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New Modular Equations of Signature Three in the Spirit of Ramanujan
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Dedicated to Prof. Chandrashekar Adiga on his 62" birthday.

Abstract. Srinivasa Ramanujan recorded many modular equations in his notebooks, which are useful in

the computation of class invariants, continued fractions and the values of theta functions. In this paper,
we prove some new modular equations of signature three by using theta function identities of composite
degrees.

1. Introduction

Ramanujan [12] begins his study on modular equations in Chapter 15 by defining

x| < 1.
1n=0
He then states a trivial identity
Fo (o) = (14 ) o), (1)
After setting a = 2t/(1 + t) and = 2t?, Ramanujan offers a modular equation of degree two
B2 - a) = a?

and the factor (1+1) in (1) is called the multiplier. Further Ramanujan developed theory of elliptic functions
in which g is replaced by one or the other functions for n = 3,4 and 6.

Gn := qu(x) 1= exp (—ncsc(n/n)M

O0<x<1,
2F1(x)
where 2F1(X) = 2F1(l 1.

¥’y 7

i, fryiz) = Y DBl

1;x) and »F; represent the classical hypergeometric function defined as follows:
z,
=0 (y)mm!

|zl <1
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and
(@ =al@+1)...(a+m=1).

For n = 3 and 4, the theories are known as cubic and quartic theories respectively. Let us now take up a
modular equation as given in the literature. A modular equation of degree 7 is an equation relating a and
p that is induced by

Fi(1-a)  oF1(1-P)
2Fila) — 2Fi(B)

and
21

m=—
Zy

11 11
2 ;1 a) and z, = 2F1(2 2;1;ﬁ). But a modular

equation of degree 1 in the theory of signature three, is an equation relating a and g that is induced by

is the multiplier connecting « and 5, where z; = ,F; (

12 12
2Fl(a:«s“ “)_ 2F1(3 31 ﬁ)
12 = 12
2F1(3 310‘) 2F1(3 315)

Then, we say that 8 is of degree n over o and call the ratio

21
m=—
Zn

12

33 ;1 ﬁ) All through this paper, we have

2
is the multiplier, where z; = ,F; (5, 5;1;0{) and z, = 2F1(

assumed |g| < 1. The standard g-shifted factorial is defined as

(@9):=1, (@ q)n = H(l - aq and (@) = H(l - aqi).
i=0

In classical theory, for g = g, Ramanujan [12] has defined theta function [6] as follows:

'_ _ = 2 _ (_q; _q)"o
(P(Q) -—f(qr q) =1+ ;‘ q (q,. _q)m 4
> i (@ 9

— 3y — ii+1)/2 _ M 71 7%
v =107 ;q (@)’

f(_q) ::f(_q/ _qZ) _ Z( 1)1 i(3i-1)/2 +Z( 1)1 i(3i+1)/2 (q,q)m

i=0

For convenience, we write f(—4") by f, and one can easily deduce the following;:

7 g
and ==

P(=q) = % P(q) 3
Ramanujan [12, vol II] in his notebooks documented some cubic modular equations. Further these are
proved by B. C. Berndt [7], he used parameterization and modular forms. Also C. Adiga et. al [1-3],
M. S. M. Naika [9], M. 5. M. Naika and S. Chandankumar [10] and N. Saikia and J. Chetry [14] obtained

)
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some modular equations of signature three. H. M. Srivastava and M. P. Chaudhary [15] established a set of
four new results which depict the interrelationships between g-identities, continued fraction identities and
combinatorial partition identities. Also in [16] H. M. Srivastava et. al. deduced some g-identities involving
theta functions. These g-identities have relationship among three of the theta-type functions which arise
from Jacobi’s triple product identity. In section 2 of this paper, we list some P — Q type theta function
identities which will be utilized to demonstrate modular equations of signature three. In section 3, we
prove composite degrees of cubic modular equations.

2. Preliminaries: P — Q type theta function identities

Lemma 2.1. [20] If

_ g((—_;)) nd _ 91

then
P\ (QV_3
5) +(8) =&
Lemma 2.2. [13] If

_ % nd _ o)

then

PO + (e = (%)3 +5(%)2 +5(%)'5(g) +5(g)2 ) (5)3'

Lemma 2.3. [21] If

(=) (=g
= prr and Q:= —(P(_q33)
then
5, 3 N B 1_(PY L (QY (5) Qy'
(PQF + s ~11|(PQ"+ Q) +308[PQ+PQ]—(Q) +(P) +2z[ 5 +(P)
Q 3
(PQ+ _Q) +11 ( ) (—) (PQ)’ +( Q)3—15(PQ+—Q)+45 +924.

Lemma 2.4. [21] If

_ g((_—:g)) and : (P( q
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then

(5)7 (9) 13 [( Q) ; (gﬂ 2 [(5)5 , (gf] 3oy +

P Q ¥ . 81 9
+13 10(PQ)2+ ] ( ) = }+13[(PQ) + 0[(PQ)? + }—115]
[ Q) \P ) (PQ* PQY’
AN 9 |_ Q
X[( ) ] 13[ [( o +(PQ)] Blla*p
729 , 9
= (PQ° + [( Q* e ]+169 [(PQ) + (PQ)2]+832.
Lemma 2.5. [11] If
(g) ()
@) md P P
then
2 4
(PQ)2+é=3+6%+%.

Lemma 2.6. [17] If

Y(=q) P(=q")
P = —q1/4¢(_q3) and Q:= W
then
5 3° 3, 3 p\° 0\ p\* o\
(PQ)” + o 1{(PQ)” + ]+308[PQ+PQ] (é) +(§) +22[(§) +(§)
[ (PQ + i) +11 ( ) (9) H(PQ)3 + -15 (PQ + i) +45] +924.
PQ Q) \P (PQ)° PQ
Lemma 2.7. [5] If
¥(q) (q)
P:= 774 (P) and Q= 77y(g?)

then

2
Ki (PQ)’ + K2PQ = K5 (PQ)* + K4 (g) -Ks,

where

8 4
K1=(g) -1, K2=14P4((g) —1], K3=P4(7_P4)/

p\* p\*
B

Sl

2850
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Lemma 2.8. [17] If

v
)

rY (oY P\* [Q\° P\’ (Q\ , 27 P\ O\

2> 90 PY QY [481_[29]_]

10 (PQ)* + T (Q) +(P) +13|(PQ)* + PO 20|(PQ)” + PO 115
o 9ol o]

X{(Q) +(P)] 13[(PQ) +(PQ)4 10 [(PQ)” + (PQ)2 131 Q+ P

= (PQ)® + (;2Q9) - —26 [(PQ)4 + (PS(;) 4] +169 [(PQ)2 + (PZ)2] +832.

Y(=q")

and

then

+13

+ 68]

)2

Lemma 2.9. [8] If

P:= q1/6f1—j2r9 and Q:= ql/Sf—ZfJ;lg
3 6

then

3]-(8]- o

Lemma 2.10. [18]If

fofs frofis
== d =
qY12 fi fo " Q 7512 f5 f30
then
2, 1 _(QY (z)
(PO + - -(5) + 5) +s
Lemma 2.11. [18]If
_ _hh _ fsho
b= 7' f3fe and Q= 7%/ f15 f30
then

(PQY + % - (%)3 ¥ (2)3 -5 (%)2 -5 (2)2 -5 (%) - 5(5) 20,
Lemma 2.12. [19] If

— 1/12f1_f6 — 1/4@
P:=q Ah and  Q:=gq

+20

B ° 9 ° 3 1 _ 6 1 [ 3 1
[( ) (%) H(PQ) teor TP g TP g
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Lemma 2.13. [4] If

fife
b= 9" f3 fe

57 183+ =

Lemma 2.14. [11] If

fafa
Q:= q1/2f6f12

then

¢*(=9) (=)
P = d =
DI © P*(=q°)
then
9 .. Q0 @&
PQ+E—3+6E+E.

3. Main Results: New modular equations of composite degree in signature three
Theorem 3.1. If B, y and 6 be the second, forth and eighth degrees respectively with respect to o and if
(1-app’—p)"™ (- -5)\"
) ( a*(1=pyy ) s ( prA-y)pe )
then
u? = = 200 + o' +uot —u+? = 0.
Proof. Let
W Gl | N (G co D)
P=1°) P(=1°) P(=4"?)
On employing (3) in Lemma 2.1, it is observed that

3 o (AV, (BY
7-#=(5) +(3)

3 , (B\ (CY
a-=(e) +(5)-

From [14], we have

S
q1/12f3 a

Using (2) and (6) in (3), we observe that

and

A ((1 - a1 - y))“" B

B\ a21-ppy

2852
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and
B_(A=pHia-9)\"”
c =( - ) -
On using (7) and (8) in (4) and (5) , we obtain
B+t + 1)B> =312 =0
and
B*+ (v* +1)B*> - 3v* =0,
respectively. From (9) and (10), we deduce that
B* B? 1

32wt +1) =304t +1)  3ulv* —3u2 w2+ 1) —ut -1

Which implies

Bt - 3u?(v* +1) = 3v*(u* + 1)
w2t + ) —ut -1

and
,  Butvt—3u?
w2t + ) —ut -1

On combining (11) and (12) and then factorizing, we obtain
M(u,v)N(u,v) =0,
where
M(u,v) = u*v® — u® — u - 20%u% + 0* + u®v* + uvt
and
N(u,v) = u*v? = u® + u - 20%u® + v* — ubo* — uvt.
The series expansion of u and v are
u=1-29+2¢*-2¢° +2¢* —4¢° + 64° = 84" +44° + ...
and
v=1-2¢"+2g" - 24° +2¢° — 49" + 8" + ...
Using these in M(u, v) and N(u, v), we obtain
M(u,v) = 96q° — 3844"" + 416¢" +2404' — 1929 + ...
and

N(u,v) =2 - 129 + 4¢* + 52¢° — 604" — 884" + .. ..

2853

(®)

(10)

(11)

(12)

One can see that g~ 'M(u, v) — to 0 as ¢ — 0, where as g 'N(u,v) + 0 as g — 0. By analytic continuation, we

obtain

o —u® = 2020 + ot v uvt —u+ 0?2 = 0.
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Theorem 3.2. If B, y, 0, nand C be the second, fifth, tenth, twenty fifth and fiftieth degrees respectively with respect
to a and if

1/6 1/6

(1-a)’By*(1 - 9) _ (A=) -0

Cleapaowe) ™ T sn -
then

(bu? — av*)av® - but) = Jutv*(1 — uv?)?,
where

a=1+5u+5u*—5u* +5u° — u® and b =1+ 50+ 50* — 50* + 50° — °.
Proof. Let

— _5 _25

A= %, B= % and C= % (13)
On employing (13) in Lemma 2.2, it is observed that

(ABY" + (Ai?)2 - (g)s o (%)2 2 (%) B 5(%) " 5(%)2 i} (%)3 14
and

007 + e = (5) +3(5) +2(5)-3()+5(&) () s
Using (2) and (6) in (13), we deduce

AV (1 -aPpyPa-9)\"

(E) ) (a2<1 -pa —y)zé) B (16)

and
B\ _((1-pn-0\"

(5) ) (ﬂl —o)(1 —17)26) -7 (17)
On using (16) and (17) in (14) and (15), we obtain

Bdu* —aB* +9u®> =0 (18)
and

B%? — bB* + 9v* = 0, (19)
respectively, where a and b are as defined as in Theorem 3.2. From (18) and (19), we deduce that

B® _ B* _ 1

9bu? — 9av*  Yu2v? —utvt  av? —but’

Which implies
2 4

S
and

. 9u2v*(1 — u?v?) (1)

av? — but
On combining and simplifying (20) and (21), we deduce the result. [
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Theorem 3.3. If B, v, 6, nand C be the second, third, sixth, ninth and eighteenth degrees respectively with respect to

a and if
2\ 1/12

=3 ol - '8)27/(1 —9) and v= 13

y(1 - 6)*n(1 -0

T T apa -y
then

60*(v? + 6a)(v* — u?b) = uPa®b?,
where

a=u*-3u”+9 and b=v*-30”+9.

Proof. Let
__v@ o V@) o o _v@)

CatE T PRE) 9y
On employing (22) in Lemma 2.5, it is observed that

(AB)* + ABE - 3+ 6(%)2 + (5)4
and
(BCY: + (B?j)2 B 3+6(%)z +(%)4'

Using (2) and (6) in (22), we deduce

_ (AP op
Ab = @(a )R- y)éz) -

and

e (ya -8R0 —c>2)”“ _
pe= vg((1—y>62(1—n>c2 =

On using (25) and (26) in (23) and (24), we obtain
B® + 6u*B* —au® = 0
and

bB® —6v*B* —v® = 0,

respectively, where a and b are as defined in Theorem 3.3. From (27) and (28), we deduce that

B B -1
1205 + 6ulvta | 06 —ulab | 60t — 6ulh
Which implies
B - u?v® + 6utv'a
60t — 612D
and
. u*ab — v°
60* — 6u2b’

On combining and simplifying (29) and (30), we obtain the required result.

O

- (1—y)8(1 - )

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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Theorem 3.4. If B, v, 6, n and C be the second, third, forth, sixth and twelfth degrees respectively with respect to o
and if

)

_(roa-oa-p)\"" _( )”“
‘( ) w0 Ea-ea-0

ap(l—y)(1-0)
then

18 — 9ubo* + 5ubv? + 12utv* — uto? — uPo* + 5u%0® — uto® + 0 = 0.

Proof. Let
A 1%@ B 1/3f2f18 and C= 2/3f4f36 (31)
=19 f2 ’ =19 fz =19 2
3 6 12
On employing (31) in Lemma 2.9, it is observed that
1 AV (BY
75 8= (5) +(7) 2
and
1 B 3 3
=~ 3BC = (E) ; (%) . (33)

Using (6) in (31), we deduce

1-a)(1-pys\"?
-Gy .
and
1-pB)o(1 — )\
BC = (;(1 _ﬁ)a);a——n)c%) - (35)
On using (34) and (35) in (32) and (33) respectively, we obtain
BY? —12(1 - 3u®)B® +u® =0 (36)
and
B2 —v*(1 = 30*)B® + v° = 0, (37)
respectively. From (36) and (37), we deduce that
B2 B® 1
ubv2(1 — 3v2) — u20(1 — 3u2)  ub—v®  u2(1-3u?) - v2(1 - 302)
Which implies
B2 - u%z(l - 30%) — u?v%(1 - 3u?) (38)
u2(1 — 3u?) — v3(1 — 30?)
and
56 - u® —o° (39)

u2(1 - 3u?) — v2(1 — 302)°
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On combining (38) and (39), we obtain
(u = v)%(u + 0)?W® = ubov* + 5ubv” + 12u*v* — uv? — uv* + 5u?0® — Jute® + o) = 0.
Since u # v and u # —v, we obtain
u® —9ubo* + 5u0? + 12utv* — uto? — 1ot + 5u%0® — 9t + 0¥ = 0.
O

Theorem 3.5. If B, y, 0, n and C be the second, fifth, tenth, twenty fifth and fiftieth degrees respectively with respect
to a and if

B o 1/12
(a(l pra 6)) -

(V(l ~ o) - o)m
(1-a)p(l - )5

1=y -nC
then

(u®vb — uvla)(ua — vb) = (b — v°)?,
where

a=u*-5u%+1 and b=0v*-50%+1.

Proof. Let
ffs fiof15 f50f75
= , B= ———— and C=——F. 40
q'12fi fe P2 f5 f30 7% fos fis0 40)
On employing (40) in Lemma 2.10, it is observed that
e =(3) +(5)
@B + g =(7) +(3) +° (41)
and
1 Cy  (BY
2 == —
(BO? + e _(B) +(C) +5. 42)
Employing (6) in (40), we deduce
a(l -y - 5))1/12
AB=|—7—— =u 43
((1 — B -7 @)
and
y(1=0)n(l - c>)1“2
BC=|——"——=— =o. 44
((1—7)6(1—17)C .
On using (43) and (44) in (41) and (42) respectively, we obtain
B2 —auB® +u® =0 (45)

and

B2 — buB® + v° = 0, (46)



B. R. Srivatsa Kumar, Shruthi / Filomat 34:9 (2020), 2847-2868 2858

respectively, where a and b are as defined as in Theorem 3.5. From (45) and (46), we deduce that

B12 B 1
boub — auv®  ub — v  au—bo’
Which implies
bubv — auv®
B2 = 47
au — bo (47)
and
ué —
"= au —bo’ (48)

On combining and simplifying (47) and (48), we deduce the result. [

Theorem 3.6. If B, y, 0, nand C be the second, fifth, tenth, twenty fifth and fiftieth degrees respectively with respect
to a and if

(51— a)(1 - 5))“ 1 ~ (nC(l —)(1 - 5))1/12
B (aﬁ(l ~1)(A-0) and V=TT A =0)

then
(bu — av®)(av — bu®) = 81uv(l — u*v*)?,
where
a=1-5u—5u*+20u® - 5u* - 5u° +u® and  b=1-50v-50"+200° - 50* — 50° + °.
Proof. Let
ffa fsfio fasfs0
A= —2"—, B= ——— and = =0 49
5]1/4f3f6 q5/4f15f30 1725/4f75f150 “9)
On employing (49) in Lemma 2.11, we have
e = () +(5) -5(&) -2(5) -5(2)-=(3)
(AB)+(AB)2—A+B 5(3) —5(F) —5(7)-5(5)+20 (50)
and
= 5 8 (5T (2 -o(5)-+
(BC)+(BC)2_B +\z) -3l5) -3lg) -3l5)-5(g)+20 (51)
Using (6) in (49), it is observed that
A (—76(1 ol - ﬁ))m - (52)
B \ap(l-y)1-9)
and
B _ (w)m ., (53)
C \yo(l-n1-0 '
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On employing (52) and (53) in (50) and (51) respectively, we obtain
u’B® —aB* +8lu =0
and
vB® — bB* + 81v° = 0,

respectively, where a and b are as defined as in Theorem 3.6. From (54) and (55), we deduce

B B 1
81(bu —av®)  8luv(l — utv*)  av—bud’
Which implies
B — 81(bu — av®)
av — bu®
and

4 _ 8luo(l - utvt)
av — bub

On combining and simplifying (56) and (57), we deduce the result. [

Theorem 3.7. If B, y and 6 be the second, forth and eighth degrees respectively with respect to o and if

-y 1/12 ) ((1—ﬁ)6)1/12
u_(a(l—y)) and v = B -0) ’

then

w?(bu*v*(8 + 11a% — a*)—av*(8 + 1117 — b*))(au?v?(8 + 11b* — b*) — b(8 + 11a® — a*))

= 81a%0*(1 — u'vh)?,

where
a=uz+l2 and b=02+12.
u v
Proof. Let
= Jifz , B= 1/];2f4 and C= fufs .
7% f3fe 9% fe fr2 qfi2fos

On employing Lemma 2.13, we obtain

(&) + (2) ~7|(5) (2 =[5 + (2w i+ 2

(@) (5 7|(@) + G- |(&) + 5 [+ s
Employing (6) in (58), it is observed that

A _(A=ap\"* B _((=po\"*
) = me 2=(ls) =

and

+24.

B

2859

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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Using (61) in (59) and (60), we obtain
au*B® + (8 + 11a* — a*)u’B* + 81a = 0 (62)
and
bB® + (8 + 11* — b*)v*B* + 81bv* = 0, (63)
respectively, where a and b are as defined as in Theorem 3.7. From (62) and (63), we deduce

B? B*
81bu2v4(8 + 11a2 — a*) — 81av?(8 + 1102 — b*)  8lab(1 — utv?)
1
©autv?(8 + 1162 — b*) — bu(8 + 1142 — a*)’

Which implies

g _ 81(bu*v*(8 + 11a% — a*) — av*(8 + 11b* — b*))
T u2(au0?(8 + 1102 — b*) — b(8 + 11a% — a*))

(64)

and

Bt 81ab(1 — utv*) (65)
T u2(aut0?(8 + 1102 — b*) — b(8 + 1142 — a*))”

On combining and simplifying (64) and (65), we deduce the result. [

Theorem 3.8. If B, y, 6, n and C be the second, third, sixth, ninth and eighteenth degrees respectively with respect to
a and if

_(a-arpa-onN” B
lea—pa-ym o

(A =)?on*(1-0)
21 -9 -k

then
(u(30* + 60 + 1) — 0> (3u? + 61 + 1))(0Bu* + 6u + 1) — 1>(30* + 6v + 1)) = IY(uv — u’v>)>.
Proof. Let
- @22(_? ’ - qoi(—qz) and  C=-5—70.
P*(=4°) P*(=4") P*(=9*)
On employing (66) in Lemma 2.14, it is observed that

(66)

9 B B2
AB+E:3+6Z+E (67)

and

9 Cc
BC+ﬁ=3+6§+ﬁ. (68)

Using (2) and (6) in (66), we deduce

1/6
—u (69)

B

A (L= aPpyA(1-0)
(Ma—ma—w%
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and

B _ <1—y)26n2(1—c>)”6 _ (70)

C -9 -nx
Using (69) and (70) in (67) and (68), we obtain

u?B* — (3u® + 6u + 1)B> +9u = 0 (71)
and

vB* — (30® + 60+ 1)B% + 90° = 0, (72)
respectively. From (71) and (72), we deduce that

B B 1

OuBr? +6v+1)—3@u2+6u+1) 9wv-ud®) ov@Bu2+6u+1)—ud@Br2+6v+1)

Which implies
s YuBv? +60+1)—v3(3u® + 6u + 1))
v(Bu2 + 6u+1) —u3(3v? + 6v + 1)

(73)

and
B - 9(uv — uv?) 74)
B+ 6u+1)—udBrE+6v+1)

On combining and simplifying (73) and (74), we deduce the result. [

Theorem 3.9. If § and y be the second and forth degrees respectively with respect to o, then we have

B -\ 1-p2\" [ 2a-p*y " (a-aPpa-m\"
vg((1—/3)2y) _‘@(ﬁza—y)) ‘((1—a>2ﬁ3<1—y>) +( a2(1 - B3y ) '

Proof. Let
- _ 2
PR r13) and B2 X 46)_
P(=4°) P(=4°)
Using (2) and (6) in (75), it is observed that
1/12 1/12
A =3l/4 (‘B—(l _ a)z) and B =34 (—7/(1 _ ﬁ)2) .
a?(1-p) p(1-y)

From the above, we deduce

A_(Q-apa-p)""

B\ a2(1-ppy '
By employing (76) in Lemma 2.1, we deduce the required identity. [J

(75)

(76)

Theorem 3.10. If B, v and 6 be the second, eleventh and twenty second degrees respectively with respect to a, then
we have

9«/§(a5/12 + L) 33 w/§(a1/4 + i) N 308\/§(a1/12 + L) ST LI 22\/5(171/3 N L)

45/12 ql/a ql/12 pir2 pi/3
1 1 1 1
(112 L 16 . _~ V(14 , + 1/12
(\/5 (a +a12))+33\/§(b +b1/6)(a +a1/4 5(a +a1/12)+5\/§)+924,

where
(1 - P — )% _(1-aPyA(1-0)
TRa-pra-s T R2A-pA-yp
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Proof. Let
) P(=q")
“eep M P ey 77
Using (2) and (6) in (77), it is observed that
(B =) s (0= P\
A=3 (—az(l—ﬂ) and B=3 21— 5) .
From the above, we have
(1-aPp - )%\ A_(A-apra-9)\"
Ap= \F( 21— Pyl - 6)) R (aza —pa —y>26) | 7%

Employ (78) in Lemma 2.3, we deduce the required result. O

Theorem 3.11. If B, v and O be the second, thirteenth and twenty sixth degrees respectively with respect to a, then
we have

b2 4 b7}12+13(b1/2 1) 26(b5/2

1 1/6 9 1/3
72 ) 13 (9ﬂ + 1_/6 + 10) (b

52 MAIE )

30 1 9 1 1
1/6 1/4 1/3 1/6 1/6
+13(30a +a_1/6 +68)(b b1/4)+13(9a a 60( 1/6) 115)(b b1/6)

1/3 1/6 1/12 1/2 1/3
-13 (9ﬂ Ll 30( 1/6) 131)(b + _b1/12) =27a a 234( —1/3)

+ 507( e 4 11/6)+ 832,
where
(1 =-a)?p1-p)* and (A =a)’py*(1-9)
~a2(1-p)yH1-9) S a2(1- )1 -2
Proof. Let
P(=q) P(=q")
= o7 and B = o)’ (79)
Using (2) and (6) in (79), it is observed that
.y B(1 - a)? 1/12 .y 5(1 - ) 1/12
A=3 (a2(1 ) and B=3 —yz(l—é)
From the above, we have
Bo(1 — a)P(1 =\ A (B -aPa-8)\""
Ap= \F( 521 - )1 - 6)) and BT (a%(l “p1 - wZ) | 0

By employing (80) in Lemma 2.4, we deduce the required result. [
Theorem 3.12. If B, y and 6 be the second, third and sixth degrees respectively with respect to a, then we have
S (A0 =By =0\ (- -2\ (- a)pty - 6P
(1 - a)p?(1 - y)0? a(l-pPy(1-02) a(l = B)(1 - y)o?

(1-a)p2y(1-0\"
(a(l —B)2(1 - y)éz) '
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Proof. Let

e ()
A= ™ B ey &)

Using (2) and (6) in (81), it is observed that

A =34 (—a(l B’ )1/12 and B =34 (7/(1 -0y )1/12

pA(1l—a) 521 -y)
From the above, we deduce
a1 - P2yl - 62\ A (a(l-pR(1-p\?
A= \/_((1 @)p(1 - y)62) ad - F= ((1 —a)py(1 - 5)2) ‘ (82)

Employ (82) in Lemma 2.5, to complete the proof. O

Theorem 3.13. If B, v and 6 be the second, eleventh and twenty second degrees respectively with respect to a, then
we have

1
5/12 1/4 112 12 4 1/3
9\/_( ) 33\/_( )+308\/_( 1/12) b bl/z +22\/_(b
1
1/12 _ 1/6 1/4 1/12
x(\/g—a 1/12)+33\/_(b b1/6)(a —5\/_( 1/12)+15\/_)+924

where

25/12 bl/S)

ql/4

_a(l-p)y(1 -5y a(l - B)*(1 - )6

Sa-apa-pe "™ YT aoapma-op
Proof. Let
(9) P(g")
A= 111/41,0(!13) and B = —q11/41,0(1133)' (83)

Using (2) and (6) in (83), it is observed that

A 31/4 (0((1 ﬁ)z )1/12 o 5o 31/4 ()/(1 _ 5)2 )1/12

p*(1-a) 6*(1-y)
From the above, it is easy to observed that
Ao v5(Ampa-oP\TE A (e - pPa -y o
= ((1 )l - y)62) me BT ((1 - a)py(1l - 6)2) ‘ &

Employ (84) in Lemma 2.6, to complete the proof. O

Theorem 3.14. If B, y and 0 be the second, seventh and fourteenth degrees respectively with respect to a, then we
have

a4 (172 = 1) + 420" 12 PR — 1) = 3V3al0cM3(7 - 3c13) + 21 VBB oc (P - 1)
—9V3b'% +21 V3 A1 + b2 '3,
where

_al-pha-of | al-pra-y a(l - pp
TA-apd-pe | A-apyd-sg " Clu-ap
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Proof. Let
Y(9) U(q7)
= 77 (P) = TR (85)
Using (2) and (6) in (85), it is observed that
(e =p2\"” L (= 02\
A=3 (ﬁz(l ~) and B=3 62(1 ) .
From the above, we have
a(l - pPy( - o)\ A (a-pRa-ye\?
Ap= fﬁlawu;%J and E_&LﬂWﬂ%&J | (%)

Employ (86) in Lemma 2.7, to complete the proof. [

Theorem 3.15. If B, v and O be the second, thirteenth and twenty sixth degrees respectively with respect to a, then
we have

1 1 1 9 1
7n2 12 512 /6 3
B2 13 (b ) - 26 (612 4 m) 13 (9 %+ 10) (b - /3)
+26(15070 + -+ 34) (014 + ) +13(900 +
a

- eo(ee s o) - 115) 0+ )
~13 (9a1/3 30( 16 4 11/6) 131)(b1/12 + bllW) = 2742 4 az 234( 13 %/3)
+507 (a5 + 11/6)+832
where
a(l - By*y(1 - ) a(1 = By*(1 = )&

SUoapa-pe ™M YT acama-or

Proof. Let
V(q) ¥(g"”)
A= W and B= —q13/4¢(q39)' 87)

Using (2) and (6) in (87), it is observed that

A =34 (a(l -’ )1/12 and B=3"4 (7/(1 o) )1/12
g1 - a) '

0% (1-7)
From the above, we have

(e - By - o2\ A (al-pA(1-p)e*\""
AB‘”gﬁl—mwa—me and E‘(a—amwa—aﬁ) |

(88)
By employing (88) in Lemma 2.8, we deduce the required identity . [

Theorem 3.16. If B, y and 6 be the second, third and sixth degrees respectively with respect to «, then we have

(aﬂl—wu—éu””_svl—wu—ﬁWﬂ””_(u—amwl—myM (
(= a)(1-p)yo ap1-nA-5)) ~\a@-p-y)0

m1—mu—ymy“
(1-a)py(1-0)
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Proof. Let
A= ql/éfl_f and B=g'" f—”;“. (89)
3 fé
Using (6) in (89), it is observed that
L ()/(1 _ a))1/12 s (6(1 _ ﬁ))mz
a(l-y) pa-o))
From the above, we find that
1— )1 = Blvs\12 1 1— 5\
ap o (L= -Py nd Ao (Q-wpA-9) T 90)
ap(l—y)(A-0) B~ \a(l-p)a-0
Employ (90) in Lemma 2.9, to complete the proof. [J
Theorem 3.17. If §, y and 6 be the second, fifth and tenth degrees respectively with respect to , then we have
(a(l —pra- 6))”6 . ((1 — a1 - wé)“ _ ((1 -y - 6))”4 . (a(l -pi- y)é)“ .5
(1 -a)p(l -y a(l = B)y(1-9) a(l=p)(1-7)o (1 -a)py(1-9) '
Proof. Let
__ff _ fufis
A= 72 f f and T Py 1)
Using (6) in (91), it is observed that
A= (_"‘(1 - ﬁ))m and B= (_7(1 - 6))1“2
p(1 —a) o=y,
From the above, we observe that
1- 1—5)\V12 1= B)(1 — s \/12
ap - (A0=Pr(-0) q A (aa=pa-yp) o)
(1 -a)p(l ) B \(1-a)py(d-9)
Employ (92) in Lemma 2.10, to complete the proof. [
Theorem 3.18. If B, y and 6 be the second, fifth and tenth degrees respectively with respect to a, then we have
9 1 5 5
1/6 — pl/4 1/6 1/12
9a +m—b +W—5b —1717—5b —m+20,
where
_-aa-pa-pa-o o -a)1-p
apyd ap(l-y)(1-0)
Proof. Let
A= NS and  B= N0 (93)

g ffs T Phfisfn
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Employing (6) in (93), it is observed that

_ o 1/12 _ e 1/12
A:@(a @)1 ﬁ)) o B:\@(a na 6)) |

ap Y0
From the above, we find that
(-1 -1 -y)1 - 5))1/12 A (yé(l —a)(l - ﬁ))l“z
AB=3 and ==l . 94
( apyd B~ \ap-n(A-9) o9
By employing (94) in Lemma 2.11, we deduce the required identity. [J
Theorem 3.19. If B, y and 6 be the second, third and sixth degrees respectively with respect to «, then we have
1 1 1 1
1/2 1/4 _ 12 1/4
(b +m)(ﬂ +m+1)—ﬂ +m+10(ﬂ +m)+20,
where
1- 1-v)o 1- 1-6
C_G-wpa-ys o (-apy-0)
a(l = p)y(1-9) a(l=p)(1-7)o
Proof. Let
A= 1/12% d B= 1/4@. 95
(T fof )
Using (6) in (95), it is observed that
A (!3(1 - a) )1“2 _ (6(1 - y))””
a(l=p) ya-o)) -
From the above, we find that
_ ((1 — @Bl - y)é)”” amd Ao ((1 — )y -0) )1“2 6)
a(l=pg)y(1-9) B \a(l-p-y0)
By employing (96) in Lemma 2.12, we deduce the required identity. [
Theorem 3.20. If § and y be the second and fourth degrees respectively with respect to a, then we have
(a(l -7 )2/3 N ((1 - a)y)m s (a(l - y))”s N ((1 - a)y)“ 9 (a(l - y))“ N ((1 - a)y)“
(1 -a)y a(l=7y) 1 -a)y a(l=7y) (1-a)y a(l=7y)
11— 1- 2 11— 1/6 2 1/6
y (( a)( 25) ( 7/)) +( ap 72 ) Lod
apsy 1-a)1-p(1-7)
Proof. Let
fife fofs
A= ——— and B=———. 97
q'* ffs q'* f fr2 7

Using (6) in (97), it is observed that

_ o\ /12 _ 112
A= «/é(w) and B= @(W) . (98)
ap By
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From the above, we find that

L (A-wa-pra-p)’” A_(a-ay\"?
AB = 3( 04327/ ) and E = (()((1——’)/)) . (99)
By employing (99) in Lemma 2.13, we deduce the required identity. [
Theorem 3.21. If B and y be the third and ninth degrees respectively with respect to a, then we have
(LB —yPo\" (A -pp2a-0\" _ (1= p) - yPs)"
(042(1 - Py - 5)) " ((1 —a)*p(1 - 7)25) - ( (1 -a)py*(1-0) )
- (a2<1 - )1~ y)za)“
A-a)py>(1-0)) -
Proof. Let
P* (=) P* (1)
A= —— d ==\ 100
o " P*(=4°) (100)
Using (2) and (6) in (100), it is observed that
~ ‘B(l _ 0()2 1/6 ~ 6(1 _ _)/)2 1/6
a=6(Gtp) e = 6(EET)
From the above, we have
(=@ A_(a-apra-9)\"
=) ™ 5 (waspa—m) ao

By employing (101) in Lemma 2.14, we deduce the required identity. O
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