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Abstract.

Recently, we introduced two sequences of polynomials (B,(x,y,z)) and (F,(x,y,z)), which
unify many familiar polynomials related to Dowling lattices, such as the Bell polynomials, the Dowling

polynomials, the ordered Bell polynomials, the r-Bell polynomials and the r-Dowling polynomials. In this
paper, we show the asymptotic normality of coefficients of B,(x, y,z) and F,(x,y,z). As applications, we
obtain the asymptotic normality of coefficients of some polynomials related to Dowling lattices in a unified
approach.

1. Introduction

Let a(n, k) be a double-indexed sequence of nonnegative numbers and let
a(n, k)
pn k) = s———
Li-a(n, j)

1)

denote the normalized probabilities. Following Bender [2], we say that the sequence a(n, k) is asymptotically
normal by a central limit theorem, if

1 ("
lim su (n,k) - — f e 24t =0, )

where 1, and 02 are the mean and the variance of (1) respectively. We say a(, k) is asymptotically normal by
a local limit theorem on IR, if

1
lim sup |o,p(n, Lty + X0 1) — — 2
=% yeR

=0.
V21

3)
In this case,

67x2/2 21]7:0 Ll(ﬂ, ])

a(n, k) ~ > ,asn — oo,
0, V21
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where k = u, + x0, and x = O(1). Clearly, the validity of (2) implies that of (3).
Let {Z} be the Stirling number of the second kind, which counts the number of distinct partitions of an

n-set. The Bell polynomials [1]

Bw=) {Z} o, 4)

k=0
defined as the associated generating function, have only real zeros [22]. Using this fact, Harper [16] showed
that {Z} is approximately normally distributed. The number k! {Z}, which is closely related to the Stirling

number of the second kind, counts the number of distinct ordered partitions of an n-set. The ordered Bell
polynomials

Fo(x) = Z ! {Z} P (5)
k=0

also have only real zeros [4, 22].

In 1973, Dowling [15] introduced a class of geometric lattices over a finite group G of order m > 1, called
Dowling lattices. Let Q,(G) be Dowling lattices of rank # associated to G. When m = 1, that is, G is the
trivial group, Q,(G) is isomorphic to the lattice IT,,; of partitions of an (1 + 1)-set. So Dowling lattices can
be viewed as a group-theoretic analog of partition lattices. We denote the Whitney numbers of the second
kind by W,,(n, k). The Dowling polynomials D,, ,,(x) are defined by

Dun(®) = ), Wln, R)x, (6)
k=0

generalized the Bell polynomials B, (x), i.e., B,(x) = D, 1(x) (see [4]). Benoumhani [4] also introduced two
generalized Dowling polynomials

Fuma(9) = Y KW, (02, Fupa() = ) KW, ymt, 7)
k=0 k=0

which generalized F,(x), i.e., F;(x) = Fy1,1(x) = Fy12(x). There has been an amount of results concerned
with the Dowling polynomials (see [3-5, 12, 13, 22] for instance). For example, Benoumhani [3-5] gave
the recurrence relations, the exponential generating functions and the reality of zeros of these Dowling
polynomials.

Based on the r-Stirling numbers given by Broder [10], Mez6 defined the r-Bell polynomials by

Bu() =) {’,j N Z} o, (®)

k=0

where {Z} is the r-Stirling numbers, enumerating the number of partitions of the set [n] having k non-
empty disj«r)int subsets, such that the numbers 1,2,...,r are in distinct subsets [10]. In particular, when
r = 0, we have B, o(x) = B,(x). The strong x-log-convexity of the r-Bell polynomials has been obtained by
Liu and Li [20].

Choen and Jung [12] defined the r-Dowling polynomials by

Dn,m,r(x) = Z Wm,r(n/ k)xk/ (9)
k=0
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where W, ,(n, k) is the r-Whitney numbers of the second kind.
Recently, the first author and Ma [21] introduced two polynomials sequences (B, (x, y, z)) and (F,(x, y, z)),
whose generating functions are

n
Y By, z)% = exp (zt + (e - 1)) (10)
n>0 ’ y
and
" ezt
;)w, b = T x @) 1)

respectively. These two polynomials sequences unify many polynomials related to Dowling lattices, such
as

(1) the Bell polynomials B, (x) = B,(x,1,0);

(2) the Dowling polynomials D, ,,(x) = B, (x, m, 1);

(3) the r-Bell polynomials B, ,(x) = B,(x,1,7);

(4) the r-Dowling polynomials D,, ,, (x) = Bu(x, m, 1);

(5) the ordered Bell polynomials F,,(x) = F,(x,1,0);

(6) the generalized Dowling polynomials Fy, 1 (x) = F,(mx, m, 1);

(7) the generalized Dowling polynomials Fy ,2(x) = F,(x,m,1).

Let
Bu(x,y,2) = Z Sy.(n, k)xk (12)
k=0
and
F.(x,y,2) = Z Fy.(n, k). (13)
k=0

Denote by B,,(v,z) = Y.ty Syz(11,k) and F,,(y, 2) = Y.ty F,z(11, k). In this paper, we first present the asymptotic
formulas of B,(y,z) and F,(y,z). Then we give the asymptotic normality of S, .(n, k) and F,.(n, k). More
precisely, we have the following.

Theorem 1.1. For nonnegative integer n and nonnegative numbers y, z, we have

| YyR1 _
Bu(y,z) ~ s exp (zR1 46 1) (14)
RY \[2m(n + yR3evRr)
and
ynle*Re
Fu(y,z) ~ (15)

R} \/2n(n(y +1—evRe)? 4+ 12(y + 1)R3evR2)

Re!R g
L = n satisfying

where Ry is the unique positive solution of R(z + e'}) = n and R, is the solution of zR + e

0<Ry<1.
Theorem 1.2. (1) The coefficients S, .(n, k) are asymptotically normal for y,z > 0.
(2) The coefficients F.(n, k) are asymptotically normal for y > z > 0.
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2. Proof of Theorems 1.1 and 1.2

In this section, we present the proof of Theorems 1.1 and 1.2 respectively.

Proof. [Proof of Theorem 1.1] We first prove the asymptotic formula of B,(y,z). By (10), we have the
exponential generating function of B,(y, z) is

- " e -1
Z Bn(y,z)a = exp (zt + y ) (16)
k=0
Following Moser and Wyman [23], the sequence B, (y, z) can be expressed as follows by Cauchy’s formula.
n! exp (zt + eyt74)
B.(y,z) = i ﬁ_R Tdf- (17)

Set t = Re'®. Then

ro(T |
Bu(y,2) = z f exp (zRe'G + ET - in@) do.

© 2mRn

We decompose this last integral into three parts

(L: ’ I ’ f n) exp (F(6))d6,

with
, e!/Reie —
F(0) = zRe"? + T —in6, and € = n" V4,

Next we prove that the integrals f_ : and fé " are negligible, and then the greatest contribution comes from

the medium part f_ i_. Since

F(0) = iR (z + e¥R") — in

and
F”(0) = —Re'%(z + VR 4 yReieeyR"’ie),
we have
FO) = zR+ eyRy_ !

F'(0) = iR(z+e"®)—in,
F’(0) = -—R(z+e"®+yRe'®).

Expanding the integral fg “ina Taylor series about 0 = 0, we obtain

L‘” eXp(F(G))dG‘

f " exp (P(O) +F'(0)0 + F”(O)%z + 0(92)) dGl

exp(F(0))

fﬂ exp (i@(R(z +e'R) - n)) exp (F”(O)%2 + 0(92)) d@’

yR

_ o 2
; 1) f exp (—?(z + R+ yRe!®) + 0(92)) de.

e

IA

exp (ZR +
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Note that F’(0) = 0 is equivalent to z + e/} = z- Let f(R) = z+eYRand g(R) = z- Clearly, f(R) is increasing
and g(R) is decreasing in the interval (0, o) respectively. It is easy to calculate that f(0) = z, f(R) — +oo, as

R — 400, and g(R) = +0as R — 0, g(R) — 0 as R — +oo. Thus there exists a point Ry € (0, o) such that
f(R1) = g(R1). Hence the equation F’(0) = 0 has an unique (positive) solution Ry, i.e.,

Ri(z + ") = n.

The integral in the last expression is
; 6 2 yR 2 ; & -
exp —7(n+lee 1) +0(69)|dO < exp|—% d0 <me 2 — 0, asn — oo.

The same calculation are valid for f_ _: .So

n VR 1\ ¢ 62 )
-z YRy 2
IR exp (zR1 + y )I exp( > (n + yR7e’™) + o(0 )) do. (18)

&

B, (y/ Z) ~

Putting
) = fn+yRievRio

in (18) and observing that for n large enough, we integrate on the real axis

Bu(y,2) " (R ele‘l) h ( %”Z)dlp
W(y,2) ~ exp|zR; + f exp|—-—=
2nRY (1 + yR2evRs Y e 2
! yR1 _
= L exp (zR1 + 2 1)

RY \[2mt(n + yR3evR)

Then we prove the asymptotic formula of F,(y, z). By (11), the sequence F,(y, z) can be expressed by

1 VA
Foy,2) = 22 56 ¥y (19)

2mi [tI=R tl’l+1(y +1- eyt) '

Also set t = Re'?, we have

yn! f” exp(zRe® — in0)
2nR* J_ y+1—exp(yRe®)

Fn(yfz) =

We decompose this last integral into three parts

(f_‘:+f: +£n)exp(F(6))dG, (20)

in this case

exp(zRe® — in6)

N

F(6) =1n =zRe'? — in0 — In(y+1- exp(yReiQ)), and e = n"¢.

y +1—exp(yRe')
Since

iyRe’? exp(yRe'?)

F'(0) = izRe" —i ,
(0) = izRe" —in + y+ 1= exp(yRe)
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and
F(0) Re yRe'% exp(yRe®)(1 + yRe')  y?R%e*? exp(2yRe'?)
= —zRe" — : - ——,
y+1—exp(yRe') (y + 1 — exp(yRe?))?
we have
FO0) = zR-In(y+1-¢'®),
. R yR
F(0) = izR—in+ —2
y+1—e¥R
F’(0) = —[zR+ YR\ yly+ DR
y+1-eR]  (y+1-evR)2"

Note that F’(0) = 0 is equivalent to yﬂ% =g ty—z Let f(R) = ; flJrLyV,{ and g(R) = ¢ + y — z. Clearly,
f(R) is increasing and g(R) is decreasing in the interval (0, Inly +1)) respectively. It is easy to calculate that
fO =y+1,f(R) » 4+, as R — ln(}’;l nd g(R) - +oas R — 0, g(ln(wl)) — z. Thus there

exists a point R, € (0, Infy +1)) such that f(R,) = g(R,). Since ln(y+1)

oy T Y
< 1, the equation F’(0) = 0 has an unique
_ VDR

solution R, which is greater than zero and less than one. Now F’0) = - TS

. Then expanding
the integral in a Taylor series about 0 = 0, we have

f " exp (F(O) + o —F”(0) +0(62))

ke g 02 ( vy +1R3er™ 5
—y T j; exp (—7 (n + —(y 1 o) ) +0(0 )) de

The integral in the last expression is

n 2 2(y + 1)R2evR2 :

IA

de

fﬂ exp(F(G))d@‘

§‘

The same calculation is valid for f_ : Finally, we obtain

yn!esz & 62 ]/2(]/ + 1)R§€sz
F.(y,z) ~ - —_— 21
(v:2) 2nRy(y + 1 — evRe) P n (y+1 — eVRe)2 (21)
Putting
\/n(y +1 —evRe)? 4+ 12(y + 1)R2evRe
v= y+1—evke 0
Then

ynlesz +00 2
Fu(y,2) ~ f exp (_T)dl’b
R} \/277(;1(]/ +1 —e¥R2)2 4+ 12(y + 1)R3evRe) V=

ynlevRe

Ry \/277(;1(]/ +1 —evRe)2 4+ 12(y + 1)R3evR2)

This completes our proof. [
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A standard approach to demonstrating the asymptotic normality is the following criterion, which was
used by Harper [16] to show the asymptotic normality of the Stirling numbers of the second kind. We refer
the reader to the excellent surveys of the asymptotic normality by [2, 11, 14].

Theorem 2.1 ([26]). Suppose that A,(x) = Yi_ya(n, k)xk have only real zeros and A, (x) = [T/, (x + ;). Let

I
yn:;‘1+l’i

and .
2 _ Ti
o= Zl L+ 72

Then if 6, — +00, the numbers a(n, k) are asymptotically normal with the mean i, and the variance o3.

Remark 2.2 ([11]). Suppose that A,(x) = Y.}_, a(n, k)x*. Then the mean and the variance of a(n, k) are given by the
following expressions
o = A (1) _ Yo ka(n, k)
" An(1) ZZ:O a(n, k) ’
» _ AL AW (A;a))z _ LioKamnk)
"7 A0 A0 \Am) T s

From the exponential generating functions (10) and (11), it is easy to obtain that the recurrence relations
of B,(x,y,z) and F,(x, y,z) are

Bﬂ (x/ ]// Z) = (x + Z)Bn—l(x/ ]// Z) + x]/B;_l(x/ ]// Z) (22)
and
Fu(x,y,2) = (x + 2)Fu_1(x, y,2) + x(x + Y)F,_,(x, ¥,2) (23)

respectively. So the coefficients S, .(n, k) and F, . (1, k) satisfy

Syz(n,k) =Sy.(n—1,k=1)+ (z + yk)S,.(n — 1,k) (24)
and

Fy,.(n,k) =kF,.(n -1,k —1) + (z + yk)F.(n — 1,k) (25)
respectively.

Let f and g be two real polynomials with only real zeros and with positive leading coefficients. Denote
their zeros by r1(f) > r2(f) = --- > ru(f) and r1(g) = r2(g9) = --- = r(g) respectively. For convenience, we
set that r;(f) = +oo for i < 1 and r;(f) = —oco for i > n. We say that f(x) interlaces g(x), denoted by f < g, if
n<m<n+1andri(g) > ri(f) > rin1(g) for all i. Obviously, if f has only real zeros then f” < f. Wang and
Yeh [25] gave the following criteria for the reality of zeros of polynomials.

Theorem 2.3 ([25]). Suppose that f, g are polynomials with coefficients having the same sign and only have real
zeros. If g < f and ad > bc, then the polynomial (ax + b) f(x) + x(cx + d)g(x) also has only real zeros.

Based on Theorem 2.3, we have the reality of zeros of B, (x, y,z) and F,(x, y,z) as polynomials of x.
Theorem 2.4. (1) The polynomial B,(x, y, z) has only real zeros for y > 0.
(2) The polynomial F,(x,y, z) has only real zeros for y > z > 0.
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Now we are in the position to prove Theorem 1.2.
Proof. [Proof of Theorem 1.2] It suffices to prove the variances of S,.(n, k) and F,.(n, k) tending to oo, as

n — oo by Theorem 2.4 respectively.
By the recurrence (24), we have

; B (1,2 (z+ 1)Boy,
st%z(n, k) = +1(y,2) — (z+ 1)B,(y,2)
k=0 y

i K2Syz(n, k) = Buia(y,2) — (2 + 2z)Bn+1(y4/ZZ) +(22+2z+1-y)Bu(y, 2)
k=0

So the mean and the variance of S, (1, k) are

_ Buni(y,2) z+1
yBu(y, 2) y

n

and

2 _ Bn+2(]//Z) _ (Bn+1(]/lz))2 _ 1

" Bu(y,z) \yBu(y2)) ¥

Using the asymptotic formula (14) of B, (y, z), we have

) n+2)n+1) 2 (n+1)? 1 1
In 2.2 1- YR~ p2,2 1- yR |~
Ry n+2+yRqe Ry n+1+yRqe y

ntl 1

Ry v

Thus 02 — o0, as 11 — 0.
By the recurrence (25), we have

- Fn+1(]// Z) - (1 + Z)Fn(]// Z)
kF, .(n, k) =
kz_:; ! (y+1)

Zn‘ kszZ(Vl, K = Fn+2(y/ z) -3+ ZZ)Fn+1(y,Z) - (3/ -3z-1- Zz)Fn(y/ Z)'

k=0 (y+1)
So the mean and the variance are
_ Ry z+1
b= G DFuy,2)  y+1
and
2o fms Bl ( Fr(y,2) )2 z-y
" (y+1)?Fu(y2) (y+1)%Fu(y2) \(y+DFu(y,2) (y+1?
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Using the asymptotic formula (15) of F,(y, z), we have

, | (E)@E+2) \/1 . 2(y + 1 — evkey?
(

o (]/ + 1)2R§ n+ 2)(]/ +1- esz)Z + yZ(y + 1)R§eyR2
__m+D) (y+1—evRe)?
(y +1)°Ry (n+1)(y + 1 —e¥R2)2 + y2(y + 1)R2e¥R

_ (n+1)2 ( B (y+1—evRe)? L 27y
(y +1)°R3 (n+1)(y+1—evR)? +2(y+ DR3evR: | (y+1)?
(1—R2)(n+1)+ z-y
(y+1)R3  (+1*

Thus afl — 00, as n — oo. This completes the proof of Theorem 1.2. [

3. Applications

In this section, we give the asymptotic formulas and the asymptotic normality of polynomials related
to Dowling lattices from Theorems 1.1 and 1.2.

Corollary 3.1. The following asymptotic formulas hold.

(1) The Bell numbers
n!exp (eRl - 1)

B, =) S(nk)~ ,
kz_;‘ R} y27t(n + Ryef)

where Ry is the unique positive solution of ReR = n;

(2) The Dowling numbers
nlexp (R1 + &)

m

R \27(n + mRye"®r)’

where Ry is the unique positive solution of R(1 + ¢"R) = n;

Winn = Z Wi(n, k) ~
k=0

(3) The r-Bell numbers
n'exp (rRl + el — 1)

Bn,r = Sr(n/ k) ~ 7
kz_;‘ R} 27mt(n + Ryel)

where Ry is the unique positive solution of R(r + eX) = n;

(4) The r-Dowling numbers
n!exp (rR1 + eWR;_l)

m

R} 2m(n + lee’”Rl)’

where Ry is the unique positive solution of R(r + ¢"X) = n;

n
Wirn = Z Wm,r(nr k) ~
k=0

(5) The ordered Bell numbers
n
F, =) KkiS(n, k)~ ,
pr Ry \/Zn(n(Z — eRo)? + 2R2eR:)

n!

R =y satisfying 0 < Ry < 1;

2—eR ™

where Ry is the solution of
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(6) The numbers

mnleRe

Ry \/Zn(nm(Z — emR2)2 + 2t RIemRz)

n
Fuma = ) kW (n, ) ~
k=0

mRe”‘R
D—emR

where Ry is the solution of R +

= n satisfying 0 < Ry < 1;
(7) The numbers

mnleR2

Ry \/Zn(n(m +1—emRe)? + m2(m + 1)R3e"Re)

7

Fuma = ) KWy (1, k) ~
k=0

mRe™R

where Ry is the solution of R + +"55%

= nsatisfying 0 < R, < 1.
Corollary 3.2. Thesequences (S(1,k)), (Wy(11,k)), (S:(11,k)), Wi, (11, k)) and (k!S(n, k)), (K!W,, (1, k)), (m*k!W,,(n, k)
are asymptotically normal respectively.

4. Remarks

Let ag,a1,...,a, be a sequence of positive numbers. The sequence is unimodal if there is an index
0 <m<nsuchthatay < --- <a,1 < ay = ayy1 = -+ = a, (such an index m is called a mode of the
sequence). The sequence is log-concave if a;_1a;41 < aiz fori =1,...,n—1. Clearly, the log-concavity implies
the unimodality. Unimodal and log-concave sequences occur naturally in combinatorics, analysis, algebra,
geometry, probability and statistics. We refer the reader to Stanley [24], Brenti [7] and Bréndén [6] for
surveys and [8, 9, 22, 25] for some recent progress on this subject.

One classical approach to unimodality and log-concavity of a finite sequence is to use Newton’s in-
equality: if the polynomial Y, a;x' with positive coefficients has only real zeros, then

“;‘2 > ;1441 (1 + 1) (1 + L)
i n—i
for1 <i < n-1,and the sequenceay, ay, . . ., a, is therefore unimodal and log-concave (see Hardy, Littlewood
and Pélya [17, p. 104] for instance). So by Theorem 2.4, we have the sequences (S, .(1, k));_, and (Fy - (n, k));_,
are unimodal and log-concave respectively. Recently, Gyimesi and Nyul [19] presented a combinatorial
interpretation of ~-Whitney numbers with colored set partitions. It is possible to find combinatorial inter-
pretations of (Sy.(1,k)),_, and (Fy.(n,k));_,. Furthermore, we probably can present a combinatorial proof
of the unimodality and the log-concavity of these two sequences.
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