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Abstract. Let K be a hypergroup, w be a weight function and let (Φ,Ψ) be a complementary pair of
Young functions. We consider the weighted Orlicz space LΦ

ω(K) and investigate some of its algebraic
properties under convolution. We also study the existence of an approximate identity for the Banach algebra
LΦ

w(K). Further, we describe the maximal ideal space of the convolution algebra LΦ
w(K) for a commutative

hypergroup K.

1. Introduction

Orlicz spaces are vast generalizations of Lp spaces. They can also contain Sobolev spaces as subspaces.
It is well known that for a locally compact group G, Lp(G) (1 < p < ∞) is an algebra under the convolution
product precisely when G is compact [21] (see [1] and [9], which obtain a version of conditions for an
Orlicz space LΦ on a group and a hypergroup to be an algebra). However a weighted Lp(G) space may
be a Banach algebra for general locally compact groups as shown in [26] and [10]. Recently in [13] A.
Osançlıol and S. Öztop considered weighted Orlicz algebras over locally compact groups and studied their
properties, extending in part the results of [10]; see also [14, 15]. They found sufficient conditions under
which a weighted Orlicz space becomes an algebra and studied its properties such as the existence of an
approximate identity and the maximal ideal space of the algebra when the underlying group G is abelian.

Hypergroups are generalizations of locally compact groups. They are locally compact spaces whose
regular complex Borel measures form an algebra which has properties similar to the convolution algebra
(M(G), ∗) of a locally compact group G. All locally compact groups are hypergroups. They have applications
in analysis, probability and approximation theory [2]. The theory of hypergroups was initiated by C. F.
Dunkl [4], R. I. Jewett [8] and R. Spector [22]. In the literature there is some variation in the precise definition
of a hypergroup. We consider hypergroups in the sense of R. I. Jewett [8].

In this paper, we replace the locally compact group G with a hypergroup K and develop some alge-
braic properties of weighted Orlicz spaces LΦ

w(K) with a weight function w. We transfer some results to
hypergroups such as existence of an approximate identity and the description of the maximal ideal space.
However, the method of proof for the generalization is significantly different from that of the locally compact
group case.

As an application of our results, we also obtain certain weighted Banach function spaces on hypergroups
generated by Young functions, such as Zygmund spaces and weighted Lp spaces.
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This paper is organized as follows. In Section 2 we introduce the notation and present some preliminaries
regarding hypergroups and Orlicz spaces. In Section 3 we introduce weighted Orlicz spaces LΦ

w(K) on a
hypergroup K and prove that LΦ

w(K) is a Banach algebra with respect to convolution under some conditions.
In Section 4 we show that if LΦ

w(K) is an algebra, then it has an approximate identity. In particular, we prove
that for a discrete hypergroup K, it has an identity. In Section 5 we describe the maximal ideal space of
LΦ

w(K). Finally, we prove that a left invariant closed linear subspace of LΦ
w(K) is a closed left ideal of it. On

the other hand, our results may be considered for the unweighted case which are also new.

2. Preliminaries

In this section, we recall some definitions and facts that will be used in the rest of this paper.

2.1. Locally Compact Hypergroups
Let K be a locally compact Hausdorff space. We denote by M(K) the space of all complex Radon

measures on K and byM+(K) the set of all nonnegative measures inM(K). For a Borel measurable function
f : K → C and µ ∈ M(K), supp( f ) and supp(µ) denote the support of f and µ, respectively. The Dirac
measure at x ∈ K is denoted by δx.

Definition 2.1. Let K be a locally compact Hausdorff space. Suppose there exists a positive continuous mapping
(µ, ν) 7→ µ ∗ ν fromM(K) ×M(K) intoM(K) such that

1. (M(K),+, ∗) is an algebra;
2. for all x, y ∈ K, δx ∗ δy is a probability measure with compact support;
3. there exists an element e ∈ K such that δe ∗ δx = δe = δx ∗ δe for all x ∈ K;
4. there exists a topological involution x 7→ x− from K onto K such that for all x, y ∈ K and f ∈ C0(K), we have

(δx ∗ δy)( f−) = (δy− ∗ δx− )( f ), where f−(t) := f (t−) for each t ∈ K;
5. e ∈ supp(δx ∗ δy) if and only if y = x−;
6. the mapping (x, y) 7→ supp(δx ∗ δy) from K × K into the space C(K) of compact subsets of K is continuous,

where C(K) is equipped with the topology whose subbasis is given by all

CU,V := {A ∈ C(K) : A ∩U , ∅ and A ⊆ V},

in which U and V are open subsets of K.

Then K = (K, ∗,− , e) is called a locally compact hypergroup (or simply a hypergroup).

A hypergroup K is called commutative if δx ∗ δy = δy ∗ δx for all x, y ∈ K.
A nonzero nonnegative regular measure m on K is called a (left) Haar measure if for all x ∈ K, δx ∗m = m.

It has not been proved that every hypergroup has a Haar measure. However, commutative hypergroups,
compact hypergroups, discrete hypergroups, and double-coset hypergroups have Haar measures (see
[8, 23]). Throughout this paper, we assume that K is a hypergroup with a Haar measure m. For each
1 ≤ p < ∞we write Lp(K) = Lp(K,m). Let f and 1 be Borel functions on K. For any x, y ∈ K we denote

fx(y) := f (x ∗ y) :=
∫

K
f d(δx ∗ δy) and ( f ∗ 1)(x) :=

∫
K

f (y)1(y− ∗ x)dm(y).

If A,B ⊆ K we put
A− := {x− : x ∈ A} and A ∗ B :=

⋃
x∈A,y∈B

supp(δx ∗ δy).

Weight functions on hypergroups have been studied in several papers. F. Ghahramani and A. R.
Medghalchi in [6, 7] studied compact multipliers on weighted hypergroup algebras and W. R. Bloom and P.
Ressel in [3] obtained a Bochner representation for w-bounded positive definite functions on a commutative
hypergroup, where w is a special weight function. See also [11, 16, 24].



S. Öztop, S. M. Tabatabaie / Filomat 34:9 (2020), 2991–3002 2993

Definition 2.2. Let K be a hypergroup. A continuous function w : K→ (0,∞) is called a weight function if for all
x, y ∈ K,

w(x ∗ y) ≤ w(x)w(y). (1)

Remark 2.3. Let w be a weight function on a hypergroup K. The set of all complex-valued Borel measurable functions
f on K such that w f ∈ L1(K) is denoted by L1

w(K). As usual, two functions f , 1 ∈ L1
w(K) are identified if and only if

f = 1 m-a.e. The norm of each f ∈ L1
w(K) is defined by

‖ f ‖1,w := ‖w f ‖1 =

∫
K

w| f | dm.

Because of the relation (1), for all f , 1 ∈ L1
w(K) we have ‖ f ∗1‖1,w ≤ ‖ f ‖1,w‖1‖1,w, and so L1

w(K) is a Banach algebra.

2.2. Orlicz Spaces
In this subsection, we recall some basic definitions and facts about Orlicz spaces; see [17, 18] as two

main monographs on this topic. A non-zero convex function Φ : [0,∞) → [0,∞] is called a Young function
if Φ(0) = limx→0+ Φ(x) = 0 and limx→+∞Φ(x) = +∞. For a Young function Φ, the complementary function Ψ of
Φ is given by

Ψ(y) = sup{xy −Φ(x) : x ≥ 0} (y ≥ 0).

It is easy to check that Ψ is also a Young function. Moreover, if Ψ is the complementary function of Φ,
then Φ is the complementary of Ψ and (Φ,Ψ) is called a complementary pair. For complementary functions
Φ and Ψ, we have the Young inequality

xy ≤ Φ(x) + Ψ(y)

for x, y ≥ 0. We always consider a pair of complementary Young functions (Φ,Ψ) with both Φ and Ψ
continuous and strictly increasing.

Let Φ be a Young function and B(K) denote the set of all equivalence classes of Borel measurable
complex-valued functions on K with respect to the Haar measure m. Then the Orlicz space LΦ(K) is defined
by

LΦ(K) :=
{

f ∈ B(K) :
∫

K
Φ(λ| f (x)|) dm(x) < +∞ for some λ > 0

}
,

and is a Banach space under the Orlicz norm defined by

‖ f ‖Φ := sup
{∫

K
| f v| dm : v : K→ C is measurable and

∫
K

Ψ(|v|) dm ≤ 1
}
,

where Ψ is the complementary function of Φ [17, Chapter III, Proposition 11]. One can also define the
Luxemburg norm on LΦ(K) by

‖ f ‖◦Φ := inf
{
λ > 0 :

∫
K

Φ
( 1
λ
| f (x)|

)
dm(x) ≤ 1

}
.

These two norms are equivalent: ‖ · ‖◦Φ ≤ ‖ · ‖Φ ≤ 2‖ · ‖◦Φ. Also, it is known that

‖ f ‖◦Φ ≤ 1⇐⇒
∫

K
Φ(| f (x)|) dm(x) ≤ 1.

A Young function Φ satisfies the ∆2-condition (and we write Φ ∈ ∆2) if there exist constants M > 0 and
x0 ≥ 0 such that Φ(2x) ≤ MΦ(x) for all x ≥ x0. For a complementary pair of Young functions (Φ,Ψ), if
Φ ∈ ∆2, then the dual space of LΦ

w(K) is LΨ
w (K).

If Φ satisfies in ∆2-condition, then for each sequence ( fn) ⊆ LΦ(K) and f ∈ LΦ(K), fn converges to f in the
‖ · ‖Φ norm if and only if for some λ > 0,

lim
n→∞

∫
K

Φ
(
λ| fn(t) − f (t)|

)
dm(t) = 0.
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Definition 2.4. Let Φ be a Young function and w be a weight function on K. Then the corresponding weighted Orlicz
space LΦ

w(K) is defined by
LΦ

w(K) :=
{

f : K→ C : f w ∈ LΦ(K)
}
.

For each f ∈ LΦ
w(K) we put ‖ f ‖Φ,w := ‖ f w‖Φ.

Our results can be applied to important Banach function spaces generated by various Young functions:

1. For Φ(x) = xp

p with 1 < p < ∞, we obtain weighted Lp spaces.
2. For x ∈ (1,∞), Φ(x) = xp(ln(e + x))α with 1 ≤ p < ∞ and α ∈ R, we recover the weighted logarithmic

Zygmund spaces Lp(ln L)α.
3. For x ∈ (1,∞), Φ(x) = exp(xα) and α > 0, we obtain weighted exponential Zygmund spaces exp Lα

These Zygmund spaces are studied in [12] for a finite measure.
In the following remark, we give weight functions for some special hypergroups.

Remark 2.5. Let K be a hypergroup. A continuous function α : K → (0,∞) is called a positive semicharacter if
α(x ∗ y) = α(x)α(y) and α(x−) = α(x) for all x, y ∈ K. Easily, one can see that if α is a positive semicharacter of K
and c ≥ 1, then cα is a weight function on K. See [19, 25] for more discussion about positive semicharacters. For
some classes of Sturm-Liouville hypergroups ([0,∞), ∗(A)) corresponding to a given Sturm-Liouville function A (see
[2, Sec. 3.5]), if k > ρ, then the function αk satisfying

LAαk = (ρ2
− k2)αk, αk(0) = 1, α′k(0) = 0

is a positive semicharacter of ([0,∞), ∗(A)) [2, Page 223], where

ρ :=
1
2

lim
x→∞

A′

A
(x) and LA := −

d2

dx2 −
A′

A
d

dx
.

For another example, fix a natural number n. The orthogonal group O(n) naturally acts on the additive groupRn.
For each x ∈ Rn, put x̃ := {γx : γ ∈ O(n)}. Then by [8, 8.3A] (see also [19, 2.1(2)]), the space K := {x̃ : x ∈ Rn

} is
an orbit hypergroup with the convolution

(δx̃ ∗ δỹ)( f ) :=
∫

O(n)
f (γ̃x + y) dσ(γ) ( f ∈ C0(K))

and the involution x̃− := −̃x, where x, y ∈ Rn and σ is the normalized left Haar measure of O(n). By [19, 2.1(2)], for
each a ∈ Rn, the function α : K → (0,∞) defined by

α(x̃) :=
∫

O(n)
exp(〈a, γx〉) dσ(γ) (x ∈ Rn)

is a positive semicharacter ofK , and so as above, for each c ≥ 1, cα is a weight function forK .

3. Weighted Orlicz algebras

In the sequel, w is a weight function on a hypergroup K and m is a (left) Haar measure on K. If Φ ∈ ∆2,
then Cc(K) is dense in LΦ(K) [17], and similarly, Cc(K) is dense in LΦ

w(K). For each Borel measurable function
f : K→ C and x, y ∈ K we define Lx f (y) := f (x− ∗ y) =

∫
K f d(δx− ∗ δy).

Definition 3.1. The center of a hypergroup K is defined by

Z(K) := {x ∈ K : δx ∗ δx− = δe = δx− ∗ δx} .
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This concept was introduced by Jewett and Dunkl [4, 8] and then studied by Ross [20]. We note that if
K is a locally compact group, then Z(K) = K.

We recall the following example from [20].

Example 3.2. Let G be a locally compact group such that its inner automorphisms group, Inn(G), is a compact group
with a normalized Haar measure σ. For every x ∈ G, let [x] := {s(x) : s ∈ Inn(G)} and GI := {[x] : x ∈ G}. Then by [8,
8.3], GI is a hypergroup with the convolution (δ[x] ∗δ[y])(φ) :=

∫
Inn(G) φ([s(x)y])dσ(s) and the involution [x]− := [x−1],

where φ ∈ C0(GI). We have Z(GI) = {[z] : z ∈ Z}, where Z := {x ∈ G : for each y ∈ G, xy = yx}.

Lemma 3.3. Let w be a weight function on K.

1. For all f ∈ LΦ
w(K) and x ∈ Z(K), we have Lx f ∈ LΦ

w(K) and ‖Lx f ‖Φ,w ≤ w(x)‖ f ‖Φ,w;
2. If Φ ∈ ∆2, then for all f ∈ Cc(K), the mapping x 7→ Lx f from K into LΦ

w(K) is continuous at the identity e.
3. If Φ ∈ ∆2, then for all f ∈ LΦ

w(K), the mapping x 7→ Lx f from Z(K) into LΦ
w(K) is continuous at the identity e.

Proof. (1) Let f ∈ LΦ
w(K) and x ∈ Z(K). Since m is a left Haar measure, for each function v with

∫
K Ψ(|v|) dm ≤ 1

we have ∫
K

Ψ(|Lx−v|) dm =

∫
K

Ψ(|v|) dm ≤ 1,

and

‖vwLx f ‖1 =

∫
K
| f (x− ∗ y)| |v(y)|w(y) dm(y)

=

∫
K
| f (y)| |v|(x ∗ y)w(x ∗ y) dm(y)

≤ w(x)
∫

K
| f (y)| |v|(x ∗ y)w(y) dm(y)

≤ w(x)
∫

K
| f (y)|Lx− |v|(y)w(y) dm(y)

≤ w(x)
∫

K
| f (y)| |Lx−v|(y)w(y) dm(y).

So

‖Lx f ‖Φ,w = ‖wLx f ‖Φ

= sup
{
‖vwLx f ‖1 :

∫
K

Ψ(|v|) dm ≤ 1
}

≤ sup
{

w(x)
∫

K
| f (y)| |Lx−v|(y)w(y) dm(y) :

∫
K

Ψ(|v|) dm ≤ 1
}

≤ w(x)‖ f ‖Φ,w.

(2) First let f ∈ Cc(K) and E := supp f . We show that the mapping x 7→ Lx f is continuous at e. Let
F be a compact neighborhood of e in K. For each x ∈ F, if Lx f (y) =

∫
K f d(δx− ∗ δy) , 0, then there is

some t ∈ E ∩ ({x−} ∗ {y}) and so by [8, 4.1B], y ∈ {x} ∗ E. This implies that suppLx f ⊆ {x} ∗ E ⊆ F ∗ E. Put
S := F ∪ (F ∗ E). Hence, by [8, 3.2B], S ⊆ K is a compact set and we have LΨ(S) ⊆ L1(S), where Ψ is the
complementary function of Φ. By the open mapping theorem, there is some C > 0 such that for all function
v with

∫
K Ψ(|v|) dm ≤ 1,

‖vχS‖1 ≤ C‖vχS‖Ψ ≤ 2C‖vχS‖
◦

Ψ ≤ 2C‖v‖◦Ψ ≤ 2C.

By continuity of w and compactness of S, there exists some B > 0 such that w ≤ B on S. Since f ∈ Cc(K),
by [8, 4.3B], for each ε > 0, there is a symmetric neighborhood V of e such that V ⊆ F, and for all x, y ∈ K.
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If (δx ∗ δy− )(V) > 0, then | f (x) − f (y)| < ε/2CB. So, if ({x} ∗ {y−}) ∩ V , ∅ (and equivalently if x ∈ V ∗ {y}),
then | f (x) − f (y)| < ε/2CB. Hence, for each x ∈ V and y ∈ K, if t ∈ {x−} ∗ {y}, then t ∈ V ∗ {y}, and so
| f (t) − f (y)| < ε/2CB and we have

|Lx f (y) − f (y)| ≤
∫

S
| f (t) − f (y)| d(δx− ∗ δy)(t) ≤

ε(δx− ∗ δy)(S)
2CB

≤
ε

2CB

since δx− ∗ δy is a probability measure. Then for each x ∈ V, we have

‖Lx f − f ‖Φ,w = sup
{
‖(Lx f − f )vw‖1 :

∫
K

Ψ(|v|) dm ≤ 1
}

≤ B‖Lx f − f ‖∞ sup
{∫

S
|v| dm :

∫
K

Ψ(|v|) dm ≤ 1
}

< ε.

(3) follows from (1) and (2).

Let α be a positive semicharacter of a commutative hypergroup (K, ∗, ·−, e). Then, by [25, Theorem 2.2], the
space K equipped with a convolution defined by

δx • δy :=
1

α(x)α(y)
α (δx ∗ δy), (x, y ∈ K)

and .− as involution, is a commutative hypergroup called deformation of (K, ∗). In the following result, we
give a sufficient condition, related to the above convolution •, for LΦ

α (K, ∗) to be translation-invariant. In
this statement the set of all functions v on K with

∫
K Ψ(v) dm ≤ 1 is denoted by ΓΨ.

Proposition 3.4. Let α be a positive semicharacter on a commutative hypergroup (K, ∗), and the convolution • be
defined as above. Let for each v ∈ ΓΨ and x ∈ K we have L•xv ∈ ΓΨ, where L•xv(y) := v(x− • y) for all y ∈ K. Then, for
each f ∈ LΦ

α (K, ∗) and x ∈ K, ‖Lx f ‖Φ,α ≤ α(x) ‖ f ‖Φ,α.

Proof. Let f ∈ LΦ
α (K, ∗) and x ∈ K. Then, we have

‖Lx f ‖Φ,α = sup
{∫

K
|Lx f v|α dm : v ∈ ΓΨ

}
= sup

{∫
K
| f (y)| |vα|(x ∗ y) dm(y) : v ∈ ΓΨ

}
= sup

{∫
K
| f (y)| |vα|(x ∗ y) dm(y) : v ∈ ΓΨ

}
= sup

{∫
K
| f (y)| |v|(x • y)α(x)α(y) dm(y) : v ∈ ΓΨ

}
= α(x) sup

{∫
K
| f (y)| (Lx−,•|v|)(y)α(y) dm(y) : v ∈ ΓΨ

}
≤ α(x) sup

{∫
K
| f (y)| |v(y)|α(y) dm(y) : v ∈ ΓΨ

}
= α(x) ‖ f ‖Φ,α,

because ΓΨ is translation-invariant under the convolution •.

The next theorem gives a condition for LΦ
w(K) to be a left L1

w(K)-module
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Theorem 3.5. Suppose LΦ
w(K) ⊆ L1

w(K) and for each y ∈ K and f ∈ LΦ
w(K), ‖Ly f ‖Φ,w ≤ w(y)‖ f ‖Φ,w. Then LΦ

w(K) is a
Banach algebra with respect to the usual convolution. Further, the algebra LΦ

w(K) is commutative if K is commutative.

Proof. Let LΦ
w(K) ⊆ L1

w(K) and f , 1 ∈ LΦ
w(K). Then for each function v with

∫
K Ψ(|v|) dm ≤ 1, we have

‖(1 ∗ f )wv‖1 =

∫
K
|(1 ∗ f )(x)v(x)|w(x) dm(x)

≤

∫
K

∫
K
| f (y− ∗ x)||1(y)||v(x)|w(x)dm(y)dm(x)

=

∫
K

(∫
K
| f (y− ∗ x)| |v(x)|w(x) dm(x)

)
|1(y)|dm(y)

=

∫
K

(∫
K
| f (y− ∗ x)| |v(x)|w(x) dm(x)

)
w(y)−1

|1(y)|w(y)dm(y).

So

‖1 ∗ f ‖Φ,w = ‖(1 ∗ f )w‖Φ

= sup
{
‖(1 ∗ f )wv‖1 :

∫
K

Ψ(|v|) dm ≤ 1
}

≤ sup
{ ∫

K

(∫
K
| f (y− ∗ x)| |v(x)|w(x) dm(x)

)
w(y)−1

|1(y)|w(y)dm(y) :∫
K

Ψ(|v|) dm ≤ 1
}

≤

∫
K
‖Ly f ‖Φ,ww(y)−1

|1(y)|w(y)dm(y)

≤ ‖1‖1,w‖ f ‖Φ,w.

For each f ∈ LΦ
w(K) we define ‖ f ‖ := ‖ f ‖1,w + ‖ f ‖Φ,w. Then (LΦ

w(K), ‖ · ‖) is a Banach space and the identity
mapping from (LΦ

w(K), ‖·‖) to (LΦ
w(K), ‖·‖Φ,w) is continuous and one-to-one. So by the open mapping theorem,

there is a constant c > 0 such for each f ∈ LΦ
w(K),

‖ f ‖1,w ≤ ‖ f ‖ ≤ c‖ f ‖Φ,w.

By renorming LΦ
w(K) we can assume that c = 1, and so for each f ∈ LΦ

w(K) we have the inequality

‖ f ∗ 1‖Φ,w ≤ ‖ f ‖Φ,w‖1‖Φ,w.

The commutativity of LΦ
w(K) immediately follows from that of K.

4. Approximate Identities

In this section we transfer the results of [13] concerning the existence of an approximate identity for
the weighted LΦ algebra of a locally compact group to the hypergroup case. We assume that Φ is a Young
function with Φ ∈ ∆2.

Theorem 4.1. Let LΦ
w(K) be a weighted Orlicz algebra and V be a compact neighborhood of e in K. Let U be a

neighborhood basis of e in K such that each U ∈ U satisfies U ⊆ V. Then there exists a net (eU)U∈U consisting of
compactly supported functions in LΦ

w(K) such that for each f ∈ Cc(K), eU ∗ f → f in LΦ
w(K).
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Proof. Under the hypothese, for each U ∈ U we put eU := m(U)−1χU. There is a B > 0 such that w ≤ B on V.
Then for each U ∈ U, ∫

K
eUw|v|dm = m(U)−1B

∫
K
χU |v|dm ≤ m(U)−1B‖χU‖Φ < ∞,

where v ∈ LΨ(K) with
∫

K Ψ(|v|)dm. So ‖eU‖Φ,w < ∞ i.e. eU ∈ LΦ
w(K).

Let f ∈ LΦ
w(K). For each U ∈ U and v ∈ LΨ(K) with

∫
K Ψ(|v|)dm ≤ 1, we have

(eU ∗ f − f )(x) =

∫
K

χU(y)
m(U)

f (y− ∗ x)dm(y) − f (x)

= m(U)−1
∫

U

(
Ly f (x) − f (x)

)
dm(y)

and so∫
K
|(eU ∗ f − f )wv|dm ≤ m(U)−1

∫
K

∫
U

∣∣∣Ly f (x) − f (x)
∣∣∣ w(x)|v(x)|dm(y)dm(x)

= m(U)−1
∫

U

(∫
K

∣∣∣(Ly f − f )(x)
∣∣∣ w(x)|v(x)|dm(x)

)
dm(y)

≤ m(U)−1
∫

U
‖Ly f − f ‖Φ,wdm(y).

Hence,

‖eU ∗ f − f ‖Φ,w ≤ m(U)−1
∫

U
‖Ly f − f ‖Φ,wdm(y).

By Lemma 3.3, for each ε > 0 there exists a W ∈ U such that for all y ∈ W, ‖Ly f − f ‖Φ,w < ε. Thus for each
U ∈ U with U ⊆W, we have ‖eU ∗ f − f ‖Φ,w < ε.

Proposition 4.2. If K is a discrete hypergroup, then LΦ
w(K) ⊆ L∞w (K).

Proof. Let f ∈ LΦ
w(K). By the definition of Orlicz space, for someα > 0 we have A :=

∑
t∈K Φ(α| f (t)|w(t)) 1

(δt− ∗δt)({e})
<

∞. Also, for each x ∈ K, 0 < (δx ∗ δx− )({e}) ≤ 1. So,

Φ(α| f (x)|w(x)) ≤ Φ(α| f (x)|w(x))
1

(δx− ∗ δx)({e})
≤ A

for all x ∈ K. Since limx→∞Φ(x) = ∞, the function α f w is bounded on K i.e., f ∈ L∞w (K).

Theorem 4.3. Let K be first countable. If the weighted Orlicz algebra LΦ
w(K) has an identity in Cc(K), then K is

discrete.

Proof. Fix a compact neighborhood V of e in K, let h ∈ Cc(K) be the identity element of LΦ
w(K), and let ε > 0.

By Theorem 4.1, there is an f ∈ LΦ
w(K) such that ‖ f ∗ h − h‖Φ,w < ε and outside a neighborhood U ⊆ V of e,

f = 0. So, since h is the identity, we have

ε > ‖ f − h‖Φ,w ≥
∫

K\U
| f − h| |v|w dm

=

∫
K\U
|h| |v|w dm

≥

∫
K\V
|h| |v|w dm,
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where v ∈ LΨ(K) with
∫

K Ψ(|v|)dm ≤ 1. We consider u ∈ LΨ(K) such that u , 0 on K\V, and
∫

K Ψ(|u|)dm ≤ 1.
Since ε > 0 is arbitrary, we have

∫
K\V |h| |u|w dm = 0, and so |h| |u|wχK\V = 0 m–a.e. Then, since w and u are

non-zero on K\V, we have h = 0 m–a.e on K\V. Let (Vn)∞n=1 be a countable neighborhood basis at e. For
each n ∈ N, we put An := {x ∈ K\Vn : h(x) , 0}. Then, m(An) = 0, and so setting A := ∪n∈NAn, we have
m(A) = 0, and if we redefine h = 0 on A, then supph ⊆ {e}. Therefore m({e}) > 0, and K is discrete.

Theorem 4.4. If K is a discrete hypergroup, then χ{e} is the identity of LΦ
w(K).

Proof. Let K be a discrete hypergroup. Then χ{e} ∈ LΦ
w(K), and by [8, 7.1A], the measure m with m({x}) =

1
(δx− ∗δx)({e}) (x ∈ K) is a left Haar measure for K. So for all f ∈ LΦ

w(K) and x ∈ K,

(χ{e} ∗ f )(x) =
∑
y∈K

χ{e}(y) f (y− ∗ x)
1

(δy− ∗ δy)({e})
= f (x).

5. Maximal Ideal Spaces

In this section, we describe the maximal ideal space of the Banach algebra LΦ
w(K) in the commutative

case.

Definition 5.1. Let LΦ
w(K) be an algebra. A bounded linear functional ψ : LΦ

w(K)→ C is called multiplicative if for
all f , 1 ∈ LΦ

w(K), ψ( f ∗ 1) = ψ( f )ψ(1).

We denote
Xb(K) := {ξ ∈ Cb(K) : for all x, y ∈ K, ξ(x ∗ y) = ξ(x)ξ(y)},

and
Xw

b (K) := {ξ ∈ Xb(K) : ξ/w ∈ LΨ(K)}.

Proposition 5.2. Let K be a commutative hypergroup, and LΦ
w(K) be an algebra. For each ξ ∈ Xw

b (G), we define

ψξ( f ) :=
∫

K
f (x)ξ(x) dm(x) ( f ∈ LΦ

w(K)).

Then ψξ is a multiplicative functional on LΦ
w(K).

Proof. Clearly, ψξ is linear. Let f , 1 ∈ LΦ
w(K). Then

ψξ( f ∗ 1) =

∫
K

( f ∗ 1)(x)ξ(x) dm(x)

=

∫
K

∫
K

f (y)1(y− ∗ x)ξ(x) dm(y) dm(x)

=

∫
K

f (y)
∫

K
1(y− ∗ x)ξ(x) dm(x) dm(y)

=

∫
K

f (y)
∫

K
1(x)ξ(y ∗ x) dm(x) dm(y)

=

∫
K

f (y)
∫

K
1(x)ξ(y)ξ(x) dm(x) dm(y)

=

∫
K
1(x)ξ(x) dm(x)

∫
K

f (y)ξ(y) dm(y)

= ψξ( f )ψξ(1).

Lastly, since ξ/w ∈ LΨ(K), ψξ is a bounded linear functional on LΦ
w(K).
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Theorem 5.3. Under the hypothesis of Proposition 5.2, if ψ is a non-zero multiplicative functional on LΦ
w(K), then

there is a unique ξ ∈ Xw
b (K) such that ψ = ψξ.

Proof. Let ψ be a non-zero multiplicative functional on LΦ
w(K). Then ψ ∈ (LΦ

w(K))∗ � LΨ
w−1 (K), and so there is

a ξ ∈ LΨ
w−1 (K) such that for all f ∈ LΦ

w(K),

ψ( f ) =

∫
K

f (x)ξ(x) dm(x). (2)

Since ψ is non-zero, for some 1 ∈ Cc(K), we have ψ(1) , 0. For all f ∈ LΦ
w(K), we have∫

K
f (x)ξ(x)ψ(1) dm(x) = ψ( f )ψ(1)

= ψ( f ∗ 1)

=

∫
K

( f ∗ 1)(x)ξ(x) dm(x)

=

∫
K

∫
K

f (y)1(y− ∗ x)ξ(x) dm(y) dm(x)

=

∫
K

f (y)
∫

K
Ly1(x)ξ(x) dm(x) dm(y)

=

∫
K

f (y)ψ(Ly1) dm(y),

and so ξ(x) =
ψ(Ly1)
ψ(1) m-a.e. For each x ∈ K, we redefine ξ(x) =

ψ(Lx1)
ψ(1) . Then ξ is bounded and continuous, and

the relations (2) holds. In addition, for all x, y ∈ K, we have

ξ(x ∗ y)ψ(1) = ψ(1)
∫

K
ξ(t) d(δx ∗ δy)(t)

=

∫
K
ψ(Lt1) d(δx ∗ δy)(t)

=

∫
K

∫
K
ξ(s)Lt1(s) dm(s) d(δx ∗ δy)(t)

=

∫
K
ξ(s)

∫
K

Lt1(s) d(δx ∗ δy)(t) dm(s)

=

∫
K
ξ(s)

∫
K

Ls−1(t−) d(δx ∗ δy)(t) dm(s)

=

∫
K
ξ(s)Ls−1(y− ∗ x−) dm(s)

=

∫
K
ξ(s)Ly1(x− ∗ s) dm(s)

=

∫
K
ξ(s)Lx(Ly1)(s) dm(s)

= ψ(Lx(Ly1))
= ξ(x)ψ(Ly1)
= ξ(x)ξ(y)ψ(1).

Finally, since ψ is a bounded linear functional on LΦ
w(K), we have ξ ∈ Xw

b (K).
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Theorem 5.4. Let LΦ
w(K) be a weighted Orlicz algebra. If I is a left invariant closed linear subspace of LΦ

w(K), then I
is a left ideal of LΦ

w(K).

Proof. Let f ∈ I and 1 ∈ LΦ
w(K). If 1∗ f < I, then by the Hahn-Banach theorem, there is a functional F ∈ (LΦ

w(K))∗

such that F = 0 on I and F(1 ∗ f ) , 0. Since Φ ∈ ∆2, by duality, there is a unique element φ ∈ LΨ
w−1 (K) such

that for each h ∈ LΦ
w(K),

F(h) =

∫
K

hφ dm.

So by Fubini’s theorem, we have

F(1 ∗ f ) =

∫
K

(∫
K
1(y) f (y− ∗ x) dm(y)

)
φ(x) dm(x)

=

∫
K
1(y)

(∫
K

Ly f (x)φ(x) dm(x)
)

dm(y)

=

∫
K
1(y)F(Ly f ) dm(y) = 0

since Ly f ∈ I and F = 0 on I, a contradiction. Therefore, for each f ∈ I and 1 ∈ LΦ
w(K), we have 1 ∗ f ∈ I.

Theorem 5.5. Let I be a closed left ideal of a weighted Orlicz algebra LΦ
w(K). Then for each x ∈ Z(K) and f ∈ I∩Cc(K),

we have Lx f ∈ I.

Proof. Let ε > 0, x ∈ Z(K) and f ∈ I ∩ Cc(K). By Theorem 4.1, there is a compactly supported function
eV ∈ LΦ

w(K) such that

‖eV ∗ f − f ‖Φ,w ≤
ε

w(x)
.

So by Lemma 3.3 we have
‖Lx(eV ∗ f ) − Lx f ‖Φ,w ≤ ε.

On the other hand, since x ∈ Z(K) and I is a left ideal, we have

Lx(eV ∗ f ) = (LxeV) ∗ f ∈ I.

Hence Lx f ∈ I = I.
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