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Linear Functionals on Hypervector Spaces

O. R. Dehghan?

?Department of Mathematics, Faculty of Basic Sciences, University of Bojnord, Bojnord, Iran

Abstract. The study of linear functionals, as an important special case of linear transformations, is one of
the key topics in linear algebra and plays a significant role in analysis. In this paper we generalize the crucial
results from the classical theory and study main properties of linear functionals on hypervector spaces. In
this way, we obtain the dual basis of a given basis for a finite-dimensional hypervector space. Moreover, we
investigate the relation between linear functionals and subhyperspaces and conclude the dimension of the
vector space of all linear functionals over a hypervector space, the dimension of sum of two subhyperspaces
and the dimension of the annihilator of a subhyperspace, under special conditions. Also, we show that
every superhyperspace is the kernel of a linear functional. Finally, we check out whether every basis for
the vector space of all linear functionals over a hypervector space V is the dual of some basis for V.

1. Introduction

In algebra the composition of two elements under an operation is an element, whereas the composition
of two elements by a hyperoperation, as a generalization of operation, is a non-empty set and an algebraic
structure endowed with at least one hyperoperation is known as an algebraic hyperstructure. The theory
of algebraic hyperstructures was born in 1934, when Marty [11] introduced the notion of hypergroups.
Afterwards this theory has been studied in various branches of mathematics such as fields, lattices, rings,
quasigroups, semigroups, modules, ordered structures, combinatorics, topology, geometry, graphs, codes,
etc. The reader can find the most results of algebraic hyperstructures in the books of Corsini [3] and [4],
Davvaz [5-8] and Vougiuklis [19].

In 1990, M. Scafati-Tallini [13] introduced the notion of hypervector spaces and studied basic properties of
them, such as norms in such spaces ([14]), geometric point of view ([15]) and characterization of remarkable
hypervector spaces ([16]). Hypervector spaces have developed by some other mathematicians: Ameri [1],
the author [9], [10] and Sedghi [17] from an algebraic perspective, as well as Raja [12] and Taghavi [18] from
an analytic perspective.

In previous mentioned papers about hypervector spaces, the important notions of subhyperspaces, basis,
dimension, linear transformations have been studied. In this paper we generalize some main properties
of linear algebra into hypervector spaces. In this regards, we study the dual basis of a finite-dimensional
hypervector space and the relation between linear functionals and subhyperspaces. Also, we obtain some
important results about the dimensions of special hypervector spaces and conclude dim V* = dimV,
dim(W; + Wp) = dim W + dim W, — dim(W; N W) and dim W + dim W° = dim V, where V* is the vector
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space of all linear functionals over a hypervector space V, W, W;, W, are subhyperspaces of V and W°
is the annihilator of W. Also, we define the notion of a superhyperspace of V and show that every
superhyperspace of V is the kernel of a linear functional over V. Moreover, we investigate whether every
basis for V* is the dual of some basis for V.

2. Preliminaries

In the following we present some definitions and simple properties of hypervector spaces that we shall
use in later.

Definition 2.1. [13] Let K be a field, (V, +) be an Abelian group and P*(V) be the set of all non-empty subsets of V.
We define a hypervector space over K to be the quadruplet (V, +, o, K), where “ o ” is an external hyperoperation

0: KXV — PY(V),

such that for all a,b € K and x,y € V the following conditions hold:

(H1) ao(x+y) Caox+aoy,right distributive law,
(Hp) (a+b)ox Caox+box, left distributive law,
(H3) ao(box)=(ab)ox,

(Hy) ao(—x)=(-a)ox=—(aox),

(Hs) xelox,

wherein (H1),aox+aoy={p+q:pe€aox,qe€aoy}. Similarlyitisin (Hp). Alsoin (H3),ao(box)= |Jaot.
tebox

V is called strongly right distributive, if we have equality in (Hy). In a similar way we define the strongly left
distributive hypervector spaces. V is called strongly distributive, if it is strongly right and left distributive.

A non-empty subset W of V is called a subhyperspace of V, denoted by W < 'V, if W is itself a hypervector space
with the external hyperoperation on V, i.e. foralla € Kand x,y e W,x —ye Wandaox C W.

Example 2.2. [1] In (R?, +) define the external hyperoperations 01,05 : R x R? — P*(R?) by a o (x, y) = ax X R
and a o (x,y) = RXay. Then V; = (R?, +,01,R) and V, = (R?, +, 05, R) are hypervector spaces.

In the sequel of this paper, V denotes a hypervector space over the field K, unless otherwise is specified.
Also, the zero of V is denoted by 0.

Definition 2.3. [1] A subset S of V is called linearly independent if for every vectorsvy, ..., v,in S, andcy, ..., ¢, € K,
0€ciov1+---+cy 00y, impliesthatc; = - = ¢, = 0. Sis called linearly dependent if it is not linearly independent.
A basis for V is a linearly independent subset of V such that spans V, i.e. V = (S), where

n
{t eV: teZa,«osi,uieK,siES,ne ]N}

i=1
{t1+f2+~-'+fnZtiGQiOSi,aiEK,SjGS,TZE N}

5)

We say that V is finite-dimensional if it has a finite basis. If V is strongly left distributive, invertible (V is said to be
invertible if and only if u € a o v implies that v € a™! o u) and finite-dimensional, then every two basis of V have the
same cardinality. In this case the cardinality of any basis of V is called the dimension of V and denoted by dim V.

Lemma 2.4. [1] Let V be strongly left distributive. Then

1. if B ={x1,..., x4} is a basis for V, then every element of V belongs to a unique linear combination in the form
apoxy+---+a,ox, witha; € K,

2. if V is finite-dimensional and invertible and if U is a subhyperspace of V, then U is finite-dimensional and
dimU < dim V.
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3. if V is finite-dimensional and invertible, then every linearly independent subset of V is contained in a finite
basis.

Proposition 2.5. [9] Let Wy and W, be strongly left distributive and invertible subhyperspaces of V such that
Wy € W, and dim Wy = dim W,. Then Wy = W,.
Definition 2.6. [1] Let V and W be hypervector spaces over the field K. A mapping T : V — W is called

1. linear transformation iff T(x + y) = T(x) + T(y) and T(a o x) C a o T(x),
2. good transformation iff T(x + y) = T(x) + T(y) and T(a o x) = a o T(x).

The kernel of a linear transformation T : V — W id defined by
kerT ={xe V:T(x) € 00o0w}.
L(V, W) denotes the set of all good transformations from V into W.

Proposition 2.7. [1] Let T : V. — W be a linear transformation. Then

1. if T is a good transformation and U < V, then T(U) < W,
2. if V.and W are strongly left distributive, then ker T < V.

Theorem 2.8. [9] Let V and W be strongly left distributive, invertible and finite-dimensional hypervector spaces. If
T : V — W is a linear transformation, then

dimkerT + dim T(V) = dim V.

3. Dual Basis

In this section we introduce a basis §* for the vector space V" of all linear functionals over a hypervector
space V, which is obtained from a basis f for V and is called the dual basis of f. Moreover, we conclude the
coordinates of a linear functional based on coordinates of vectors of V relative to g.

Raja [12] introduced the hypervector space L(V, W) of all good transformations from V into W over the
field R. In the following, it is generalized to a hypervector space over an arbitrary field K.

Let V and W be hypervector spaces over the field K. For every T,S € L(V, W), a € K and x € V suppose
that:

1. (T + S)(x) = T(x) + S(x),
2.a0T={TeL(V,W): T(x) € T(aox), Vxe V).

It is easy to verify that (L(V, W), +,0, K) is a hypervector space. If V and W are strongly left distributive,
then L(V, W) is strongly left distributive.

Definition 3.1. [16] Let (V, +, o, K) be a hypervector space over the field K. Then a linear transformation T : V — K
is called a linear functional on 'V, i.e. T is a function from V into K, where K is considered as the classical vector space
over itself, such that for all a € K and x,y € V the followings hold:

L T(x+y) = T(x) + T(y),
2. T(@aox)=a-T(x),

where the condition (2) means that:
Vteaox; T(t) =a-T(x).

The set V* of all linear functionals over V is a classical vector space with the external operation - : KX V* — V*
defined by (a - T)(x) = a - T(x).
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Example 3.2. Consider the hypervector spaces Vi = (R?,+,01,R) and V, = (R?,+, 05, R) in Example 2.2. Then
the functions T1,T; : R2 — R defined by T1(x,y) = x and Ta(x,y) = y are linear functionals on Vi and V5,
respectively.

Recall that every vector space (V, +, -, K) is a trivial induced hypervector space by the external hyperoperation
o:KxV — P*(V) with a o x = {ax}. In this case every linear functional on (V, +, -, K) is a linear functional
on (V, +,0,K).

Proposition 3.3. Let V and W be hypervector spaces over the field K, with basis p = {x1, ..., x,} andﬁ ={y1,--, Ym)
respectively. If W is strongly left distributive, a 0 0, = {0,,}, foralla € Kand 0 o y = {0}, for all y € W, then
dim L(V, W) =dim V x dim W.

Proof. 1t is similar to the proof of Corollary 5.20 of [9]. [
Lemma 3.4. IfK = (K, +,) is a field, then dim(K, +, o, K) = 1, where o : KX K — P*(K) is defined by a o b = {ab}.
Proof. It is clear that {1} is a basis for K. [
Theorem 3.5. If V is a finite-dimensional hypervector space over the field K, then
dim V* = dim V.
Proof. By Proposition 3.3 and Lemma 3.4 it follows that:
dimV* = dimL(V,K)
= dimVxdimK
= dimV.
0

Theorem 3.6. Let § = {x1,...,x,} be a basis for strongly left distributive hypervector space V. Foreachi=1,...,n,
define

T,:V—>K
Ti(x) = aj,

whereay, ..., a, € K, such that x € ay ox1 + -+ +a, o x,. Then the set f* = {T1, ..., T,} of distinct linear functionals
on V is a basis for V*, which is called the dual basis of p.

Proof. By Lemma 2.4(1), T;’s are well-defined. Now if x,y € V such that x € a1 0 xy +--- +a, o x,, and
y€bioxy +---+ b, 0x, for unique scalars ay, ..., a,,b1,...,b, € K, then
X+y € amoxi+---4+a,0x,+bjox;+---+b,0x,
= (m+b)oxy+---+(a,+by)ox,,
thus Ti(x + y) = a; + b; = Ti(x) + Ti(y), forall 1 <i < n.
Alsoforallae K,xe V,t eaoxandx €ajoxy+---+a,ox,,itfollowsthatt €ao(aox;+---+a,0x,) =
(aa1) o x1 + -+ - + (aa,) o x,. Thus Ti(a o x) = aa; = a.T;(x). Hence T;’s are linear functionals on V.
It is clear that T;’s are distinct.
Now suppose 21Ty + - -- +a,T,, = Oy-, for some ay, ...,a, € K. Then
0 = Oy(x))
= (ﬂlTl + -0+ anTn)(x]-)
= mTi(x)) +---+a;jTi(x;) + - +a,Tu(x))
= ;mX0+---+a; X1+ +a,x0

= aj’
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andsoa; =0forall j=1,...,n. Consequently, f*is linearly independent.
Finally, we prove that f* generates V*. Let T € V* and x € V such that x € a1 o x; + --- 4+ a, o x,,, for some
a,...,a, € K. Then

(T(x1))Ty + -+ + T(xn) ) ()

T(x1)T1(x) + -+ - + T(x) T ()
= Tlx)a + -+ T(xy)ay,
= mT@a)+ - +ayT(xy)
= T@oxy+---+a,0xy,)
= T(x).
Hence T =T(x)T1 +---+ T(x,)T,. O

Theorem 3.7. Let V be a finite-dimensional strongly left distributive hypervector space and let f = {x1,...,x,} bea
basis for V. If B = {T1, ..., Tu} is the dual basis of B, then

n
VT eV T= Z T(x)T;,
i=1
and
n
VxeV;, xe Z Ti(x) o x;.
i=1

Proof. The first equality has been shown in the proof of Theorem 3.6. Similarly, if x € V, then x €
a1 0xy + -+ +4a, oxy,, forsomeay,...,a, € K. Thusforall j=1,...,n, it follows that:

Ti(x) = Ti@aoxy+-+a,ox,)
= mTj(x1) + - +a,Tj(xy)
= 11]'.

Hence x belongs to the unique linear combination of xy, ..., x, as the form Ty (x) o x; + - + T (x) o x,. O
The following Corollaries are direct results of Theorem 3.7 and it’s proof.

Corollary 3.8. If p = {(x1,...,x,} is an ordered basis for a strongly left distributive hypervector space V, and
B =1{T1,..., Ty} is the dual basis of B, then T; is precisely the function which assigns to each vector x in V, the ith
coordinate of x relative to the ordered basis .

Corollary 3.9. If B = {x1,...,x,} is an ordered basis for a strongly left distributive hypervector space V, then every
linear functional T on V has the form

T(x) = a1T(x1) + -+ +a,T(x,),
where (a1, . . ., a,) is the coordinates of x relative to p.

For more study on ordered basis and coordinates refer to [9].

4. Relation between Linear Functionals and Subhyperspaces

In this section we investigate the relation between linear functionals and special subhyperspaces are
called superhyperspaces. We see that the kernel of a non-zero linear functional on a finite-dimensional
strongly left distributive and invertible hypervector space is a superhyperspace and every superhyperspace
is the kernel of a linear functional. Moreover, some important theorems about the dimension of special
hypervector spaces are obtained. Let us start by definition of a superhyperspace.
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Definition 4.1. Let V be an n-dimensional hypervector space over the field K. Then any subhyperspace of dimension
n — 1 is called a superhyperspace. Such subspaces are sometimes called superhyperplanes or subhyperspaces of
codimension 1.

Example 4.2. In (R®, +) define the external hyperoperation o : RxR®> — P*(R%) byao(x,v,z) = {(r,ay,az);r € R}.
Then V = (R3,+,0,R) is a hypervector space and the xy-plane and xz-plane are superhyperspaces of V. More
precisely {(0,1,0), (0,0,1)} is a basis for V and so dim V = 2, also {(0, 1, 0)} and {(0, 0, 1)} are basis for xy-plane and
xz-plane, respectively, and so both of them are one-dimensional.

Proposition 4.3. Let V be a finite-dimensional strongly left distributive and invertible hypervector space over the
field Kand T : V — K be a non-zero linear functional on V. Then ker T is a superhyperspace in V.

Proof. By Proposition 2.7(1), Im T is a non-zero subhyperspace of the scalar field K and so 0 # dimIm T <
dim K = 1, by Lemma 2.4(2), (K is finite-dimensional, invertible and strongly left distributive) and Lemma
3.4. Thus dimIm T = 1. Hence by Theorem 2.8, dimker T = (dim V) — 1. Therefore ker T is a superhyper-
space. [

Question: Is every superhyperspace the kernel of a linear functional? The answer (yes) will be seen in
Corollary 4.12.

Definition 4.4. Let V be a hypervector space over the field K and S C V. Then the annihilator of S is defined by
S°={TeV":T(x)=0, VxeS}.

Example 4.5. Consider the hypervector space V1 = (R?,+, 01, R) in Example 2.2. If S is a subset of X = {0} X R,
then S° = V* and if S consists of any element of R* \ X, then S° = {Oy-}.

Example 4.6. Consider the hypervector space V = (R3, +, 0, R) in Example 4.2 with the basis {(0,1,0),(0,0,1)}, in
fact (x,y,z) € yo(0,1,0) +z 0 (0,0,1) for all (x,y,z) € R>. Then
{T:R®> - RR; T(xo, yo,20) = 0}
= {T:R°>R; yT(0,1,0) +zT(0,0,1) = 0}
- {T:R®—>TR; T(0,0,1) = —?T(O, 1,0))
0

= [T:R SR Tay,2) = (y - 22)70,1,0),
0
for all (xo, yo,20) € R® such that zy # 0. Also if W is the xy-plane, then W° = (T), where T € V* is defined by
T(x,y,z) =z

{(x0, Yo, 20)}°

Proposition 4.7. If V is a hypervector space over the field K and S C V, then 5° < V*.
Proof. Leta € Kand Ty, T, € S°. Then (T1 — T)(x) = T1(x) — Ta(x) = 0, for all x € S, thus T; — T, € S°. Also if
TeSand T €a® T, then
VxeV, T(x) e T(aox) =ax T(x),

= VxeS, T() € fa-x 0 = {0},

= Vxe§, T(x)=0,

= Tes°,
hencea®T C S°. Therefore S° < V*. O
Theorem 4.8. Let V be a strongly left distributive and invertible hypervector space and let W1, Wy be finite-

dimensional subhyperspaces of V such that 0 o w = {0y}, for all w in any basis of W,. Then Wy + W, is finite-
dimensional and

d1m(W1 + Wz) = d1m(W1) + dll’Il(Wz) - dlII’l(Wl N Wz)
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Proof. By Lemma 2.4(2), W; N W, is finite-dimensional and has a finite basis fy = {x1,...,x}, which by
Lemma 2.4(3) can expand to a basis 1 = {x1,..., X, ¥1,.-., Ym)} for Wy and a basis B> = {x1,..., %, 21,...,2n}
for W,. We show that

ﬁ = {xlr'-'/xk/ylr'--/ymrzll--'/Zn}

is a basis for Wi + W,. For any w; + w, € W1 + W,

k m k n
w1 +w, € {11‘Oxi+ij0yj+Zéioxi+Zcr°Zr
= j=1 i=1 r=1

i=1

k m n
= z(ﬂi+ﬁi)°xi+2bjoyj+2crozr.
i=1 j=1 r=1

Thus B generates W; + W,. Now suppose

k m n
Qezaioxi+2bjoyj+2c,oz,.
j=1 r=1

i=1

Then 0 = &y + -+ X + Y1 + -+ + Y + Z1 + -+ + Z,, for some &; € a; 0x;, §; € bjoy;and Z, € ¢, 0 z.
Hence -2y — - =2, =%+ -+ G+ + -+ e WNWrandso -2, —--- =%, € Z;‘zldioxi. Thus
—Z1— -+ —Z, =X + -+ X for some %; € d; o x; and so

n k
Q:z’1+~--+2,,+921+-~-+Xk€chozy+Zdioxi.
r=1 i=1

Since the set f, is independent, ¢, =d; =0,1 <r <n,1 <i < k. Then by assumption, Y croz, = {0}, which
it implies that 0 € Y aiox+ Z]'":l b; o y;. From independency of f1, it follows thata; = b; = 0,1 <i <k,
1 < j < m. Therefore f is linearly independent and so it is a basis for W; + W,. Consequently,

dim(Wy + Wp) = k+ m + n = dim(W7) + dim(W;) — dim(W; N Wy).
0

Proposition 4.9. Let V be a hypervector space over the field K. Then
1. {0}° = V*and V° = {0},

2. i]?V isﬁnite-dimensio;zal and W1, Wy <V, then (W1 + Wa)° = Wy N W3,
3. if V is strongly left distributive and invertible and if W1, W, are finite-dimensional subhyperspaces of V such
that 0 o w = {0}, for all w in any basis of W, then (W1 N Wp)° = W} + Wy,

4. ifSC Vand W =(S), then W° = S°.

Proof. 1) Straightforward.

2) T e (W1 + ‘/\/vz)0 (=4 T(x1 + XQ) = Ok, Vxi1+x € Wi+ W, & T(xl) + T(Xz) = Ok, Vx1 € Wi, xo e Wy, &
T(Xl) = Ok,Vxl e W, and T(XQ) = Ok,VJCQ eW, o Te W(l) N W;

3) Suppose T € Wy + W) and w € Wi N W,. Then T = Ty + Ty, for some T; € W} T, € W3 and so
T(w) = T1(w) + T2(w) = 0. Thus T € (W N W2)° and W7 + W3 C (W1 N IWp)°.
Conversely, let T € (W1 N W,)°. In the proof of Theorem 4.10 it was shown that we can choose a basis
B=1{x1,..., X, Y1, ., Ym, 21, - .., Zn} for Wi+ Wy, where {x1, ..., x¢} isa basis for WiNnWy, {x1,..., XK, y1, ..., Ym)
is a basis for Wy and {x1,...,xx,z1,...,2,} is a basis for W,. Then  can be expanded to a basis

{xlr"-/xk/]/lr"'/ymrzll-"lzn/tlr'-'/tl}
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for V. Thus

k m n 1
X € aioxi+ijoyj+Zcpozp+quotq, *)
i=1 j=1 p=1 q=1

forallx € V. Hence T(x) = Yy ai- T(x;)+ L%y bj- T(yj)+ Liney ¢p T(zp)+ Loy dg-T(ty). Since T(x)) = 0,1 < i <k,
it follows that T(x) = Y7L, bj-T(y;)+ Ly ¢ T(zp) + Ly dg- T(ty). Define Ty(x) = ¥ir_, - T(z,)+ Yoo dy-T(ty)
and Th(x) = 2?1:1 bj*T(y;). ThenT = T1+T,,suchthatifw, € Wiand w; € dyoxy+: - -+dxoxg+bioyi+- - ~+by oy,

then w; €élox1+-~+a’koxk+510y1+-~+Bmoym+Oozl+‘--+Oozp+Oot1+---+Ootl, and so
Ty(w1) =0-T(z1) +---+0-T(z,) +0-T(t1) +---+0-T(#) = 0. Thus Ty € W}. Similarly T, € W;. Hence
T € Wy + W3. Therefore (W; N W)° C W7 + W3.

4) Clearly W° € S°. Alsoif T € 5" and w € W, then w € Z?zl a; o x; for some g; € Kand x; € S, so
T(w)e T ai0x) =Y a;T(x;)) =0. Thus T(w) =0and T € W*. [

Theorem 4.10. Let V be a finite-dimensional strongly left distributive and invertible hypervector space and W < V.
Then

dim W + dim W° = dim V.

Proof. Letdim W = d (by Lemma 2.4(2) W is finite-dimensional) and fw = {x1, ..., x4} be a basis for W. Then
by Lemma 2.4(3) there exists a basis § = {x1, ..., X4, X411, ..., X,} for V. Suppose {T1, ..., Ty} is the basis of V*
which is the dual of § (by Theorem 3.6). We show that {T4.1, ..., T,} is a basis for W*:

Firstly, T; € W°,d+1 <i < n, because if x € Wthenx € a; o x; +--- + a4 0 x4, for some ay,...,a; € Kand so
Ti(x) = a1 - Ti(x1) + - - - + a4 - Ti(x4) = 0. The linear functionals Ty, ..., T, are independent, so we must show
that they span W°. Suppose T' € W°. Then

T = Z T(x)-T; = Z T(x;) - Tj,
i=1

i=d+1
since T(x;) = 0, for i < k. Hence {T 441, ..., T} is a basis for W°. Therefore
dimW° =n-d=dimV —dim W.
|

Example 4.11. Suppose V = (R3, +, o, R) is the 2-dimensional hypervector space in Example 4.2. Then {(0,1,0)} isa
basis for the subhyperspace W = R xR x {0} and so dim W = 1. Moreover the singleton {T : R* > R; T(x, y,z) = z}
is a basis for W° and so dim W° = 1. Hence as we expected from Theorem 4.10, dim W + dim W° = dim V.

Corollary 4.12. Let V be an n-dimensional strongly left distributive and invertible hypervector space and W < V
such that dim W = d. Then W is the intersection of (n — d) superhyperspaces in V. Therefore every superhyperspace
is the kernel of a linear functional.

Proof. By using the notations of the proof of Theorem 4.10,
W={xeV: Ti(x)=0,Yd+1<i<n}.

n
Thus W= () kerT; wherekerT;, d + 1 <i < n,is a superhyperspace of V, by Proposition 4.3. O
i=d+1
Corollary 4.13. Let V bea finite-dimensional strongly left distributive and invertible hypervector space and W1, W, <
V. Then Wy = Wy if and only if W = W3.

Proof. If Wi = W, then it is clear that W} = W3. If Wy # W,, without loss of generality, suppose there exists
% € W, \ Wi. Then by using the notations of the proof of Theorem 4.10, there exists a linear functional T
such that T(x) = 0, for all x € Wy, but T(x) # 0. Thus T € W} \ W3 and hence W} # WJ. [
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5. The Double Dual
In this section we check out whether every basis for V* is the dual of some basis for V.
Lemma 5.1. Every x € V induces a linear functional L, : V* — K defined by L(T) = T(x), forall T € V*.

PTOOf. Letxe V,ae Kand Ty,T, € V*. Then Lx(T1 + Tz) = (T1 + Tz)(X) = Tl(X) + Tz(X) = Lx(Tl) + Lx(Tz)
AlsoforallTea® Ty, Ly(T)=T(x) =a-Ti(x) =a-Ly(Ty). Thus Ly(a®Ty) =a-L,(Ty). O

Proposition 5.2. If V is finite-dimensional and x € V' \ {0}, then L, # 0.

Proof. Let f = {x1,...,x,} be an ordered basis for V such that x; = x. Suppose T is the linear functional
which assigns to each vector in V its first coordinate in the ordered basis f. Then T(x) = 1 # 0. Thus
L(T)=T(x) #0. Hence L, # 0. O
Lemma 5.3. Let T : V — K be a linear functional on V. Then

1. UOoxCkerT,

xeV
2. T is injective if and only if ker T = {0},
3. if V is strongly left distributive and T is injective, then | ) 0o x =kerT = {0} =000 = Qy.

xeV -

Proof. 1) Supposet € 0ox, forsomex € V. Then T(t) e T(Oox) =0-T(x) = 0k = 0-0x = Q. Thust € kerT.
2) If T is injective and x € ker T, then T(x) € Qg = 00k = {0x}. Thus T(x) = 0 = T(0) and so x = 0.
Conversely, if x, y € V such that T(x) = T(y), thenx — y € ker T. Thus x = y.
3)IftekerT, thenby (2)t =0. Thust € 0ox, forallx € V. Henceby (1) kerT = |J Oox. Also0 €000,

xeV
and so by (2) kerT € 00 0. But x € 0 o 0 implies that T(x) = 0-T(0) = Ox and so x € kerT. Therefore
ker T = 0 o 0, which completes the proof. [

Theorem 5.4. Let V be a finite-dimensional strongly left distributive and invertible hypervector space over the field
K. Then V = V™.

Proof. We show that the mapping ¢ : V — V** defined by ¢(x)(T) = Ly(T) = T(x), forallx € Vand T € V7,
is an isomorphism. For any x € V, by Lemma 5.1 the function L, is a linear functional, so ¢ is well-defined.
Suppose x,y € V,a € Kand T € V*. Then
ox +y)(T) Lx+y(T) =T(x+y)
T(x) + T(y) = Ly(T) + L(T)
()T + ST
(@() + P(NT),
and so ¢(x + ) = d(x) + P(y). Alsoforany t €aox,
e(NT) = L(T)=T()
a-T(x)=a-Ly(T)
a- $(T) = (@- H)T),
so ¢(t) = a - ¢(x), which implies that ¢p(a o x) = a - Pp(x). Hence ¢ is a good transformation from V into V*".
Now if x, y € V, such that ¢(x) = ¢(y), then
VT € V75 ¢p(x)(T) = p(y)(T)
VT € V*; Ly(T) = Ly(T)
VT € V*; Lyy(T) =0
Lyy=0
x—y=0 (by Lemma 5.3)
X=1y.

I
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Thus ¢ is one-to-one. But if x € ker ¢, then ¢(x) € Qy~ = {Oy~} and by injectivity of ¢, x = 0. Thusx € 000,
since V is strongly left distributive. Hence ker ¢ € 00 0. On the other hand, if x € 000, then ¢(x) € 0-(0) =
0- 0y~ = Qy~ and so x € ker ¢. Hence ker ¢ = 0 0 0 = Qy. Therefore dimker ¢ = dimQy = 0 ([15] If V is
strongly left distributive, then dim Qy = 0). Then by Theorems 2.8 and 3.5, dim ¢(V) = dim V' = dim V*".
Consequently, by Proposition 2.5, ¢(V) = V** and so ¢ is onto, which completes the proof. [

Corollary 5.5. Let V be a finite-dimensional strongly left distributive and invertible hypervector space over the field
K. If Lis a linear functional on the dual space V* of V, then there exists a unique vector x in V such that L(T) = T(x),
forall T € V*.

Proof. ¢ in the proof of Theorem 5.4 is onto. [J

Theorem 5.6. Let V be a finite-dimensional strongly left distributive and invertible hypervector space over the field
K. Then any basis for V* is dual of some basis for V.

Proof. Let p* = {T1,..., Ty} be a basis for V*. Then by Theorem 3.6, there exists a basis §~ = {L4,...,L,} for
V* such that Li(T) = a;, 1 <i <n,where T = a;T; +--- +a,T,; in other words, L;(T}) = 6;;. By Corollary 5.5
for any 1 < i < n there exists a unique vector x; € V such that L;i(x) = T(x;), forall T € V*,i.e. L; = L,,. We
show that = {x1,...,x,} is a basis for V:
By Theorem 5.4, the mapping ¢ : V — V™ defined by ¢(x)(T) = Ly(T) = T(x) is an isomorphism. Thus
forallx e V, ¢(x) = a1Lq +--- +a,L, = a1Ly, +--- +a,Ly,, for someay, ..., a, € K. Hence
P)(T) (@1Ly, + -+ +a,Ly, )(T)
= (0L )(T) + - + (anLy, )(T)
= mL,(T)+-- +a,L (T)
= Lo@T)+ - +Ly (@)
= (@T)(x1) + -+ (@ T)(xn)
= ap-T(xr) + - +ay - T(xn)
= T@oxy+---+a,oxy,)
= ¢@ oxy+-+a,0x,)(T).

Hence ¢(x) = (a1 o x1 +--- +4a, 0 x,,) and so P(x) = P(t), for some t € a; ox1 +-- - +a, o x,. By injectivity of ¢,
X €4y 00Xy + -+ +ay o x,. Therefore § generates V. Now let0 € a; o x; +--- +a, o x,,, for someay,...,a, € K.
Then
0k =TO) € T(ayoxy + -+ +a,0x,) =a1T(x1) + - +a,T(x,),
forany T € V*. Thus
YT e V', ;mL1(T) +--- +a,L,(T) = 0g
= VTeV; (mLi+---+a,L,)(T)=0g
= mli+---+a,L, =0g.
Hence a; = --- = a, = 0, which implies that f§ is independent and so it is a basis for V. Finally we show that
B*is the dual of . Let {T}, ..., T} be the dual of B, i.e. Ti(x) = a;, forall x € V, such thatx € ajox; +--+a,0x,.
Then
Ti(x) € Ti(@oxy+---+ay0x,)
= mTi(x1) + -+ a,Ti(xn)
= alel (Tl) R aan,, (Tz)
= mLi(Ti) + - +a,Ly(T))
= uléli +oet anéni
= 111‘
= T,'(x),
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foralll1<i<mn ThusT;=T; forall1 <i<mn. Hence {Ty,..., T,} ={T1,...,T). O

Theorem 5.7. Let V be a finite-dimensional strongly left distributive and invertible hypervector space over the field
K. IfS CV, then 5°° = (S), up to isomorphism.

Proof. Suppose W = (S). By Proposition 4.9(4), W° = S°. Thus it is sufficient to prove that W = W*°,
up to isomorphism. By Theorem 4.10, dim W + dim W° = dim V and dim W° + dim W°® = dim V* (by
Proposition 4.9(1), S° < V). Also by Theorem 3.5 dim V' = dim V*, so dim W = dim W°°. By considering
the isomorphism ¢ : V. — W* in Theorem 5.4, with ¢p(x)(T) = Ly(T) = T(x), forallx € Vand T € V*, it
follows that ¢(w)(T) = L,(T) = T(w) = 0, forallw € Wand T € W°. Then ¢(w) € W*°,i.e. (W) € W°°, such
that dim W = dim ¢(W) = dim W°°. Thus W = ¢(W) = W°°, by Proposition 2.5. [

The notion of a superhyperspace of finite-dimensional hypervector space was defined in Definition 4.1,
which it can be defined for arbitrary hypervector spaces in the following way:

Definition 5.8. If V is a hypervector space over K, then a superhyperspace in V is a maximal proper subhyperspace
of V.

Theorem 5.9. Let V be a strongly left distributive hypervector space over the field K and T be a non-zero linear
functional on V. Then ker T is a superhyperspace in V. Conversely, if V is strongly right distributive and invertible
and W is a superhyperspace in V, then there exists a non-zero linear functional T on V such that kerT = W + 0o v,
forsomev e V\W.

Proof. By Proposition2.7(2), ker T < V. Clearly ker T is a proper subhyperspace of V. Now letkerT < W <V
such thatker T # W and x € W\ ker T, i.e. T(x) # 0. We shall show that V = (ker T U {x}).
Suppose t € V. Then
t € t+0ox
t+(-TOTx) ™" + T(HT(x) ) ox
[t = (TOT@W)™) o x] + (TOT(x) ) o x,

N

such that
Tt = (T(HT(x) Hox] = T -T(THT(x)™ ox)
T(t) = T()T(x) ' T(x)
= 0,
ie. t— (T(HT(x)™) ox CkerT. Thus V = (ker T U {x}). Hence
(kerTU {x}) CW CV =(kerTU {x}),

and so W = V. Therefore ker T is a maximal subhyperspace of V.

Conversely, if W is a subhyperspace of V, then similar to above V = (W U {v}), for some fix vector
v € V\ W. Then every x € V is belonging to w + a o v, for some w € W and a € K. Define a mapping
T:V—Kbygx)=a. Ifxcew+aovandxe€w+dov, thenx =w+yandx =w+ ¢, withy €aovand
ye€dov. Thusw-w=y—fj€aov—dov=(a—d)ov. Butifa—d #0,thenve (a—d)to(w@-w) W,
which is a contradiction. Hence a = 4 and so T is well-defined.
Now suppose x,y € V. Thenx € wy +aovand y € wy + b o v, for some w;, w, € Wand a,b € K. Thus
x+yew+aov+w,+bov=(w+wy)+@+b)ov,soT(x+y)=a+b=Tx)+T(y). Alsoifxe V,ae K
andt€aox, thenxew+dov, forsomew e Wandde Kandsot€ao (w+dov) Caow+ (ad) ov. Hence
T(t) = ad = aT(x), which implies that T(a o x) = aT(x). Therefore T is a linear functional in V. Finally,

kerT = {xeV:T(x)=0g}
{w+t:weWyeaouv,a=0}
= W+0ou0.
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Lemma 5.10. Let V be a strongly left distributive hypervector space over the field K. If T1 and T, are linear functionals
on V, then T, is a scalar multiple of Ty if and only if ker T1 C ker To.

Proof. Note that a1 0 T = (T e Vv;T(x) € T@ox),¥x € V} = aT, for alla € K and T € V*. Now if
T, = aTy, for some a € K, then clearly kerT; C kerT,. Conversely, let kerT; C kerT,. If T; = 0, then
T, = 0. If T; # 0, then similar to the proof of Theorem 59, V = (kerT; U {x}), for some x € V \ ker T}
and T = T, — T1(x)"'T(x)T; is a linear functional on V such that T(t) = Tp(t) — T1(x)"'To(x)T1(t) = 0,
for all t € ker Ty, and T(x) = To(x) = T1(x)"'To(x)T1(x) = 0. Thus for all v € t + a o x, where t € ker T,
T(w) = T(t) +aT(x) = 0. Hence T = 0 and so T, = T1(x) "' To(x)T;. O

Theorem 5.11. Let T, Ty, ..., T, be linear functionals on strongly left distributive hypervector space V over the field
K. Then T is a linear combination of Ty, ..., T, ifand only ifker Ty N---NkerT, C kerT.

Proof. Y T = ;4Tq + -+ +a,T, and x € kerTy N ---NkerT,, then T1(x) = -+ = Ty(x) = 0 and so T(x) =
mTi(x)+ - +a,T,(x) =0. Thus x € kerT.

We prove the converse by induction on . The case n = 1 is hold by Lemma 5.10. Suppose the result is true
forn =k—1andlet Ty, ..., T be linear functionals such thatker Ty N---Nker Ty CkerT. Let T, Ty, ..., Ty
be the restrictions of T, T1, . . ., Ty—1 to the subhyperspace ker Ty. Then T,T1,..., Ti_q are linear functionals on
the hypervector space ker T, such that ker Tin---Nker Ty_; C ker T. Thusif x € ker Ty N---Nker Ty_; Nker Ty,
then x € ker Ty N --- N ker Tx_; N ker Ty, which implies that x € ker T, i.e. T(x) = 0. Also by the induction
hypothesis, T=a,Ty+ - +ar_1Ti_q, for someay, ..., a1 € K. Now suppose

S = T—Q1T1 — _akflkal-

Then S is a linear functional on V such that S(x) = 0 for all x € ker Ty. Hence by Lemma 5.10, S = a,Tj, for
some gy € K. Therefore

T=a1T + -+ aTy,

which completes the proof. [

6. Conclusion

The motivation of this paper was to generalize the notion of linear functionals over vector spaces into
hypervector spaces. In this regards, we investigated some essential concepts and properties about linear
functionals on hypervector spaces under special conditions such as:

- dual basis of a given basis of a finite-dimensional hypervector space,

- relation between linear functionals and subhyperspaces,

- superhyperspace of V and annihilator of a subset of V,

-dimV* =dimV,

-dim(W7 + W;) = dim W; + dim W, — dim(W; N W5),

-dimW+dimW° =dimV,

- every superhyperspace is the kernel of a linear functional,

- whether every basis for V" is the dual of some basis for V.

One can follow this paper and study some concepts from the algebraic and analytic points of view, such
as transpose of linear transformations between hypervector spaces, linear functionals on an inner product
hyperspace, linear functionals on convex hypervector spaces specially on normed hypervector spaces. Also
investigation the fuzzy case of above concluded results is an idea for studying in the future.
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