8 and the fifth and sixth inequalities are based on Corollary 2.12. [J

We remark that [14, Theorem 2.1] follows from the first inequality of above corollary by setting g = 0,
k=1,and v = 0. Indeed, we observe

1 1-at

A-=-AB'A A<a T .
. B'A + TASa T_A(A|B)

Setq =0,k =1, and v = 0 in the second inequality of (20) to obtain

A
—(loga + 12\72)/1 +a *T_,(AIB) < S(A|B) (26)

and put g =0, k = 1, and v = 1 in the first inequality of (25) to reach

1-at

S(A|B) < TA(A|B) — Af)B - (loga)A. (27)
By combining (26) and (27), we conclude [14, Theorem 2.2].

Corollary 2.14. [14, Theorem 2.3] Let a > 0, A € (0,1]. For any invertible positive operators A and B,

—gt
Aa?t

(1-loga)A - %AB_lA < —(loga + !
< S(AIB)

YA +a *T_,(AIB)

1-a'
< (IOg H)A + T/\(A|B) + WALJMB
< (loga-1)A+ %B. (28)

Proof. By setting g = 0,k =1, and v = 0 in Corollary 2.13 we obtain the result. [J
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Note that Corollary 2.13 is a generalization of Corollary 2.14 and a refinement of the following inequality:
(1-loga)A — %AB‘lA < S(AIB) < (loga - 1)A + %B, (29)
which is due to Furuta [3].

Acknowledgement: We would like to express our sincere thanks for three anonymous referees for their
useful comments which substantially helped improving the quality of the paper. Lemma 2.1 is added
according to the suggestion of one of the referees.

References

[1] S. S. Dragomir, Some inequalities for relative operator entropy, Preprint RGMIA Res. Rep. Col L. 18, Art. 145. (2015)
[http://rgmia.org/papers/v18/v18al45.pdf].
[2] S. S. Dragomir, Further inequalities for relative operator entropy, RGMIA Res. Rep. Col L 18, Art. 160 (2015)
[http://rgmia.org/papers/v18/v18al60.pdf].
[3] T. Furuta, Furuta’s inequality and its application to the relative operator entropy, J. Operator Theory, 30(1) (1993), 21-30.
[4] T. Furuta, Parametric extensions of Shannon inequality and its reverse one in Hilbert space operators, Linear Algebra Appl.,
381, (2004) 219-235.
[5] T.Furuta, Reverse inequalities involving two relative operator entropies and two relative entropies, Linear Algebra Appl., 403
(2005), 24-30.
[6] T.Furuta, Two reverse inequalities associated with Tsallis relative operator entropy via generalized Kantorovich constant and
their applications, Linear Algebra Appl., 412(2:3) (2006), 526-537.
[7] J. 1 Fujii and E. Kamei, Relative operator entropy in noncommutative information theory, Math. Japonica, 34 (1989), 341-348.
[8] I. Nikoufar, On operator inequalities of some relative operator entropies, Adv. Math., 259, (2014), 376-383.
[9] I Nikoufar, Operator versions of Shannon type inequality, Math. Inequal. Appl., 19(1) (2016) 359-367.
[10] I. Nikoufar and M. Alinejad, Bounds of generalized relative operator entropies, Math. Inequal. Appl., 20(4) (2017), 1067-1078.
[11] I. Nikoufar, Bounds of some relative operator entropies in a general form, Filomat, 32(14) (2018), 5105-5114.
[12] I Nikoufar, Improved operator inequalities of some relative operative entropies, Positivity, 24 (2020), 241-251.
[13] K. Yanagi, K. Kuriyama, and S. Furuichi, Generalized Shannon inequalities based on Tsallis relative operator entropy, Linear
Algebra Appl., 394 (2005), 109-118.
[14] L. Zou, Operator inequalities associated with Tsallis relative operator entropy, Math. Inequal. Appl., 18(2) (2015), 401-406.
[15] L. Zouand Y. Jiang, A note on inequalities for Tsallis relative operator entropy, Bull. Iranian Math. Soc., 42(4), (2016), 855-859.



