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Boundary Schwarz Lemma and Rigidity Property for Holomorphic
Mappings of the Unit Polydisc in C"

Ziyan Huang?, Di Zhao?, Hongyi Li**

?LMIB, School of Mathematical Sciences, Beihang University, Beijing, P.R.China, 100191

Abstract. In this paper, we generalize the classical Schwarz lemma at the boundary from the unit disk D in
the complex plane to the unit polydisc D" in higher-dimensional complex space. Two boundary Schwarz

lemmas for holomorphic mappings of D" and corresponding rigidity properties are established without
the restriction of the interior fixed point.

1. Introduction

For notations, let D be the unit disk in the complex plane C. Denote by C" the n-dimensional complex
Hilbert space with the inner product and the norm given by

n
(z,w) = Zzia_)i/
i=1
and ) :
2 2 1 1
Il = (|z1|” + |z2]" + - + 1z4] )2 =(2,2)7,

where z = (21,22, ,zn)|, @ = (w1, w2, ,w,)T € C". Let B" = {z € C" : ||z|| < 1} be the open unit ball
with the unit sphere dB" = {z € C" : ||z|| = 1}. Moreover, denote ||zl = max;<;<, |zil, then the unit polydisc
can be represented as D" = DX .- XD = {z € C" : ||zl < 1} directly. Let T be the unit circle of D, then
T"=Tx---xT={zeC":|z]=1,1 <i< n} stands for the distinguished boundary of D".
Denote the set of all holomorphic self-mappings of the unit polydisc D" as H(D").

For any f =
(fi, f,-++ , fa)T € H(D"), the Jacobian matrix of f at z € D" is defined by

of
DF) = (DF @), = (a—fjc))

where f; is a holomorphic function from D" to C, and i,j = 1,2, ,n. It is clear that Df(z) is a linear
mapping from C" to C".

2010 Mathematics Subject Classification. 30C80, 30H02

Keywords. Boundary Schwarz lemma; Rigidity property; Holomorphic mapping; Unit polydisc
Received: 06 September 2019; Accepted: 21 July 2020
Communicated by Miodrag Mateljevi¢

Research supported by the National Natural Science Foundation of China (Grant No. 61771001).)
Corresponding author: Hongyi Li

Email addresses: hzy734149@163. com (Ziyan Huang), zdhy12010@163. com (Di Zhao), Hongyili_buaa@163.com (Hongyi Li)



Z.Y. Huang et al. / Filomat 34:9 (2020), 2813-2818 2814

The Schwarz lemma is regarded as one of the most important results in complex analysis. Various
versions of Schwarz lemma have been rapidly developed in recent years, such as the Schwarz-Pick lemma
for various holomorphic mappings [1-2] and the Ahlfors-Schwarz lemma for quasiconformal Euclidean
harmonic functions [3]. With the development of Schwarz lemma, some extended results associated with
the boundary Schwarz lemma have also been presented based on different mappings, such as real-valued
functions in C*(D)[4], harmonic self-mappings of the unit disk [5], holomorphic self-mappings of the unit
ball [6], pluriharmonic self-mappings of the unit ball [6] and pluriharmonic mappings between the unit
polydiscs with any dimensions [7]. Nevertheless, these papers provide no results about the rigidity theorem.

The well-known rigidity theorem is form the work of Cartan. He stated that if Q is a bounded domain
in C" and f : QQ — Q is a holomorphic mapping such that f(z) = z + o(||z — zl|) as z — zo for some zj € Q,
then f(z) = z. It is a natural task to consider a boundary version of the rigidity theorem, which is closely
related to the Schwaez lemma at the boundary.

In the case of one complex variable, the classical boundary Schwarz lemma is described as follow:

Theorem 1.1. [8] Let f : D — D be a holomorphic mapping. If f is holomorphic at z = 1 with f(0) = 0 and
f(1) =1, then

(W) f 1) 1;

(2) f ) =1, ifand only if f(z) = z.

Theorem 1.1 has the following extension.

Theorem 1.2. [9] Let f : D — D be a holomorphic mapping. If f is holomorphic at z = a € T with f(0) = 0 and
fla) =B €T, then

W Bf @a=1; | |

(2) Bf (@) = 1, if and only if f(z) = €z, where ¢ = fa~' and 6 € R.

When a = 8 = 1, Theorem 1.2 reduces to Theorem 1.1. In fact, the sharp conditions (2) in two theorem
are just the rigidity theorem for holomorphic mappings of D.

On the other hand, in the case of several complex variables, Burns and Krantz [10] studied a new
boundary Schwarz lemma, which gives a new rigidity theorem for holomorphic mappings of a bounded
strongly pseudo-convex domain.

Theorem 1.3. [10] Let QQ c C" be a bounded strongly pseudo-convex domain, and p € dQ. If f : Q — Qisa
holomorphic mapping such that f(z) = z + O(||z — plI*) as z — p, then f(z) = z.

Huang [11] further studied a sharp boundary version of the Schwarz lemma for holomorphic mappings
of strongly convex domain with an interior fixed point.

Theorem 1.4. [11] Let QO ¢ C" be a strongly convex domain, and p € dQ. If f : Q — Q is a holomorphic mapping
such that f(zo) = zo for some zo € Qand f(z) = z + o(|lz — pl|*) as z — p, then f(z) = z.

Huang [12] also obtained a semi-rigidity property for holomorphic mappings between unit balls with
different dimensions. In [13], Krantz explored versions of the Schwarz lemma at the boundary, and gave
some boundary rigidity theorems. Recently, Liu et al. [9] presented a boundary version of the rigidity
theorem for holomorphic mappings of the unit ball B” in C" with the fixed point condition f(0) = 0.
Furthermore, in [14] they generalized the result with the fixed point origin to the case of the holomorphic
with the interior fixed point in the unit ball B".

Theorem 1.5. [9] Let f : B" — B" be a holomorphic mapping with f(0) = 0. Then the following two conclusions
hold:
(1) If f is holomorphic at z = a € IB" with f(a) = p € IB", then

BIDf(@)a > 1;
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(2) If there exist linearly independent aq,ay,--- ,a, € dB" such that f is holomorphic at z = ay € dB" with
f(ax) = Br € dB™(k = 1,2, ,n), then the following n equalities

B D f(a)ay = 1

hold if and only if
f&) = Uz

and U = (B1,B2,- -, Bu)(a1, az, - -+ ,an)‘1 is a unitary matrix of order n.

Theorem 1.6. [14] Let f : B" — B" be a holomorphic mapping and let f(a) = a for some a € B". Then the following
two conclusions hold:
(1) If f is holomorphic at z = a € IB" with f(a) = B € IB", then

11— a"pP?
HD > —;
BIDf@a 2 T
(2) If there exist linearly independent a1, -+ , 0, € 9B" such that oq —a,an —a, -+ ,a, — a are linearly
independent and f is holomorphic at z = ay € dB" with f(ax) = Br € IB"(k = 1,2,--- ,n), then the following n
equalities
11— a2
H
D =
By Df(ar)ax 11— aloy P

hold if and only if

f(Z) = pa(Uga(2))
where @,(2) is a biholomorphic automorphism of B" and U = (@a(B1), -+ , Pa(Bn))(@al@1), -, Palen)) ™! is a unitary
matrix of order n.

These results are based on the conditions about some fixed points, such as f(0) = 0 and f(a) = a. In
order to draw a general conclusion, we consider removing the restriction and providing a universal result.
In the case of one complex variable, Theorem1.1 can be generalized to the following estimate by removing
the condition f(0) = 0:

Theorem 1.7. [15] Let f : D — D be a holomorphic mapping. If f is holomorphic at z = 1 with f(1) = 1, then

/ 1-fO)R
> L .
M@= ror 0;

2 f(1)= %, if and only if f(z) = z.

Furthermore, Mateljevic [16] introduced a finite Blaschke product 8 and presented the theorem con-

nected with the rigidity of holomorphic mappings on the unit disk, which offered the sufficient condition
that a holomorphic function f is of the form f(z) = 1 + B + o(z — a)*.

Theorem 1.8. [16] Let 8 : D — D be a finite Blaschke product which equal wo on a finite set A C T. Let f bea
holomoephic function in the unit disk and ||f(z) — 1|| < 1 for ||zl]| < 1. Suppose that f(z) =1+ B + o(z — a)? for
alla € Aand z € T as z — a, then u(z) = Re(Ar) — Re(Ap) is continuous on D U A and satisfies the condition
liminf,_,, u(z) > 0 for every w € T, and it is non-negative on D.

However, in the case of high dimensional variables, there are few results associated with the rigidity of
the holomorphic mappings. It is a significant task to obtain the novel rigidity theorem for the holomorphic
mappings of the domain in C".

In this paper, inspired by Theorem 1.7 and [9], we first present two new boundary Schwarz lemmas
for the holomorphic mappings of the unit polydisc in C", which extend Theorem 1.7 to higher dimensions.
Meanwhile, corresponding rigidity of the holomorphic mappings is established as an important component
of the boundary Schwarz lemma. It is worth noting that our main results have precise expressions and
need not consider the partial derivatives of order 2 and order 3 at the boundary point, which are essentially
different from the work in [7], [8], and [13]. Compared with [6] and [11], this paper provides different
results in the different domains without the restrictions of the fixed point.
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2. Main results

In this section, we generalize Theorem 1.7 to higher dimension. There are two boundary Schwarz
lemmas and corresponding rigidity properties for holomorphic mappings of the unit polydisc D" in C"
with different conditions.

Theorem 2.1. Let p = (p1,-+,pn)',q = (q1,-+ ,qu)T € T". If f : D" — D" is a holomorphic mapping with
f(p) = q, then foranyi=1,2,--- ,n we have the following statements:

— 1-7; /(0 i afi
(1) g:Dfi(p)p = % where f; = fi(z1,-+ ,z4) and Df; = afl -, %);

2) FDfi(p)p = LZLEOL ;g;gg;:z if and only if f(z) = Uz, and

u= diag(qlr e /qﬂ)diag(p_lr e rp_n)
is a unitary matrix of order n.

Proof. (1) Take
9i(Q) = qifi(Cp), C € D.

It is easy to deduce that |g;(C)| < [gill fi(Cp)l < 1 and gi(1) = gip; = 1. Therefore, g; : D — D is a holomorphic
function and is holomorphic at C = 1 with g(1) = 1. From theorem 1.7, we have

1-7if:
% < g:(1) =D fi(p)p-
The proof of (1) is complete.

(2) Suppose that the equalities ;D fi(p)p = ‘11__‘%28;:2 hold foranyi=1,2,---,n. Since

7iDfip)p = g;(1),

and N
L-GifiOF _ - g:0)F
1-17fOP ~ 1 - [70)p
from (1) and theorem 1.7, we have g,(C) = {, which means

9ifiCp) = C

It follows that forany i =1,2,--- ,n
fillp) = Cqi.
Thus,
F(@p) = (AP, Lo(Cp), -, fuCPDT = L1, @2, ,a0)T = Ca.

Moreover, considering

g 0 0
diag(qr, gz, q) =| . . . .|
0 0 Gn
p1 O 0
o - 0 po ... O
dmg(perZ/"' /pn) = : . . .
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we get the matrix

b]lp_1 0 0

|0 m; 0

U = diag(p1, p2,- -+ ,pn)diag(p1, p2, -+, Pu) = : :
0 0 GnPrn

Notice that U is a unitary matrix and
U@p) = Uqu -+ 42" = Cg. (1)
Let z = Cp € D", then equations (3) and (4) yield
f(2) = Uz,

where U is a unitary matrix of order n.
Conversely, suppose that

f(z) = Uz,
and
U = diag(p1,p2, -+, pu)diag(pr,p2, -~ ,Pn
is a unitary matrix of order n, then

aDfip)p = q:iqipi)p: = 1

and .
11 -Gifi Q)P _
1-17:£i(0)1
That implies forany i =1,2,--- ,n
— 11 - g fi(O)F
iD i = .

The proof of Theorem 2.1 has been finished. [

Especially, when f(p) = p, the boundary rigidity theorem for holomorphic self-mappings of D" is
deduced from Theorem?2.1 that

Theorem 2.2. Let p = (p1,--- ,pu). € T". If f : D" — D" is a holomorphic mapping with f(p) = p, then for any
i=1,2,---,nwe have the following statements:
= -pifiO) ofi of;
() PiDfipp > b where fi = fi(z, -+ ,zy) and Dfi = (3£, -+, &4,

(2) D filp)p = SEESL if and only if f(z) = z.

Proof. (1) Take

9i(©) = pifiCp), C€ D.

It is easy to deduce that g; : D — D is a holomorphic function and is holomorphic at ¢ = 1 with g(1) = 1.
From theorem 1.7, we have _
1 -pifiOF _

— _gil——piDipp.
1- |Pifi(0)|2 l( ) f( )
The pI'OOf Of (1) is complete.

(2) Suppose that the equalities p;D fi(p)p = lll:éﬁg;:z hold foranyi=1,2,---,n. Since

piDfi(p)p = g,(1),



and

Z.Y. Huang et al. / Filomat 34:9 (2020), 2813-2818 2818

L-FifiOF _[1-gOP
1-pifiOF  1-g0)p

from (1) and theorem 1.7, we have g,(C) = (, which means

pifiCp) = C.

It follows that foranyi=1,2,--- ,n

fi(Cp) = Cpi.

Thus,

£@) = (@), (@), Ful ) = Lprpa- o) = Cp.

Let z = Cp € D", then equation (7) deduces

flz) =z

Conversely, suppose that f(z) = z, then

piDfi(p)p = pipi = 1

and _
11 -pifiOF _
1= Ipifi0)1?
It implies that foranyi=1,2,--- ,n
— 11 - pifiO)
D fi = .

The proof of Theorem 2.2 has been finished. 0O
When p = g, Theorem 2.2 is just Theorem 2.1.

Remark 2.3. When p = q, Theorem 2.2 is just Theorem 2.1.

Remark 2.4. As far as Theorem 2.1 and Theorem 2.2, we just need to assume that the mapping f is C* up to the
boundary of the unit polydisc D" near p.
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