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Abstract.

In this paper, under suitable conditions we employ the nonlinear alternative of Leray-Schauder type
and the Guo-Krasnosel’skii fixed point theorem to show the existence of positive solutions for a system of
nonlinear singular Riemann-Liouville fractional differential equations with sign-changing nonlinearities,
subject to integral boundary conditions. Some examples are given to illustrate our main results.

1. Introduction

In this work, we consider the following system of nonlinear boundary value problem

Du(t) + wa(t) f(t, u(t),v(t)) —q:(t) =0, in (0,1), n—-1<a <n,

DPu(t) + pab()g(t, u(t), o) — g2(#)) =0, in (0,1), m—1< B <m,

w(0) = w(0) = .. = u"D(0) = 0, u(1) = Ay [ u(s)ds, @
0(0) = V/(0) = ... = 9" D(0) = 0, v(1) = A, [, v(s)ds,

where D? is the standard Riemann-Liouville fractional derivative of order 6 > 0, n,m € N, n,m > 3,
0 <A1 <a,0< Ay <pB, y1 and py are two positive parameters. The functions a,b are nonnegative con-
tinuous on (0,1) and they are allowed to be singular at = 0 and/or t = 1. The functions f, gare in C
([0,1]x [0,4+00)X[0, +00), [0, +00)). The perturbed terms g; : (0,1) — [0, +00), i = 1,2 are measurable functions
and satisfy some properties detailed below. Throughout our nonlinearities may change sign. This type of
changing-sign Boundary Value Problem occurs in models for steady-state diffusion with reactions [2, 5].
Moreover, the property of the integral boundary arise in various fields of thermal conduction, semicon-
ductor and hydrodynamic problems. In the case when the nonlinearities are nonnegative, problem (1) has
been investigated in [4] and in [15]. In particular, then, our results provide an immediate generalization of
[4] and[15].

On the other hand, many works have studied changing-sign boundary value problems, see, [3, 6, 10-13, 16—
19] and the refrences therein.
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Recently and under coupled integral boundary, Henderson and Luca, in [7] studied the following semi-
positone system

Du(t) + Af(t,u(t),v(t)) =0, in (0,1), n-1<a <mn,
DPo(t) + pg(t, u(t),o®) =0, in (0,1), m—1<B <m,
u(0) = w'(0) = ... = u"2(0) =0, u(l) = fol v(s)dH(s),
2(0) = v'(0) = ... = 0" 2(0) = 0, v(1) = fol u(s)dK(s),

@)

where n,m € IN,n,m > 3, and A, u > 0, D* and DF denote the Riemann-Liouville derivatives of orders «
and B respectively, the integrals form in the boundary condition are Riemann-Stieltjes integrals, and f, g
are sign-changing continuous functions. These functions may be nonsingular or singular at f = 0 and/or
t = 1 subject to coupled integral boundary conditions. The authors presented intervals for parameters A
and p such that the above problem (2) has at least one positive solution. However, in our work and under
uncoupled integral boundary conditions, we prove existence results of positive solutions depending on real
parameters 1 and (. In the scalar case, Bourguiba and Toumi in [3] considered the following semipositone
problem

Du(t) + pa(t) f(t, ut)) —g(t) =0, in (0,1),
®3)
u0)=w'(0)=...=u"20)=0, u(l) = A fol u(s)ds,

There, the authors, gave sufficient conditions for the existence of positive solutions for problem (3)
depending on the real parameter .
As a generalization of boundary value problem (3), we extend in this paper the result to a class of system
with changing-sign nonlinearities.
The construction of this paper is displayed as follows. In the next section we recall some tools and we
present properties of the Green’s function. Moreover we state preliminary lemmas. Section 3 is devoted
to establish existence of positive solutions for (1), respectively. However, the final Section of the paper
contains examples to illustrate our results.

2. Preliminaries

We present here the definitions of Riemann-Liouville fractional integral and Riemann- Liouville frac-
tional derivative and then some auxiliary results that will be used to prove our main results. We refer the
reader to [8, 14] for more details.

Definition 2.1. The Riemann-Liouville fractional integral of order
a > 0 for a measurable function f : (0, +o0) — R is defined as

1 t
I“f(t) = — t—5)*1f(s)ds, t> 0,
0= 55 | =950
where I is the Euler Gamma function, provided that the right-hand side is pointwise defined on (0, +00).

Definition 2.2. The Riemann-Liouville fractional derivative of order
a > 0 for a measurable function f : (0, +o00) — R is defined as

1 d

a n t n—a-1 d nn—-a
D*f) = g " [ = s = (T

provided that the right-hand side is pointwise defined on R™.
Heren = [a] + 1, [a] denotes the integer part of the real number a.
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Now, we recall the explicit expression of the Green’s function for the linear fractional differential equation
associated to (3) see ([3])

1711 = 8)* N a = A+ As) — (a — A)((t —s)*)e !

Ga,/\(tl S) = (a _ A)F(OK) ’

(4)

forallt,s € [0,1] and (t —s)* = max(t —s,0).
The following properties of the Green’s function play an important role in this paper.

Proposition 2.3. ([3))Let n € N, n >3, n—1 < a < n,and A € [0,a). Then the function G, defined by (4)
satisfies the following properties

i) Gg,a is nonnegative continuous function on [0, 1] X [0, 1] and G, (t,s) > 0, for all t,s € (0, 1).

.. —g)a-1 a
i) Gaa(t,s) < NaaKa(s) forall t,s € [0, 1] where Ky(s) = s(lr(s;z) and g = T
ﬁoGm@gs%wH@@ﬁmmﬁemuwmm@@zﬁ%f

iv) Gua(t,s) = MLt 1K, (s), Vt, s € [0,1] where A}, = %.
v) Let0€(0,3),s€[0,1]then min Gua(t,s) > ya1Ka(s) where yop = (35 + 25)097L
te[6,1-6]
Now, we state the following key Lemma.

Lemma24. ([3))Letn>3,n—-1<a<nand0< A < a. Assume that (1 — )*"1g(t) € C(0,1) N L(0, 1). Then the
boundary value problem

D*w(t) +q(t) =0, in (0,1),

()
w(0) = W(0) = ... = W (0) = 0, w(l) = A [ w(s)ds,
has a unique nonnegative solution w(t) = fol Gaa(t,5)q(s)ds € C([0, 1]) satisfying on [0, 1]
a 1
w(t) < na,;\lt,(—al) j{; (1 —s)* Yg(s)\ds. (6)

The proofs of ours results are based upon the following the nonlinear alternative of Leray-Schauder
type and Krasnoselskii’s fixed point theorem.

Lemma 2.5. ([1]) Let X be a Banach space with Q) C X closed and convex. Assume U is a relatively open subset of
Quwith0 € U, and let S : U — Q be a completely continuous operator. Then either

(i) S has a fixed point in U, or
(ii) there exist u € U and p € (0, 1) such that u = pSu.

Lemma 2.6. ([9]) Let P be the cone of a real Banach space E and €21, (3, two bounded open balls of E centered at the
origin with Q) € Q. Suppose that T : P N ( Qy\ Q1) —> P is completely continuous operator such that either

(i) ITx|| = ||x]|, x € PN Iy and ||Tx|| < |Ix|l, x € PN Iy, , or

(i) |Tx|| < ||Ixll, x € PN dQy and ||Tx|| > ||x|l, x € PN .

holds. Then the operator T has at least one fixed point in P N ({\ ().
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Now, let E = C([0, 1]) x C([0, 1]), endowed with the norm
[|(w, 0)|| = ||ull + ||v|l, where ||u|]| = SUP,ef0,1] [u(t)]. Then E is a Banach space.

Let O € [0, %) and set Jo = [0,1 — O]. In the sequel we need the following notations. For a measurable
function f : (0,1) — [0, +c0) and a > 0, we note

1-60
al(h) = f K, (bh(t)dt
0

and

1
aa(h) = fo ka(h(E)dt.

where K, and k, are defined in Proposition 2.3.

Ga = GMland Gﬁ = Gﬁ,/\z/

where G, ,, Gg 1, are given by (4). Also we denote
Ya =Yars VB = Vo (7)

Na = Nays M = T s (8)

where V4 1., V8,15, Na,2, and 1 1, are defined in Proposition 2.3.
Now, we define the cone Q in E by

Q={u,v) €E: ut) 20, v(t) 2 0, u(t) = Ayt* " llull, o(t) = At |loll, £ € [0, 1]},
and forr > 0, let
Q, ={(u,v) € Q:||(u,v)| <r}.
In the rest of the paper, we adopt the following hypotheses:
(Hy) a,b € C((0,1), [0 + c0)), a(t), b(t) # 0 on any subinterval of (0,1) and 0 < Gg(a),a‘ﬁ)(b) < o0.
(H2) 91,92 :(0,1) = [0, +00) with 0 < aa(ql),aﬁ(qz) <00,
(Hs) f,g € C(10,1] X [0, +00) X [0, +00), [0, +00)).

(H4) There exist t1, tp € (0,1) such that f(t1,u,v) > 0 and g(t2, u,v) > 0 for each u, v € (0, +00).

The purpose of this paper is to investigate the existence of positive solutions of problem (1). By positive
solution we mean a pair of functions (1, v) € C([0, 1]) x C([0, 1]) satisfying problem (1) with u(t), v(t) > 0 for
all t € [0, 1] and u(t) > 0 or v(t) > 0 for all ¢ € (0, 1].

We consider now the intermediary system of nonlinear fractional differential equations

Dx(t) + ma(t) f(t, [x(t) = wi (D], [y(#) = w2(D]) + q2() = 0,in (0, 1),
©)
DPy(t) + pab(Dg(t, [x(t) = wi(B)]', [y(t) — w2(H]") + q2(t) = 0,in (0, 1),

with the integral boundary conditions
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0) = ¥'(0) = .. = X0D(0) = 0, x(1) = Ay [ x(s)ds, )
1
y(0) = y'(0) = ... = y"2(0) = 0, y(1) = Az [, y(s)ds,
where [x(t) — w1 (£)]* = max{x(t) — w1(t), 0}, for each t € [0, 1].
Here (w1, wy) is solution of fractional differential equations
D%wq(t) +2q1(t) =0, in (0,1),
11
D%w,(t) +2q,(t) =0, in (0,1), (11)
with integral boundary conditions
w1(0) = W}(0) = .. = " 2(0) = 0, wi(1) = Ay [} wi(s)ds, 2
e 1
w(0) = w)(0) = ... = wy (0) =0, wa(1) = Az [ wa(s)ds,

Using Propsition 2.6 in [3], 0 < ¢ < o if and only if (1 - 5)*7'q(s) € C(0,1) N L(0,1). Then by Lemma 2.4
problem (11)-(12) has a unique solution (w;, w,) with

1
wﬁFZIGN@MM&mWM,
0

and )
wo(t) = 2f Gg(t,s)q2(s)ds, t € [0,1],
satisfying 0
wi(t) < 20a0a(q)t* " Y €]0,1], (13)
and
wa(t) < 2npag(q2)t ™! Wt €0, 1]. (14)

We shall prove that there exists a solution (x, y) for the boundary value problem (9)-(10) with x(t) > w1 (t)
or y(t) > wy(t) forany t € [0, 1]. In this case (x—wy, ¥ —w,) represents a nonnegative solution of the boundary
value problem (1).

Next, we define the operator T : E — E as follows

T(u,0)(t) = (T1(u, v)(t), T2(u, 0)(t)), te€[0,1] (15)
where

1
Th(u, v)(t) = fo Ga(t, 5)(u1a(s) f (s, [x(s) — wi(s)], [y(s) — wa(s)]') + qa(s))ds,

and

1
To(u, v)(t) = j(; Gp(t, 5)(u2b(s)g(s[x(s) — w1 ()", [y(s) — wa(s)I") + g2(s))ds.

We note that our study on the problem (1) remains to the seek of fixed point of the operator T and this
is due to the following lemma.
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Lemma 2.7. Suppose that (Hy)-(Hy) hold. Then
(x,y) € C([0,1]) x C([0, 1)) is a solution of the boundary value problem (1) if and only if (x, y) € C([0, 1]) x C([0, 1])
is a solution of the integral equations

1
x(t) = fo Ga(t, 5)(u1a(s) f (s, [x(s) = wi(S)]', [y(s) — w2 (s)]') + ga(s))ds. (16)

1
yt) = fo Gp(t, 5)(pab(s)g(s, [x(s) = wi(&)]', [y(s) = wa(S)I') + 42(s))ds. (17)
That is (x,y) is a fixed point of the operator T defined by (15).

Proof. The proof is immediate from Lemma 2.4, so we omitit. [J

We call G(t,s) = (Ga(t, s), Gg(t, s)) the Green’s function of the problem (1).

Lemma 2.8. Suppose that conditions (Hy)-(Hy ) hold. Then
T : Q — Qs completely continuous.

Proof. T1 and T, are well defined. To prove this, let (x, y) € Q with ||(x, y)|| = L. Then we have
[x(s) —wi(s)]" < x(s) < lI(x, Yl = L, ¥s € [0,1],
[y(s) —w2(s)]" < y(s) < ll(x, Il = L, ¥s € [0,1].

Suppose that (H1), (H2) and (H3) are satisfied. Put

M = max{1 ft,x,y), max ]g(t, x, y)}.

, max
te[0,1],x,y€[0,L] te[0,1],x,y€[0,L

Then we get for all ¢ € [0,1]

1
T,y < Na(n fo Ko(9)a(s) £(s, [x(s) = wiG)I", [y(s) = wa(s)])ds + o (q1))

naM(ulag(a) + 03(111)) < 0o,

IN

By the same manner we obtain

1
L yb) < 1p(ue fo Ky(s)b(s) g(s, [x(s) = wi(s)I", [y(s) = wa(s)]")ds + 0(q2))

T);;M(,Ulffg(b) + 02@]2)) < 0o.

IN

Besides, by Proposition (2.3)(v), we have Ti(x, y)(t) > ALt Y|Ti(x, y)ll and Ta(x, y)(t) > /\Etﬁ‘llsz(x, il
and so T(x, y) € Q.
Then, by using standard arguments, we deduce that operator T : QO — () is completely continuous. This
ends the proof. [
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3. Existence results
This section is devoted to the existence of positive solution for the nonlinear boundary value system (1).

Theorem 3.1. Assume that (Hy)-(Hy) hold. Then there exist uj > 0 and u3 > 0 such that for any 0 < py < uj and
0 < wa < w;, problem (1) has at least one positive solution.

Proof. Choose
477& Oq (‘11) 477{5 o] (’12)

R > , .
max{ iR A;, }
Let
M; = t,x, dM, = t,x,v).
1= o e B and My = I, I Y)
. . R-4n,0%(q) . R—dngog(qn)
Fixnow ] = —————and p) = ——F——

0. ana i, = 0

4M17]0(Ga(a) 4M2nﬁaﬁ(b)
andlet 0 < u; < pjand 0 < pp < y3.
Suppose first that there exist (x, y) € dQr that is [|(x, )|l = R or ||x|| + ||yl = R and suppose that there exist
p € (0,1) such that (x, y) = pT(x, y) thatis x = pT1(x, y) and y = pT(x, y). Since

[x(t) —wi (O] = x(t) —wi(t) < x(t) <R, if x(t) — wy(t) > 0and

[y(®) — w()] y() —wa(f) < y(f) < R, if y(t) —wa(t) 2 0,
then, for all t € [0, 1], we obtain

x(t) = pTi(x, y)(E) < Tilx, y)(£)
1
< Ui f Ka(s)a(s) £ (s, [x(s) — wi ()", [y(s) — wa(s)[*)ds + 120%(q1)
0

< p0aMiog(@) + 1000 (01)

_ R

4

R R R

By the same manner we get y(t) < 1 Therefore ||x|| < 1 and [ly|| < 1 Then we have
[l + [yl < 1 + i g which is a contradiction.

So by Lemma 2.5, we conclude that T has a fixed point (x1, y1) € Qx. Using Lemma 2.7 (x1, y1) is a
nonnegative continuous solution of problem (9)-(10). Now, let us prove that (x — w;, y — w») is a positive
solution of (1), that is x(t) — w1 (t) > 0 or y(t) — wa(t) > 0 forall f € (0, 1].

R
We suppose first that ||x]|| > 7 Using (13), we obtain
a=1¢q* R
x(t) —wi(t) 2 177 (A 5 — 2na0a(qr)) > 0, ¥t € (0,1].
R .
If |yl > > then by a similar approach, we deduce that

R
y(t) — wy(t) > tﬂfl(AEE — 2n04(g2)) > 0, Yt € (0, 1].

Hence, (x — w1, y — w») is a positive solution of problem (1). This completes the proof.
O

Theorem 3.2. Suppose that conditions (Hq)—(Hy) hold. In addition, assume that the following assertions hold
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1
(A1) There exits 0 € (0, E) such that

= lim min f(t,x,y) = +corg, := lim ming(t x,y) = +oo.
fm X+y—+oo tefy f( ,y) gm x+y—+o0 tefy g( ]/)
(A7) £~ := lim maxL%% = 0and g := lim max 222 =,
x+y—+oo te[0,1] ¥V x+y—+oo fef0,1] ¥V

Then there exist uy > 0 and p3 > 0 such that problem (1) has at least one positive solution for every pq > uj and
H2 > -

1
———} there exists Ry > 0 such that

Proof. First suppose that (A1) holds, then for A = max{—;—, —;
VaOgy (Ll) yﬁaﬁ (b)

flt,x,y) =2 A, Vte g, Vx+y =Ry, (18)
or

g(t,x,y) = A, Vt € Jo, Vx +y > Ry. (19)

First suppose that f;, = oo, then (18) holds.
4Ry 4Ry B8naoa(qr) 81pos(q2)
* —17 1% -1’ * 4 *
A 64 Aﬁeﬁ A% )\ﬁ
Ry
YaoR(@)A

1.

Fix Ry > max{

Define pj = >0and yj = > 0. Let pg > pj and pp > p3.

Ry
VpoR(D)A
Ry Ry Ry
Then, for each (x, y) € dJQg,, we have ||(x, y)I| = Ry, so [|x]| > > or |lyll > > We suppose that ||x|| > >
Then for each t € [0, 1], we have
x(t) — wi (t) xX(t) = 21a0a(q)t*"

ZTIaGa(ql) @

Av Il

4na0a(ql)
1= AXR, )

v

> x(t) -
> x(t)(
> %x(t) >0.
So, for (x,y) € dQg, and t € Jg, we get
[x(t) — wi (D] + [y(t) — wa(H)]* > %x(t) > iA;Q“‘lRl > Ro.

Then for any (x, y) € dQg, and ¢ € Jo, we obtain
f@, [x@) —w ()], [y — w2 (B)]) = A.

It follows that for any x € dQg, and t € Jy

1-0
Ti(x, ) = }m/afg Ka(s)(@(s)f (s, [x(s) — wi(s)I', [y(s) — wa(s)]"))ds

v

1-6
wyad [ Koty
0
= Rj.
Thus

IT1(x, I = NlCx, Yll, V(x,y) € I,
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Therefore, we get

ITCe, Il = N Yl VX, y) € 0k, - (20)

R
If llyll = 71, then by the same manner we get relation (20).

Now, we suppose that g, = oo then (19) holds. By a similar way as above we get relation (20).

Now, since f* = g* = 0, then for ¢ = min{ ol 2#271;00 (h)} > 0, there exists B > 0 such that for each
aV g ‘B

t€[0,1], x + y > B, we have
ft,x,y) < elx+ y)and g(t, x, y) < e(x + y).
Therefore, Vt € [0,1], Vx, ¥ > 0, we obtain

ft,x,y) <My +e(x+y)and glt,x, y) < My + e(x + y).

where M; = max f(t,x,y) and M, = max g(t, x, y).
te[0,1] te[0,1]
x+y<B xiysB

Let M = max{1, M1, M>} and choose

Ry > maxi2Rs, uneMod(@)(; — pnob@n.e)”,
1
B MaB)( — 203 (B)se) ", 4 MoS(qr), AnsMoS(g))

It follows that for any (x, y) € dQg, and t € [0, 1]

1
Ti(e, y)) < wna fo Ka(s)a(s) f (s, [x(s) — w1 ()", [y(s) — wa(s)])ds + na0%(q1)

IN

1
H1aMiog (@) + #ﬂlmﬁf Ka(8)a(s)([x(s) = wi(&)] + [y(s) = wa(s)])ds + 11a00(q1)
0

IN

t1nMal(a) + p1n.02(a)eRy + Mo (q1)

) lI(x,
Ro(7 = 1103 (@)1aé) + a0 (@)€Rs + oMo (1) = : Zy)”'

IA

So, we get

Il I
2 7

T2, Il < Y(x, y) € I, .

Similarly, we prove

Gl
2

IT2(x, yIl < SY(x, ) € 0Q,.

Thus we obtain
”T(x/ y)” < ”(x/ y)”/ V(x, ]/) € aQRZ- (21)

Thus, using (20) and (21) by Lemma 2.6 we deduce that the operator T has a fixed point in Qg, \Qg,.
Therefore by Lemma 2.7, (x, ) is a nonnegative continuous solution of problem (9)-(10) satisfying

Ry <li(x, Yl < Ra. (22)

Thus, we deduce that (x — w1, y — w») is nonnegative solution of problem (1).
The positivity of the solution is shown as in proof of the previous Theorem.
O
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4. Examples

In this section, we present some examples in order to illustrate our results. We remark that in the
following examples, it is immediate to verify that conditions (H;)-(H4) hold.

Example 4.1. We consider the following nonlinear fractional differential equations

Diu(t) + it (u+0)? - 15 =0, in (0,1),
Dio(t) + pa(u + v)® - (1_10% =0, in (0,1),
w0) = w'(0) =0, u(l)= [ u(s)ds,

0(0) = /(0) =0, o(1) = [ v(s)ds.

(23)

Let f(t,u,0) = (u+0)% g(t,u,0) = w+0)®a(t) =b(t) =1, A1 =1 =1, q1(t) = 5 and go(t) = 3 1); . By direct
—2
calculation, we get 6%(a) = ag(b) ~ 0.3009, 6%(g1) ~ 0.2006, ag(qz) ~ 0.37613, o1 ~ 0.5015 and g, = 0.7522.

Choose r = 15, then using the expressions of i} and i given in Theorem 3.1, we get 1 ~ 1.5107 and
w5 ~ 5.01107*. Then using Theorem 3.1, problem (23) has at least one positive solution for every
0<u <15%x102and 0 < pp <5.01 X 1074,

Example 4.2. Consider the following boundary value problem
1 1
w+ov 1-t

1 1 1
D3 u(t) + ux~(100 + ) — in (0,1),
. 2+ u+v)s 1-t

w0) = w'(0) =0, u(l)= [ u(s)ds,
0(0) = /(0) =0, o(1) = [ v(s)ds.

1
D3u(t) + 1 (200 + in (0,1),
t 2+

(24)

Let f(t,u,v) =200+ , g(t,u,v) =100 + ;1' alt)y =b(t) = % and qq(t) = qa(t) = 1L—t By

1
2+ Vu+v 1+ (u+0v)

direct calculation, we obtain f* = g = 0 and for 0 = 411 we have 7, = 200 and g;, = 100. We also obtain

o) = ag ~ 0.35995, 0%(a) = ag(b) ~ 0.26996, 01 = 02 ~ 0.62991 and ¢%(a) = crg(b) ~ 0.16979. Choose R; =500
and Ry = 1001. A simple calculs yields to u; = 284.01 and 1, = 568.03. So Theorem 3.2 ensures the existence of
solution of problem (24) for every pq > 284.01 and u, > 586.03 such that 500 < [|(u + w1, v + wy)|| < 1001.
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