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Abstract. Starting with a category SL-CONVGRP, of stratified enriched cl-premonoid-valued convergence
groups as introduced earlier, we present a category SL-CONVTGRP, of stratified enriched cl-premonoid-
valued convergence transformation groups, the idea behind this category is crept in the notion of conver-
gence transformation group - a generalization of topological transformation group. In this respect, we are
able to provide natural examples in support to our endeavor; these examples, however, stem from the
action of convergence approach groups on convergence approach spaces, and the action of probabilistic
convergence groups under triangular norm on probabilistic convergence spaces. Based on the category of
enriched lattice-valued convergence spaces, a Cartesian closed category that enjoys lattice-valued conver-
gence structure on function space, we look into among others, the lattice-valued convergence structures
on the group of homeomorphisms of enriched lattice-valued convergence spaces, generalizing a concept of
convergence transformation groups on convergence spaces, obtaining a characterization.

1. Introduction

Considering the notion of lattice-valued filter as introduced in [28], Jdger studied the category of lattice-
valued convergence spaces, L-CONYV, where it is pointed out, one may put it as: the notion of lattice-valued
convergence space is an extension of {0, 1}-valued convergence space which can be identified with classical
convergence space (cf. Remark in pp. 6 [30], and [45]). He showed among other results that L-CONV is a
Cartesian closed category [30] (see also, [1, 32]), stimulating interest among many researchers to work on
lattice-valued convergence spaces, and quite a good number of papers surfaced in recent years, we quote
here a few of them, cf. [2, 3, 6, 16, 19, 20, 25, 31-33, 35, 41, 51]. It may be mentioned here that the im-
portance of various types of convergence, particularly, filter-theoretic convergence structures contributed
immensely for the development of set-theoretic topology in general, and functional analysis in particular
[8, 14, 15, 29, 50].

In 1988, Lowen and Lowen introduced a category of convergence approach spaces, CAP [37], which is also
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a Cartesian closed category. In [31], it is proved that CAP is simultaneously a reflective and coreflective
subcategory of the category L-CONV. Considering the category CAP, Colebunders et al in [17] brought
to light a category CAM, of convergence approach monoids, and studied the continuous action of con-
vergence approach monoids on convergence approach spaces; with the help of the notion of convergence
approach groups [38], they also studied the continuous action of convergence approach groups on conver-
gence approach spaces. We, on the other hand, in [3] (see also [2]) introduced and studied the notion of
stratified enriched cl-premonoid-valued convergence groups with the help of the notion of lattice-valued
convergence structure introduced in [30].

The theory of topological transformation groups is quite old, and forms a fascinating and wide-ranging
topic in the realm of mathematics having enormous applications, such as, topological dynamics, abstract
harmonic analysis, ergodic theory, geometry, Lie groups, differential equations to name a few (see f.i.
[13, 23, 40]). Although the theory of convergence transformation groups is relatively new, but possesses
appealing characteristic, and thus, we believe that there is ample opportunity to do research in this direction
including our efforts to their extensions to lattice-valued cases. We refer to [48] for further explanations of
the importance of studying classical convergence structures to group action.

In [21] (see also [13, 43]), Gevorgyan while studying the notion of so-called G-spaces in connection to the
action of topological groups on topological spaces, pointed out that the group of self-homeomorphisms
cannot usually be made into a topological group unless the topological spaces under consideration are
locally compact and locally connected. A similar argument made by Park in [42] who originally studied
a notion of an action of convergence group on a convergence space leading to a notion of convergence
transformation group on a convergence space, argued that a meaningful results in topological transforma-
tion groups could be achieved when one considers topological spaces as locally compact and Hausdorff,
cf. [13]. He further argued that if one considers the category of convergence spaces [9-12, 44, 46, 47], then
situation turned out to be very simple, needs no mention of an extra property. Note that the investigation
of classical notion of group of homeomorphisms among other notable authors goes back to Arens [7], see
also [18, 39, 40].

The motive behind the present article is, first, to introduce a notion of action of stratified enriched cl-
premonoid-valued convergence group on enriched cl-premonoid-valued convergence space, and provide
two important classes of natural examples. Secondly, we investigate stratified lattice-valued convergence
structure on group of homeomorphisms, and provide a characterization. Thirdly, given an arbitrary group
and an enriched lattice-valued convergence structure on it, we give a procedure to construct an enriched
lattice-valued convergence transformation group on the given enriched lattice-valued convergence space.
Furthermore, we look into categorical connection between the concepts of stratified enriched lattice-valued
convergence transformation groups and the category of convergence approach transformation groups, and
also, category of probabilistic convergence transformation groups under triangular norms. We arrange our
work as follows.

In Preliminary Section 2, we give a general view of enriched cl-premonoid lattice structures including the
well-known notions of enriched lattice-valued convergence structure that will be needed in the sequel. In
Section 3, we provide the notion of the continuous action of enriched lattice-valued convergence groups
on enriched lattice-valued convergence spaces leading to the notion of enriched lattice-valued convergence
transformation groups on enriched lattice-valued convergence spaces, generalizing the notion of conver-
gence transformation groups on convergence spaces - a classical notion that was introduced for the first
time by Park in [42]; here we study group of homeomorphisms of enriched lattice-valued convergence
spaces. Moreover, we present here a characterization theorem on lattice-valued convergence transforma-
tion groups. Section 4 deals with a construction of a stratified convergence transformation group while in
Section 5, we bring the idea of convergence approach transformation group on convergence approach space
- an idea which has not been mentioned explicitly in [17]; in this section we explore a possible link between
the categories SL-CONVTGRP, of stratified enriched lattice-valued convergence transformation groups,
and CAPTGRP, of convergence approach transformation groups. In Section 6, introducing a notion of
probabilistic convergence transformation group under triangular norm [34], we provide another class of
examples of enriched lattice-valued convergence transformation groups, here we explore again the relation
between the categories SL-CONVTGRP and PCONVTGRP", of probabilistic convergence transformation
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groups under triangular norm.

2. Preliminaries

Throughout the text we consider L = (L, <) a complete lattice with T, the top element and L, the bottom
element of L, for further details cf. [22, 49].

Definition 2.1. [24] A triple (L, <, %), where + : L X L — L is a binary operation on L, is called a GL-monoid if and
only if the following holds:

(GLM1) (L, *) is a commutative semigroup;

(GLM2)Va e L: a*xT =q;

(GLM3) + is distributive over arbitrary joins:

Y * (\/keK ) = \/keK(y * Ckk),fOT’ k€K, a, VAS L;

(GLM4) for every y < a there exists f € L such that y = a = B (divisibility).

Note that (GM1), (GM2) and (GM3) mean that we have a commutative and integral quantale. If + = A, then
the triple (L, <, A) is called a frame or a complete Heyting algebra.

For a commutative quantale, the implication operator —, also known as residuum, is givenby: —: LXL —
La—-pB=V{yeLla+y <8}

Definition 2.2. [34] A triangular norm or t-normin short, is a triple (L = [0, 1], <, *), where+ : [0,1]x[0,1] — [0, 1]
satisfying conditions (GLM1), (GLM2) and that Vo, B,y € [0,1]: a < B impliesaxy < f+y.

A t-norm is continuous if it is continuous as a mapping from [0,1] x [0,1] to [0, 1]. Among the important t-norms,
we name a few, such as, minimum t-norm a * § = a A f and product t-norm a * f = af.

Note that for a continuous t-norm, ([0, 1], <, #) is a GL-monoid.

Definition 2.3. [24, 27] A triple (L, <, ®), where ® : L X L — L is a binary operation on L, is called a cl-premonoid
if and only if the following conditions are fulfilled:

(CP1) Va1, a2,P1,B2 € L: a1 < By and ap < By implies a1 ® ap < 1 ® B2,
(CP2))Yael:a<a®Tanda<TQuq;

(CP3) 7 ® (Viek @) = Viex(y ® ax), and

(Viex @) ® Y = Viex (ax ® y) for K # 0, k € K, ag, v € L, is satisfied.

Definition 2.4. [24, 28] The quadruple (L, <, +,®) is called an enriched cl-premonoid if and only if the following are
fulfilled:

(CLP1) (L, £, %) is a GL-monoid;

(CLP2) (L, £, ®) is a cl-premonoid;

(CLP3) * is dominated by ®: Ya,B,7,0 €L, (a®P)+(y ®0) < (a*y)® (B *0).

An enriched cl-premonoid L = (L, <, #, ®) is said to be pseudo-bisymmetric if it satisfies the following axiom:
(@B ®@(y=0)=((a®@y)«Beo)V({aeL)+BeT)V(Le))+(T®0),Ya,p,y,d€L.

Remark 2.5. [28] (a) If ® = , then the quadruple (L, <, ® = ), is a pseudo-bisymmetric enriched cl-premonoid.
(b) If = A and ® = A, then the quadruple (L, <, A, A) is a frame, which is a special case of (a).

Proposition 2.6. [27, 28] Let (L, <, *) be a GL-monoid. Then the following are fulfilled Va, ,7,06,p; € L:
Da<B-oyearpy

2) ax(a—p)<p;
Ba<p=a—-yzp-vy
da<p=y—-a<y—p

Glla—=p) -2
6)ax(B—y)<p—(ary)

(7) a = (Njeg Bj) = Njegla = B));

B a—y)+(f—od)<axp—y=d
Ga<pea—-p=T;

(10)a > T=T,Toa=a,and L >a=T.
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In what follows, the quadruple L = (L, <, *, A) (or simply L) is assumed to be an enriched c/-premonoid,
unless otherwise specified.
If « € L and A C X, then the map as: X — L is defined by

) a, ifxeA;
aalx) =
A 1, otherwise.

In particular, Tx(x) = T, the characteristic function of X and Lx(x) = L, the zero function.

If A := {x}, then the characteristic function of the singleton is denoted by T, := x.

The set of all L-sets is denoted by L*(= {v : X — L}).

If - is a binary operation on a set X, then @ is a binary operation on LX. Thus, for any v1,v, € LX and
z € X, v10v; : X — Lis defined by: v1 ©1(z) = Vinix) = v2(y)lx,y € X,x - y = z}; sometime, we
write xy instead of x - y. In particular, if (X,-) is a group and x € X, then for any v € LX and z € X,
xOV(z) = Vapey T2(@) *v(b) = Vyoy T * v(b) = v(x~'z) (since T is the unit element of L by Definition
2.1(GLM2)). Throughout the text we assume ¢ as the identity element of the group (X, -).

If v, v, € LX, and —, *, ® are operations on L as explained before, then these operations are carried over to
LX point-wise:

(@) (v1 = v2)(x) = v1(x) = v2(x);

(i) (v1 * v2)(x) = v1(x) * va(x);

(iii) (1 ® v2) (x) = v1(x) ® Va(x), Vx € X.

Definition 2.7. [28] A map F : LX — L s called an L-filter on X if and only if the conditions below are satisfied:
(LFDF(Tx)=T,F(Lx) = L;

(LF2) ifvi, vy € LX with vi < vy, then F (v1) < F (v2);

(LF3) 7:(1/1) @F (V) < F (V1 ®vy), Yy, 1p € LX.

(SL) An L-filter F is called a stratified L-filter if Yo € L, ¥ € LX, ar» F (u) < F (v * p).

The set of all ordinary filters is denoted by F(X), and the set of all stratified L-filters on X is denoted by
F.(X). On F/(X), partial ordering < is defined by: if ¥,G € F(X), then ¥ <G & F(v) < G(v), Vv € LX. If
x € X, then [x] € (X), called point stratified L-filter on X, and is defined as [x](v) = v(x), forall v € LX.

If f: X - Yis a function, then f~ : LY — LX is defined forany p € LY by f~(u) = po f;and f~ : LX - LY
is defined by f~(1)(y) = V{v(x)|f(x) = y}, forallv € LX, y € Y.

Moreover, if ¥ € F(X), then the stratified L-filter f=(¥) : LY — L on Y is defined for any u € LY by
=PI = F (F~() = F (o .

If F € FE(Y), then f<(F) : L* — Lis defined by [f<(F)I(v) = V{F (wlu € LY, f~(u) < v}, forallv € L, is a
stratified L-filter on X if and only if for all y € LY, f~(u) = Lx = F () = L.

If v e LX and u € LY, then the product v x u € L¥Y is defined by v X yu = v o pry * u o pra, where
pri: X XY = X, (x,y) = xand pry : X XY — Y, (x, y) — y are usual projections. Note that operation above
on = holds only for finite cases; otherwise, we need to take * = A. However, for our case, this does not create
any problem with * as we work for finite case.

Proposition 2.8. [24] If (L, <,*,® = *) is an enriched cl-premonoid, then for stratified L-filters F1 and F», the
supremum F1 V F exists if and only if F1(v1) * Fa(ve) = L Vvy, vz € LX such that vy * vy, = Lx. In particular, the
supremum is the stratified L-filter defined for all v € LX by F1 V F2(v) = V{F1(v1) * Fa(va)l v, va € LX, vy # v < v},

Remark 2.9. [16](see also, [30]) If (L, <, *,®) is a pseudo-bisymmetric enriched cl-premonoid, then in view of the
Definition 3.5[16], for € F;(X) and G € F(Y), their product F X G € F(X X Y), where the product is given by

FXG=pry(F)Vprs(G).
In particular, for a frame L, if & € F(X) and G € F£(Y) and v € LX*Y, we have
FxGWv)=V{F V1) AG(v2): vi Xv2 < v}
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If L = (L, <,%®) is a pseudo-bisymmetric enriched cl-premonoid, (X, -) is a group and ¥, G € ¥ (X), then
the map # © G: LX — L is defined for any v € LX by: ¥ © G(v) = V{F (v1) * G(2)lv1,v2 € LX, 11 © v < v}

If (X,-) is a group and ¥ € F(X), then F! is defined by F'(v) = F(v!), where v! : X —» L,x
v(x™). Clearly, #7! € F7(X), since for any v € L*, ;7(F)v) = F (1) = Fv) = F(v), where
7:X > X, x> x7L Also, if m: XX X = X, (x,y) — xy, then forany v1, v, € LXand z € X, m™ (v1 X 12) (z) =
\/m(x,y):z (Vl X VZ) (x, ]/) = \/xyzz (Vl opri*vz 0 Prz) (x, y) = \/xy=z Viopri (x, ]/)*V2°P7’2(xr ]/) = \/xyzz V1 (x)*VZ(]/) =
v1 © 12(z). Furthermore, for a group (G, ), if F, G € [F(G), then F © G is defined as a filter generated by the
sets F-G = {pq: p € F, g € G}, where F € [Fand G € G; usually, we denote itby FOG = [{F-G: F € F,G € G}].

Lemma 2.10. [3] Let L = (L, <,*,® = *) be a GL-monoid and (X,-) be a group. Then for any F,G € F7(X),
m>(FXG)=F 0G.

Note thatif L = ([0, 1], <, %, ® = A) with a t-norm , then the above lemma is always true. Butif L = (L, <, ®),

then since we do not have an explicit formula for the product L-filter, we cannot say in the perspective of
the preceding lemma that this lemma holds.

3. Continuous action of enriched lattice-valued convergence groups on enriched lattice-valued conver-
gence spaces

Definition 3.1. [30,41] Let L = (L, <, * ® = A) be an enriched cl-premonoid and lim: F(X) — L* be a mapping
such that the following are satisfied:

(C1) Vx € X, lim[x](x) = T;

(COVF,G e F (X)withF <G, and Vx € X, lim F (x) < lim G(x);

(CHVF,G € F/(X), Vx € X, lim F (x) * lim G(x) < lim (F A G) (x);

(C3s)VF,G € F(X), ¥x € X, im F (x) A lim G(x) < lim (F A G) (x).

Then the pair (X,1im) is called an stratified enriched cl-premonoid-valued convergence space (or simply by
enriched latticed-valued convergence space if conditions (C1)-(C3) hold, if the conditions (C1),(C2) and (C3s)
hold, then we speak of stratified enriched cl-premonoid-valued strong convergence space or simply by enriched
strong lattice-valued convergence space.

A mapping f: (X, lim) — (X’,lim") between enriched lattice-valued convergence spaces (resp. between enriched
lattice-valued strong convergence spaces) is called continuous if and only if VF € F7(X) and x € X, imF (x) <
lim’ = (F)(f(x)).

The category of all stratified enriched cl-premonoid-valued convergence spaces and continuous mappings is denoted
by SL-CONYV (resp. the category of all stratified enriched cl-premonoid-valued strong convergence spaces is denoted
by SSL-CONV).

Proposition 3.2. [16, 41] (see also [30]) The category SL-CONYV (resp. SSL-CONV) is topological over the category
SET. In particular, zf(f] X— (Y]-, limj))j€] is a source, then the initial structure lim: F$(X) — L* on X is given
forany F € F;(X) and x € X by

Em F(x) = A\jey lim; £ (F)(fi(x))-

For the convenience of the reader, we however, recall the product structure of lattice-valued convergence
spaces as given in [16, 41] (see [30] for the case of frame), although we will be using this for some specific
lattices.

LetL = (L, <, %, ®) be a pseudo-bisymmetric enriched cl-premonoid. Let (X,lim), (Y, lim) be SL-convergence

spaces, then their product lim xlim FIXXY)— LX¥*Y defined for an ¥ € FLXXY)by
(lim XE) F =pry (lim pry (F )) Aprs (Epr? (?')).

The pair (X x Y, lim xﬁ) is a product stratified L-convergence space.
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Definition 3.3. [2, 3] Let L = (L, <, %, A) be an enriched cl-premonoid, (G, -) € |GRP|, and (G, lim) € |SL-CONYV]
(resp. (G,lim) € |[SSL-CONV)). Then the triple (G, -, lim) is called a stratified L-convergence group (resp. strati-
fied strong L-convergence group) if and only if the following axioms are satisfied:

(CGM)VF,G € F(G), Yx,y € G: lim F (x) » im G(y) <lim(F © G)(xy)(resp. lim F (x) A lim G(y) <lim(F ©
G)(xy)), whenever ¥ © G is stratified L-filter;

(CGDVYF € Fi(G) ¥x € X, im F (x) < lim F 1 (x71).

The category of all stratified L-convergence groups and continuous group homomorphisms is denoted by SL-
CONVGRP. Similarly, the category SSL-CONVGRP is described.

Remark 3.4. [2]If(L, <, ®) = (L, <, = A, ® = A), i.e.,, when Lis aframe, then (CGM) is equivalent to the continu-
ity of multiplication m: GXG — G, (x, y) — xy. In fact, viewing product stratified strong L-convergence structure
for frame L as in the case of [30], one can say that a mapping m: (G, lim) X (G,lim) — (G, lim), (x, y) — xy is con-
tinuous if and only if for all stratified L-filters ¥, G, and for all (x, y), lim pr” (F X G) (x) Alimpr3” (F X G) (y) <
limm= (F X G) (m(x, y)) which in turn yields that lim F (x) A im G(y) = limpr” (F X G) (x) A limpry’ (F X
G)(y) < imm= (F X G) (m(x,y)). In view of Lemma 2.10, this amounts to say that im ¥ (x) A im G(y) <
lim (F © G) (xy).

(G, limg) € |[SSL-CONVGRP)), and (X, limx) € |[SL-CONV] (resp. (X, limx) € |[SSL-CONV|). Then the triple
((G, -, limg), (X, limx) , @) is called a stratified L-convergence transformation group (resp. stratified strong
L-convergence transformation group) on a stratified (resp. stratified strong) L-convergence space with respect to
@: GX X — X, (g9,x) — @(g, x) if the following axioms are satisfied:

(CTGD) VH € F/(G), VF € F/(X),Vg € Gand x € X:

limg H(g) = limx F (x) < limx (@~ (H X F)) (p(g, x))
(resp. limg H(g) A limx F (x) < limx (9= (H X 7)) ((g, x)));

(CTG2) p(e,x) =x,Vx € X;

(CTG3) p(g - h,x) = p(g, p(h,x)), Vg,h € Gand Vx € X.

Here the function ¢ is called continuous action of G on X, the enriched cl-premonoid-valued stratified convergence
group or in short, stratified L-convergence group (G, -, limg) is called a phase group, and the stratified L-convergence
space (X, limy) is called phase space.

The category of stratified L-convergence transformation groups (resp. stratified strong L-convergence transfor-
mation groups) denoted by SL-CONVTGRP (resp. SSL-CONVTGRP) consists of all stratified L-convergence
transformation groups (resp. stratified strong L-convergence transformation groups) as objects, and all pairs
k, f): (G, X, ¢) — (G, X', ¢") as morphism, where

(TG1) G -5 G isa SL-CONVGRP-morphism (resp. SSL-CONVGRP-morphism), i.e., continuous group homo-
morphism;

(TG2) X L X isa SL-CONV-morphism (resp. SSL-CONV-morphism), i.e., a continuous mapping such that
¢ okxf)=fop.

Remark 3.6. We would like to point out briefly that in the introduction we already mentioned that the notion of lattice-
valued convergence is an extension of {0, 1}-valued convergence which can be identified with classical convergence as
mentioned in a remark in [30]. Considering this point, and exploiting the relationship between classical filters and
stratified L-filters (see f.i. Section 6 [41] and Section 3 [31], see also [24]), one can view that our present study of
lattice-valued convergence transformation group is an extension of classical convergence transformation group.

Definition 3.5. Let L = (L, <,*,® = A) be an enriched cl-premonoid. Let (G, limg) € |[SL-CONVGRP| (resp.

Example 3.7. Any stratified L-convergence groups (G, -,1im) can be made into a stratified L-convergence transfor-
mation group ((G, -, lim) , (G, lim) , @) on itself in the following way: ((G, -, lim), (G, lim) , ), where o: GXG — G
defined by @(t,s) = ts, the left translation in G.

Example 3.8. Let ((G,-,limg), (X,limx), ) € |[SL-CONVTGRP)| on a stratified L-convergence group (X, limy)
with respect to . Then ((G, -, limg) , (X X X, limx xlimx), ¢’), where ¢’: G X (X X X) — (X x X) is defined by
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@' (g, (x,x")) = (p(g,x), p(g,x)), forall g € G and (x,x") € XX X, is a stratified L-convergence transformation group
on the product stratified L-convergence space.

Example 3.9. Let ((G,-,lim), (X, lim), ¢) € [SL-CONVTGRP)| on a stratified L-convergence space (X, lim) with
respect to @, and let ((G,-,lim), (Y,lim"), 1) € |SL-CONVTGRP)| on a stratified L-convergence space (Y,lim")
with respect to Y. Then ((G, -, lim), (X X Y, lim x1lim") , y) € |SL-CONVTGRP)| on a stratified L-convergence space
(X x Y, lim x lim") with respect to y: G X (X X Y) — (X X Y), is defined by y (g, (x, y)) = (¢(g,x), ¥(g, y)).

In fact, for g,h € G, and (x,y) € X X Y,

y(g-h(x,y)=(p@-hx),¥@ hy)=(pgehx),@hy)) =y@ (ehx),dhy)) =
v(g,7 (1 (x, ).

The continuity of v follows from the continuity of ¢ and .

Definition 3.10. [30] Let (L, <, A) be a frame, (X, lim), (Y,1im") € [SSL-CONV| and C(X,Y) = {f: (X, lim) —
(Y, Lim") : f is continuous). If c — lim: F(C(X,Y)) — L&) is defined for any @ € F£(C(X, Y)) and f € C(X,Y)
by

¢~ im &(f) = Agersx) NArex[im F (x) = limev™ (O X F) (f(x))],

where ev: C(X,Y) x X — Y, (f,x) v f(x) is called an evaluation mapping whence limit ¢ — lim is called
stratified L-convergence of continuous convergence.

Lemma 3.11. [30, 33] Let f: X — Y be a mapping and ev: C(X,Y) x X — Y be the evaluation mapping. Then
forall 7 € F7(X), f7(F) = ev”([f]1 X F).

Lemma 3.12. [30] If L is a frame, then (C(X,Y), ¢ — lim) € [SSL-CONV].

Definition 3.13. Let (X,lim) € [SSL-CONV| and H(X) = {f: X — X: f is a homeomorphism, i.e., a bijective
and both f, f~! are continuous). Define a stratified strong L-convergence structure ¢ — lim: F (H(X)) — L7® on
H(X) the group of homeomorphisms under composition: for any ® € ¥ (H(X)) and f € H(X) by

¢ — lim (®)(f) = ¢ — lim (®)(f) A ¢ — LmTY (@)(f), where

¢ = lim (P)(f) = Arer) Nrex[imF (x) — limev™ (P X F) (f(x))]  (3.1),

and

¢ = Hm™ @)(f) = Apersx) Awex[lim F(x) — limeo™ (071 x F) (f1(x))]  (3.2).

Remark 3.14. Note that in view of the Proposition 2.6, and upon combining preceding items (3.1) and (3.2), one can
write the above definition as follows:

c—lim (®)(f) = /\ﬁﬂs(x) Nrex ImF (x) = [limev™ (O X F) (f(x)) Alimev™ (q)‘l X 7") (f~1(x))], where ! =
o' :ped] ¢ =[{f " e H(X): f e HX)I]

Theorem 3.15. Let L = (L, <, A) be a frame, and lim be a stratified strong L-convergence structure on X, then
(H(X),-, ¢ — lim) € |[SSL-CONVGRP)|, where ¢ — lim = ¢ — lim A ¢ —limY.

Proof. (C1) follows upon using Lemma 3.11 ([30]: Lemma 8.2), while (C2) follows from Proposition 8.3 [30].
(C3s) Upon using exactly the similar rout as in Lemma 4.3 [32], one can proof this part. We prove only
(CGM) and (CGI):

(CGM) Let @, V¥ € F/(H(X)) and f, g € H(X). We show that

¢ —HmP(f) A ¢ —lim W(g) < ¢ — im(P © W)(f - 9).

We have ¢ — im ®(f) A (c — im W(g) A F (x))

< c—lmd(f) Alimev™ (W X F)(g(x))

<limev™ (P x ev™ (W X F)) (f - g(x)) = limev™ (PO W) X F)) (f - 9(x)).

We give here for the reader an explicit proof upon using evaluation mapping for the validity of the inequality
ev= (D X ev™ (W x F)) < ev™ (P @ W) x F)) for better understanding. For that take v € LHXXHXXX) then
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for any f,g € H(X),

evr= (O xev™ (W X F)) (v) = [O X ev™ (¥ X F)](ev (v))

= \/v1xvzsev‘—(v),vlELW(X>,VZELW(X>XX [(D(Vl) A (\/p1><p2Sev‘—(vz),pleLW(X),pzeLX W(Pl) A T(PZ))]

= \/v1XVZSEDH(V);plpoSEZJ“(Vz)(CD(Vl) A \I’(Pl)) A (F(PZ)

< Vi (haveotg)svienfeog )y rp@<regn) (P01 AW (1)) A F (p2)

< Vipap@np@szeo=o)(g0 (P01 A W(p1) AF (p2)

< Vanpomp@zer- oo (Viop=e(@ 0 )E) A F(p2)

= Vaupam@np@sa- o) g omrosero (P © W)E) A F(p2)

< Vapgnmwse-wipe0) (@ O WHE) AT (p2)

= \/époS(p“(v)(q) © ‘P)(E) A 7:(,02)

=ev? (POWXF) (), ie., v (DX ev? (VX F)) <ev? (POWYXF).

Thus, we have

¢ —Hm®(f) Ac—LmW¥(g) < Agerx) NxexIm 7 (x) = limev™ (@ 0 W) X F)) (f - g(x)), i.e.,
c—ImO(f) Ac—1limW(g) <c—-limDP O Y(f - g).

Similarly, one can show that ¢ — im“™" @(f) A ¢ - lim"Y W(g) < ¢ - lim"V d 0 W(f - 9).
(CGI) Let @ € 77 (H(X) and f € H(X). Then we have from Definition 3.13 (3.1),

¢~ Hm®(f) = Apers Nvexllim F(x) = limeo™(@ x F)(f@)]  (33)

We apply the continuities of j: x — x~! and the composition j o ev: H(X) X X — X
together with the fact that (ev=(® X 7 N =ev (@ X F). In fact,

for any v € LHXX (e0=(@ x F)) ™ (v) = ev= (D X F)(v1) = D x T(ev‘_(v‘l))

= \/v1xvzsev‘—(v‘l),vlEL’H(X),VZELX CI)(Vl) A 7:(1/2) (3‘4)‘

Now for any f € H(x) and x € X, we have

vi(f) Ava(x) < v eo(f, %)) = v (f(%)) = v((f(x) )

=v(f7'(®) = (fH"WME) = v (f) An@) < (FH"0)E®)

= (' xn)(fLx) e (W)(f, ), ie, v Xva <evT(v).

Then continuing after (3.4), we have

0@ X TN (1) = Vypusseor (et pers @1) A F(v2)

Vs (PTHET) A F (1)) = 0= (071 X F) (v), e,

(ev= (@ X F)) ! < ev= (! x F). Therefore, it follows from (3.3) that

¢ —ImO(f) = Agersx) Naex[Im F (x) = limeo™ (O X F)(f(x))]

< Asersx) Arex[im F (x) — lim o= (@7 X F)(fH(x))]

= ¢ — lim ®(f71). Similarly, one can show that ¢ — im“" &(f) < ¢ - lim™" &~1(f 1)
which after combing together imply that ¢ — im ®(f) < ¢ — lim ®~1(f71). O

Lemma 3.16. Let (L, <, A) be a frame. Then the stratified strong L-convergence group (H(X),-, ¢ —lim) has the
property that for any stratified strong L-convergence space (Y, -, limy), the continuity of the mapping C: (Y,limy) —
(H(X), ¢ — lim) implies the continuity of C: Y x X — X , where {(y, %) = {(y)(x), ({(y) € H(X), and x € X)

Proof. Since C and the identity mappings idx are continuous, C X idx is continuous, it follows then in
conjunction with the continuity of ev, the composition ev o CXidy is continuous as shown in the commutative

diagram below. Hence C is continuous.

YxX % gx)x X
[aN evl
X

O

Now we present a characterization theorem.
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Theorem 3.17. Let (L, <,A) be a frame. Then the triple ((G,-,limg), (X limyx), ) is a stratified strong L-
convergence transformation group on a stratified strong L-convergence space (X, limy) with respect to the mapping
@: GXX — X, (9,x) — @(g,x), ifand only if x: (G,limg) — (H(X), ¢ — lim) is a continuous homomorphism,
where x is defined by x(9)(x) = ¢(g,x), g € G,and x € X.

Proof. Let((G, -, limg), (X, limy), ¢) € |ISSL-CONVTGRP)|. Define x(9)(x) = ¢(g, x) for g € Gand x € X. Then
applying Definition 3.5(CTG3), we have for any g’ € G, x40 (x') = ¢(g99’,%) = ¢ (9, 9(q, %)) = ¢ (g, Xg (x)) =
Xo(xg (%)) = ()(g o )(g/) (x) implying x40 = X4 ° Xy S0, x: G — H(X) is a homomorphism. To show that
the mapping x: (G,limg) — (H(X), ¢ —lim) is continuous, we let ¥ € ¥(G) and g € G, and show that
limg F(g9) < ¢ — lim x(F)(x,;). Now let x € X and G € F7(X). Put x7(F) = @ € F(H(X)). Since ¢ is
continuous, we have

limg 7 (g9) A limx G(x) < limx ¢~ (P X G)(x,4(x)), whence x,(x) = ¢(g, x).

Then one can write limg F(g) < limx G(x) — limx ev™ (® X G) ((x,(x)). This is true for any G € ¥ (X) and
for any x € X that

limg F(9) < Agersx) Nrexllimx G(x) — limx ev™ (P X G)(x4(x))]

=c—lim®(y,), ie, img(F)(g) < c—limD(x,) (3.5).

Next, as (G, -, limg) € [SSL-CONVGRP, for any ¥ € ¥(G), limg F (g) < lim¢ ¥ '(47"), and since

x: G — H(X) is a homomorphism x 1 = ()(g)‘l, we have

limg 7 (g) < limx G(x) - limy ev™ (07! x @) (x; " (x))

implying that limg 7(9) < Ager(x) Arexllimx G(x) — limev™ (@7 x G) (x5 ())].

This mens that lim¢ ¥ (g) < c - lim™V D(x;) (3.6).

Hence from (3.5) and (3.6), we have limg 7 (g) < ¢ = lim ®(x,) A ¢ = lim @ (x;1).

To show the converse, let x: G — H(X) be continuous homomorphism, g, € G and x € X. Then
P(gh, x) = xa(x) = xs(n(x)) = x4(@ph,x)) = @(g,p(h, x)) while the other condition is trivially true. The
continuity of ¢ follows from the Lemma 3.16 with Y = G and { = ¢ (see also the diagram above).

Hence, the triple ((G, -, limg), (X, limx), ¢) € |SSL-CONVTGRP)| over (X, limx) € [SSL-CONV| with respect
top. O

Theorem 3.18. Let (L, <, A) be a frame, (X, -, limx) € |SSL-CONVGRP| and (X, limx) € |SSL-CONV]. If H(X) is
a group of homeomorphisms of (X, limy), then X is isomorphically embedded in (H(X), ¢ — lim).

Proof. Let x: X — H(X), x — xx given by x(x’) = xx’ for any x’ € X. The mapping x is an injective-
homomorphism, we show that the mapping x is continuous, for, let ¥ € ¥;(X), we show that lim F(x) <
¢ = lim x= (F) (xx)-

Since (X, -, limy) is a stratified strong L-convergence group, for any x’ € X and G € F/(X), we have:
lim 7 (x) Alim G(x’') < im (F © G) (xx') = lim (F 0 lim G) (x«(x")).

But it follows that ¥ © G < x~(¥)G, so

lim F(x) Alim G(x') < limev™ (x=(F) X G) (x+(x"))

= IimF(x) < lim G(x') — limev™ (x~(F) X G) (x«(x"))

This is true for any G € ¥(X) and any x" € X. This means that

lim 7 (x) < Agerzx) Avex[imG(x') — limev™ (x7(F) X G) (xx(x))]

= ¢ — lim = (F)(xx). Similarly, lim F (x) < ¢ — im© = (F)(xx)

Hence lim 7 (x) < ¢ — lim x=(F)(xx)-

Now let us show that the mapping x !

(X
F2(x(X)); we show that ¢ — limy,x) @(xx) < lim x~}(®) ()(‘1 ()(X)).

Since )(;(X)()(x) =x = xe = x«(e) = ev(xy, e), upon using the continuity of ev: H(X) x X — X,
we have ¢ — limyy ) P(xx) = Agersx) Avex[imG(x') — limev™ (P X G) (xx(x"))]

< lim[e](e) — limev™ (® X [e]) (ev(xx, €)) = limev™ (P X [e]) (ev(xx, €))

This implies that ¢ — limy;(x) P(xx) < limev™ (P X [e]) (ev(x«, €))

) X(X) — X is continuous. Pick xy € x(X) and suppose P €
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= im( )@ (x (1) B7).

Hence ¢ — limyyx) P(xx) < lim (x 1) (®) (X‘l(xx)), showing that

)(E(l(x): X(X) — X, xx — x"(x») is continuous. In fact, for any v € L%,
we get ev™ (O X [e]) (v) =V, s<eo-w), vers, verx 1) Alel(v2)

< \/levzgv“(v), V1€LXX), el X 1 (V1 A VZ(e)) (38)

Now since v1(xx) A va(e) < v(ev(xx, €)) = v(xx(e)) = v(x)

=v(x '(x) = ((X‘l)‘_(v)) (Xx), we have from (3.8) that

38 <d (()(’1)“(1/)) = (x )= (P)(v), i.e., one obtains:

ev™ (@ X [e]) < (x 1) (@), which is used in (3.7). This ends the proof. [

4. Construction of a stratified enriched lattice-valued convergence transformation group

Definition 4.1. Let L = (L, <, A) be a frame, (X,1im) € |[SSL-CONV], (G,-) € |GRP|, and ¢: GX X — X bea
mapping satisfying the following:

(1) p(e,x) = x forall x € X;

(2) (g -h,x) = (g, ph,x)), forall g,h € Gand x € X;

(3) p(g,.): X — X,x +— @(g,x) = @y(x) is continuous , for each g € G.

Define ¢ — lim on G for all g € G and for all ® € F/(G) by

¢—lim = ¢ - lim A ¢ — im™" such that

¢~ m®(g) = Ayerx) Acexlim F(x) = lim o= @ x F) (p(g, )] (4.1)

¢ = im Y D(g) = Agers Awex[lim F(x) - lim = (@71 X F) (p(g 7}, %) (42)

Theorem 4.2. Let L = (L, <, A) be a frame. Let (X,1im) € |[SSL-CONV), and (G, ) € |GRP|. Then ¢ —lim is a
stratified strong L-convergence structure on G such that the triple (G, -, ¢ — lim) , (X, lim) , ¢) € [SSL-CONVTGRP|
on (X, lim) € |SSL-CONV| with respect to ¢.

Proof. We need to prove the following three items:

() (G, -, ¢ —lim) € [SSL-CONVGRP|;

(ii) ¢: G x X — X is continuous;

(iif) ¢ satisfies (1) and (2) above.

(iif) follows from the Definition 4.1(3). We prove (i), note that we use f, g the elements of G, and e as its
identity element:

(C1) (a) Let f € G with [f] € #/(G), and x € X. In view of (4.1), we have for all ¥ € ¥(X) and for all x € X:
¢ —lim&(f) < [im F (x) — lim = (© X F) (@(f, x))].

Now due to continuity of ¢(g,.): X — X, we have in particular, for any f € G : lim[x](x) < lim ¢~ ([f] X
[xD)(@(f, x)). But then

T = lim[x](x) - lim = ([f] X XD(@(f, 0)) < ¢ ~ im[f1(), L.e., ¢ ~ im[f](f) = T

(b) Let f € G, and since G is a group, we have f~! € G and hence by continuity of ¢(f~!,.), in particular, one
obtains:

lim[x](x) < lim = ([f'] X [x])(¢(f~}, %)), and then we have T = lim[x](x) = lim = ([f '] X [x])(p(f 7}, x)) <
c- lim(_l)[f](f), ie.,c— lim(_l)[f](f) = T. Hence combining (a) and (b), we get ¢ — lim[f](f) = T.

(C2) (a) Let , V¥ € F7(G) with W < ®. Then = (W x F) < p~ (P X F)

which implies that lim = (W x ) < lim ¢~ (P x ). Then by using (4.1),

we have for any f € G, c = imW(f) = Agersc) AreximF (x) — lim @ (W x F) (p(f, x))]

< Nrersc) Naex[ImF (x) — lim @= (O X F) (p(f, x))] = ¢ = Lm O(f).

(b) Let ®, ¥ € F(G) with ¥ < @. Then ¢= (W' x F) < 9= (@7 x F)

which implies that lim ¢=(W~! X F) < lim ¢~ (®~! X ). Then using (4.2),

we getforany f € G

¢ = im VW) = Agegg) Asexlim F(x) — lim o= (P71 x F) (p(f 1, )]



T. M. G. Ahsanullah et al. / Filomat 34:9 (2020), 3045-3064 3055

< Ager0) Aeexim F(x) — lim = (07 x F) (1, 1)] = ¢ ~ Lim ™ ().

Hence, combining (a) and (b), we have

¢~ limW(f) = ¢ = im W(f) A ¢ — im©Y W(f) < ¢ = Him O(f) A ¢ — imD O(f)

= ¢ —lim ®(f), ie., ¢ —lim W(f) < ¢ — lim O(f).

(C3s) Let @, W € ¥7(G) and f € G. Then we have

(a) ¢~ Hm®(f) A ¢ ~ EmW(f) = Agere) Awexllim F(x) — lim = (@ x ) (@(f, )] A
/\?esf,f(c) Nxexlim F (x) — Lim o= (W X F) (p(f, x))]

< Agers6) Naexim F (x) — lim[p= (D X F) A = (W x F)](@(f, x))]

= Arer: @) Naex[ImF (x) — Lim @= ((® A W) X F)) (p(f, X))]= ¢ — im(P A W)(f),

(b) This follows in an exact fashion as in (a) showing that

¢ = mY d(f) A ¢ = HmDW(f) < ¢ = mTV(@ A W)(f).

Hence, combining (a) and (b), we get ¢ — im ®(f) A ¢ — lim W(f) < ¢ — lim(P A W)(f).
(CGM) Let @, W € ¥/(G). Then we prove that for any f,g € G:

c—lm®(f) A ¢ —lim W(g) < ¢ — im(P © W)(f - g). For that we proceed as follows:

(@) c—lImP(f) Ac—1limW¥(g) < ¢ —lim(P O W)(f - g)

Now in view of (4.1), c — im @(f) A (¢ — lim ¥ (g) A lim ¥ (x))

< ¢ —lim®(f) A lim = (¥ x F) (p(g, X))

<lim @™ (@ x 9™ (V X F)) (p(f, (g, %)), i-e.,

c—lm@(f) A c = lim ¥(g) < im F (x) - lim ¢~ (P x = (¥ x F)) (¢(f, ¢(g,x)));

this is true for all ¥ € #/(X) and for all x € X, and thus,

¢~ Wm®(f) Ac = U(9) € Agers Aeexim F(x) = lim 9= (@ x 9= (¥ x F) (p(f, (g, X))
Applying Proposition 2.6 along with the fact that

P (@ X @~ (WX F)) (p(f, 9(g,%) < 9~ (@O X F) (p(f - ,%),

we get ¢ —limD(f) Ac—¥(g) < /\ge?‘f(X) NrexIM F (x) = lim = (@O WY X F) (p(f - g, x))]
=c—-lim(@oW¥)(f-9).

In fact, forv € LX) upon manipulating the condition (2) of the Definition 4.1, i.e., p(f, p(g, %)) = ¢(f-g, x),
we have

9= (@ X = (W X F) () = [0 X 9= (¥ X P9~ (1)

= \/v1 XVp <@ (v),v1 ELC, v, €LE*X [(D(Vl) A (\/plxngp‘—(vz),m €LC,prelX \P(Pl) A 7:(P2))]

= \/V1Xl'ZSqJ“(v);plxpzsgn“(vz)(CD(Vl) A \I](Pl)) A 7:(PZ)
Vaipralp@=vieo@onm@anmeen (P01 A W) AF (p2)
Vor(hrpr@rp@<e- ) F-g0 (L1 A W(p1)) A F(p2)

< \/vl(f)/\pl(g)/\pz(x)quk(v)(f»g,x) (\/vleplsé(q) O \II)(E)) A ?(PZ)

= Voham@rn@sp-0)g0m rma<ago( P © WIE) A F (p2)

< Vapgnmwse-wifa0) (@ © WIE) AT (p2)

= \/époS(p“(V)(cD © \P)(é) A 7:(P2)

=7 (QOYXF) (), ie, o7 (OX P (VXF)) <~ (POVXF).

(b) Following almost in the similar fashion as in (a), we can arrive at :

¢ = lmV d(f) A c = imTP W(g) < ¢ - imTV (@ 0 W)(f - 9)

Hence combining (a) and (b), one obtains: ¢ — im @(f) A ¢ = im W (g) < ¢ = lim P © W(f - g).
(CGI) This follows at once from the Definition 4.1 (4.2) while for the other part

we just use the inverse of the inverse of f, and the fact that if ® € ¥(G),

then @' € F(G).

(ii) We show that the mapping ¢: (G X X, c — lim¢g X limy) — (X, limy),

(f,x) = @(f, x) is continuous. For, let Y € (G X X) and (f, x) € G X X.

Then we have (¢ — limg x limx) Y(f, x) = ¢ — limg prg (Y)(f) A limx pry (Y)(x)

< limy pr (V)(x) = limy ¢ (pr2 () x pr (0) (@(f, x)) A limy pr=(1)(x).

But as it follows from Proposition 3.6 [30] that pr2 (Y) X pri(Y) <7,

we get (c — limg X limx) Y(f, x) = ¢ — limg prg (Y)(f) A limx pr3 (Y)(x)

<
<
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< limy pry (V)(x) — limx o= (V)(p(f, %)) A limx pr3 (Y)(x)

<limx = (V)(p(f, x)), i-e., (c — limg X limx) Y(f, x) < limx ¢~ (Y)(@(f, x)).

Similarly, one can show (4.2). Hence, ¢ — (limg X limx) Y(f, x) < limx ¢~ (Y) (¢(f, x)).
This ends the proof. O

5. Examples: Continuous action of convergence approach groups on convergence approach spaces

Definition 5.1. [36, 37] A pair (X, A) is called a convergence approach space, where the mapping A: F(X) —
[0, 0o]X is called a convergence approach structure on X provided:

(CALT) A(x)(x) =0, wherex = {A C X: x € A},

(CAL2) if F,G € F(X) with F < G, then A(G) < A(F);

(CAL3) VF, G € F(X), A(F A G) = A(F) v A(G).

A mapping f: (X,A) — (Y, 0) between convergence approach spaces is said to a contraction if for each F € F(X)
and x € X, o (f(IF)) (f(x)) < A(F)(x).

Let CAP denote the category whose objects are all convergence approach spaces and morphisms are all contraction

mappings.

Theorem 5.2. [37] The category CAP is a topological construct. In particular, given a source fi: X — (Yj, Gj),
j € ], the initial approach convergence structure A on X is given for all F € F(X) and x € X by A(F)(x) =

V ey o (£ () (fix)).

Definition 5.3. [5, 38] The triple (G, -, A) is called a convergence approach group if the following are fulfilled:
(CAG1) (G, ) is a group;

(CAG2) (G, A) € |CAP);

(CAGM)VF,G € F(G), x,y € G: A(FO G) (xy) < A(F)(x) V A(G)(y);

(CAGI) YF € F(G), x € G: AP H(x71) < A(F)(x).

The category of all convergence approach groups and group homomorphisms which are contraction mappings is
denoted by CAPGRP.

Example 5.4. [5] Let (X, Ax) € |CAP|, and Ay be a convergence approach structure on a group Y. If C(X,Y) =
{h: X — Y f is a contraction}, the set of all contraction mappings from (X, Ax) into (Y, Ay). If we define point-
wise that (fg)(x) = f(x)g(x) and f~1(x) = (f(x))™! for all f,g € C(X,Y) and x € X, then (C(X,Y),") is a group
and the triple (C(X,Y),, Ac) is a convergence approach group, where A.: F(C(X,Y)) — [0, 00]°*Y) is defined by
A@)(f) = \ L@, f) and

L@, f) ={a €[0,00]: VF € F(X),x € X, Ay (ev(P X F)) (f(x)) < Ax(F)(x) V a}, for all ® € F(C(X,Y)), f €
CX, Y)andev: C(X,Y)x X — X, (f,x) = f(x), the evaluation mapping.

Example 5.5. [17] Let (X, A) € |CAP| and consider H(X) = {f: X — X: f is homeomorphism, i.e., f is bijective,
f and f~' are contractions).
Define a convergence approach structure A. on H(X), the group of homeomorphism under composition: for ® €

F(H(X)) and f € H(X) we define
L@, f) = la € [0,0]: VE € F(X), x € X. 1 (e0(@ x B) (f()) V A (0@ x 7)) (F () < AE)x) V al],

whence A.: F(H(X)) — [0,00]7 X is defined by A(D)(f) = A\ LD, f). Then (H(X),-, A.) is a convergence
approach group.

Let S: [0,1] — [0, 0] be a strictly decreasing surjective mapping such that S(1) = 0, which is also order
reversing and satisfies that S (AJEI aj) = Ve S(aj) and S (\/]-ej aj) = Ajes S(a;). For this map S, there exists
inverse S7!: [0, 00] — [0, 1] which is strictly decreasing and surjective, and therefore share the properties of
S. We recall from [30](see also, [41]) that if F € ‘7:[%,1](X), then O € F(X) where
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OF ={ACX: F(la) =1}
Also, recall that if IF € F(X), then we define the [0, 1]-filter F¥ for any v € [0, 1]X by
FEw) = V{ae[0,1]: v* €T},
where v* = {x € X: v(x) > a}.

Proposition 5.6. [31] If (X, A) € |CAP|, then (X,lim,) € |SS[0, 1]-CONV], where lim(F)(x) = S~ (A(Dg)(x)),
forall ¥ € 7—“[%,1](}().

Lemma 5.7. [31]If f: (X,A) — (X', A") is a contraction, then f: (X,lim,) — (X', limy ) is continuous.
Proposition 5.8. [2] If (X,-, A) € |CAPGRP), then (X,-,lim,) € |SS[0, 1]-CONVGRP|

Lemma 5.9. Let (G,-,A),(G’,-,A") € |CAPGRP| and f: (G,:,A) — (G’,-, ") be a group homomorphism and
contraction mapping. Then the mapping f: (G, -, lim,) — (G, -, lim,) is a continuous group homomorphism.

Proof. This follows at once from the Lemma 5.7 and Proposition 5.8. [

Corollary 5.10.
CAPGRP — S§S[0,1]-CONVGRP
& (Xr ' A) L (X/ r hm/\) ’
f = f

is a functot.
Proposition 5.11. [31]Let (X, lim) € |SS[0, 1]-CONV|. Then (X, Atim) € |CAP|, where Aiim (F)(x) = S (V{lim F (x): ¢ < [F}).

Lemma 5.12. [31] If f: (X, lim) — (X’,im") is a continuous mapping, then f: (X, Aim) — (X', Ay) IS a
contraction mapping.

Proposition 5.13. Let (X, -, lim) € |SS[0, 1]-CONVGRP|. Then (X, -, Atim) € |CAPGRP)|, where for any F € F(X)
and x € X Aim(F)(x) = S (V{lim F (x): P& < F}).

Proof. We only need to check the condition(CAGM): For this, let IF, G € [F(X) and x, y € X, then

Mim (F)(x) V Aiim (G)(y)

=S(V{imF (x): D¢ <F}) v S(V{imG(y): Og < G})

=S(V{imF (x) Alim G(y): Pr < F, Dg < G})

> S(V({lim F (x) A im G(y): OF © Dg < FO G2 S(V{lim (F 0 G) (xy): Prog < FOG})= Aim (FOG) (xy),
ie., Aiim (FO G) (xy) < Aim(F)(x) V Aim(G)(y).

Infact, A € Prog & F ©0G(1a) = T if and only if there are v; := 1r and v, := 1¢ with 1r- 1 < 14 such that
F(1r) = Tand G(1¢) = T, whence F € OF and G € Og but as it follows that F-G C Aand as F- G € O © Dg
and since @ © Dy is a filter yields A € Py © Dg. Hence Orog < Pr 0 Pg. O

Lemma 5.14. If (X, -,lim), (X', -, lim") € |SS[0,1]-CONVGRP| and f: (X, -,lim) — (X’,-,1im") is a continuous
group homomorphism, then f: (X, -, Aim) — (X', -, Ay s a group homomorphism and a contraction mapping.

Proof. In view of the Lemma 5.12 and Proposition 5.13, we are done. [J

Corollary 5.15.
§5[0,1]-CONVGRP — CAPGRP
(U (X/ r hm) — (Xr r /\lim) ’
f — f

is a functor.
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Theorem 5.16. CAPGRP a reflective subcategory of SS[0, 1]-CONVGRP

Proof. From Corollary 5.10 and Corollary 5.15 in conjunction with the Proposition 5.5 [31](see also, Propo-

sitions 5.3 and 5.4 [31]), we obtain the embedding SS[0, 1] - CONVGRP %, CAPGRP and CAPGRP -5
SSL — CONVGRP such that § o ® > idSS[O.l]—CONVGRP and ® o § = idcapgrp. [

Lemma 5.17. Let (X, -, lim) € |SS[0, 1]-CONVGRP|. Then (X, -, A'™) € |CAPGRP|, where \'™(IF)(x) = S (lim ¥ (x)).
Proof. LetF,G e F(X) and x,y € X
A () (x) v AT(G)(y)
= S(lim FF(x)) v S (lim GS(v))
$ (lim FF(x) A lim GS())
$ (im(FF © G°)(xy))
> S (lim (F © @) (xy)) = A'™ (F © G) (xy).
In fact, F¥ © GE(v) = V0,0 F (1) A GE(12)
= Vimer (Via €[0,1]: v € FY A V{ € [0,1]: 1V € G))

<Vime (Vi@ ABE[0,1]: v8 1) e FOG))

<V{yel0,1]: v e FO G}

= (F © G)™C; this is true, since z € v vg if and only if there are x € v* and y € v[; such that z = xy. Now
v(z) > v1 - va(2) > v1(x) Ava(y) > a A B which implies z € v*#, but as F © G is a filter, we have v*"f €e FO G;
takinga A=y, wehavev’ e FOG. O

\Y

Definition 5.18. Let (X, Ax) € |CAP| and (G,-, Ag) € |CAPGRP|. Then the triple ((G,-,Ag), (X, Ax), @) or in
short (G, X, @) is called a convergence approach transformation group on convergence approach space (X, Ax)
with respect to the mapping @: G X X — X, (g,x) — @(g, x), if @ satisfies the conditions:

(CATG1) VK € F(G), VF € F(X), and Vg € G, Vx € X: Ax (¢~ (KX F)) ((g, x)) < Ac(K)(g) V Ax(F)(x);
(CATG2) p(e,x) =x,Vx € X;

(CATG3) (g - h,x) = p(g,9(h,x)),Vg,h € G, and Vx € X.

@ is called continuous action, G is called phase group while X is called phase space.

The category of convergence approach transformation groups denoted by CAPTGRP consists of all convergence
approach transformation groups as objects, and all pairs (k, f): (G, X, p) — (G, X', ¢") as morphism, where

(TG1) G -5 G’ isa CAPGRP-morphism, i.e., a group homomorphism and contraction mapping;
(TG2) X Lx is a CAP-morphism, i.e., a contraction mapping such that ¢’ o (k X f) = f o @.

Remark 5.19. If (k, f) : (G, X, ¢) — (G, X', ) and (K',h): (G, X', ) — (G",X",)() are morphisms of strat-
ified enriched lattice-valued convergence transformation groups, then the composition (k'k,hf): (G, X, ) —
(G”,X”, )() is again a morphism of a stratified enriched lattice-valued convergence transformation group, where
the composition is defined by (k',h) o (k, f) = (K'k,hf). Moreover, if G = G’ = G” and k = k' = idg, then clearly
K’k =idg. Similarly, one can describe the composition of morphisms for the case of convergence approach transforma-

tion groups as well as for probabilistic convergence transformation groups under t-norm = as given below in Section
6.

Example 5.20. Any convergence approach group (G, -, A) can be made into a convergence approach transformation
group on itself in the following way: ((G, -, A), (G, A), @) with respect to the mapping ¢: G X X — X, defined by
(g, x) = gx, where the condition (CATG1) stand as follows:

VK, F € F(G) and Vg,x € G: A(KO F) (gx) < A(K)(g) vV A(FF)(x).

Theorem 5.21. If ((G,-, A¢), (X, Ax), @) € |CAPTGRP), then
((G,-,lim,.), (X lim,,), @) € |SS[0, 1]-CONVTGRP)|, where lim, F (x) = 87 (A (Og) (x)).
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Proof. We only prove the condition(CTG1): For this, we let K € F7(G), ¥ € ¥/(X), g € G and x € X. Then
we have:

lim, (K)(g) A lim,, (F)(x)

=S (Ac(@x)(9)) A ST (Ax(Py)(x))

=S (Ac(@x)(9) V Ax(Pg)(x))

< 871 (Ax (@ X D) ((g, 2)))

< 87 (Ax (Pxxr) (p(g, x))) (since both Ax and S~! are order reversing)
= limy, (K X F) (p(g,x)), i.e.,

lim, . (K)(g) A limy, (F)(x) < limy, (KX F) (@(g, x)).

In fact, Dy x Dy = (KX F: K € Dy, F € Oy

{KxF: 7((11() = 1,7:(11:) =1}

<{KXF: K X F (1gxr) = 1}

<{H: 7()(7:(11-1) =1}

= Dgxr. [
Corollary 5.22.
CAPTGRP — SS[0,1]-CONVTGRP
N : ((Gr ‘y /\G)/ (X/ /\X) r(P) [ ((G/ y lim/\c)r(X/ hmAx)r(P) ’
(k, f) — (k, f)

is a functor.

Theorem 5.23. If ((G, -, limg), (X, limyx), @) € |SS[0, 1]-CONVTGRP), then
((G, -, Mime) » (X, Mlimy ) , @) € [CAPTGRP|, where Ajim (K) = S (V limg K(g): @x < K).

Proof. We only show that the condition (CATG1) is satisfied. To do so, let K € F(G), F € F(X), g € G and
x € X. Then

Mtime (K)(g) V Atim, (IF)(x)

=S (V{limg K(g): Px < K}) VS (V{limx F(x): DF < F})

=S (V{limg K(g) A limx F (x): g < K, Dgr < F})

> S(Vilimx = (K X F) (¢(g,%)): Pgexr < K XTF})

= Alimy (97 (K X F)) (¢(g, X)),

i.e., Alimy (97 (K X)) (9(g, %) < Atims (K)(9) V Atimy (F)(x). O

In view of the previous results, and due to the references [31] and [41] we have the following:

Corollary 5.24.
§S[0,1]-CONVTGRP — CAPTGRP
N : ((G/ y hmG) ’ (X/ th) ’ (P) [ ((G/ y /\limG) ’ (X/ /\limx) ’ (P) ’
(k, ) — (k, f)

is a functot.
Theorem 5.25. The category CAPTGRP is isomorphic to a reflective subcategory of the category SS[0, 1]-CONVTGRP.

Proof. This proof is almost similar to the proofs given in [31] except some algebraic parts; however, for the
sake of completeness we give here an outline of the proof, and refer to [31] for the details. Remark that
it follows from Theorem 5.16 that CAPGRP is a reflective subcategory of SS[0, 1]-CONVGRP. In view of
Corollary 5.22 and Corollary 5.24, and, among others, we need to see that the functor 9t: CAPTGRP—
SS[0, 1]-CONVTGREP is injective on objects, and full.
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1. To show 9t is injective on objects, we proceed as follows:
Let ((G,-, Ag), (X, Ax), @) # ((G, S AL (X AY), 1/))), we claim that

(G, - limy,), (X, limy,), ) # ((G, -, limy,), (X, limy,), ¢). Then first, if Ag # A, (resp. Ax # AY), then it
follows at once from Proposition 4.5 [31] that lim,, # lim,, (resp. lim,, # lim,; ). Secondly, if ¢ # ¢,
then we immediately get that ((G, -, lim,_), (X, lim,,), ¢) # ((G, ., limA/c), (X, limy, ), I]D) .

2. To prove that % is full, we make use of the morphisms of these categories. For, let (G, -, Ag), (X, Ax), @),
((H, -, An), (Y, Ay), ¢) € | CAPTGRP|, and assume that
&, f): ((G,-, limy,), (X, lim,,), ¢) — ((H, -, lim,,,), (Y,1im,, ), ) isa morphism in SS[0, 1]-CONVTGRP,
ie, k: G — His a SS[0, 1]-CONVGRP-morphism, meaning k is continuous group homomorphism
while f: X — Y is a SS[0, 1]-CONV-morphism, meaning f is a continuous mapping such that
po(kx f)=fop. Now due to the preceding results both of these morphisms imply that (k, f)
is a morphism in CAPTGRP, whence the group homomorphism for the case k remains the same;
moreover, one can observe that ¢ o (kX f) = f o ¢ holds good, where ), ¢, k and f are all respectively
contraction mappings.

Upon using Proposition 5.5 [31] in conjunction with the Theorem 5.23 and Lemma 5.14, we conclude that
CAPTGRP is isomorphic to a reflective subcategory of SS[0, 1]-CONVTGRP. This ends the proof. O

We consider below another type of examples where probabilistic convergence structure is given in [25]
and probabilistic convergence group in question is introduced in [3]. In what follows we consider L =
([0,1],<,*, A) which is an enriched cl-premonoid.

6. Examples: Continuous action of probabilistic convergence groups on probabilistic convergence
spaces under triangular norms

Definition 6.1. [25] A pair (X, C) with C = (ty)cx, where ¢x: F(X) — [0, 1] is called a probabilistic convergence
space under t-norm = if and only if the following conditions are fulfilled:

(PCH Vx e X: (X)=1;

(PC2)V¥x € X, VF, G € F(X) with F < G implies ¢,(F) < ¢x(G);

(PC3) Vx € X, VF, G € F(X), tx(IF) * ¢,(G) < ¢ (F A G).

A mapping f: (X,C) — (X', C") between probabilistic convergence spaces (X, C) and (X', C’) is called continuous
if and only if for all x € X and for all F € F(X), cx(IF) < ¢¢ (f(IF)).

The category of probabilistic convergence spaces under t-norm *, and continuous mappings between them is denoted
by PCONV".

Definition 6.2. [3] A triple (X, -, C) is called a probabilistic convergence group under t-norm + if and only if the
following are true:

(PCG1) (X, -) € IGRP);

(PCG2) (X,C) € [IPCONV*|;

(PCGM) VF, G € F(X) Vx, y € X: ¢(F) * ¢,(G) < ¢y (FOG);

(PCGI) ¥x € X, VF € F(X): ¢x(FF) < c,-1(IF1).

The category of all probabilistic convergence groups under t-norm » and continuous group homomorphisms is denoted
by PCONVGRP".

Lemma 6.3. [41] PCONV" is a isomorphic to a full subcategory of S[0,1]-CONV.

Proposition 6.4. [3] If (X, -, C) is a probabilistic convergence group under t-norm =, then (X, -, limc) is a stratified
[0, 1]-convergence group, where ime (7 )(x) = ¢ (Pr), for any F € T[% 1](X) and x € X.
Lemma 6.5. [41] PCONV" is a isomorphic to a reflective subcategory of S[0, 1]-CONV.

Proposition 6.6. If (X,-,1im) is a stratified [0, 1]-valued convergence group, then (X, -, Cim) is a probabilistic
convergence group under t-norm x, where ¢,(IF) = \/{lim ¥ (x): ®¢ < [F}.
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Proof. In view of Lemma 6.5, we only need to prove (PCGM).

For, let x,y € X and FF, G € [F(X). Then we have

() * ¢,(G)

= Vo, <p ImF(x) * Vo, <c im G(y)

= Voo, 0. M F () *1im G(y)

< Vo, og<dyony<roc ImF © G(xy) (by Definition 3.3(CGM))

= Vo, g<roc ImF © G(xy)

= t¢ry (F© G). That s, ¢;(IF) * ¢,(G) < ¢yy (F© G). Condition (PCGI) follows immediately from the continuity
condition in Lemma 6.5. [

Due to preceding results we have the following:

Corollary 6.7.
S[0,1]-CONVGRP — PCONVGRP’
B (X, -, lim) — (X, -, Ciim) ,
— f
and

PCONVGRP® — S[0,1]-CONVGRP
R : (XI '/ C) — (X/ .I limC) 7
f = f
are functors.

Proof. Objects wise correspondence can be seen from Proposition 6.4 and Proposition 6.6 in conjunction
with Lemma 6.5 while morphisms are clearly true since in Lemma 6.3 and 6.5 these are already proved,
whence the case for group homomorphisms are also true. [

Theorem 6.8. PCONVGRP" is isomorphic to a reflective subcategory of S[0, 1]-CONVGRP.

Proof. In view of Lemma 6.3, the functor &: PCONVGRP* — S[0, 1]-CONVGRP is injective on objects
and full. Then it follows upon using Lemma 6.3 that the category PCONVGRP" is isomorphic to a full
subcategory of S[0, 1]-CONVGRP. To prove the reflectivity remark that due to Lemma 6.9 [41] in conjunction
with the Proposition 6.6, one can show that the functors in Corollary 6.7:

S[0,1]-CONVGRP-Y: PCONVGRP* and PCONVGRP* - S[0,1]-CONVGRP

yield that & o B > idgjo,1]-convere, and P o & = idpconvgre'-
Hence we infer that PCONVGRP" is isomorphic to a reflective subcategory of S[0, 1]-CONVGRP. [

Definition 6.9. Let (X,C) € [PCONV*| and (G, -,C) € [IPCONVGRP"|. Then the triple ((G,-,C),(X,C),X\) or
in short (G, X, \) is called a probabilistic convergence transformation group under t-norm * on probabilistic
convergence space (X, C) under t-norm * with respect to the mapping N: G X X — X, (g,x) — X(g,x), if N
satisfies the conditions:

(PCTG1) VK € F(G), VT € F(X), and Vg € G, Vx € X: ¢;(K) * ¢x(T) < ¢ (g0 (N™ (K x T));

(PCTG2) X(e,x) =x,¥x e X;

(CATG3) N(g - h,x) = N(g, ~N(h,x)),¥g,h € G, and Vx € X.

X s called continuous action, G is called phase group while X is called phase space.

The category of probabilistic convergence transformation groups under t-norm = is denoted by PCONVIGRP*
consists of all probabilistic convergence transformation groups under t-norm = as objects, and

all pairs (k, f): (G, X, N\) — (G, X', \') as morphism, where

(PCTG1) G -5 G’ isa PCONVGRP*-morphism, i.e., a group homomorphism and continuous mapping;

(PCTG2) X L X isa PCONV*-morphism, i.e., a continuous mapping such that X' o (kX f) = f o .
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Theorem 6.10. If ((G,-,Cg),(X,Cx),N) € [PCONVIGRP|, then ((G,-lime,),(X lime,),N) € |S[0,1]-
CONVTGRP|.

Proof. It suffices to prove the condition (CTG1). For, let ¥ € 7—'[%,1](G) and G € T[fm(X), and (g,x) € G X X.
Then we have

lime, 7 (9) * lime, G(x)

= (PF) * ¢y (q)g)

< O (g) (>\—) ((D'T X (DQ))

< O (q)wcfxg))

= limg, (N7 (F X G)) (\(g,x)). That is, we have

lime, F(g) * lime, G(x) < lime, N7 (F X @) (N(g,x)). O

Corollary 6.11.

PCONVIGRP"  —>  S[0,1]-CONVTGRP
Y: 1 (G, C), (X, Cx), ™) +— (G, lime,), (X lime, ), ™)
(k ) — (k )

is a functot.

Theorem 6.12. If (G, -, limg), (X, limx) , \) € |S[0, 1]-CONVTGRP|, then
((G, -, Climg) , (X, Climy ) , ™) € IPCONVTGRP"|.

Proof. We only need to prove the condition (PCTG1). In order to do so, let K € IF(G), T € F(X), (g, x) € GXX,
then we have

¢g(IK) * ¢x(T)

= \/cD,Kg]K limg K(g) * \/cpgs”lr limy G(x)

= Vox<kog<r ime K(g) * limyx G(x)

< Vogckog<r imx N7 (K X G)) (N9, X))

< Vo<t xag<kxr IMx N7 (K X G)) (N(g, ¥))

< Vg g<kxr imx ONT (K X G)) (N(g, x))

= Oy N7 (KX T)) O

Considering the morphisms as described in the Definition 6.9 and their composition in the light of the
Remark 5.19, the Theorem 6.12 yields the following:

Corollary 6.13.
S[0,1]-CONVTGRP — PCONVTGRP?
2) : ((GI y hmG) s (X/ th) s >\) > ((GI y Clim(;) s (Xr Climx) s >\) ’

(k, f) — (k. f)
is a functor.
Theorem 6.14. PCONVTGRP" is isomorphic to a reflective subcategory of S[0,1]-CONVTGRP.

Proof. It is pointed out in Theorem 6.8 that PCONVGRP” is isomorphic to a reflective subcategory of
S[0, 1]-CONVGRP; upon using Lemma 6.5 ([41]: Lemma 6.9), Theorem 6.12, and following almost similar
proof as in Theorem 5.25, and noting that the morphism (k, f) in S[0, 1]-CONVTGRP implies that (k, ) is a
morphism in PCONTVGRP” such that )\" o (k X f) = f o >\. Thus, we can conclude that PCONTVGRP" is
isomorphic to a reflective subcategory of S[0, 1]-CONTVGRP. [
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7. Conclusion

In this article, we have discussed the action of enriched lattice-valued convergence groups providing
the action of convergence approach groups as well as action of probabilistic convergence groups under
f-norm +, as natural examples. In doing so, we have considered L = (L, <, *, A), an enriched cl-premonoid,
and when dealing with the function space equipped with lattice-valued continuous convergence structure
[30], we have taken L = (L, <, A), a frame [22, 49] or a complete Heyting algebra. However, in the present
scenario, we have achieved a good number of interesting results, leaving the cases for L = (L, <, *,®), an
arbitrary enriched cl-premonoid lattice, still an open problem. There are some interesting points worth
mentioning that we intend to address in a separate paper: one, to look into these works from monoidal
categorical perspective [26, 51], also this is one of the suggestions made by one of the referees; second, at
present we considered the mapping S: [0, 1] — [0, co] in Sections 5 and 6 as a continuation of our previous
work in [3] is originated from the papers [31] and [41] that we strictly followed hereof. But as mentioned by
one of the referees that the mapping S: [0, 1] — [0, oo] could be avoided following an alternative route, i.e.,
the examples of Section 5 can be captured by taking L = {0, 1} for filters and taking M = ([0, 0], >, +) (the
extended half-line, opposite order, addition as quantale operation) for the other part; and the examples in
Sections 6 by taking L = {0, 1} for the filters, and M = ([0, 1], <, *) with a continuous t-norm = for other side;
in this way, use of the mapping S: [0, 1] — [0, o] could be simplified. Thanks to the referee for raising this
interesting point, of which, unfortunately, we were not aware of, will certainly be looked into while working
in a paper devoted to monoidal categories as noted above. Furthermore, we will be interested in future to
see if there is any relationship between probabilistic convergence transformation groups that we studied
in [4], and the enriched lattice-valued convergence transformation groups that we considered herein this
text; although, apparently these two approaches are different, given the fact that both the generalizations
inherited their root from the work of Park [42]. However, we do not rule out the possibility of a connection
between the examples given in Section 6 and in [4] (see also [6]), but these are beyond the scope of the
present paper, and will be dealt with in one of our future articles.
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