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Abstract. The paper aims to present an advanced algorithm by taking help of the Noor-iteration scheme
along with the inertial technical term for three quasi-nonexpansive multivalued in Hilbert spaces. A weak
convergence theorem under certain conditions has been given and added the CQ and shrinking projection
methods to our algorithm to obtain certain strong convergence results. Furthermore, numerical experiments
are provided by constructing an example and comparison results have also been incorporated.

1. Introduction and Some Basic Notions

Throughout, we assume ג to be a real Hilbert space, U , ∅, a closed convex subset of ,ג and the non-
empty families of closed bounded, compact and proximinal bounded subsets of ג shall be denoted by CB(U),
K(U) and P(U), respectively. Further, we use ” ⇀ ” and ” → ” to denote weak convergence and strong
convergence, respectively.

Now, if for all κ ∈ ,ג there exists ω ∈ U such that

‖κ − ω‖ = ξ(κ, U) = inf{‖κ − τ‖ : τ ∈ U}.

then U ⊂ ג is said to be proximinal.
On CB(U), the Hausdorff metric kξ(= k) is defined for all Ξ,Θ ∈ CB(U), as follows:

kξ(Ξ,Θ) = max
{

sup
κ∈Ξ

ξ(κ,Θ), sup
ω∈Θ

ξ(ω,Ξ)
}
,

where ξ(κ,Θ) = inf`∈Θ{‖κ − `‖}.
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The nonexpansive (n.e.) conditions of a single-valued mapping = : U → U as well as that of a multi-
valued mapping = : U → CB(U) are given respectively by means of the inequalities

∥∥∥=κ − =ω∥∥∥ ≤ ‖κ − ω‖
and k(=κ,=ω) ≤ ‖κ − ω‖ , for all κ,ω ∈ U. Also, an element ℘ ∈ U is said to be a fixed point of a single-valued
mapping (multi-valued mappings) if ℘ = =℘ (℘ ∈ =℘), respectively. We denote by Ω(=), the set of all fixed
points for the mapping =.

Suppose that Ω(=) , ∅, = : U→ CB(U) is a multi-valued mapping and I is the identity mapping. Then,
• = is called quasi-nonexpansive (q.n.e.) mapping if for all κ ∈ U and ℘ ∈ Ω(=),

k(=κ,=℘) ≤ ‖κ − ℘‖ .

• I −= is called demiclosed at ω ∈ U if {κn}
∞

n=1 ⊂ U such that κn ⇀ κ and {κn − τn} → ω for some τn ∈ =κn
imply κ − ω ∈ =κ.

Some earlier interesting and useful results related to fixed points involving n.e. single-valued mappings
studied by many researchers are available in [1, 5, 11–13, 16, 24, 27–29]. An important finding by Mann [19]
to approximate fixed point of a single-valued nonexpansive mapping in Hilbert spaces is the following:

κn+1 = ϑnκn + (1 − ϑn)=κn, ∀n ∈N. (1)

Later, Ishikawa [15] developed a generalization of the above iterative algorithm (1) by Mann as: for an
arbitrary κ0 ∈ U,{

κn+1 = ϑnκn + (1 − ϑn)=φn,
φn = σnκn + (1 − σn)=κn, n ≥ 0, (2)

where {ϑn} and {σn} are sequences in [0, 1].
Ishikawa’s iterative algorithm (2) was further extended by Noor [22] as: for an arbitrary κ1 ∈ U,

κn+1 = ϑnκn + (1 − ϑn)=φn,
φn = σnκn + (1 − σn)=ωn,
yn = µnκn + (1 − µn)=κn, n ≥ 1,

where {ϑn}, {σn} and {µn} are sequences in [0, 1].
Ishikawa iteration method converges weakly even in Hilbert spaces while Mann’s iteration has the weak

convergence theorem only (see [4]). A strong algorithm for modified Mann algorithm was given by Nakajo
and Takahashi [21], which is called CQ-algorithm: for an arbitrary κ◦ ∈ U,

ωn = ϑnκn + (1 − ϑn)=κn,
Cn = {τ ∈ U : ‖ωn − τ‖ ≤ ‖κn − τ‖},

Qn = {τ ∈ U : 〈κ◦ − κn, κn − τ〉},
κn+1 = PQn∩Cn (κ◦).

They proved that if the sequence {ϑn} is bounded above by 1, then the sequence {κn} converges strongly to
PFix(=)(κ0).

Mann’s iteration method (1) was also modified by Takahashi et al. [31] by involving just one closed
convex set for a family of n.e. mappings {κn} as: given κ◦ ∈ ,ג

U1 = U, κ1 = PC1κ◦
ωn = ϑnκn + (1 − ϑn)=nκn,
Cn = {τ ∈ U : ‖ωn − τ‖ ≤ ‖κn − τ‖},
κn+1 = PCn+1 (κ◦).

They were able to establish that if ϑn ≤ `, for all n ≥ 1 and for some 0 < ` < 1, then the sequence {κn}

converges strongly to PFix(=)(κ0).
The notion of nonspreading mappings was given by Kohsaka and Takahashi [17, 18] in 2008 for Banach

spaces, and obtained some interesting results related to fixed points as well as common fixed points for



W. Cholamjiak et al. / Filomat 34:8 (2020), 2495–2510 2497

single and commutative family of nonspreading mappings, respectively. Let κ,ω ∈ U be any two elements.
We call a mapping = : U→ U:
� nonspreading [17] if

2
∥∥∥=κ − =ω∥∥∥2

≤

∥∥∥κ − =ω∥∥∥2
+

∥∥∥ω − =κ∥∥∥2
,

� nonspreading [14] if and only if∥∥∥=κ − =ω∥∥∥2
≤ ‖κ − ω‖2 + 2〈κ − =ω,ω − =ω〉,

� hybrid [32] if∥∥∥=κ − =ω∥∥∥2
≤ ‖κ − ω‖2 + 〈κ − =κ,ω − =ω〉,

or equivalently, a mapping = : U→ ג is called hybrid iff

3
∥∥∥=κ − =ω∥∥∥2

≤ ‖κ − ω‖2 +
∥∥∥ω − =κ∥∥∥2

+
∥∥∥κ − =ω∥∥∥2

.

The results of Kohsaka and Takahashi [17, 18] seems to motivate the works of Iemoto and Takahashi [14],
Takahashi [32], Cholamjiak and Cholamjiak [6] respectively in Hilbert spaces. A multi-valued mapping
T : U→ CB(U) is called a hybrid if

3k(=κ,=ω)2
≤ ‖κ − ω‖2 + ξ(ω,=κ)2 + ξ(κ,=ω)2,

for all κ,ω ∈ U. = is a quasi-nonexpansive, whenever = is hybrid and Ω(=) , ∅. One can find more
details and counter example in ([7]).

In 2001, the heavy ball method [25, 26] was applied to inertial proximal point algorithm by Alvarez and
Attouch [3] as follows:{

ωn = κn + ℘n(κn − κn−1),
κn+1 = (I + rnΥ)−1ωn, n ≥ 1. (3)

by using the proximal point algorithm for maximal monotone operators. They demonstrate that the
algorithm (3) converges weakly to zero of Υ, if {rn} is increasing and {℘n} ⊂ [0, 1) with

∞∑
n=1

℘n‖κn − κn−1‖
2 < ∞. (4)

Also, the hypothesis (4) holds for ℘n < 1/3, ℘n. The terms ℘n and ℘n(κn − κn−1) refer to extrapolation
factor and inertia, respectively. The inertial concept is beneficial for improving the efficacy of algorithms as
well as for better convergence properties [2, 9, 10, 23].

The above works inspire us to introduce a more advanced iteration scheme by modifying the scheme of
Noor with the inertial technical term aiming at finding common fixed points of three quasi-nonexpansive
multivalued mappings. We aim to obtain first weak convergence theorems, and then strong convergence
theorems by using CQ and shrinking projection methods in combination with the modified Noor iteration
scheme. We shall also present a comparison between our inertial projection and the standard projection
algorithms. Further, we shall discuss some numerical experiments and examine the convergence rate of
our algorithm.

2. Necessary Lemmas and a Condition

This section of the paper basically recalls some necessary results as lemmas those will be required to
understand the main findings of the paper.
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Lemma 2.1. [32] For each κ,ω ∈ ג and a real number f, we have
(i) ‖κ + ω‖2 ≤ ‖κ‖2 + 2〈ω, κ + ω〉,
(ii) ‖fκ + (1 −f)ω‖2 = f ‖κ‖2 + (1 −f) ‖ω‖2 −f(1 −f) ‖κ − ω‖2.

Lemma 2.2. [20] For each κ,ω, υ ∈ ג and ð ∈ R, the following set is closed and convex:

{η ∈ U :
∥∥∥ω − η∥∥∥2

≤

∥∥∥κ − η∥∥∥2
+ 〈υ, η〉 + ð}.

Lemma 2.3. [21] Let PC : →ג U be the metric projection. Then

‖ω − PUκ‖2 + ‖κ − PUκ‖2 ≤ ‖κ − ω‖2

for all κ ∈ ג and ω ∈ U.

Lemma 2.4. [3] Assume the sequences {Λn}, {νn} and {ϑn} in R+ be such that ∀n ≥ 1,
∑
∞

n=1 νn < +∞,

Λn+1 ≤ Λn + ϑn(Λn −Λn−1) + νn.

If there is a real number ϑ satisfy 0 ≤ ϑn ≤ ϑ < 1. Then the assertions hold:
(i) Σn≥1[Λn −Λn−1]+ < +∞, where [ρ]+ = max{ρ, 0};
(ii) ∃Λ∗ ∈ R+ such that limn→+∞Λn = Λ∗.

Lemma 2.5. [30] Assume that { is a Banach space that satisfies the Opial’s condition and that {κn} is a sequence in
{. Assume p, r ∈ { are such that limn→∞

∥∥∥κn − p
∥∥∥ and limn→∞

∥∥∥κn − p
∥∥∥ holds. If the subsequences {κn j } and {κm j }

of {κn} converge weakly to p and q, respectively, then p = r.

Lemma 2.6. [6] Let = : U → K(U) be a hybrid multivalued mapping. Let {κn} be a sequence in U such that κn ⇀ r
and limn→∞ ‖κn − ωn‖ = 0 for some ωn ∈ =κn. Then r ∈ =r.

Lemma 2.7. [6] Let = : U→ K(U) be a hybrid multivalued mapping with Ω(=) , ∅, then Ω(=) is closed.

Condition(A). Let U be a subset of a real Hilbert space .ג A multivalued mapping = : U→ CB(U) is said
to satisfy Condition (A) if ‖κ − `‖ = d(κ,=`) for all κ ∈ ג and ` ∈ Ω(=).

Lemma 2.8. [6] Let = : U → K(U) be a hybrid multivalued mapping with Ω(=) , ∅. If = satisfies Condition (A),
then Ω(=) is convex.

Remark 2.9. [6] We see that if =p = {p} for all p ∈ Ω(=), then = satisfies Condition (A). It is known that the best
approximation operator P=, which is defined by P=κ = {ω ∈ =κ : ‖ω − κ‖ = ξ(κ,=κ)}, also satisfies Condition (A).

Lemma 2.10. [8] Let = : →ג CB(ג) be a quasi-nonexpansive mapping with Ω(=) , ∅. Then Ω(=) is closed.

Lemma 2.11. [8] Let = : →ג CB(ג) be a quasi-nonexpansive mapping with Ω(=) , ∅. If = satisfies Condition (A),
then Ω(=) is convex.

3. Main Results and Discussion

This section is for stating and proofing the main results of this paper, i.e., the weak and strong conver-
gence theorems.

Theorem 3.1. Let =,=2,=2 : U → CB(U) be quasi-nonexpansive multivalued mappings with Ω(=1) ∩ Ω(=2) ∩
Ω(=3) , ∅ and I − =i is demiclosed at 0 for all i ∈ {1, 2, 3}. Let {κn} be a sequence generated by

κ0, κ1 ∈ U chosen arbitrary,
ζn = κn + θn(κn − κn−1),
ωn ∈ µnxn + (1 − µn)=1ζn,
τn ∈ σnκn + (1 − σn)=2ωn,
κn+1 ∈ ϑnκn + (1 − ϑn)=3τn,
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for all n ≥ 1, where {ϑn}, {σn} and {µn} ⊂ (0, 1). Assume that the following conditions hold:
(i)

∑
∞

n=1 θn‖κn − κn−1‖ < ∞;
(ii) 0 < lim infn→∞ ϑn < lim supn→∞ ϑn < 1;
(iii) 0 < lim infn→∞ σn < lim supn→∞ σn < 1;
(iv) 0 < lim infn→∞ µn < lim supn→∞ µn < 1.
If =1,=2 and =3 satisfy Condition (A), then {κn} is weakly convergent to a common fixed point of =1,=2 and =3.

Proof. Let p ∈ Ω(=1) ∩Ω(=2) ∩Ω(=3). Since =1,=2 and =3 satisfy Condition (A), for ~n ∈ =1ζn, ℘n ∈ =2ωn
and ℵn ∈ =3τn, we have

‖κn+1 − p‖ ≤ ϑn‖κn − p‖ + (1 − ϑn)‖ℵn − p‖
= ϑn‖κn − p‖ + (1 − ϑn)ξ(ℵn,=3p)
≤ ϑn‖xn − p‖ + (1 − ϑn)k(=3τn,=3p)
≤ ϑn‖xn − p‖ + (1 − ϑn)‖τn − p‖

≤ ϑn‖xn − p‖ + (1 − ϑn)
(
σn‖κn − p‖ + (1 − σn)‖℘n − p‖

)
= ϑn‖xn − p‖ + (1 − ϑn)

(
σn‖κn − p‖ + (1 − σn)ξ(℘n,=2p)

)
≤ ϑn‖xn − p‖ + (1 − ϑn)

(
σn‖κn − p‖ + (1 − σn)k(=2ωn,=2p)

)
≤ (ϑn + (1 − ϑn)σn)‖κn − p‖ + (1 − ϑn)(1 − σn)‖ωn − p‖

≤ (ϑn + (1 − ϑn)σn)‖κn − p‖ + (1 − ϑn)(1 − σn)
(
µn‖κn − p‖ + (1 − µn)‖~n − p‖

)
= (ϑn + (1 − ϑn)σn)‖κn − p‖ + (1 − ϑn)(1 − σn)

(
µn‖κn − p‖ + (1 − µn)ξ(~n,=1p)

)
≤ (ϑn + (1 − ϑn)σn)‖κn − p‖ + (1 − ϑn)(1 − σn)

(
µn‖κn − p‖ + (1 − µn)k(=1ζn,=1p)

)
≤ (ϑn + (1 − ϑn)σn + (1 − ϑn)(1 − σn)µn)‖κn − p‖ + (1 − ϑn)(1 − σn))(1 − µn)‖ζn − p‖
≤ ‖κn − p‖ + θn‖κn − κn−1‖.

From Lemma 2.4 and the assumption (i), we obtain limn→∞ ‖κn − p‖ exists, in particular, {κn} is bounded
and also {τn}, {ωn} and {ζn}. By using Lemma 2.1 (ii), we have

∥∥∥κn+1 − p
∥∥∥2

= ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)
∥∥∥ℵn − p

∥∥∥2
− ϑn(1 − ϑn)‖κn − ℵn‖

2

= ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)ξ(ℵn,=3p)2
− ϑn(1 − ϑn)‖κn − ℵn‖

2

≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)k(=3τn,=3p)2
− αn(1 − αn)‖κn − ℵn‖

2

≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)
∥∥∥τn − p

∥∥∥2
− ϑn(1 − ϑn)‖κn − ℵn‖

2, (5)

and

∥∥∥τn − p
∥∥∥2

=
∥∥∥σn(κn − p) + (1 − σn)(℘n − p)

∥∥∥2

= σn

∥∥∥κn − p
∥∥∥2

+ (1 − σn)
∥∥∥℘n − p

∥∥∥2
− σn(1 − σn) ‖κn − ℘n‖

2

= σn

∥∥∥κn − p
∥∥∥2

+ (1 − σn)ξ(℘n,=2p)2
− σn(1 − σn) ‖κn − ℘n‖

2

≤ σn

∥∥∥κn − p
∥∥∥2

+ (1 − σn)k(=2ωn,=2p)2
− σn(1 − σn) ‖κn − ℘n‖

2

≤ σn

∥∥∥κn − p
∥∥∥2

+ (1 − σn)
∥∥∥ωn − p

∥∥∥2
− σn(1 − σn) ‖κn − ℘n‖

2 . (6)
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Similarly, we have

‖ωn − p‖2 = µn‖κn − p‖2 + (1 − µn)‖~n − p‖2 − µn(1 − µn)‖κn − ~n‖
2

= µn‖κn − p‖2 + (1 − µn)ξ(~n,=1p)2
− µn(1 − µn)‖κn − ~n‖

2

≤ µn‖κn − p‖2 + (1 − µn)k(=1ζn,=1p)2
− µn(1 − µn)‖κn − ~n‖

2

≤ µn‖κn − p‖2 + (1 − µn)‖ζn − p‖2 − µn(1 − µn)‖κn − ~n‖
2

≤ µn‖κn − p‖2 + 2(1 − µn)θn〈κn − κn−1, ζn − p〉 − µn(1 − µn)‖κn − ~n‖
2. (7)

Applying (6) and (7) in (5), we get

‖κn+1 − p‖2 ≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)(σn‖κn − p‖2 + (1 − σn)‖ωn − p‖2

−σn(1 − σn)‖κn − ℘n‖
2) − ϑn(1 − ϑn)‖κn − ℘n‖

2

≤ (ϑn + (1 − ϑn)σn)‖κn − p‖2 + (1 − ϑn)(1 − σn)(‖κn − p‖2

+2(1 − µn)θn〈κn − κn−1, ζn − p〉 − µn(1 − µn)‖κn − ~n‖
2)

−(1 − ϑn)σn(1 − σn)‖κn − ℵn‖
2
− ϑn(1 − ϑn)‖κn − ℵn‖

2

= ‖κn − p‖2 + 2(1 − ϑn)(1 − σn)(1 − µn)θn〈κn − κn−1, ζn − p〉
−(1 − ϑn)(1 − σn)µn(1 − µn)‖κn − ~n‖

2

−(1 − ϑn)σn(1 − σn)‖κn − ℘n‖
2
− ϑn(1 − ϑn)‖κn − ℵn‖

2.

This implies that

(1 − ϑn)(1 − σn)µn(1 − µn)‖κn − ~n‖
2 + (1 − ϑn)σn(1 − σn)‖κn − ℘n‖

2 + ϑn(1 − ϑn)‖κn − ℵn‖
2

≤ ‖κn − p‖2 − ‖κn+1 − p‖2 + 2(1 − ϑn)(1 − σn)(1 − µn)θn〈κn − κn−1, ζn − p〉

Then by conditions (i)-(iv) and limn→∞

∥∥∥κ − p
∥∥∥ exists, we deduce

lim
n→∞
‖κn − ~n‖ = lim

n→∞
‖κn − ℘n‖ = lim

n→∞
‖xn − ℵn‖ = 0. (8)

By the assumption (i) and (8), we have

‖~n − ζn‖ ≤ ‖~n − κn‖ + ‖κn − ζn‖

≤ ‖~n − κn‖ + θn‖κn − κn−1‖ → 0, (9)

as n→∞. By the definition of {ωn} and (8), we obtain

‖ωn − κn‖ = (1 − µn)‖ωn − κn‖ → 0, (10)

as n→∞. From (8) and (10), we have

‖℘n − ωn‖ ≤ ‖℘n − κn‖ + ‖κn − ωn‖ → 0, (11)

as n→∞. By the definition of {τn} and (iii), we have

‖τn − κn‖ = (1 − σn)‖℘n − κn‖ → 0, (12)

as n→∞. From (8) and (12), we get

‖ℵn − τn‖ ≤ ‖ℵn − κn‖ + ‖κn − τn‖ → 0, (13)

as n→∞. Since {κn} is bounded, there exists a subsequence {κn j } of {κn} such that κn j ⇀ r some r ∈ U. From
(12), we also have τn j ⇀ r. Since I − =1 is demiclosed at 0 and (9), we obtain r ∈ =1r. From (10), we know
that ωn j ⇀ r. Since I − =2 is demiclosed at 0 and (11), we also have r ∈ =2r. It follows from (8) and (9) that
ζn j ⇀ r. Again by I −=3 is demiclosed at 0, we obtain r ∈ =3r. This implies that r ∈ Ω(=1)∩Ω(=2)∩Ω(=3).
Now we show that {κn} converges weakly to r. We take another subsequence {κm j } of {κn} converging
weakly to some r′ ∈ Ω(=1) ∩Ω(=2) ∩Ω(=3). Since limn→∞

∥∥∥κn − p
∥∥∥ exists, from Lemma 2.5, r′ = r. So, we

have reached the end of the proof.
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The following theorems give the strong convergence of our proposed iteration.

Theorem 3.2. Let =,=2,=2 : U → CB(U) be quasi-nonexpansive multivalued mappings with Ω(=1) ∩ Ω(=2) ∩
Ω(=3) , ∅ and I − =i is demiclosed at 0 for all i ∈ {1, 2, 3}. Let {κn} be a sequence generated by

κ0, κ1 ∈ U, U1 = U,
ζn = κn + θn(κn − κn−1),
ωn ∈ µnxn + (1 − µn)=1ζn,
τn ∈ σnκn + (1 − σn)=2ωn,
fn ∈ ϑnκn + (1 − ϑn)=3τn,
Un+1 = {p ∈ Un : ‖fn − p‖2 ≤ ‖κn − p‖2 + 2θ2

n‖κn − κn−1‖
2

−2θn(1 − ϑn)(1 − σn)(1 − µn)〈κn − p, κn−1 − κn〉},
κn+1 = PUn+1κ1, for all n ≥ 1,

where {ϑn}, {σn} and {µn} ⊂ (0, 1). Assume that the following hold:
(i)

∑
∞

n=1 θn‖κn − κn−1‖ < ∞;
(ii) 0 < lim infn→∞ ϑn < lim supn→∞ ϑn < 1;
(iii) 0 < lim infn→∞ σn < lim supn→∞ σn < 1;
(iv) 0 < lim infn→∞ µn < lim supn→∞ µn < 1.
If =1,=2 and =3 satisfy Condition (A), then {κn} is strongly convergent to a common fixed point of =1,=2 and =3.

Proof. We will divide the proof into the following steps:
Step 1. We show that {κn} is well-defined. Since =1,=2 and =3 satisfy Condition (A), from Lemmas
2.10-2.11, Ω(=1)∩Ω(=2)∩Ω(=3) is closed and convex. Firstly, we show that Cn is closed and convex for all
n ≥ 1. By induction on n that Un is closed and convex. For n = 1, U1 = U is closed and convex. Assume that Un
is closed and convex for some n ∈N. From the definition Un+1 and Lemma 2.2, we have that Un+1 also closed
and convex. Hence Un is closed and convex for all n ∈ N Next, we show that Ω(=1) ∩Ω(=2) ∩Ω(=3) ⊆ Un
for each n ≥ 1. Since =1,=2 and =3 satisfy Condition (A), for each p ∈ Ω(=1) ∩Ω(=2) ∩Ω(=3), ~n ∈ =1ζn,
℘n ∈ =2ωn and ℵn ∈ =3τn, we get∥∥∥fn − p

∥∥∥2
=

∥∥∥ϑn(κn − p) + (1 − ϑn)(ℵn − p)
∥∥∥2

≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)
∥∥∥ℵn − p

∥∥∥2

= ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)ξ(ℵn,=3p)2

≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)k(=3τn,=3p)2

≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)
∥∥∥τn − p

∥∥∥2

≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)(σn‖κn − p‖2 + (1 − σn)‖℘n − p‖2)

= (ϑn + (1 − ϑn)σn)‖κn − p‖2 + (1 − ϑn)(1 − σn)ξ(℘n,=2p)2

≤ (ϑn + (1 − ϑn)σn)‖κn − p‖2 + (1 − ϑn)(1 − σn)k(=2ωn,=2p)2

≤ (ϑn + (1 − ϑn)σn)‖κn − p‖2 + (1 − ϑn)(1 − σn)‖ωn − p‖2

≤ (ϑn + (1 − ϑn)σn)‖κn − p‖2

+(1 − ϑn)(1 − σn)(µn‖κn − p‖2 + (1 − µ)‖~n − p‖2)
= (ϑn + (1 − ϑn)σn + (1 − ϑn)(1 − σn)µn)‖κn − p‖2

+(1 − ϑn)(1 − σn)(1 − µn)ξ(~n,=1p)2

≤ (ϑn + (1 − ϑn)σn + (1 − ϑn)(1 − σn)µn)‖κn − p‖2

+(1 − ϑn)(1 − σn)(1 − µn)k(=1ζn,=1p)2

≤ (ϑn + (1 − ϑn)σn + (1 − ϑn)(1 − σn)µn)‖κn − p‖2

+(1 − ϑn)(1 − σn)(1 − µn)‖ζn − p‖2
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≤ ‖ζn − p‖2 + 2(1 − ϑn)(1 − σn)(1 − µn)θn〈κn − κn−1, ζn − p〉
≤ ‖ζn − p‖2 + 2θ2

n‖κn − κn−1‖
2
− 2θn(1 − ϑn)(1 − σn)(1 − µn)〈κn − p, κn−1 − κn〉.

Therefore, p ∈ Un, n ≥ 1. This implies that Ω(=1) ∩Ω(=2) ∩Ω(=3) ⊂ Un for each n ≥ 1 and so Un , ∅. Hence
{κn} is well-defined.

Step 2. We show that κn −→ a ∈ U as n → ∞. From κn ∈ PUnκ1, Un+1 ⊆ Un and κn+1 ∈ Un, we
have

‖κn − κ1‖ ≤ ‖κn+1 − κ1‖ , ∀n ≥ 1, (14)

On the other hand, since Ω(=1) ∩Ω(=2) ∩Ω(=3) ⊂ Un, we get

‖κn − κ1‖ ≤ ‖a − κ1‖ , ∀n ≥ 1, (15)

for all a ∈ Ω(=1)∩Ω(=2)∩Ω(=3). The inequalities (14) and (15) imply that the sequence {κn−κ1} is bounded
and nondecreasing, hence limn→∞ ‖κn − κ1‖ exists.
For m > n, by the definition of Un, we have κm ∈ PUmκ1 ∈ Um ⊆ Un. By Lemma 2.3, we obtain that

‖κm − κn‖
2
≤ ‖κm − κ1‖

2
− ‖κn − κ1‖

2 . (16)

Since limn→∞ ‖κn − κ1‖ exists, it follows from (16) that limn,m→∞ ‖κm − κn‖ = 0. Hence {κn} is a Cauchy
sequence in U and so that κn −→ a ∈ U as n→∞.
Step 3. We show that

lim
n→∞
‖~n − ζn‖ = lim

n→∞
‖℘n − ωn‖ = lim

n→∞
‖ℵn − τn‖ = 0,

From step 2, we have that limn→∞ ‖κn+1 − κn‖ = 0. Since κn+1 ∈ Un, we have

‖fn − κn‖

≤ ‖fn − κn−1‖ + ‖κn+1 − κn‖

≤

√
‖κn − κn+1‖

2 + 2θ2
n‖κn − κn−1‖

2 − 2θn(1 − ϑn)(1 − σn)(1 − µn)〈κn − κn+1, κn−1 − κn〉

+‖κn+1 − κn‖. (17)

By the assumption (i) and (17), we obtain

lim
n→∞
‖fn − κn‖ = 0. (18)

Since =1, satisfies condition (A), by Lemma 2.1, we have∥∥∥fn − p
∥∥∥2
≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)‖ℵn − p‖2 − ϑn(1 − ϑn)‖κn − ℵn‖
2

= ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)ξ(ℵn,=3p)2
− ϑn(1 − ϑn)‖κn − ℵn‖

2

≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)k(=3τn,=3p)2
− ϑn(1 − ϑn)‖κn − ℵn‖

2

≤ ϑn

∥∥∥κn − p
∥∥∥2

+ (1 − ϑn)‖τn − p‖2 − ϑn(1 − ϑn)‖κn − ℵn‖
2. (19)

Replacing (6) and (7) in (19), we get

‖fn − p‖2 ≤

∥∥∥κn − p
∥∥∥2

+ 2(1 − ϑn)(1 − σn)(1 − µn)θn〈κn − κn−1, ζn − p〉

−µn(1 − ϑn)(1 − σn)(1 − µn)‖κn − ~n‖
2
− (1 − ϑn)σn(1 − σn)‖κn − ℘n‖

2

−ϑn(1 − ϑn)‖κn − ℵn‖
2.
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This implies that

µn(1 − ϑn)(1 − σn)(1 − µn)‖κn − ~n‖
2 + (1 − ϑn)σn(1 − σn)‖κn − ℘n‖

2 + ϑn(1 − ϑn)‖κn − ℵn‖
2

≤

∥∥∥κn − p
∥∥∥2
− ‖fn − p‖2 + 2(1 − ϑn)(1 − σn)(1 − µn)θn〈κn − κn−1, ζn − p〉. (20)

By our assumptions (i)-(iv), (18) and (20), we obtain

lim
n→∞
‖κn − ~n‖ = lim

n→∞
‖κn − ℘n‖ = lim

n→∞
‖κn − ℵn‖ = 0. (21)

From (9)-(13), by the same proof in Theorem 3.1, we obtain

lim
n→∞
‖~n − ζn‖ = lim

n→∞
‖ωn − κn‖ = lim

n→∞
‖℘n − ωn‖ = lim

n→∞
‖τn − κn‖ = lim

n→∞
‖ℵn − τn‖ = 0. (22)

From Step 2, we know that κn → a ∈ U. It follows from (21, 22) that ζn → a. Since I − =1 is demiclosed
at 0, we obtain a ∈ Ω(=1). Similarly, we obtain that a ∈ Ω(=2) and a ∈ Ω(=3). This implies that a ∈
Ω(=1) ∩Ω(=2) ∩Ω(=3).
Step 4. We show that a = PΩ(=1)∩Ω(=2)∩Ω(=3)κ1. Since a ∈ Ω(=1) ∩Ω(=2) ∩Ω(=3). Form (15), we have

‖a − κ‖ ≤ ‖ω − κ1‖ , ∀ω ∈ Ω(=1) ∩Ω(=2) ∩Ω(=3).

By the definition of the projection operator, we can conclude that a = PΩ(=1)∩Ω(=2)∩Ω(=3)κ1. This completes
the proof.

Theorem 3.3. Let =,=2,=2 : U → CB(U) be quasi-nonexpansive multivalued mappings with Ω(=1) ∩ Ω(=2) ∩
Ω(=3) , ∅ and I − =i is demiclosed at 0 for all i ∈ {1, 2, 3}. Let {κn} be a sequence generated by

κ0, κ1 ∈ U, U1 = U,
ζn = κn + θn(κn − κn−1),
ωn ∈ µnxn + (1 − µn)=1ζn,
τn ∈ σnκn + (1 − σn)=2ωn,
fn ∈ ϑnκn + (1 − ϑn)=3τn
Un = {p ∈ Un : ‖fn − p‖2 ≤ ‖κn − p‖2 + 2θ2

n‖κn − κn−1‖
2

−2θn(1 − ϑn)(1 − σn)(1 − µn)〈κn − p, κn−1 − κn〉},
Qn = {ω ∈ U : 〈κ1 − κn, κn − p〉 ≥ 0},
κn+1 = PUn∩Qnκ1, for all n ≥ 1,

where {ϑn}, {σn} and {µn} ⊂ (0, 1). Assume that the following hold:
(i)

∑
∞

n=1 θn‖κn − κn−1‖ < ∞;
(ii) 0 < lim infn→∞ ϑn < lim supn→∞ ϑn < 1;
(iii) 0 < lim infn→∞ σn < lim supn→∞ σn < 1;
(iv) 0 < lim infn→∞ µn < lim supn→∞ µn < 1.
If =1,=2 and =3 satisfy Condition (A), then {κn} is strongly convergent to a common fixed point of =1,=2 and =3.

Proof. By the same method of Theorem 3.2 step by step, we can conclude the proof by replacing Un+1 by Un,
expect in Step 1. Showing that {κn} is well-defined and F(T1) ∩ F(T2) ∩ F(T3) ⊆ Cn for each n ≥ 1. Next we
show that Ω(=1) ∩Ω(=2) ∩Ω(=3) ⊆ Qn for all n ∈ N. Also by mathematical induction. For n = 1, we have
Ω(=1) ∩Ω(=2) ∩Ω(=3) ⊆ U = Q1. Assume that Ω(=1) ∩Ω(=2) ∩Ω(=3) ⊆ Qn for all n ∈N. Since κn+1 is the
projection of κ1 onto Un ⊆ Qn, we have

〈κ1 − κn+1, κn+1 − ω〉 ≥ 0 ,∀ω ∈ Un ∩Qn.

Thus Ω(=1) ∩ Ω(=2) ∩ Ω(=3) ⊆ Qn+1. So Ω(=1) ∩ Ω(=2) ∩ Ω(=3) ⊆ Un ∩ Qn. This implies that {κn} is well-
defined. We next show that κn → κ ∈ U as n → ∞. From the definition of Qn, we get κn = PQnκ1. Since
κn+1 ∈ Qn, we have

‖κn − κ1‖ ≤ ‖κn+1 − κ1‖, ∀n ≥N. (23)
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On the other hand, we obtain

‖κn − κ1‖ ≤ ‖κ − κ1‖, ∀κ ∈ Ω(=1) ∩Ω(=2) ∩Ω(=3). (24)

The inequalities (23) and (24) imply that the sequence {κn − κ1} is bounded and non-decreasing, hence
limn→∞ ‖κn − κ1‖ exists. For m > n, by definition of Qn, we have κ = PQmκ1 ∈ Qm ⊆ Qn. By Lemma 2.3, we
obtain that

‖κm − κn‖
2
≤ ‖κm − κ1‖

2
− ‖κn − κ1‖

2. (25)

Since limn→∞ ‖κn − κ1‖ exists, it follows from (25) that limn,m→∞ ‖κm − κn‖ = 0. Hence {κn} is a Cauchy
sequence in U and so κn → κ ∈ U as n → ∞. In particular, we have limn→∞ ‖κn+1 − κn‖ = 0. By the same
proof of Step 3-4 in Theorem 3.2, we obtain κ = PΩ(=1)∩Ω(=2)∩Ω(=3)κ1.

Remark 3.4. Let Ω(=) , ∅, then a hybrid multivalued mapping = : ג → K(ג) is quasi-nonexpansive, by Lemma
2.10-2.11, Ω(=) is closed and convex, also by Lemma 2.7, I − = is demiclosed at 0, where I is the identity mapping.
Now, we can finish Theorems 3.1-3.3 by another methods as follows:

(a) If we take =1,=2,=2 : U→ K(U) be hybrid multivalued mappings.
(b) If we put =1p = {p}, =2q = {q} and =3r = {r} for all p ∈ Ω(=1), q ∈ Ω(=2) and r ∈ Ω(=3) and

=1,=2,=2 : U→ K(U) be hybrid multivalued mappings.
(c) Since P= satisfies Condition (A), by taking =1,=2,=2 : U → P(U) be hybrid multivalued mappings, hence

P=1 ,P=2 and P=3 are too. In this case, we can write

τn → ℵn ∈ P=3τn ⊆ =3τn,

ωn → ℘n ∈ P=2ωn ⊆ =2ωn,

ζn → ~n ∈ P=1ζn ⊆ =1ζn.

Remark 3.5. It may also be remarked that the condition (i) can be implemented easily in numerical computation
since the valued of ‖κn − κn−1‖ is known before choosing θn. In fact, θn can be so chosen that it satisfies 0 ≤ θn ≤ θ̄n,
where

θ̄n =

{
min

{
$n

‖κn−κn−1‖
, θ

}
i f κn , κn−1,

θ otherwise,

where {$n} is a positive sequence such that
∑
∞

n=1 $n < ∞.

4. Numerical Results and Comparisons

This section is for numerical experiments supporting our main findings and comparison between our
proposed inertial projection method and the standard projection method.

Example 4.1. Let U = ג = R3, U1 = {κ = (κ1, κ2, κ3) ∈ R3 : ‖κ‖1 ≤ 2}, U2 = {κ = (κ1, κ2, κ3) ∈ R3 :
|κ1| + |κ2| + |κ3| ≤ 2} and U3 = {κ = (κ1, κ2, κ3) ∈ R3 : max{|κ1|, |κ2|, |κ3|} ≤ 2}. Let =1,=2,=3 : R3

→ CB(R3) be
defined by

=1κ =

{
{(0, 0, 0)} i f κ ∈ U1,
{ω = (ω1, ω2, ω3) ∈ R3 : ‖ω‖2 ≤ 1

‖κ‖2
} otherwise,

=2κ =

{
{(0, 0, 0)} i f κ ∈ U2,
{ω = (ω1, ω2, ω3) ∈ R3 : |ω1| + |ω2| + |ω3| ≤

1
|κ1 |+|κ2 |+|κ3 |

} otherwise

and
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=3κ =

{
{(0, 0, 0)} i f κ ∈ U3,
{ω = (ω1, ω2, ω3) ∈ R3 : max{|ω1|, |ω2|, |ω3|} ≤

1
max{|κ1 |,|κ2 |,|κ3 |}

} otherwise.

We see that =1, =2 and =3 are quasi-nonexpansive and Ω(=1) ∩ Ω(=2) ∩ Ω(=3) = {(0, 0, 0)}. Let ϑn = σn =
µn = n

2n+1 and

θn =

{
min

{
1

n2‖κn−κn−1‖
, 0.5

}
i fκn , κn−1,

0.5 otherwise.

Next, we give a numerical comparison between our inertial forward-backward method (defined in
Theorem 3.2) and a standard forward-backward method (i.e. θn = 0). The stooping criterion is defined by
‖κn+1 − κn‖ < 10−9.

The different choices of κ0 and κ1 are given as follows:
Choice 1: κ0 = (−5, 1, 3) and κ1 = (70,−5,−1);
Choice 2: κ0 = (0, 0.21,−3.15) and κ1 = (0.22,−5.10, 3.21).

Table 1: Comparing the methods in Theorem 3.2 for θn , 0 and θn = 0 in Example 4.1
Random No. of Iter. cpu (Time).
ωn, τn,fn θn , 0 θn = 0 θn , 0 θn = 0

Choice 1 1 45 81 0.986159 1.234107
κ0 = (−5, 1, 3) 2 45 81 1.563857 4.783340
κ1 = (70,−5,−1) 3 45 81 0.786085 2.385316

Choice 2 1 44 72 0.016749 0.024109
κ0 = (0, 0.21,−3.15) 2 44 72 0.015076 0.024412
κ1 = (0.22,−5.10, 3.21) 3 44 72 0.016659 0.072746

Figures 1-3: The error plotting En of θn , 0 and θn = 0 for each randomization of choice 1 in Table 1 is
shown in the following figures, respectively.
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Figure1 : Comparision of Random 1 for Choice 1 in Theorem 3.2
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Figure2 : Comparision of Random 2 for Choice 1 in Theorem 3.2
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Figure3 : Comparision of Random 3 for Choice 1 in Theorem 3.2
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Figures 4-6: The error plotting of En of θn , 0 and θn = 0 for each randomization of choice 2 in Table 1
is shown in the following figures, respectively.
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Figure4 : Comparision of Random 1 for Choice 2 in Theorem 3.2
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Figure6 : Comparision of Random 3 for Choice 2 in Theorem 3.2
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Similarly, we compare (Table 2) a numerical test between our inertial forward-backward method defined
in Theorem 3.3 and a standard forward-backward method (i.e. θn = 0). The valued ‖κn+1 − κn‖ < 10−9 is
used for the stooping criterion.

The different choices of κ0 and κ1 are given as follows:
Choice 1: κ0 = (10,−13, 7) and κ1 = (−8,−50,−3);
Choice 2: κ0 = (0.12,−5.78, 1.20) and κ1 = (−8.20,−5.11,−0.91).

Table 2: Comparison the methods in Theorem 3.3 of θn , 0 and θn = 0 in Example 4.1
Random No. of Iter. cpu (Time).
ωn, τn,fn θn , 0 θn = 0 θn , 0 θn = 0

Choice 1 1 43 80 0.444689 0.704305
κ0 = (10,−13, 7) 2 41 80 0.306636 0.362682
κ1 = (−8,−50,−3) 3 41 80 0.448037 0.647477

Choice 2 1 37 74 0.015117 0.032576
κ0 = (0.12,−5.78, 1.20) 2 35 74 0.013289 0.028377
κ1 = (−8.20,−5.11,−0.91) 3 37 74 0.017730 0.024601

Figures 7-9: The error plotting En of θn , 0 and θn = 0 for each randomization of choice 1 in Table 2 is
shown in the following figures, respectively.
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Figure7 : Comparision of Random 1 for Choice 1 in Theorem 3.3
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Figure8 : Comparision of Random 2 for Choice 1 in Theorem 3.3
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Figure9 : Comparision of Random 3 for Choice 1 in Theorem 3.3
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Figures 10-12: The error plotting of En of θn , 0 and θn = 0 for each randomization of choice 2 in Table
2 is shown in the following figures, respectively.
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Figure10 : Comparision of Random 1 for Choice 2 in Theorem 3.3
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Remark 4.2. It is observed for Figures 1-12 that our inertial forward-backward method with the inertial technique
term has a better convergence speed and requires small number of iterations than the standard forward-backward
method.
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