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Fractional-Order Iterative Learning Control
for Robotic Arm-PD?D“ Type

Bosko P. Cvetkovié?, Mihailo P. Lazarevié®

*University of Belgrade, Faculty of Mechanical Engineering, Belgrade 11120, Serbia

Abstract. In this paper, a new open-loop PD?*D* type a fractional order iterative learning control (ILC) is
studied for joint space trajectory tracking control of a linearized uncertain robotic arm. The robust conver-
gent analysis of the tracking errors has been done in time domain where it is theoretically proven that the
boundednesses of the tracking error are guaranteed in the presence of model uncertainty. The convergence
of the proposed open-loop ILC law is proven mathematically using Gronwall integral inequality for a
linearized robotic system and sufficient conditions for convergence and robustness are obtained.

1. INTRODUCTION

The science of robotics has grown tremendously over the past twenty years, fueled by rapid advances
in computer and sensor technology, as well as theoretical advances in control theory, [1]. At present time,
the vast majority of robot applications deal with industrial robot arms operating in factory environments.
Robots are being deployed to accomplish tasks having strict requirements of accuracy, precision, repeata-
bility, mass production and quality in addition to ease of human effort and cost-effectiveness, [2]. The
investigation into the modeling of the dynamics and control of the robotic systems and mechanisms has
been an active topic of research which is stimulated by the different applications and by the increasing
demand for better performance of robotic systems, [3].

Taking advantage of the fact that robot manipulators are generally used in repetitive tasks, iterative
learning control (ILC) schemes [4-7] have been proposed for robot manipulators in the past three decades
to enhance the tracking accuracy from operation to operation for given systems. Also, various version
ILC strategies are proposed for different type dynamical systems [8-12] that utilize given objective systems
data and past information in the form of repetitions to track a reference trajectory over finite time intervals
without detail modeling. The basic idea of ILC is to improve the current tracking performance by fully
taking advantage of the past control experience. Since the structure of ILC can be viewed as a feedforward
control methodology in the time domain and it is simple and easy to implement, the ILC method is suitable
for designing a nonlinear tracking control system [13,14]. Also, many classical ILC algorithms have a
restriction that involves the assumption that the coupling matrix [CB] has a full-column rank where B
denotes the control matrix and C denotes the output matrix of state space for the linearized system. To
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overcome this lack, we introduced [14], open-closed ILC PIDD2/PID type which successfully resolves this
drawback.

Recently, increasing attention is dedicated to fractional differential equations and their applications
in various science and engineering fields [15-17]. Moreover, increasing attention has been dedicated to
fractional calculus (FC) and its application in the control and modeling of fractional-order systems [18-20].

Also, the application of ILC to the fractional-order system has become a new topic, [21-27] it does not
only retains the advantages of the classical ILC, but also offers potential for better performances in a variety
of complex physical processes. For example, a fractional-order D-type ILC algorithm was proposed in the
frequency domain [21], and PDa type ILC in the time domain [22]. Most of the existing fractional-order
ILC (FOILC) methods for fractional-order systems only focus on the regular and a few singular systems of
fractional order.

On the other hand, in many practical robotic control applications, the robotic systems can be presented
as nonlinear or linearized integer order dynamic systems. So, there is a difficulty to apply fractional order
ILC scheme to integer order system. Recently, authors [28] proposed PDa type FOILC schemes for already
obtained integer-order model (given as linear time-varying mechanical system) which is more practical
for control practice. Motivated by the search for new FOILC law and their application to mechanical
systems, the new open-loop PD*D*-type FOILC law for a class of linearized robotic systems is suggested.
Particularly, term D2 in the proposed FOILC serves to overcome well-known restriction the coupling matrix
[CB] = 0 for a linear or linearized system [29], [30]. Sufficient conditions are derived in the time domain
which are our main contributions. Consequently, one may conclude proposed FOILC type is good basis
for further real-time robot control application.

" Preliminaries” section presents some of the norms and definitions of fractional derivative that are consid-
ered in this contribution. In ”"Main results” section, first problem formulation is stated and then convergence
results for the proposed open-loop PD?D®-type learning law are given. Finally, the “Conclusion” section
concludes this contribution.

2. PRELIMINARIES

2.1. Notations, the A-norm

In this paper, the following norms are adopted [6] for n -dimensional Euclidean space R" : sup-norm
n

matrix norm as ||Al|e = max(z laijl) , A = [aijluxn Where [|Al|l denotes
1<i<m =

the infinite norm of a matrix. Particularly, the standard A -norm for a real function g(t),(t € [0,T]), g :

[0, T] — R" is defined as:

lg®)llx = sup e Mlig(h)ll, A >0 1)
te[0,T]

lIxllee = sup |xil , x = [x1,%2, ..., %,]"

1<i<n

Especially when is norm ||(.)||« , it follows [|JAX|le < [|AllsollX]lc0. Also, for the previous norms, one can
easily prove that the A-norm is equivalent to the co -norm.
(i) Property 1: A norm has the next property

¢ ¢
sup e™ | |lg)Nle"dr = sup f e MM DN g () ITdT
te[0,T] 0 tefo,7] Jo

—(a-M)T 1

t
1-
<llgOlla sup fo N dr < lg()lia )f —— < 7 —llgOlh

te[0,T]

Before presenting the main results, we first introduce the following Lemma 2.1 [6].

Lemma 2.1. [6] Suppose a real positive series {qi};° satisfies

Tk < pi—1 + € 3)
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where p 2 0,& > 0and p < 1. Then the following holds:
lim g < &/(1 - p) 4)
One can notice that in case of € = 0, ]}1_{?0 qx — 0.

Lemma 2.2. (Bellman-Gronwall inequality) [31] Let fi1(t), g1(t) , and hi(t) be nonnegative continuous functions
in the interval [0, T]. Moreover, if there is a nonnegative constant a such that left inequality holds, then the right
inequality also holds.

t ¢ ¢
f) <ht)+ L af(t)dt + j(; g(t)dt, = f(t) < h(t) + jo‘ exp(a - (t = 7))[ah(7) + g(7)]dT ®)

2.2. Preliminary notes on fractional calculus

The theory of fractional order calculus can be traced back to 300 years ago, and now, it plays role in
modern science particularly in the field of control engineering [16,32]. In the present section, we shortly
review some basic definitions and properties of Riemann-Liouville (RL) and Caputo fractional operators
[16,17]. Let f(.) € ACla, b] be a continuous function over the finite interval [, b] having the first derivative
almost everywhere in [4, D] , being integrable, that is, it is in L'[a,b]. Also, the space AC™([a, b])is the space
of functions with continuous m — 1 derivatives on [4,b] , and m-th derivative in L'[a,b]. The definition of
RL fractional integral of order u is described by:

IS0 = D0 = i [ =0 o, e R ©

I'(w)

where I'() is the well-known Euler’s gamma function, which is defined by I'(z) = f e?#'dt. The RL
0

operator ,I1'(.) possesses the semigroup property, i.e. I} If = I;Hé The RL derivative of the fractional
order p of a function f(t) is given as

D) = DG F0) = TG o) = -1 dtn[f (t = ()], )

wheren -1 < u <n € Z*" and D*(.) = d"(.)/dt",n € N is the classical n-order derivative. If we introduce
n = [u] € IN which stands for integer part of i, and a = (u—[u]) € (0, 1) it follows next form for RL fractional
order:

S iy =B D1 ) =8 D ) = S e ®)

Also, the definition of Caputo derivative of fractional order u is introduced [16,17] as follows:

«Dif) = DD ) = 1 (F ) = r(n f (t =D (), ©)
wheren —1 <y <ne€Z*. Also, we have:
SO} f(t) = DD £ty =, 1T (PN W) = LA () (10)
Inthiscasen =1, for 0 < a < 1 we obtain:
RL 14 -
D2 £t 4 f (t - 0 flo)d ]
F(l a) dt an

<Dif(h =

Wi
rt [ -0
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In the following sections, D* will denote ¢Df , RLD“CD“ for the brevity of notation. If f(0) = 0, we can
easily prove that in case a = t; it yields:

toDy (1, Dy (1) = f() (12)

3. MAIN RESULTS

3.1. Problem formulation

It is well known that many different schemes of robot control exist in literature. Here we consider
robot arm control, where dynamics of our robot can be obtained using the procedure for symbolic form
computation of the complete dynamics of a robotic system with kinematic chain structures based on the
Rodriquez approach, [33]. Differential equations of a robotic system can be presented in the covariant form
of Lagrange equations with corresponding external generalized forces. Moreover, the robot arm dynamics
can be obtained in compact form as:

a(q)i + (N(q,9) — Q) = a(q)j + n(q,q) = Q" (13)

where a(q) = [a,5] € R™" denotes inertia matrix, N(g, §) is the matrix that includes centrifugal and Coriolis
effects, and QY and Q™ = U are gravity term and motor torque vectors, respectively [2]. Here, a model
based fractional order control scheme is introduced and implemented, which includes the application of
the feedback linearization technique [34]. As result one can linearize the dynamics of robot as

G(t) = u(t) (14)

where u(t)is the new control signal, or in the case of the existence of the model uncertainty n = n(t) , we
have:

G(t) = u(t) + n(t) (15)
or in state-space

K(t) = Ax(t) + Bu(t) + Diy(t) , A = [8 é] B=D= m (16)
2nx2n 2nx2n

y(t) = [1 0] 0 (17)
We introduce the following assumptions:

Al. The desired trajectories y,(t) , x4(t) are continuously differentiable on [0, T] Al is a reasonable assump-
tion that makes possible calculating é;(t) = y4(t) — yi(t), €i(t) = Coxi(t) = C(xy(t) — Xi(1)), e} (t) = Coef ().

A2. The system (16), (17) is causal. Specifically, the existence of unique bounded control input u,(t) and
x4(t) makes the output of the system (17) to be u,(t) , i.e.

X4(t) = Axa(t) + Buy(t), (18)

ya(t) = Cxy(t), (19)

A3. The initial resetting conditions hold for all iterations, i.e.
x;i(0) = x4(0), i=0,1,2..., (20)

Assumption A3. restricts the initial states or the initial outputs in each repetition operation should be
equal with the desired initial ones so one can achieve a perfect tracking, from the beginning demands
the perfect initial condition, that is, Vi, 6x;(0) = x4(0) —x;(0) = 0, ¢;(0) = y4(0) — y;(0) = 0. Many practical
control problems require such a perfect tracking over the entire transient period including the initial
one.
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A4. The uncertainty n;(t) € R", is uniformly bounded. In the sequel, we use positive constant d,, , to denote
the upper bounds for 7;(t) , i.e, ¥t € [0, T] and Vi — [|n;(t)|| < d;, Assumption 4. puts the boundedness
restrictions of the 7;() on given time interval ¥t € [0, T]. Based on contraction mapping, all existing
ILC methods require Assumption 4. The reason is as follows. ILC methodology tries to use as little
system prior knowledge as possible in its design, and the lack of such system knowledge, however,
gives rise to a difficulty in designing a suitable (stable) closed-loop controller.

3.2. Convergence results

3.2.1. Open-loop PD*D* learning law

As we stated previously, many ILC laws have a restriction which involves the assumption that the
coupling matrix [CB] has a full-column rank where B denotes the control matrix and C denotes the output
matrix of state space for the linearized system (18),(19). To resolve this drawback, as well as improving
the performance of robot control taking into account the properties of fractional operators we consider the
following open-loop PD?D* learning law, see Figure 1:

i1 (£) = uit) + T18(8) + Roei(t) + Roef () (21)
where ¢e;(t) = y4(t) — yi(t) is the trajectory tracking error in i — th iteration, e;;1(t) = y4(t) — yis1(t) is the
trajectory tracking error in i + 1 — th iteration. r1 , Ry, R, € R™™ denote open-closed-loop positive-definite
diagonal learning matrices ,i.e. R(') = diug(r(.)l, 1’(')2, ey 1’(')”), F(,) = diag(g(.)l, g(,)z, ey g(.)n) .

Lemma 3.1. For the system (16), (17) and the reference system (18), (19) then there exists a sufficient large A
satisfying

16X Bl < pplidui(lir + &, (22)
1
-1 (1 - e_/‘T) 1 ’ -1 it
where o(A™) = — < 1 and py = po + hoo(A™"), &y = (1 + haT)dy, , po , ho , 1, ha , dy some positive
constants.
Inverse kinematic
S =
1 & (t) linearized robot : )
I na
> I d, (1) dt" model duc
g ! £ ROBOT ‘E’_ ¥ A
£ H0) S v
g ! =T+
| de (1) dr?
R S B, 1
de,, (1)/ dt
B € (1) r

Figure 1: Block diagram of the open-loop PD?D® law for the robot control
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Proof.
We can obtain the solution of equation (17), that is, the state response x;(t) is expressed by

t

¢
xi(t) = O(t)x;(0) + f O(t — 7)Bu;(t)dt + f O(t — 1)Dni(t)dr
0 0

, , (23)
= gi(t) +‘f0 O(t — 1)Buy(t)dt +j(; O(t — 1)Dni(t)dr
as well as output response y;(t)
yi(t) = Cxi(t) (24)

Where g;(t) € R” and ®(t — 7) € R™ are continuously differentiable in ¢ and 7, and x;(0) is an initial
condition of state variable x;(f) for the i-th iteration. In similar manner, we have solution for the equation
(18),

t
xa(t) = ga(t) + fo O(t — 7)Bug(t)dt (25)

Applying a-th order fractional derivative to the (25), (27) we obtain:

¢
20 = g9 + 11?10[113?-1@(15 — 0)Bugy(1)] - f DYD(t — 7)Bug(1)dt (26)
T t— 0
Let
ox; = x4(t) — xi(t), Ox; = Xa(t) — Xi(t) 27
ou; = ug(t) — ui(t), 6u; = 1a(t) — i(t)
D*(6x:(t)) = 5x\ = £V (t) - V(1) (28)
Also, it follows from (26)-(28) it yields, [35]:
5x\ V() = X0 - X V(1) = g0 (1) - gV (1) + 111310[1Df*1q>(t — 7)Buy(1)]-
¢ ¢
lirtr_lo[TDf‘_lq)(t — 7)Bu;(1)] + f D{D(t — 1)Buy(t)dt - f DID(t — 1)Buy(t)dt (29)
¢
- lirtnO[TDf‘_lq)(t —1)Dni(7)] - f DIt — 1)Dni(t)dt
T—1— 0
Taking into account assumption A3, it follows:
g5 - g t) = 0. (30)
Hence, expression (29) takes the form:
t
5x\ V() = T2 (@(t — 1)) BlorOusi(t) + f DDt — 7)Bou;(t)dt
0
31)

t
LD — D)D) es] f DOt — D)D)
0
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Taking A— norm of (31) it yields:

t
163 (#)llx < sup [lDf' (¢ = T)Blesillwlloui(B)lla + sup [l Dfd(t - T)B“mf e loui() llwdT

0<t<T 0<t,t<T 0

t
+ sup [[:Df ' D(t - T)Dllullni(®)lle + wPHJX®U—ﬂmujn€WWﬁmwh
0<t<T 0<t,7<T 0
163 (#)lla < sup DT Dt = DBle=illollBuwidll  (32)
0<t<T

t
+ sup [l:DYD(t — 7)Bllw f e M0 sup e M16ui(1)llwdT
0

0<t,t<T 0<t<T

t
+ sup [|:D{ 'Ot = 1)Dlle - dyy + sup [[:D8D(t — T)Dlleo fo e Md,dt

0<t<T 0<t,t<T
or
t t
lox5 (t)lIr < polldu;(t)lla + ho - [6u;(T)lI2 sup f e M0 dr hid,, + hod,, - sup f e Mdr
o<t<T Jo o<t<T Jo (33)
16x2(B)llx < polldui(t)llx + holloui () OA™) + hid,y + hod, T
where
po = sup |l D¥D(t — 1)Blectlleo, o = sup [[:DFD(t — 7)Bl|co,
0<t<T 0<t,t<T
hi = sup ||:D¥'®(t — 1)Dlles , b2 = sup |l DIt — T)Dlleo (34)
0<t<T 0<t,t<T
_ 1-e?T)y 1
oA ) = =< 7, In(Blls < dy
Thus, we have:
lloxt (H)lIa < pollowi(t)llx + &, (35)
where
po = po +hoOA™Y), &, = (1 + hT)d, (36)

This completes the proof.
A sufficient condition for convergence of a proposed open-loop ILC is given by the Theorem 3.2 and
proved as follows.

Theorem 3.2. Considering system (16), (17) under assumptions A1-A4 . If
p+po<l (37)

where p = ||I = T1CAB)ll , Po = B3 - po = IIR2C| - sup ||TD;‘_1(CD(t — 7)Ble=tllo , then, the open-loop PD?D*
0<t<T
learning law (21) guarantees that when i — oo bounds of the tracking errors ||xs(t) — xi(Dl , llya(t) — yi(®Il , and
1

Iluea(t) — ui(t)]| converge asymptotically into the specified bounds. The bounds &, &,, &, are given by &, =

1
1-p

~g/gx =

1-p
g, gy =c- &, where ﬁ =p+ ﬁ3(p0 + hoO(Afl)) + ﬁlbO(AII) ,E= ‘Bldld,]T + ‘Bzdr] + ﬁ3€,]

d1d, T + bO(A[Y)
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Proof: Note that the tracking error and its derivatives integer and fractional can be obtained:

ei = Cox;, & = Coxl , é; = Cok; = C(Adx; + Bou; — Dnyj)

& = Coi; = CA%6x; + CABGu; — CDj; — CADn; (38)
According to the proposed ILC law (21), we obtain
Sttisa (t) = ua(t) — ua () = Sui(t) — T1éi(t) — Rye(t) — Roel (1) (39)
Substituting (38) into (39) we can get
St (t) = [ - T1CABIou () — ([1CA? + RyO)dxi(t) — RaCox\¥ () + T1CADni(t) + T1CDiji(t) (40)

One can observe, that in our case that the matrices CAB,CAD have a full column rank and the matrices
CB, CD have not a full column rank, ([C][B] = 0), ([C][D] = 0) . From previous eq. (28), we get:

Stz (£) = [I —~ T1CABIoui(t) — (T1CA? + Ry C)oxi(t) — RaCox' (1) + T1CADi(t) (41)

Taking the standard norm for equation (41) and using the condition of Theorem 3.2 as well as assumption
A4 we have

Bua ()l < plidui(l + [T1CA? + Ry ClllI0xi(t)]| + ILyCAD|lini(H)l + IR CllIsx (1)l (42)
Then we can arrive
Bua ()l < plidu(®l + Brlloxi(Dll + Baddy + B3lISx P (Bl (43)
where
B1 = IIIT1CA* + RiClll, B2 = IT1CADI|, B3 = [IRCl| (44)

Also, we have from (17) and (38)
¢
ox; = f (Aéxi(’c) + B(Slxli(’l') - Dﬂi(’f))d’f (45)
0
Taking the norm on the both sides of(33) it follows:

t
|I6xi||=](;(alléx(T)II+b|I6ui(T)I|+d1I|17i(T)I|#T (46)

where a = ||A|l, b = ||B||, d1 = ||D||. From assumption A4, we have:

t
dy f (il dt < dy - dyT (47)
0
which implies that
t
l16xill < d1d, T + f (@llox()l + bllowi(7)ll d (48)
0

Applying the Bellman-Grownwall lemma [28], we obtain

t
16xi]] < drd, Te™ + f "0b)|5u(t)lldT (49)
0
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and multiplying the previous inequality by e, A > a and taking the A-norm, we get

1 —ele-MT 1

16xilly < drd, T + ﬁbnéuill;\ < dqd, T + bo(AT)I6ulln , O(ATY) = - (50)
Taking into account (43), and applying the A-norm, we have

6uia (B)lla < pldwi(E)lla + Brlloxi(Blla + Bady + Ballox (B)lla (51)
Now, linking (22), (50) with (51), we can get

1611 (8)llx < plIdui(E)lla + Br(drdy T + BOAT ) Iouilla) + Bady + B3(pj Iui(E)lIn + &) (52)

I6uia(Dllr < plldui(t)lin + € (53)

where are
p = p+PBalpo + hoO(A™)) + p1bOATY), & = Prdrdy T + Pady + e (54)

Since p + B3po < 1 by assumption, it is possible to choose A sufficiently large so that § < 1. Therefore,
according to Lemma 2.1, it implies that:

. 1
lim [|6u;]ly <
1—00

_1_ﬁ£=eu (55)

Submitting eq. (55) into eq. (59), as well as into eq. (38) we have

lim [I6x;llx < dad,, T + bO(A;')( I i _£) = &,

1 P (56)
lim lejllx < c(d1d, T + bO(Al‘l)(l—ﬁg)) =g,

1—00 -

This concludes the proof.

Remark 3.3. In the case of without disturbance and uncertainty of the system, &;(t) = 0,n;(t) = 0. ieds , dy, dpa
tend to zero, these bounds also tend to zero. Namely, one can obtain when i — oo the bounds of the tracking errors
lxa(t) = xi®I S Nlya®) — v, luag(t) — wi(Bll , converge asymptotically to zero. Proof is similar with the proof of
Theorem 3.2, taking into account &i(t) = 0,1;(t) =0, ie. € =6 =0.

lim [|6u;]], = 0 (57)

According to the existence and uniqueness theorem of integer-order differential equation, it is obtained that

lim yi(£) = ya(t) (58)

4. Conclusion

In this article, we studied the tracking problem of the robotic arm via ILC. For the first time the open-loop
PD?D* type fractional-order ILC law is proposed for a given linearized robotic arm. The proposed FOILC
scheme for the already obtained integer-order model of robotic arm is more practical for control practice. In
particular, the sufficient conditions for the robust convergence in time domain of the proposed FOILC were
defined, by the corresponding theorem, and proved. For analysis, it is found that the sufficient conditions
of convergence not only depend on all of system dynamics, but also rely on learning matrices.
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