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Abstract. Let (C, A, ¢) be an entwining structure over a field k. In this paper, we introduce the notion of
the ribbon entwined datum to generalize the definition of (co)ribbon structures, and give several necessary
and sufficient conditions for the category of entwined modules to be a ribbon category. We also discuss the
ribbon structures in the Long dimodule category and Yetter-Drinfel’d category for applications.

1. Introduction

Entwining structures were proposed by Brzezinski and Majid in [7] to define coalgebra principal bundles.
An entwining structure over a monoidal category C consists of an algebra A, a coalgebra C and a morphism
@ :C®A — A®C satisfying some axioms. The entwining modules are both A-modules and C-comodules,
with compatibility relation given by ¢. Note that the definition of entwined modules generalizes lots of
important modules such as Hopf modules, Doi-Hopf modules, and Yetter-Drinfel’d modules ([9], [17]).
Further researches on entwining structures can be found in [1], [21], [23], and so on.

Monoidal category theory played an important role in the theory of knots and links and the theory of
quantum groups. Through the reconstruction theory and Tannakian duality ([12], [20]), quantum groups
and monoidal categories are correspondent with each other. There are many kinds of monoidal categories
with additional structure - braided, rigid, pivotal, balanced, ribbon, etc., and many of them have an
associated form in low dimensional topology theory and knot theory. For example, ribbon category (see
[18]) is based on the isotopy invariants of framed tangles; spherical category (see [2] and [10]) is based on
the Turaev-Virostate sum model invariant of a closed piecewise-linear 3-manifold. From the reconstruction
theoretical point of view, a ribbon (resp. pivotal) category is equivalent to the category of (co)modules over
a (co)ribbon (resp. pivotal) Hopf algebras (or its generalizations)(see [3], [4], and [22] - [26]).
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The motivations of our paper is raised from the study of how to get the ribbon structure in the center of
the category of modules of a finite dimensional Hopf algebra.

A ribbon structure (see [18], and also see [13]) in a rigid braided category is a self-dual twist (or a self-
dual balanced structure), which is a natural isomorphism from the identity functor to itself and compatible
with the duality and the braiding. In 1993, Kauffman and Radford got a necessary and sufficient condition
for a finite-dimensional Drinfel’d double to be a ribbon Hopf algebra (see [14]). As well-known, when a
Hopf algebra H is finite-dimensional we have that the category of modules of Drinfel’d double D(H) is
actually the Yetter-Drinfel'd category YD} Therefore one is prompted to ask the following question: is
there any other approach to get the ribbon structures in the Yetter-Drinfel’d categories? When does Y. Dy
becomes a ribbon category from the point of view of the category theory? To figure out these mentioned
questions necessitates the following discussion about the process of the emergence of the ribbon structures
in the category of entwined modules.

The paper is organized as follows. In Section 2 we recall some notions of entwining structures, and
ribbon categories. Section 3 is concerned about the presentation of Hopf algebras induced by CS(¢), and
about the exhibition of its (co)representation category is monoidal identified to CS(¢). In Section 4, we
mainly give a necessary and sufficient condition for C§(¢) to be a ribbon category. Finally, we consider the
Yetter-Drinfel’d category and the category of generalized Long dimodules as applications.

2. Preliminaries

Throughout the paper, we let k be a fixed field and char(k) = 0 and Vec, be the category of finite
dimensional k-spaces. All the algebras and coalgebras, modules and comodules are supposed to be in Vecy.
For the comultiplication A of a k-module C, we use the Sweedler-Heyneman'’s notation: A(c) = ¢; ® ¢y, for
any ¢ € C. 7 means the flipmap 1(a®b) = b®a.

2.1. Entwining structure and entwined modules

In this part we first review several definitions related to entwined modules (see [7] or [11]).
Let (C, Ac, ec) be a coalgebra and (A, m4,1n4) an algebra over k. Amap ¢ : C® A - A®C, p(c®a) =
Y.a, ®c?, is called an entwining map if the following identities hold
(E1) Y(ab)y ® c? = ¥, apby & c*¥;
(E2) Xa, ®(c")1®(c)2 = L agy ® (c1)¥ ® (c2)?;
(E3) X(1a)p ®c? =14 ®¢;
(E4) X apec(c?) = aec(o),
wherea,b € A, c € C, ¥ = @. Furthermore, (C, A, ) is called a right-right entwining structure.
Let ¢ : C® A > A® C be an entwining map, M € C, (M, om) be a right A-module, (M, p™) be a right
C-comodule. If the diagram

oM pM

M®A— M M®C
PMeida l T@M‘gidc (E0)
Z’dM®(P

M®CR®A—MK®AKRC

is commutative, then we call the triple (M, op, pM) an entwined module.

The morphism between entwined modules is called entwined module morphism if it is both A-linear and
C-colinear. The category of entwined modules is denoted by CS(¢).

Recall from [16], a k-linear map f : C — A is called convolution invertible if there exists f~! : C — A such
that f(x1)f1(x2) = f~1(x1)f(x2) = ec(x)14 for any x € C.

Recall from [6] and [11], for any g, f € hom(C, A), one can define their entwined convolution product
g * f € hom(C, A) via

(g% HE) =) fle) ge), ceC,
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and hence homy(C, A) is an algebra. Note that the unit is 4 o ec.
Similarly, hom(C ® C, A ® A) is also an algebra with the following entwined convolution product:

(g’ * f’) =MagA(A®AQ g’)(A ®Tca® C)(qo ® (P)(C ®Tca®ANCRC® f,)AC®C1

where ¢, f* € hom(C® C,A ® A). Note that the unit is (4 ® 4) o (ec ® &¢).
Recall from [[5], Corollary 3.4,] (or see [11]) that C ® A is an object in Cf;;((p) via
(c®a) - x=cQax;
(c®a)y®(c®a)y =Y. c1®a,®c2?,
whereag,x € Aand c € C.
A ® Cis also an object in C§(¢) via
(a®c)-x =) ax,®c’;
@®c)H®@®cH =a®c ®c.
Furthermore, for any right A-module M, M ® C is also an entwined module by
(mec)-a=Ym-a,®c’;
(m®c)®mM®c) =mec; Qcy.
This defines a right adjoint functor for the underlying functor U : C§(¢) = Ma.

2.2. Monoidal entwining datum and double quantum group
Suppose that C and A are two bialgebras over k such that (C, A, ¢) is an entwining structure. Recall that
(C A, @) is called a monoidal entwining datum if the following equations hold
(E5) L(ap) ® (ap)2 ® (cd)? = Y.(a1), ® (a2)y ® cPd¥;
(E6) X ealap)(1c)” = ea(@]lc,
wherea € A, c e C.
Recall from [[11], Theorem 4.1] that CS(¢) is a monoidal category such that the forgetful functors are

strict monoidal if and only if (C, A, ) is a monoidal entwining datum. Further, for any M,N € CS(¢), the
A-action and the C-coaction on M ® N are given by
(men)-a=m-a,@n-ay;
(me®n)y®(men)y =my®nyminy,
where m € M, n € N, a € A. Moreover, the tensor unit in Cg(go) is (k, idy ® €4, idy ® nc).
Recall that a pair of bialgebras C and A together with a monoidal entwining map ¢ (such that C§(¢) is
a monoidal category) and together with a k-linear morphism R : C® C — A ® A is called a double quantum
group if the following identities hold foranya € A, ¢, d,x,y,z € C:
(E7) Z R(C1 ® dl) ® Cody = R(l)(Cz ® dz)yg ® R(z)(CQ ® dz)m ® dl(PCfP;
(E8) ¥ aryRD(c? ®d%) ® a1,RA(c? ® d¥) = RD(c ® d)a; ® RD(c ® d)ay;
(E9) Y RD(x® y2), ® RU(x®yz) ® RA(x® y2)
=V ey) @ RV(x? ®2) 9 P (x, ®y) RP (¢ ®2);
(E10) Y RO (xy ®2) ® RA(xy ® 2),® RP(xy®z)
=Dy ® zz)(PR(l)(x ®21?) ® RP(x ® 21?) ® " (y ® 2);
(E11) R € hom(C ® C,A ® A) is invertible under the entwined convolution,
where Rm®n) := Y RDm®n) @ RP(me@n) € A® A.
Recall from [[11], Theorem 5.5] that CS(¢) is a braided monoidal category if and only if (C, A, ¢,R) is a
double quantum group. Further, the braiding C in C§(¢) is given by

Cun :M®N > N®M, m®n > Zno “RP(my @ ny) ® mo - RV (m1 @ my), (2.1)
where R(m @ n) := ¥, RV (m ® n) @ R?(m @ n), M, N € C5(¢).
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Lemma 2.1. Assume that (C, A, @, R) is a double quantum group. If the following identity holds
Zaq)@(lc)“’ =a®le, foranyceC acA,

then (A, R(1c ® 1¢)) is a quasitriangular Hopf algebra.
Dually, if the following identity holds

Z ealap)c? = eala)e, foranyceC, a€A,
then (C, (ea ® €4) o R) is a coquasitriangular Hopf algebra.

Proof. Straightforward. [

2.3. Ribbon category

In this section, we will review several definitions and notations related to ribbon structures.

Let (C, ®, 1) be a strict monoidal category. Recall from [13] or [3] that for an object V € C, a left dual of V
is a triple (V*, evy, coevy), where V* is an object, evy : V* ® V — I and coevy : I — V ® V* are morphisms in
C, satisfying

(V®evy)(coevy ® V) =idy, and (evy ® V*)(V* ® coevy) = idy-.

Similarly, a right dual of V is a triple (*V,evy, coevy), where *V is an object, evy : V®*V — [ and
coevy : I — *V ® V are morphisms in C, satisfying

(Eﬁv @V)(Ve® c’&?zw) =idy, and ('V® 67)\/)(50‘8701/ ®*V) =id.y.

If each object in C admits a left dual (respectively a right dual, respectively both a left dual and a right
dual), then C is called a left rigid category (respectively a right rigid category, respectively a rigid category).
Assume that C is a left rigid category. X,Y € C, for a morphism g : Y — X define its transpose as follows:

idx+ ®coevy idx* ®@gidy+ evxQidy+

g=X—"=X0Y®Y ——— XX ——Y". (TR1)
Then it is easy to get the following commutative diagrams

g'®idy coevy

XY —Y'Q®Y I Y®Y
idxe ®gl levy coevxj l g®idy, (TRZ)
X' @X —>1, X®X —=X®Y".
X idx®g

Further, this defines a bijection between Hom (X", Y*) and Home(Y, X).

Lemma 2.2. Let C be a left rigid category, U, V, W be objects in C. Then

(1). VU =UsV);

(2).if f: V> Wandg:U— V are morphisms in C, then we have (f o g)* = g* o f*, and (1v)* = 1y+;
(3).I'=1

Let (C,®,1,a,1,1,C) be a braided monoidal category with the braiding C. Recall from [13] (or [19]) that a
twist (or a balanced structure) on C is a family Oy : V — V of natural isomorphisms indexed by the objects V
of C satisfying

Ovew = CW,VCV,W(GV ® @W), where V,W € C.

A twist 6 on an autonomous category C is self-dual if Oy. = (Oy)* (or equivalently, 6.y = *(Oy)).
A ribbon category is a braided autonomous category endowed with a self-dual twist.
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3. Entwined smash product

3.1. The entwined smash product
Definition 3.1. Let A, B be algebras in a monoidal category C. A morphism ® : B® A — A® B in C is called an
algebra distributive law if ® satisfying

mpids Np®ida

B®B®A B®A A——=B®A
idm@j ch \ lcb
1dA®r13

B®A®B—AQB®B— A®B, AQ®B,

DRidp ida®mp

. i

BRA®A e BoA B2 BgA
@@idAj lq) T]A% lq)
A®BR®A—AQA®B——A®B, AQ®B.

ida®D mA®idp

Similar to [[9], Theorem 8], we have the following property.

Lemma 3.2. Let C be a finite dimensional coalgebra and A a finite dimensional algebra. Then give an entwining map
¢ : C®A — A® Cis identified to give an algebra distributive law @ : AQ C*% — C*? @ A.

Proof. 1f there is an entwining map ¢ : c®a +— } a, ® c?, one can define a linear map @ : A®C'”? — CP®A
by
P@a®p) = Z pq’ ®ag := Z p(el-"’)ei ®ay,

wherece C,ac A, p e C', e and ¢! are dual bases of C and C*. It is obvious to see that @ is an algebra
distributive law.

Conversely, if is an algebra distributive law @ : a®p +— Y, p® ® a¢, one can define a linear map
p:C®OA—-A®Cby

p(c®a) = Z a,®c? = Z ei(b(c)aq> ®e;.

Also it can be easily checked that ¢ is an entwining map. [J

Recall from [[8], Theorem 2.5], if there is an algebra distributive law ® : B® A — A®B, then (A®B, (ma®
mp) o (idy ® P ®idp), na ® 1p) is also an algebra.

Now we suppose that (C, A, @) is a monoidal entwining datum over k where C, A are two Hopf algebras
with bijective antipodes.

Definition 3.3. The entwined smash product C** ® A of the entwining structure (C, A, @), in a form containing
C*F and A, is a Hopf algebra under the following structures:
e the multiplication m is given by

(p®a)q®b) = Z p =T ¢ ®aybq(ei?) = 2 ¢+ p ®agbg(e?),

wherea,b € A, p,q € C**, e; and ¢’ are dual bases of C and C*;
o the unit is N(1x) = ec ® 14;
o the comultiplication is given by

’A\(P ®LI) = (Pl ®611) ® (pz ®a2);

o the counit is given by
elp®a) = p(lc)ea(a);
e the antipode is given by
S(pea) =Y p(SHe”)e ®Sa(a),.
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Proof. Firstly, since Lemma 3.2, C*¥ ® A is an algebra.

Next we will show C*” ® A is a bialgebra. Obviously, C*” ® A is a coalgebra under the given comulti-

plication. We only need check that A and Eare algebra maps.
Forp,q € C**,a,b € A, we compute

A(p ® a)A(g ® b)
= ((p1 ®a1) ® (p2 ®a2))((q1 ® b2) ® (91 ® b))
= Z p1 P Ei ® alq,blql ((i‘i(p) d p2 *P Oi ® azwbzqz(oiw).

Thus for any ¢, d € C, we have
Z(Pl ¥ ¢)(c) ® a1pb191(ei”) ® (p2 +¥ 0')(d) ® Ay boga(0i¥)
= Y pleas) ® arphy ® (r?dr ) ® azyba.
Also we have

A(p®a)g®b)

Z(Z pPe® a,bq(ei”))
= Z P17 e ® ap1b ® pp *7 eh® ap2baq(ei?),
Then for ¢,d € C, we obtain
Y (0147 €1)(€) ® a1b1 @ (p2 <7 €2)(d) @ ayabaq(ei”)
= Z p(c2d2) ® ap1by ® q(%(”) ® agobr
e Z plcada) ® aipbr ® q(c17d1Y) ® azyba,
which implies A((p ® a)(q ® b)) = A(p ® a)A(g ® b) .

Since € preserves multiplication, C*7 @ A = (C*P @ A, im, ec ® 14, K,?) is a bialgebra.
In order to prove S is the antipode of C*” ® A, we compute

S((p@an)(p®a)
=Y pi(SCe")(E ® Salar),)(p2 @ a2)
= Y p(SHe)o)e 7 0 @ S(ar)
For any ¢ € C, we have
Y p(SCH @)oY (e #7 0)(0) ® Sa(ar) s
= Y p(ScH@”)er?) @ Salar),ya2

i Z (SN (c?2)c?1) ® Sa(a), a2
= p(le)ec(c) ® Salar)az = p(1c)ec(c) ® ea(a)la.

Thus S +id = 7j¢. Similarly, one can show that id + S = 7j¢. Hence (C*” ® A, S) is a Hopf algebra. [

Be similar with [[9], Theorem 9], we have the following property.

Proposition 3.4. The category of entwined modules CS(¢) is monoidal isomorphic to the representation category of

C" ® A.
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Proof. For any object (M, O, p™), and morphism A : M — N in Cg (@), one can define a functor I from Cg (@)
to the category of right C** ® A-modules via

I'(M) := M as k-spaces, I(f):=f,
where the C**” ® A-module structure on M is given by
m— (p®a) :=p(my)my-a, forallmeM, peC’, acA.
First of all, we claim that I is well-defined. In fact, forany m € M, p,q € C*,a,b € A, we have
m— (ec ®14) = ec(m)mg - 14 = m.

Also, we can get

(m—(p®a)) —(g®Db) p(mi)(mo - a) — (g D)
Z p(my)e' (ma)mg - apbq(e:”)

m— (p®a)qeb),

where ¢; and ¢’ are dual bases of C and C* respectively. Hence (M, <) is a right C** ® A-module.

For the morphism A : M — N, it is a direct computation to check I'(1) is C*# ® A-linear. Thus T is
well-defined.

Conversely, we define the functor A from the representation category of C*” ® A to C§(¢) by

A(U) := U as k-spaces, A(A) =4,

where (U, <) is a right C*? ® A-module, A : U — V is a morphism of C*” ® A-modules. Further, the A-action
on U is defined by

u-a:=u—(ec®a), foranyuell, acA,

and the C-coaction on U is given by
pu(u) =uUy®uy = z(u —(®1y) ®e.

Next we will show that A is well defined. It is straightforward to show (U, ) is an A-module and (U, pY)
is a C-comodule. We only check U satisfies Diagram (EO).
Since for any a € A, we have

Z(u-a — (@ ®14)®e
Y = (@) ®a) @
Z(u — (¢ ®1a)(ec® a,)) ® e’

Z up - a, ®up?,
hence U € Cg((p).

Since A(A) : U — V are both A-linear and C-colinear, A is well-defined, as desired.
Obviously I' is a strict monoidal functor, and A is the inverse of I'. This completes the proof. [

pY(u - a)

Remark 3.5. Be similar with Lemma 3.2 and Proposition 3.4, for any finite dimensional k-algebras A and B,
if®: B®A - A®B, b®a - Y a® ® by, is an algebra distributive law, then there is an entwining map
@ : AP @B — B® A*Y, defined by

Py ®b) := Z y(e,-q’)b@ ®e¢', whereb e B, y € A", eiand ¢ are dual bases of Aand A”.
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Conversely, if there an entwining map ¢ : AP ® B — B® A“?, y ® b +— }. b, ® y?, then one can define an
algebra distributive law ® : B® A — A® B via

Db ®a):= Z ei(p(a)ei ®by.
Moreover, the category of A ® B-modules is identified to Cy (), the category of entwined modules.

Example 3.6. (1) If we define o : H®H - H® H by p(x ® y) = 11 ® xyp, where x,y € H and H is a finite
dimensional Hopf algebra, then the category Cti(¢) is the category of Hopf modules. Recall from Lemma 3.2 and
Theorem 3.4, if we define the following multiplication on H*? @ H

O®a)y ®b) :=y(?a2)0 ® a1 b,

then H*? ® H is an associative algebra, and the category of Hopf modules of H is identified to the category of
H*P ® H-modules.

(2) Let H be a finite dimensional Hopf algebra and A a finite dimensional left H-module algebra. Recall that the
multiplication on A§H, the usual smash product of A and H is

(atix)(bHy) = a(xy - b)ixoy, wherea,be A, x,y € H,

which implies there is an algebra distributive law ® : H® A — A®H, D(h®a) = hy -a®hy. Thus from Remark 3.5,
there exists an entwining map ¢ : AP ® H - H ® A7, defined by

p(y®h) = Z y(h -ehy ® ¢, whereh € H, y € A", ejand ¢ are dual bases of Aand A”.
Furthermore, the representation of A§H is isomorphic to the category Ciy™" ().

3.2. The dual case
The definition and results in this section are dual to the corresponding results in Section 3.1, so we will
not give the complete proof.

Definition 3.7. Let C, D be coalgebras in a monoidal category C. A morphism W : C® D — D® Cin Cis called a
coalgebra distributive law if W satisfying

C®D hd D®C C®D—2>D&C

idc®Ap ApQidc ep®idc
idc®ep

C®D®D —>D®C®D —=D®D®C, C,
WRidp idp@W

C®D hd D®C CoD—Y-D&C

Ac®idp idp®Ac idp®ec
&c®idp
D.

C®C®DWC®D®CwD®C®C

Similar to [[9], Theorem 12], we have the following property.

Lemma 3.8. Let C bea finite dimensional coalgebra and A a finite dimensional algebra over k. Then give an entwining
map ¢ : C® A — A® C is identified to give a coalgebra distributive law W : AP @ C — C® A™.

Now suppose that (C, A, ) is a monoidal entwining datum over k where C, A are two Hopf algebras
with bijective antipodes.
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Definition 3.9. The entwined smash coproduct A*” ® C of (C, A, @), in a form containing A*** and C, is a Hopf
algebra with the following structures:
o the multiplication m is given by

(y®c)(o®d):=y=*o®ab,

wherec,d € A, y,0 € A*¥;
o the unit is (1) = €4 ® 1¢;
o the comultiplication is given by

Ay ®c) = Z(Vl(eiq;)]/z ®c1?)® (€ ®cy),

where e; and e’ are dual bases of A and A*
o the counit is given by

&(y®c):=y(la)ec(o);
o the antipode is given by
Sr@c) =Y y(ei,)S3 () @ Sc(c?).
Be similar with [[9], Theorem 13], we have the following property.
Proposition 3.10. CS(¢) is monoidal isomorphic to the corepresentation category of A** ® C.
Corollary 3.11. Foranya € A, ¢ € C, the following identities hold
S3@®Sc(e) = L5, @) ®Sc(m")"; 3.1

Sa(@) ®ScM(e) = L. Salap) ® S (c¥)". (3.2)

Proof. We only prove Eq.(3.2). Foranya € A,ce C,p e C*, y € A*, since Sis the antipode of C'” ® A, we
have

S((ec®@a)(p®14)) = S(p ® 14)S(e. ® a).
For one thing, we compute
S(ec®n)(p®1a) = S ®agp(e?)
Y p(Sc ") )0i® Salay),,

where e; (0;) and ¢’ (o) are dual bases of C and C* respectively.
For another, we have

S(p®14)S(ec ®a)

(p(S2L(e))e' ® 1a)(ec ® Sa(a))
Z p(S(eN)e’ ® Sa(a).
Thus Y, P(Sgl(oill’)‘f))oi ® Salag), = Y. p(ScH(ei))e' ® Sa(a). Indeed, we can easily get

Y P 0 )0ie) @ ¥(Salay),) = ) p(SH(e))e' () ® y(Sa(a)),

ie.
N P2 ) @ 1(Salag),) = Y pSTE) © V(Sa@),

which implies Eq.(3.2).
Similarly, since

(S®S)oA " =AoS,
Eq.(3.1) holds. O
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Assume that C and A are two Hopf algebras with bijective antipodes over k,and ¢ : C® A - A®Cisa
k-linear map such that (C, A, @) is a monoidal entwining datum.

For any (M, gu, pM) € Cg((p), set M* ="M = homy(M, k) as spaces, and define the A-action and C-coaction
on M* and "M by

om M ®A — M, (f-a)(m):= f(m-S;'(a)),
pM M — M ®C, fo(m)® fi := f(mo) ® Sc(m),
om: M®A — "M, (f-a)(m):= f(m-Sa(h)),
pM "M —"M®C, fo(m)® fi:= f(mo) ® Sg*(m),

where f € homi(M, k), a € A, m € M, and define the evaluation map and coevaluation map by
evp : f@mi— f(m); coevp: 1y — Zei@)ei;
i
eom:m® f > f(m); coevy : 1 —> Zei®ei,
i
where ¢; and ¢’ are dual bases in M and M*. Tt is easy to check that M* and "M are all both A-modules and
C-comodules. Further, ev, coev, ev, coev are all both A-linear and C-colinear maps.
Theorem 3.12. CS(¢) is a rigid category.

Proof. We only show that CS(¢) admit left duality, i.e., M* is an object in C(¢) for any entwined module
M. Actually, for any p € M*, m € M, a € A, we have

(-a)o(m)®(u-ay = u(mo-S;'(@))® Sc(im)
Y ulmo - S ay) )@ Sclm )"
= Y uolm-S3@p) @ n® = ) (i - ag)(m) @ ()"
Thus C(¢) is a left rigid category.
Similarly, one can check that CS(¢) is a right rigid category by using Eq.(3.2). [
4. The ribbon structure in the category of entwined modules

Now suppose that (C, A, ¢, R) is a double quantum group over k, thus C§(¢) is a braided category with
the braiding which is defined by Eq.(2.1). We also assume that Nat(F, F) means the collection of natural
transformations from the forgetful functor F : CS(p) — Ve to itself. Then we have the following property.

Proposition 4.1. There is a bijective map between the algebra Nat(F, F) and homy(C, A).

Proof. See [[11], Theorem 2.1 and Proposition 2.4]
Actually, one can define a map I1: Nat(F, F) — homy(C, A) by

M©):C— A, o ) (cc®Acoalc®1a),
where 0 € Nat(F oid, F o id), c € C. Define X : hom(C, A) — Nat(F, F) by
Z(@m: M — M, me mg-g(mi),

where g € hom(C,A), M € Cg((p), m € M. It is a direct computation to check that IT and X are well-defined
and inverse with each other. [
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From now on, assume that 6 € Nat(F, F) and g € hom(C, A) are in correspondence with each other.
Lemma 4.2. 0 is a natural isomorphism if and only if g is invertible under the entwined convolution.
Proof. Straightforward from Proposition 4.1. [J
Lemma 4.3. For any (M, om, p™) € CS(9), O is A-linear if and only if g satisfies
g(c)a = Z a,9(c?), forany ceC, a € A. (4.1)
Proof. «: Since we have
Ou(m-a) = ) mo-a,g0m?)
= Z mo - g(mq)a = Op(m) - a,

where m € M, a € A. Hence 0y is an A-module morphism.
=: Conversely, since Oagc is A-linear, for any ¢ € C and a € A, we have the following commute diagram

QAeC
(14®c)®a Y.a,®c?
Oaec®ida l l Oaec
OAeC
_—

L(9(c2) ®c1¥)@a Lap®c? -gla,®c’ )

which implies
® e ¥ = Y
Za(pg(c 2)1p Qch " = Zg(cz) ay ®c’7.
Take id4 ® ec to action at the both side of the above equation, we immediately get Eq.(4.1). O

Lemma 4.4. For any (M, op, p™) € CS (@), Oum is C-colinear if and only if g satisfies

g(c1)®cy = Z g(cz)(p ®c1?, forany c e C. (4.2)
Proof. Be similar with Lemma 4.3. [

Lemma 4.5. If O is both A-linear and C-colinear, then g is invertible under the entwined convolution if and only if g
is convolution invertible, i.e., there exists a k-linear map g’ : C — A, such that

g(c1)g'(c2) = g'(c1)g(c2) = ec(c)1a, VceC.

Proof. =>: Suppose that g*~! is the inverse of g under the entwined convolution. Then for any ¢ € C, we
have

geng* e =Y ) g@?)

= (g* g )) = ec(Oly,

and similarly we can obtain g*~!(c1)g(c2) = ec(c)14 from Eq.(4.2).
&: Conversely, if g is convolution invertible and g’ is its inverse, then it is easily to get that g’ is the
inverse of g under the entwined convolution. [J

Remark 4.6. From Lemma 4.2 - 4.5, we immediately get that g is convolution invertible and satisfies Eqs.(4.1)-(4.2)
if and only if O is a natural isomorphism in CS(¢).
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Lemma 4.7. Suppose that 6 is a natural transformation in CS(), then 6 is a twist if and only if for any x,y € C, g
satisfies

Aa(g(xy)) =
Z g(c))r? (3 ® y:s)wR(l)(yzq’ @ 12%) ® g(y1)rV(x3 ® y3) RP(12” ® x,Y). (4.3)
X3 0 Ys) Y2t 9 X2 XS ys) KUY X2

Proof. <: For any M,N € CS(p) and m € M, n € N, we compute that

(Cnm o Cyin © (O ® ON))(m @ n)
= (Cym o Cyun)(mp - g(my) @ ng - g(ny1))

(4.2) p
= CN,M(Z(”OO : !](711)@ ® Moo - !](ml)w) “R(mo1" @ no1 ?))
i Z mo - g(mz) RP (ms3 ® n3) Yy D © m **) @ ng - g(nz) RV (m3 @ ns) @ (9% © m, #?)
= Z o - g(m1)R® (m3 ® n3) V(¥ @ my?) ® ng - g(n1)RY (m3 ® ng)wr(z)(nzw ® my?)
o 2t O = 3 ©13) ma
)

(mo ® ng) - (9(m1n1)),

which implies 0 is a twist.
=: Conversely, for the entwined modules C ® A and A ® C, since 0 is a twist, then for any x, y € C we
have

(Casccoa © Cosaasc © (Ocsa ® Oaec))(x @ 14) ® (14 ® )
= Ocenaec(x®14) ® (14 ® 1)),

Since

(Caecces © Ceen,aec © (Ocea ® Oaec))(x®14) ® (14 ® 1))

(452) (CA®C,C®A o CC®A,A®C)((x1 ® g(xz)) ® (g(yl) ® yZ))

= CA®C,C®A(Z(g(y1)R(1)(x3 ®ys) @’ (e 9(02)R? (23 ® 13)))

(E1 .
2y Z 01 ® g(13), R? (s ® y3) 119(127, ® 1*%) ® g(y1)RV (s ® y3) 1P(127, ® xzw’)x ® 127",

and

Ocea,aec((x®14) ® (14 ®Y))
= n®gy) ®gay) ®yi,

we have
Y 11 ® g(x3), R (xs ® y3) ;080" @ gRV @ ® ya) 11", 0 x2) @y

=0 ®gay) ®giy), @ i

Take ec ®id4 ®ida ® ec to action at the both side of the above equation, we immediately get Eq.(4.3). O

Recall from Theorem 3.12, we get that C5(¢) is a rigid category. Then we get the following property.
Lemma 4.8. 0 is self-dual in CS(¢) if and only if g satisfies

g(c) = Z S;‘l gSc(c?) , foranyceC. (4.4)
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Or equivalently,
g(c) = Z a,-qjai(S;‘lgSc(Cq’)), foranyy € A*, ce€C, (4.5)
where a; and a' are bases of A and A* respectively, dual to each other.

Proof. «: For any object M € CS(¢), suppose that o; and o are dual bases of M and M, a; and a’ are dual
bases of A and A*, p € M*, m € M, then we have

Om-(W)(m) = (o~ g(un)(m) = po(m - S5 g(u))

(TR2)

=) (om) (o) m @ S5 (1))

20N oloi - @) (S5l g(un)ol(m)
= Z 1(0io - aip)a' (S5 gSc(0i?))o’ (m)
= ) ulmo-S3'gSc(m?) )
-
(44)

=" u(mg - g(my)) = (Om) (u)(m).
Thus 0 is self-dual in Cg((p).
=: Conversely, for (C® A)* € C5(¢), since 0 is self-dual, we have

Oicoay (Y ® ec)(c®1a) = (Ocoa)’ (Y ® c)(c®14), wherey € A*, ce C.
For one thing, consider that

(Ocea) (¥ ® ec)(c® 14)

(y®ec)(c1®14) - g(c2))
7(9(c)).

For another, we compute
O(ceay (y ® ec)(c ® 14)
"2 Y (oo (@ 20 (€ ® 14) @ 83 g((y @ €0),))
Y r@ec) (@ ®b) - a)d (S5 g((y ® )b © e @14)
D@ ec)en ® by (S gSclen)E ()b (1)
Y (i)' (S3'gSc(e)) = y(S1gSc(e”) ),

where ¢; and ¢’ are dual bases of C and C*, 4; and 4, b; and b’ are two dual bases of A and A*. Hence Eq.(4.4)
holds. O

Definition 4.9. Assume that C, A are two Hopf algebras with bijective antipodes over a field k, and (C, A, ¢, R)
is a double quantum group. If there exists a k-linear map g : C — A, such that g is convolution invertible, and
Egs.(4.1)-(4.4) are satisfied, then g is called an entwined ribbon morphism over (C, A, @, R). Further, (C,A, ¢, R, g)
is called a ribbon entwined datum.

Combining Proposition 4.1 - Lemma 4.8, we get our main theorem below.

Theorem 4.10. Assume that C, A are two Hopf algebras with bijective antipodes over k, ¢ : C® A = A ® C and
R:C®C — A®A are two k-linear maps such that (C, A, ¢, R) is a double quantum group. Then CS(¢) is a ribbon
category if and only if there is an entwined ribbon morphism g € Homy(C, A). Moreover, the ribbon structure 0 in
CS () is defined by

Opm: M — M, Opm(m) =mg-g(m), where me M
for any (M, Or, p™) € CS ().
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Theorem 4.11. Suppose that (C, A, @, R) is a double quantum group where R is a map from C® C to A® A. Then
there exists a k-linear map g : C — A such that (C,A, ¢, R, g) is a ribbon entwined datum if and only if C** ® Ais a
ribbon Hopf algebra.

Proof. =: If (C,A, @, R, g) is a ribbon entwined datum, then the R-matrix of C'? ® Ais Y, ¢! @ R?(c; ®e;) ®e' ®
RMW(c; ® e;), where e; and ¢, ¢; and ¢’ are all dual bases of C and C* respectively. Further, the ribbon element
inC'?®Ais ) e ® gle).

&: Conversely, if C** ® A is a ribbon Hopf algebra with the ribbon element L = Y, LU @ L? € C** ® A,
then the entwined ribbon morphism of CS(p) is c = Y LO()L®. O

Theorem 4.12. Suppose that (C, A, ¢, R) is a double quantum group where R is a map from C® C to A® A. Then
there exists a k-linear map g : C — A such that (C, A, ¢, R, g) is a ribbon entwined datum if and only if A*? @ Cis a
coribbon Hopf algebra.

Proof. If (C,A, ¢, R, g) is a ribbon entwined datum, then the coquasitriangular structure on A**? ® C is
CATRO)®A™RC) —k LY ®0)®(y®d) — () ®)y)R(c®d).

And the coribbon form on A*? @ Cis y ® ¢ — y(g(c)).

Conversely, if A*“” ® C is a coribbon Hopf algebra with the coribbon form © € (A**” ® C)’, then the
entwined ribbon morphism of C§(¢) is ¢ = Y, O(¢' ® c)e;, where ¢; and ¢ are dual bases of A and A*,
respectively. [

Example 4.13. If C = k, ¢ = idy, then the double quantum group (C, A, @, R) becomes a quasitriangular Hopf
algebra (A, R), where R means the R-matrix in A. And the entwined ribbon morphism becomes an invertible element
g € A satisfies

(1) g is in the center of A;

(2) A(9) = (9® 9)RaR;

(3)g=5(9),
which implies g is a usual ribbon element in A, thus A is a ribbon Hopf algebra.
Example 4.14. Let k be a field and Hy be the Sweedler’s 4-dimensional Hopf algebra Hy = k{1y, ¢, x, yle2 =1py,x% =
0, y = ex = —xe} with the following structure

Ale)=e®e, AX) =x®1g+e®x, A(y) =y®e+ 1y ®yY,
e)=1, e(x)=¢e(y) =0, S(e) =¢, S(x) = -y, S(y) = x.

Since the triangular structure in Hy is
1
R=§(1H®1H+1H®e+e®1H—e®e), (4.6)

we immediately get that Hy is a ribbon Hopf algebra with the ribbon element 1.

Example 4.15. If A = k, ¢ = idc, then the double quantum group (C, A, @, R) becomes a coquasitriangular Hopf
algebra (C, R). And the entwined ribbon morphism is a convolution invertible k-linear character g € C*, satisfies

(1) g(cr)ez = c1g(c2);

(2) g(cd) = g(c1)g(d1)R(c2 ® d2)R(d3 & c3);

(3) 9(c) = g(S()),
forany c,d € C, which implies g is a coribbon form on C, thus C is a coribbon Hopf algebra.

Example 4.16. Let k be a field and Hy be the Sweedler’s 4-dimensional Hopf algebra. Since the cotriangular structure
on Hy is

B llu| g |x|y
1| 1 1(10|0
gl1|-1]0]0 4.7)
X 0 01100
y|lo]ol|ofo
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we immediately get that Hy is a coribbon Hopf algebra with the coribbon form e.

Example 4.17. Assume that (C,A, ¢, R, g) is a ribbon entwined datum. If the following identity hold

Za(p Q1c)? =a®le, foranyacA,

then recall from Lemma 2.1 that (A, R(1c ® 1¢)) is a quasitriangular Hopf algebra. Further, (A, g9(1¢)) is a ribbon
Hopf algebra.
Dually, if the following identity hold

Z ealap)c? = eala)e, foranyceC, a€A,

then (C, (ea ® €4) o R) is a coquasitriangular Hopf algebra. Further, (C, €4 o g) is a coribbon Hopf algebra.

5. Applications

5.1. Generalized Long dimodules

Suppose that H and B are both finite dimensional Hopf algebras over k, M is at the same time a right
H-module and a right B-comodule. Recall that M is called a generalized right-right Long dimodule (see [15]) if

plm -y =Y mo - h&@ma)

forall m € M and h € H. The category of generalized right-right Long dimodules and H-linear B-colinear
homomorphisms is denoted by L. If we define 7 : B& H — H ® B as the flip map in Vecy, then obviously
(B, H, 1) is a monoidal entwining datum, and LIEEI = Cg(’[).

Then from Theorem 3.4, we immediately get that the category of generalized Long dimodules is iden-
tified to the representations of the Hopf algebra B*” ® H. Here the bialgebra structure of B*? ® H is the
ordinary bialgebra structure which is induced by the tensor product of B*? and H, and the antipode is
defined by

S(p®a) = Sz} (p) ® Su(a), wherep e B*, a € H.

Proposition 5.1. L? is a braided category if and only if H is a quasitriangular Hopf algebra and B is a coquasitri-
angular Hopf algebra.

Proof. We only need to prove the existence of the double quantum group (B, H, 7, R) is equivalent to the fact
that H is quasitriangular and B is coquasitriangular. Consider the following sets

P ={R € Hom(B®B,H® H) | (B, H, 1,R) is a double quantum group},
and

Q = {(R, B)| where R is the quasitriangular structure in H,
and f is the coquasitriangular structure on B}.

Define the map & : ¥ — Qby
FR)=R(1Ac®1c),(ca®eq)oR), foranyR e P.
Clearly & is well-defined because of Lemma 2.1. Further, § is invertible, and its inverse is given by
F: Q- P,
3R,B):B®B—H®H
a@br— Y @RV &R,

where (R, B) € Q. Thus the conclusion holds. [J
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Example 5.2. Let k be a field and Hy be the Sweedler’s 4-dimensional Hopf algebra. Recall from Example 4.14 and
Example 4.16 that ng is a braided category with the braiding:

Cun(m®n) = Zﬁ(m(l),n(l))R(z) ) ®@RW . mqy, wheremeM, neN, M,N € ng

Theorem 5.3. L7, is a ribbon category if and only if H is a ribbon Hopf algebra and B is a coribbon Hopf algebra.

Proof. <: Suppose the ribbon element in H is &, the coribbon form on B is C. Define a k-linearmap g: B — H
by

g(b) := ((b)&, foranybeB,

it is easy to check that g satisfies Eqs.(4.1)-(4.4). Since Theorem 4.10, the conclusion hold.
=: Straightforward from Example 4.17. O

Example 5.4. Let k be a field and Hy be the Sweedler’s 4-dimensional Hopf algebra. Recall from Example 4.14 and
Example 4.16 that ng is a ribbon category and its ribbon structure is id.

5.2. Yetter-Drinfel’d modules

Let H be a finite dimensional Hopf algebra over k. Recall that if M is both a right H-module and a right
H-comodule, and satisfies

plm -y =) m) - hy ® S(hy )y

forany h € H, m € M, then M is a right-right Yetter-Drinfel’d module. The category of Yetter-Drinfel’d modules
and H-linear H-colinear homomorphisms is denoted by Y. Dﬁ
If we define

¢:H®H — HQ®H

c®ar— Z a5 ®c? := a, ® S(ay)cas.

It is straightforward to show ¢ is a right-right entwining structure, and CH(¢) = Y D}y Further, it is easy
to see that the entwined smash product H*” ® H is the Drinfel’d double of H, and the entwined smash
coproduct of (H, H, ¢) is the Drinfel’d codouble (see [16], Section 10) of H.

Since YD} is a braided category with the braiding
tuN :MON - N®M, m®n — ng ® m-ng), where M, N € y@ﬁ, meM, neN,
we immediately get that (H, H, ¢, R) is a double quantum group, where R is defined by

R:H®H — H®H
a®b +— 1g®e(a)b.

Then we have the following result from Theorem 4.10.

Theorem 5.5. Y Dj; is a ribbon category if and only if there is a k-linear map g : H — H, which is convolution
invertible and satisfies the following identities for any a, b € H:

(1) g(b)a = arg(S(ar)bas);

@ gla) @ a2 = glaz), ® S(9(a2) ) g(az).;

(3) Alg(ab)) = g(a1)bs ® g(b1)S(b2)azbs;

(4) g(b) = L a;,a'(S™'9S(S(ai )bai,)),
where a; and a' are bases of A and A* respectively, dual to each other.
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Recall from [16] that if (H, R) is a quasitriangular Hopf algebra, then any M € My can be seen as an
objectin Y. Dy by the coaction defined by

oM(m) = Z m-R® @R, foranym e M.

Hence My C Y Dj. We denote this subcategory by MY D Dually, if (H, f) is a coquasitriangular Hopf
algebra, then Mf C Y Diy by the following H-action

h-m = B(h, may)mg), foranyMe M", he H, me M.
We denote this subcategory of Y Dj; by CYDj;.

Proposition 5.6. (1) If (H, R, &) is a ribbon Hopf algebra, then MY D} is a ribbon category;
(2) If (H, B, C) is a coribbon Hopf algebra, then cyﬂﬁ is a ribbon category.

Proof. (1) If the ribbon element in H is &, then we can define a k-linear map g : H — H via g(x) = ¢(x)&. Itis

a direct computation to check that g is an entwined ribbon morphism of MY D};.
(2) Similarly, if the coribbon form on H is (, then we can define define g’ : H — H by g'(x) = {(x)1g. Itis
easy to check that g’ also satisfies Eqs.(4.1)-(4.4). O

Example 5.7. Let Hy be the Sweedler’s 4-dimensional Hopf algebra. After a direct calculation, we get that Mﬂﬁj is
not a ribbon category. However, Myl)gj and Cyﬂgj are both ribbon categories.
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