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Abstract. Let K be a hypergroup, w be a weight function and let (@, ¥) be a complementary pair of
Young functions. We consider the weighted Orlicz space L2(K) and investigate some of its algebraic
properties under convolution. We also study the existence of an approximate identity for the Banach algebra
L2(K). Further, we describe the maximal ideal space of the convolution algebra L(K) for a commutative
hypergroup K.

1. Introduction

Orlicz spaces are vast generalizations of L¥ spaces. They can also contain Sobolev spaces as subspaces.
It is well known that for a locally compact group G, LP(G) (1 < p < o) is an algebra under the convolution
product precisely when G is compact [21] (see [1] and [9], which obtain a version of conditions for an
Orlicz space L® on a group and a hypergroup to be an algebra). However a weighted L?(G) space may
be a Banach algebra for general locally compact groups as shown in [26] and [10]. Recently in [13] A.
Osangliol and S. Oztop considered weighted Orlicz algebras over locally compact groups and studied their
properties, extending in part the results of [10]; see also [14, 15]. They found sufficient conditions under
which a weighted Orlicz space becomes an algebra and studied its properties such as the existence of an
approximate identity and the maximal ideal space of the algebra when the underlying group G is abelian.

Hypergroups are generalizations of locally compact groups. They are locally compact spaces whose
regular complex Borel measures form an algebra which has properties similar to the convolution algebra
(M(G), ») of alocally compact group G. All locally compact groups are hypergroups. They have applications
in analysis, probability and approximation theory [2]. The theory of hypergroups was initiated by C. F.
Dunkl [4], R. L. Jewett [8] and R. Spector [22]. In the literature there is some variation in the precise definition
of a hypergroup. We consider hypergroups in the sense of R. I. Jewett [8].

In this paper, we replace the locally compact group G with a hypergroup K and develop some alge-
braic properties of weighted Orlicz spaces LE(K) with a weight function w. We transfer some results to
hypergroups such as existence of an approximate identity and the description of the maximal ideal space.
However, the method of proof for the generalization is significantly different from that of the locally compact
group case.

As an application of our results, we also obtain certain weighted Banach function spaces on hypergroups
generated by Young functions, such as Zygmund spaces and weighted L” spaces.
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This paper is organized as follows. In Section 2 we introduce the notation and present some preliminaries
regarding hypergroups and Orlicz spaces. In Section 3 we introduce weighted Orlicz spaces LY(K) on a
hypergroup K and prove that L$(K) is a Banach algebra with respect to convolution under some conditions.
In Section 4 we show that if LS (K) is an algebra, then it has an approximate identity. In particular, we prove
that for a discrete hypergroup K, it has an identity. In Section 5 we describe the maximal ideal space of
L2(K). Finally, we prove that a left invariant closed linear subspace of LE(K) is a closed left ideal of it. On
the other hand, our results may be considered for the unweighted case which are also new.

2. Preliminaries

In this section, we recall some definitions and facts that will be used in the rest of this paper.

2.1. Locally Compact Hypergroups

Let K be a locally compact Hausdorff space. We denote by M(K) the space of all complex Radon
measures on K and by M*(K) the set of all nonnegative measures in M(K). For a Borel measurable function
f K — Cand u € M(K), supp(f) and supp(u) denote the support of f and p, respectively. The Dirac
measure at x € K is denoted by 6.

Definition 2.1. Let K be a locally compact Hausdorff space. Suppose there exists a positive continuous mapping
(u,v) = p*v from M(K) x M(K) into M(K) such that

1. (M(K), +, *) is an algebra;

forall x,y € K, 6, * 6, is a probability measure with compact support;

there exists an element e € K such that o, + 6y = 6, = 0y * O, for all x € K;

there exists a topological involution x — x~ from K onto K such that for all x,y € Kand f € Cy(K), we have

(0x * 0y)(f7) = (Oy * Ox-)(f), where f~(t) := f(t7) for each t € K;

e € supp(6y * Oy) if and only if y = x~;

6. the mapping (x,y) = supp(dy * 6,) from K X K into the space C(K) of compact subsets of K is continuous,
where C(K) is equipped with the topology whose subbasis is given by all

LN

o1

Cuv:=1AeCK) : AnU+@and AC V),

in which U and V are open subsets of K.
Then K = (K, *,~, e) is called a locally compact hypergroup (or simply a hypergroup).

A hypergroup K is called commutative if 6, * 6, = 6, * O, for all x, y € K.

A nonzero nonnegative regular measure m on K is called a (left) Haar measure if for all x € K, 6, *m = m.
It has not been proved that every hypergroup has a Haar measure. However, commutative hypergroups,
compact hypergroups, discrete hypergroups, and double-coset hypergroups have Haar measures (see
[8, 23]). Throughout this paper, we assume that K is a hypergroup with a Haar measure m. For each
1 < p < co we write L/ (K) = LP(K, m). Let f and g be Borel functions on K. For any x, y € K we denote

fu) = fany) = fK fd(de+d,) and (F+g)@) = fK Fay™  dm(y).

If A,B € Kwe put
A" ={x":x€A} and A=*B:= U supp(Oy * Oy).
x€A,yeB
Weight functions on hypergroups have been studied in several papers. E Ghahramani and A. R.
Medghalchi in [6, 7] studied compact multipliers on weighted hypergroup algebras and W. R. Bloom and P.
Ressel in [3] obtained a Bochner representation for w-bounded positive definite functions on a commutative
hypergroup, where w is a special weight function. See also [11, 16, 24].
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Definition 2.2. Let K be a hypergroup. A continuous function w : K — (0, oo) is called a weight function if for all
x,y €K,

w(x * y) < wx)w(y)- 1)
Remark 2.3. Let w be a weight function on a hypergroup K. The set of all complex-valued Borel measurable functions

f on K such that wf € LY(K) is denoted by LL(K). As usual, two functions f,g € LL(K) are identified if and only if
f =g m-a.e. The norm of each f € LL(K) is defined by

Iflh,w == llwfllh = fZUIfI dm.
K
Because of the relation (1), for all f, g € LL(K) we have ||f * gl < Il fll1wllgll1 2, and so LL(K) is a Banach algebra.

2.2. Orlicz Spaces

In this subsection, we recall some basic definitions and facts about Orlicz spaces; see [17, 18] as two
main monographs on this topic. A non-zero convex function ® : [0, c0) — [0, co] is called a Young function
if ©(0) = limy—,0+ ©(x) = 0 and limy_, 4 P(x) = +00. For a Young function ®, the complementary function \V of
@ is given by

Y(y) = supixy — O(x) : x > 0} (y = 0).

It is easy to check that W is also a Young function. Moreover, if W is the complementary function of @,
then @ is the complementary of W and (®, V) is called a complementary pair. For complementary functions
® and ¥, we have the Young inequality

xy < O(x) + Y(y)

for x,y > 0. We always consider a pair of complementary Young functions (®, V) with both ® and W
continuous and strictly increasing.

Let @ be a Young function and $B(K) denote the set of all equivalence classes of Borel measurable
complex-valued functions on K with respect to the Haar measure m. Then the Orlicz space L*(K) is defined

by
LP(K) := {f € B(K): f@()\lf(x)l)dm(x) < +oco for some A > 0},
K

and is a Banach space under the Orlicz norm defined by

lfllo := sup {f |foldm : v: K — C is measurable and f‘l’(lvl)dm < 1},
K K

where VW is the complementary function of @ [17, Chapter III, Proposition 11]. One can also define the
Luxemburg norm on L*(K) by

IfIIS, = inf {)\ >0: jl;q)(%lf(x)l)dm(x) < 1}.

These two norms are equivalent: || - [|g < || - [lo < 2[| - [I§. Also, it is known that

Ifllg <1 = fK(ID(lf(x)l) dm(x) < 1.

A Young function O satisfies the A,-condition (and we write @ € A,) if there exist constants M > 0 and
xp = 0 such that ®(2x) < M®P(x) for all x > x¢. For a complementary pair of Young functions (@, V), if
® € A,, then the dual space of LY(K) is Ly} (K).

If @ satisfies in Ar-condition, then for each sequence (f,) € L®(K) and f € L®(K), f, converges to f in the
Il - llo norm if and only if for some A > 0,

tim [ @G0 - £ de) = 0.
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Definition 2.4. Let @ be a Young function and w be a weight function on K. Then the corresponding weighted Orlicz
space LE(K) is defined by
LK) = {f : K> C: fw e L*(K)}.

For each f € LY(K) we put || fllo := l|fwlle-

Our results can be applied to important Banach function spaces generated by various Young functions:

1. For O(x) = ’;7’7 with 1 < p < co, we obtain weighted L spaces.

2. For x € (1, ), ®(x) = x"(In(e + x))* with 1 < p < oo and a € R, we recover the weighted logarithmic
Zygmund spaces LF(In L)*.
3. For x € (1, 00), ®(x) = exp(x*) and a > 0, we obtain weighted exponential Zygmund spaces exp L*

These Zygmund spaces are studied in [12] for a finite measure.
In the following remark, we give weight functions for some special hypergroups.

Remark 2.5. Let K be a hypergroup. A continuous function a : K — (0, 00) is called a positive semicharacter if
a(x*y) = a(x)a(y) and a(x™) = a(x) for all x,y € K. Easily, one can see that if o is a positive semicharacter of K
and ¢ > 1, then ca is a weight function on K. See [19, 25] for more discussion about positive semicharacters. For
some classes of Sturm-Liouville hypergroups ([0, o), *(A)) corresponding to a given Sturm-Liouville function A (see
[2, Sec. 3.5]), if k > p, then the function oy, satisfying

Laok = (p* =), ax(0)=1, «a(0)=0
is a positive semicharacter of ([0, 00), +(A)) [2, Page 223], where

1. A a2 A d
p_igl—l:gox(x) lZI’ld LA.——E—ZE.

For another example, fix a natural number n. The orthogonal group O(n) naturally acts on the additive group R".
For each x € R", put X := {yx : y € O(n)}. Then by [8, 8.3A] (see also [19, 2.1(2)]), the space K = {¥ : x € R"} is
an orbit hypergroup with the convolution

(654 85)(f) = fo JOFFD ) (< Culk)

and the involution ¥~ := —x, where x,y € R" and o is the normalized left Haar measure of O(n). By [19, 2.1(2)], for
each a € R", the function a : K — (0, o) defined by

a(x) = j(;( )exp((a, yx))do(y) (xeR")

is a positive semicharacter of K, and so as above, for each ¢ > 1, ca is a weight function for K.

3. Weighted Orlicz algebras

In the sequel, w is a weight function on a hypergroup K and m is a (left) Haar measure on K. If @ € A,
then C.(K) is dense in L*(K) [17], and similarly, C.(K) is dense in L2(K). For each Borel measurable function
f:K— Candx,y € Kwedefine L, f(y) := f(x~ *y) = fod((Sx— *0y).

Definition 3.1. The center of a hypergroup K is defined by

Z(K) = {x € K: Oy # 6y = 8, = Oy # Oy} .
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This concept was introduced by Jewett and Dunkl [4, 8] and then studied by Ross [20]. We note that if
Kis a locally compact group, then Z(K) = K.
We recall the following example from [20].

Example 3.2. Let G be a locally compact group such that its inner automorphisms group, Inn(G), is a compact group
with a normalized Haar measure . For every x € G, let [x] := {s(x) : s € Inn(G)} and G := {[x] : x € G}. Then by [8,

8.31, Gy is a hypergroup with the convolution (Opx)* ) () := fhm © O([s(x)yl)do(s) and the involution [x]~ := [x71],

where ¢ € Co(Gy). We have Z(Gy) = {[z] : z € Z}, where Z := {x € G : for each y € G, xy = yx}.

Lemma 3.3. Let w be a weight function on K.

1. Forall f € LY(K) and x € Z(K), we have L.f € LY(K) and ILx fllo,0 < W fllo,w;
2. If ® € Ay, then for all f € C.(K), the mapping x — Ly f from K into LE(K) is continuous at the identity e.
3. If ® € Ay, then for all f € LE(K), the mapping x v Ly f from Z(K) into LY(K) is continuous at the identity e.

Proof. (1) Let f € LY(K) and x € Z(K). Since m is a left Haar measure, for each function v with fK Y(ov))dm <1

we have
f\I/(Ival)dm = f\If(Ivl)dm <1,
K K

and
lowLa fll = fK G * Yl o)) dm(y)
- fK ol + yyeolx » ) dm(y)
<) [ 1FIpleE o) int)
K
< (@) f ) L ol(y)wo(y) dm(y)
K

< (@) f W IL-0l(y)eoly) dimy).
K
So
L fllose = k0L fllo

= sup {||UWfo||1 : f\l’(lvl)dm < 1}
K

< sup {w(x) [ vondwmeane: [ \P(|v|)dmsl}
< w(x)Hf”CD,w'

(2) First let f € C.(K) and E := suppf. We show that the mapping x +— L,f is continuous at e. Let
F be a compact neighborhood of e in K. For each x € F, if L,f(y) = fK fd(0x- *6y) # 0, then there is
some f € EN ({x~} = {y}) and so by [8, 4.1B], y € {x} = E. This implies that suppL,f C {x}* E C F+E. Put
S := FU(F+E). Hence, by [8, 3.2B], S C K is a compact set and we have L¥(S) C L(S), where W is the
complementary function of ®. By the open mapping theorem, there is some C > 0 such that for all function
v with [ W(lo)dm <1,
lloxslh < Cllvxslle < 2Cllvxslly < 2ClJlly < 2C.

By continuity of w and compactness of S, there exists some B > 0 such that w < B on S. Since f € C.(K),
by [8, 4.3B], for each € > 0, there is a symmetric neighborhood V of e such that V C F, and for all x, y € K.
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If (0x * 0,-)(V) > 0, then [f(x) — f(y)| < €/2CB. So, if ({x} * {y~}) "'V # @ (and equivalently if x € V = {y}),
then |f(x) — f(y)| < €/2CB. Hence, for each x € Vand y € K, if t € {x7} # {y}, thent € V * {y}, and so
If(t) = f(y)| < €/2CB and we have

Ox- *0,)(S
Lef() — F)l < fs ) — F@ G * 00 < 2@;" ) <

since 0,- * 0, isa probability measure. Then for each x € V, we have
ILxf = fllow = sup {II(fo = fHowlly : f‘l’(lvl)dm < 1}
K

< B|ILxf = flloo sup {fslvl dm : fK\P(IUI)dm < 1}

<e.
(3) follows from (1) and (2). O

Let o be a positive semicharacter of a commutative hypergroup (K, -7, e). Then, by [25, Theorem 2.2], the
space K equipped with a convolution defined by

1
6x.6y = ma(éx*éy), (x,yEK)

and .~ as involution, is a commutative hypergroup called deformation of (K, ). In the following result, we
give a sufficient condition, related to the above convolution e, for L2(K, *) to be translation-invariant. In
this statement the set of all functions v on K with fK W(v)dm < 11is denoted by I'y.

Proposition 3.4. Let a be a positive semicharacter on a commutative hypergroup (K, *), and the convolution e be
defined as above. Let for each v € I'y and x € K we have L{v € I'y, where Lyv(y) := v(x~ e y) for all y € K. Then, for
each f € L3(K,#) and x € K, ||Lxfllo,e < a(x) l|fllo,a-

Proof. Let f € L2(K,*) and x € K. Then, we have

Il = sup { fK Laf oladm 0 e r\u}
= sup { [ vrtatize pam o r\p}
= sup { [ irae im0 F\y}
= sup { [ il s paag)dn o F\y}
= a(x)sup { [ Ve e dne o e rw}

< a()sup { [ rrewiae dnt):o e rw}
K
= () lIfllo,a,
because I'y is translation-invariant under the convolution e. [

The next theorem gives a condition for LE(K) to be a left L! (K)-module
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Theorem 3.5. Suppose LE(K) C LL(K) and for each y € Kand f € LE(K), ILy fllo0 < W)l fllow. Then LE(K) is a

Banach algebra with respect to the usual convolution. Further, the algebra LE(K) is commutative if K is commutative.

Proof. Let L2(K) € LL(K) and f, g € L2(K). Then for each function v with fK Y([v|)dm < 1, we have

g+ Frwoll = fK 19 * )Xo w(x) dm(x)
< fK fK ™ * Dglomwdm(y)dm()
- f ( f £y *) |v<x>|w(x>dm<x>) g()ldm(y)
K K
- f ( f £+ ) |v<x>|w<x>dm<x>) 0(y) g(wy)dm(y).
K K
So
19 fllo = g+ ol
= sup {Il(g*f)wvlll : f‘I/(Ivl)dm < 1}
K

< sup fK ( fK If(y*X)Ilv(X)lw(X)dm(X)) w(y) gl (y)dm(y)

fK W(jol) dm < 1}
< [ s ooty pwoan)
< lglh ol fllow-
Foreach f € L%(K) we define |[f|| := ||flliw + | fllom- Then (Lg(K), |l - II) is a Banach space and the identity

mapping from (LY(K), [|-]) to (L2(K), || llo,») is continuous and one-to-one. So by the open mapping theorem,
there is a constant ¢ > 0 such for each f € LY(K),

Al < A< cll fllow-
By renorming L2(K) we can assume that ¢ = 1, and so for each f € L2(K) we have the inequality
If * gllow < Ml fllowllgllow-

The commutativity of LY(K) immediately follows from that of K. [

4. Approximate Identities

In this section we transfer the results of [13] concerning the existence of an approximate identity for
the weighted L? algebra of a locally compact group to the hypergroup case. We assume that @ is a Young
function with ® € A,.

Theorem 4.1. Let L2(K) be a weighted Orlicz algebra and V be a compact neighborhood of e in K. Let U be a
neighborhood basis of e in K such that each U € U satisfies U C V. Then there exists a net (ey)uey consisting of
compactly supported functions in LY(K) such that for each f € C.(K), ey * f — f in LY(K).
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Proof. Under the hypothese, for each U € U we put ey := m(U) ™! xy. Thereisa B > 0 such thatw < Bon V.
Then for each U € U,

f euwloldm = m(U)'B f xuloldm < m(U) Bllxullo < o,
K K

where v € LY(K) with fK\I’(lv|)dm. So |leullow < o i.e. ey € LY(K).
Let f € L2(K). For each U € U and v € LY (K) with fK Y(|o|)dm < 1, we have

e f =0 = [ 2Bt e0am) - o
= m(U)™! fu L,f() ~ f()) dm(y)

and so
f ew» f — Pwoldm < m(U)™ f f L, £) - £ @ loldm(y)dm()
K KJUu
:m(U)‘lL(jl;((Lyf—f)(x)|w(x)lv(x)ldm(x))dm(y)
< m(Uy™? fu ILof — fllodm(y).

Hence,
lew * f = fllo < m(U)™ f Lo f = Fllosdm(y).
u

By Lemma 3.3, for each ¢ > 0 there exists a W € U such that forally € W, ||IL,f — fllo < €. Thus for each
Ue UwithU < W, wehave |ley * f = fllow < €.
O

Proposition 4.2. If K is a discrete hypergroup, then L2(K) C L3 (K).

Proof. Let f € LY(K). By the definition of Orlicz space, forsomea > Owehave A := Y ,.x D(alf (Hw(t)) 7 o
00. Also, for each x € K, 0 < (0, * 0,-)({e}) < 1. So,

*5 NI

1
O(alf (x)[w(x)) < GD(alf(x)IW(x))m =4

for all x € K. Since lim,_,., @(x) = oo, the function a fw is bounded on Ki.e,, f € Ly)(K). O

Theorem 4.3. Let K be first countable. If the weighted Orlicz algebra LY(K) has an identity in C.(K), then K is
discrete.

Proof. Fix a compact neighborhood V of e in K, let i € C.(K) be the identity element of LS(K), and let & > 0.
By Theorem 4.1, there is an f € LY(K) such that ||f * h — hllp < ¢ and outside a nelghborhood UcC Vofe,
f =0. So, since h is the identity, we have

€>||f—h||q>,wzf \f = ol wdm
K\u

= f |1 || w dm
K\Uu

> f |i| |o] w dm,
K\V
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where v € LY (K) with fK\I/(Ivl)dm < 1. We consider u € LY(K) such that u # 0 on K\V, and fK\IJ(IuI)dm <1
Since ¢ > 0 is arbitrary, we have fK\V |hl[ulwdm = 0, and so |h| [u| wxk\y =0 m-a.e. Then, since w and u are

non-zero on K\V, we have h = 0 m-a.e on K\V. Let (V)" be a countable neighborhood basis at e. For
each n € IN, we put A, = {x € K\V,, : h(x) # 0}. Then, m(A,) = 0, and so setting A := U,enAy,, we have
m(A) = 0, and if we redefine i = 0 on A, then supph C {e}. Therefore m({e}) > 0, and K is discrete. [

Theorem 4.4. If K is a discrete hypergroup, then xie is the identity of LY(K).
Proof. Let K be a discrete hypergroup. Then xy € L2(K), and by [8, 7.1A], the measure m with m({x}) =

© _*(Slx)({el) (x € K) is a left Haar measure for K. So for all f € L2(K) and x € K,
_ 1
o () = . *X)—— o = )
(i * @) § XS0 8 en =/
|

5. Maximal Ideal Spaces

In this section, we describe the maximal ideal space of the Banach algebra L2(K) in the commutative
case.

Definition 5.1. Let LY(K) be an algebra. A bounded linear functional ¢ : LY(K) — C is called multiplicative if for
all f, g € Ly(K), ¥ (f * 9) = (/)Y (g).

We denote
Xp(K) :={& € Cp(K) : forall x, y € K, E(x + y) = E(x)E(W)},

and
XP(K) = {& € Xp(K) : &/w € LY(K)}.

Proposition 5.2. Let K be a commutative hypergroup, and Ly (K) be an algebra. For each & € X (G), we define

Yelf) = fK F@E@dm() (f € LE(K).

Then V¢ is a multiplicative functional on LE(K).

Proof. Clearly, y; is linear. Let f, g € L2(K). Then
Pe(frg) = fK (f * YEQ) dm()

= [ [ sty +neamtan
K JK

- f ) f 9y * EC dm(@) dm(y)
K K

- f ) f Gy * x) dm(x) dm(y)
K K

- f ) f JOOEE) dm(x) dm(y)
K K

- [ e ne [ sz ng)
K K
= ().

Lastly, since &/w € L¥(K), ¢ is a bounded linear functional on LY(K). [
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Theorem 5.3. Under the hypothesis of Proposition 5.2, if { is a non-zero multiplicative functional on LY(K), then
there is a unique & € X;'(K) such that = ;.

Proof. Let ¢ be a non-zero multiplicative functional on Ly (K). Then ¢ € (L3(K))" = LY ,(K), and so there is
a&eL? (K)such that for all f € Ly(K),

() = fK FREG) dm(@). )

Since 1) is non-zero, for some g € C.(K), we have y(g) # 0. For all f € LE(K), we have

fK FOEDP() dm() = ()
= (f + )
- fK (F * EE) dm()

- [ [ sty «0eaman
K JK

- f ) f Lyg(E() dm(x) dm(y)
K K

= fK FOLyg) dm(y),

Y(Lxg)
¥(9)

and so &(x) = LPI(PL(;? ) m-a.e. Foreach x € K, we redefine &(x) =

the relations (2) holds. In addition, for all x, y € K, we have

. Then & is bounded and continuous, and

ECxe () = ¥(0) f £ (0, +0,)(1)
K

- f W(Lig) d(55 + 6,)()
K

- f f E()Lig(s) dm(s) (6, + 5,)(1)
K JK

- f £(s) f Lg() (55 % 5,)(8) dm(s)
K K

_ f £(s) f Lo g(t) d(Gx  8,)(t) dm(s)
K K

_ fK EO)Le gy +x7) dm(s)

- fK EO)Lyg(x +5)dm(s)

_ fK E6)Lo(Lyg)(5) dm(s)

= ll)(Lx(Lyg))
= E@)P(Lyg)
= EEW)Y(9)-

Finally, since 1 is a bounded linear functional on LE(K), we have & € Xy (K). O
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Theorem 5.4. Let L2(K) be a weighted Orlicz algebra. If I is a left invariant closed linear subspace of LY(K), then I
is a left ideal of L2(K).

Proof. Let f € Iand g € LE(K). If g* f ¢ I, then by the Hahn-Banach theorem, there is a functional F € (LS(K))*
such that F = 0 on I and F(g * f) # 0. Since ® € A,, by duality, there is a unique element ¢ € L:f)'f1 (K) such

that for each h € LY(K),
F(h) = f hopdm.
K

So by Fubini’s theorem, we have

F(g+ f) = fK ( fK g(y)f(y-*x)dm(y))qxx)dm(x)

- [ ( | Lyf(x)cz)(x)dm(x)) dm(y)
K K
- [ swre.nant =0

since L, f € I and F = 0 on , a contradiction. Therefore, for each f €  and g € L{(K), we have gx f € . [0

Theorem 5.5. Let I bea closed left ideal of a weighted Orlicz algebra LY(K). Then for each x € Z(K) and f € INCc(K),
we have L, f € I.

Proof. Let ¢ > 0, x € Z(K) and f € I N C.(K). By Theorem 4.1, there is a compactly supported function
ev € LY(K) such that

€
llev * f = fllow < 2@

So by Lemma 3.3 we have
”Lx(eV *f) - fo”(b,w <e.

On the other hand, since x € Z(K) and [ is a left ideal, we have
Ly(ev *f) = (Lyev) >('f €L
Hence L, fel=1 O
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