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Abstract. In the current study, we define the different L-valued operators on L?-valued general fuzzy
automata or simply LB-valued GFA, where B is considered as a complete infinitely distributive lattice
of propositions about the GFA. In particular, this study demonstrates that the L-valued successor and
predecessor operators induce L-valued co-topologies while the L-valued residuated and approximation
operators induce L-valued topologies on the state set of given LB-valued GFA. Further, we show that the
continuity and separation properties of such L5-valued general fuzzy automaton can be examined in terms

of these topologies. Moreover, we study and explicate the LB-valued GFA structure space and LB-valued
GFA homotopy in more details.

1. Introduction

The concept of ‘fuzzy’ together with a number of some other notions in mathematics and other areas
were fuzzified by Zadeh [28] in 1965. Within this real, among the first investigations was the concept of
fuzzy automaton suggested by Wee [26] and Santos [17]. In their research, they dealt with the notions such
as vagueness and imprecision which were often appeared in the investigations on natural languages. After
a study by Bavel [7] on algebraic automata theory, the connection between topology and an automaton
was initiated [20, 21]. There, it was shown that several known topological concepts and ideas can often be
employed in automata theory in order to obtain certain results therein which is related, for the most part, to
their connectivity and separation properties. From the application point of view, fuzzy automata propose a
useful practical situation for ambiguous and confusing calculations and have highlighted their significance
in solving meaningful problems with respect to learning systems, pattern recognition and data base theory
[6, 12, 13]. Moreover, a study by Malik et al. [11] to a large extend contributed to the algebraic examination
of fuzzy automata and fuzzy languages in which simpler notions of a fuzzy finite state machine (which is
almost identical to a fuzzy automata) were established.

The concept of L-valued automata theory based on quantum logic is introduced in Ying [27]. The
quantum logic can be understood as a logic whose truth value set is an orthomodular lattice, and an
element of orthomodular lattice is assigned to each transition of an automaton ( Ying [27]). In Qiu [12], it
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has been shown that the concepts of L-valued source and L-valued successor operators, associated with L-
valued automata, induced L-valued topologies on the state-set of an L-valued automaton. The relationship
between L-valued topologies depends on the distributivity of the associated lattice. In another study, Tiwari
and his coworkers introduced the LM -valued automata theory from algebraic and topological point of view,
where L is a residuated lattice and M is a completely distributive lattice. Such automaton may be assumed
to be more general than that existing in literature in the sense that for M as one element lattice and L = [0, 1],
it turns out to be fuzzy automaton studied in [22, 23]; while for M as one element lattice and residuated
lattice L, it turns out to be fuzzy automaton studied in [1, 3, 22, 23].

Doostfatemeh and Kremer [10] used an extension of the notion of fuzzy automata and suggested the
concept of general fuzzy automata. Their key impetus in introducing the concept general fuzzy automata
was the insufficiency of the current literature to deal with the applications which depend on fuzzy automata
as a modeling tool, allocating membership values to active states of a fuzzy automaton. In all types of
conventional automata, a zero-weight transition means no transition, while in ourapproach applied for
general fuzzy automata; a zero-weight transition does not necessarily entail no transition. That is why we
will use [0,1] as the fuzzy interval.

Moreover, the basis of some ordered algebras (e.g. BL-algebra, MV algebra, and BCK-algebra) is derived
from the residuated lattice. Therefore, when we consider the residuated lattice as an ordered algebra, it
bears a strong structural similarity to [0,1]. Hence, working with that is considered as both a generalization
of the concept of fuzzy set and a connection between algebraic-logic and fuzzy automaton. Actually, very
little has been found in literature showing a suitable solution for multi-membership problem. In essence,
multi-membership is an issue which is inherent to the fuzzy-finite-state automata (FFA), and it occurs
due to its fuzzy nature which is showing up under any condition. Accordingly, the problem should be
resolved appropriately, using a system to fulfill its necessary requirements. The most important reasons
that emphasize the necessity of multi-membership resolution can be if the multi-membership active state
is final, then there will be an obvious need for a single membership value since a final state is applied to
produce a crisp output for the related system. On the other hand, even if the multi-membership active state
has not been final, there should be a need to allocate a single membership value to some intermediate or
non-final states during the usual operation of a FFA. Moreover, the membership values of successors can
be calculated for each membership value of the state but this will result in an unnecessary blow up, making
it very difficult to trace the continual operation of FFA. In this respect, it seems general fuzzy automata
system can appropriately resolve the multi-membership problems in an effective way.

A number of investigations have also been conducted on the development of fuzzy automata theory
by Zahedi and Abolpour and some other researchers [1-4, 14-16, 18, 19, 22-25]. In the present study,
LB-valued general fuzzy automata theory is scrutinized from algebraic and topological point of view, where
L stands for residuated lattice and B is a set of propositions about the general fuzzy automaton, in which
its underlying structure is a complete infinitely distributive lattice. In addition, LB-valued GFA structure
space and LB-valued GFA homotopy are studied and explicated in more details.

2. Preliminaries

In this section, some concepts which are significantly related to LP-valued general fuzzy automaton,
complete lattice, residuated lattices and fuzzy topological spaces are introduced and explained in details.

A fuzzy set ug defined on a set Q (discrete or continuous), is a function mapping each element of Q to
a unique element of the interval [0,1].

to: Q—[0,1].
Then, the fuzzy power set of Q denoted as P(Q), is the set of all fuzzy subsets 1o, which can be defined on
the set Q.

P(Q) = {uoluo : Q = [0, 11}
Definition 2.1. ([10]) A general fuzzy automaton (GFA) is considered as:
ﬁ = (Q/ Z,R,Z, 5/ CU/F‘l/FZ)/
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where (i) Q is a finite set of states, Q = {41, 92, . - ., gn}, (ii) L is a finite set of input symbols, = = {a1,a, ..., a4},
(iii) R is the set of fuzzy start states, R C P(Q), (iv) Z is a finite set of output symbols, Z = {b, b, ..., b}, (v)
w : Q — Z is the output function, (vi) § : (Q x [0,1]) X £ X Q — [0, 1] is the augmented transition function.
(vii) Function F; : [0,1] X [0, 1] — [0, 1] is called membership assignment function. Function Fi(y, 9), as it is
seen, is motivated by two parameters i and 6, where p is the membership value of a predecessor and 6 is
the weight of a transition.

With this definition, the process that happens upon the transition from state g; to g; an input ay is
characterized by:

u*q)) = 5(@i, 1" @0)), ax, 95) = Fr(u' (4, 0(qi, a, 4))-

It means that membership value (mv) of the state g; at time ¢ + 1 is calculated by function F; utilizing both
the membership value of g; at time f and the weight of the transition.

There have been many options for the function F;(u,0). For instance, it can be max{y, 0}, min{y, 6},
u+o

, or any other pertinent mathematical functions.

As it can be observed in the above mentioned formulas, associated with each fuzzy transition, there
exists a membership value (mv) in unit interval [0, 1]. We identify this membership value as the weight of
the transition. The transition from state g; (current state) to state q; (next state) upon input a; is designated
as 0(qi,ax, q;). Hereafter, we categorize this notation to refer both to a transition and its weight. Whenever
0(qi, ax, q;) is used as a value, it refers to the weight of the tran~sition. Otherwise, it identifies the transition
itself. The set of all transitions of a general fuzzy automaton F, is denoted as Ar. However, whenever it is
recognized we remove the subscript, and simply write A.

(viii) F> : [0,1]" — [0,1], is called multi-membership resolution function. The multi-membership
resolution function determines the multi-membership active states and allocates a single membership
value to them.

We let Qu(f;) be the set of all active state at time #;, V; > 0. We have Q,4(ty) = R and Quu(t;) =
{4, y’l(q))lflq’ € Quu(ti-1),da € X,0(9',a,9) € A}, Vi > 1. Since Qu«(t) is a fuzzy set, to demonstrate
that a state g belongs to Q,u(f;)) and T is a subset of Q,«(t;), we should write: g € Domain(Q,«(t;)) and
T € Domain(Que(t;)); henceforth, we simply specify them by: g € Qu(t;) and T € Quc(t:).

Definition 2.2. ([10]) The successor set of a state g, on input symbol a; denoted as Qsycc(gm, k), is the set of
all states g; which will be reached via transitions 6(q., ax, q;)-

Qsucc(qm, ax) = 19;16(Gm, ax, ;) € A}

Similarly, we can define the predecessor set of a state set as follows:

Qpred(Gm, ax) = 19,10(qj, ax, qm) € A}

Definition 2.3. ([9]) A complete latticeisalattice L = (L, <, A, V, 0, 1) in which arbitrary suprema and infima
exist. A lattice L is called infinitely distributive if A distributes over arbitrary joins,i.e.,Ya€ L,{bj: j€ J} C L,

aN{V(bj:jeNt=V{lanb)):je]}

Definition 2.4. ([8]) A residuated lattic is an algebra L = (L, A, V,®, —,0, 1) such that:

() (L, A, V,0,1) is a lattice with the least element 0 and the greatest element 1,

(ii) (L, ®, 1) is a commutative monoid with unit 1, and

(iii) ® and — form an adjoint pair, i.e, forallx, y,ze Lx®y<zo x<y -z
If, in addition (L, A, V, 0, 1) is a complete lattice, then L is called a complete residuated lattice.

The precomplement on L is the mapping — : L — L such that -x = x — 0,Yx € L. Some of the basic
properties of complete residuated lattices, which we use, are as follows:

()a®b<ceoa<b-—g

(i)l -a=aq
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(iii) (a > b)®@ b >c)<a—g;

(ivyab—c=a— (b—>c);

(V) a® (Vie]bi) = ViE](ﬂ ® bl)
The concepts L-valued relations, L-valued topologies and Lf-valued general fuzzy automata have the
membership values in a complete residuated lattice. For example, an L-valued set of a nonempty set X is a
function from X to L, an LM-valued set of a nonempty set X is a map from X to LM and an L-valued relation
on X is a function from X x X to L. Throughout this study, L* denotes the family of all L-valued subsets of
X and a denotes the a-valued constant L-valued subset of X.

Let F = (Q,L,R, Z, 5,w,F1,F) be a general fuzzy automaton. If we fix an input a; € X at time {; the
proposition a|,, can be computed by u'i(g;) if the general fuzzy automaton F is in the state g; at time t;
otherwise al,, is 0 if F is not in the active state g;. Accordingly, for each state g; € Q we can assess the truth
value of al,,, it is indicated by al, (g:). As explained above al, (g;) € [0,1]. This section aims to derive the
logic B which is a set of propositions about the general fuzzy automaton F formulated by the observer and
constructing a complete infinitely distributive lattice B = (B, <, A, V, 0,1). We can establish the order < on B
as follows:

For o, € B,a < Bif and only if a(g;) < B(g;) for all g; € Q. One can instantly check that the contradiction,
i.e., the proposition with constant truth value 0, is the least element and the tautology, i.e., the proposition
with constant truth value 1 is the greatest component of the B. Note that any component ith of 1 is the
maximum membership values of active states at time t;, for any i > 0.

Let L = ([0,1], £, A, V,®,—) be a residuated lattice and B = (B, <, A, V,0,1) be a complete infinitely
distributive lattice of propositions about the general fuzzy automaton F.

The most examined and applied structures of truth values, defined on the real unit interval [0,1] with
x Ay = min(x,y) and x V y = max(x, y), belong to the Lukasiewicz structure (x ® y = max(x + y — 1,0),x —
y = min(1 — x + y, 1)), the product structure (x® y = x.y,x > y=lifx < yand = % otherwise) and the
Godel structure (x ® y = min(x, y),x — y = 1 if x < y and = y otherwise). In the present study, we use the
Godel structure.

We define LB-valued subset of QXX xQ, i.e.,amap 6 : QXEZXQ — LB. Therange set L allows to interpret
L? as a map assigning each (g, ax, p) to 5(q,ar, p) : B — L. This interpretation of transition map 6 allows to

represent it as the family {(S“ ta € B} of L-valued sets 6* € L¥**Q of Q X £ x Q ordered by the elements of

1 if g=
B, where the L-valued sets 6* are defined by 06%(g, ax, p) = 6(g, ar, p)(a) = {a(q) v a(p) lotier 5] ise.

Definition 2.5. ([5]) An LB -valued general fuzzy automaton is a 8- tuple F=(Q,%,R,Z w0, Fi, F,), where
6 is an LB-valued subset of (Q X L) X £ X Q,i.e.,,amap 6 : (Q X L) X £ X Q — L5 such that:

5((qi, 1)), ax, q;)(@) = Fr(u'(q), 6(qi, ax, 9,)(e)).
Let £* be a monoid generated by a nonempty set . Define a map 6* : (QX L) X Z* x Q — LB

5'((9, 1 @), A, p)(@) = 50, 1 @), A, p)@) = { oAy

such that, Vq,p € Q,Vu € X*,Vx € Land Va € B
5((g, 1" (@), ux, p)(@) = V{5 (@, 1" (9)), 1, 9')(@) @ (', 1 (9")), x, p)(@)

|q, € Qpred(p/ .'X)}

Definition 2.6. ([5]) Let F be an LB-valued general fuzzy automaton and b € B. The LB-valued successor
and the LB-valued predecessor of b are as follows:

SB)@u)(@) = V{b(g)) @ 8((Gm, 1 (@n)), ,9)(@)1q} € Quuce(qu, u), u € T}, and
Pb)(gm)(a) = V{b(%) ® 5((%1 #t/(%))/ u, Qm)(a)lqj € Qpred(‘]mr u),u € Z}/ for qi € Quut(ti), a € B.
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Remark 2.7. ([5]) It can be seen that the L5-valued successor and LB-valued predecessor are the maps
S,P: B — (LP). For each « € B, these can be represented as L-valued successor and predecessor operators
S%, P4 : B — L2, where S*(b)(gm) = S(b)(gm)(a), and P*(b)(gm) = P(b)(gm)(a) for b € B and g, € Q.

Example 2.8. Consider the GFA in Figure 1, it is specified as EF = (Q,%,R,Zw, b F,F,), where Q =
=q0, ql,qz,q3} is the set of states, X = {a, b} is the set of input symbols, R = {(qo,l)},Z = @ and w is not
applicable.

a,0.3
(
b,08 @

b, 0.1

qz

a, 0.2

Fig. 1 The GFA of Example 2.8
We check operation of the GFA in Example 2.8 upon input “ab%ab”.

If we choose Fi(u, 6) = 6, F2() = u'* (qm) = Az.izl(Fl(pt(qi),é(qi, ak, gm)), then we have:
1 (qo) =1,
B (q1) = F1("(q0), 6(q0,a,91)) = 6(q0,a,91) = 0.3,
H=(q0) = Fi(p" (1), 6(q1, b, 40)) = 6(q1, b, q0) = 0.8,
H2(92) = Fa(u (1), 6(q1, b, 42)) = 6(q1, b, g2) = 0.2,
K" (g3) = F1("(q0), 6(q0, b, 43)) A Fi(1(q2), 6(q2, b, 43))

= 0(qo,b,93) A 6(q2,b,43) =051 0.1 = 0.1,
H5(q0) = F1("(q3), 6(q3,a, 40) = 6(43,4,q0) = 0.3,
p'(q2) = F1(u"(g3), 6(q3,4,q2)) = 6(q3,4,42) = 0.2,
H(g3) = F1(u"(q0), 6(q0, b, 43)) A F1 (" (q2), 6(q2, b, 43))

= (5(qO, b, q;;) A 6(Q2, b, Q3) =05A01=0.1.
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Table 1: Active states and their membership values (mv) at different times in Example 2.8
time to t1 tz t3 t4 t5
input | A | a b b a b

Quet(ti) | go | 91 | qolg2 | 93 | qolg2 | g3
mv 1]03]0.80.2]|01]|0.302]0.1

The set B = {O, o, A1, (Ap, A3, Ay, A5, 1} of possible propositions about the general fuzzy automaton Fis as
follows:

-0 means that the GFA is not in active states of Q,

-ap means that the GFA is in active states at time ¢,

-a1 means that the GFA is in active states at time £;,

-, means that the GFA is in active states at time £5,

-a3 means that the GFA is in active states at time f3,

-a4 means that the GFA is in active states at time £y,

-a5 means that the GFA is in active states at time 5,

-1 means that the GFA is in at least one active state at time ¢; for any 7 > 0.

We may consider B with the algebra [0, 1]° as follows:

0 =1(0,0,0,0), a0 = (1,0,0,0),21 = (0,0.3,0,0), a2 = (0.8,0,0.2,0),a3 = (0,0,0,0.1), a4 = (0.3,0,0.2,0), a5 =
(0,0,0,0.1),1 =(1,0.3,0.2,0.1).

Here, a(g;) is the maximum membership values of active states at time ¢; for any i > 0.

By the definition of LB-valued general fuzzy automaton we have:

0(qo,a,q1)(@1) = a1(qo) V a1(q1) =0V 0.3 =0.3,

0(q2,a,q2)(a1) = 1,

092, b, g3)(a3) = a3(q2) V a3(g3) =0V 0.1 =01, .

6*((q0, 1™(q0)), ab, g2)(a1) = 6((q0, 1" (q0)), 4, g1)(e1) ® O((q1, 4" (91)), b, g2)(a1)

= F1((4"(q0), 6(q0,4,q1)(a1)) ® F1((u" (q1), 6(91, b, 42)(e1))

= 6(qo0,a, q1)(a1) ® 8(q1, b, g2)(a1)

= [a1(q0) V a1(q1)] ® [a1(g1) V 1(g2)]

=[0v03]®[03Vv0]=03803=0.3, 3

& ((q1, 1" (q0), b, qo)(a2) = & (91, 1" (q1)), %, 43)(@2) ® 5((q3, 1" (43)), 4, Go)

(a2) = [(6((91, 4" (1)), b, q0)(a2) ® O((Go, 1"2(q0)), b, q3)(ax2))

V(©O((q1, 1'(91)), b, g2)(a2) ® 6((q2, 12(g2)), b, 33)(@2))] ® 6((q3, 14" (q3)), 4, Go)

(a2) = [(F1(u"(q1), 6(q1, b, g0)(@2)) ® F1(u"(qo), 0(qo, b, g3)(a2))) V (F1(p"(q1), (g1, b, g2)(@2)) ® F1(u"(q2), 6(q2, b,
3)(a2))] ® F1("(g3), 5(93, a, 90)(2))

= [(6(91, b, go)(ar2) ® 0(q0, b, g3)(¥2)) V (6(q1, b, g2)(a2) ® 6(q2, b, 3)(a2))] ® 6(g3, 4, o)(a2)

[((a2(q1) V a2(q0)) ® ((@2(q0) V @2(93)) V ((a2(g1) V a2(q2)) ® ((@2(g2) V @2(93))] ® (2(g3) V a2(q0))
[(0OV0.8)®(0.8V0)V((0V0.2)®(0.2V0))®(0VO0.8)

[(0.8®0.8) vV (02®0.2)]®0.8 =0.8®0.8 =0.8.

Proposition 2.9. ([5]) Let F be an LB-valued general fuzzy automaton and S, P : B — (L) be the induced LB-valued
successor and predecessor operators, respectively. Then for all A, y,(Aj: j€ ]) € Band a € B,

(i) S(a) = aand P(a) = a,Na € L;
(ii) if A <y then P(A) < P(y) and S(A) < S(y);
(iii)) A < P(A) and A < S(A);

(@) PU{A; e T) = U{PA; : je Dfand SU{A; = jeTh = UfS(: je Dl
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(v) P(P(A)) = P(A) and S(S(A)) = S(A);
@) P(N{A;:j e T) < N{PA;: jeDfand SN {A;:jeTh < NS je

(vii) a < B = P(A)(gm)(@) = P(A)(qn)(B) and S(A)(qm)(a) = S(A)(Gm)(B),
Vq;n € Qact(ti)/ﬁ €B.

Definition 2.10. ([5]) For an L5-valued general fuzzy automaton F, a € B is called an LB-valued subpropo-
sition of F if P(a) < a. Further, this LB-valued subproposition is called separated if P(a¢) < a°.

Proposition 2.11. ([5]) For an LB-valued subproposition o of an LB-valued GFA F, the following conditions are
equivalent:

(i) av is separated;

(ii) P(a®) = af.

Definition 2.12. ([5]) Let F be an L5-valued general fuzzy automaton and a € B. The L5-valued residuated
operator of a is given by

R@)@n)(B) = AP, 1)), 1, 41)(0) = a(p)lp € Qpraa(n, 1), 1 € )
for g, € Que(t;) and b € B.

Remark 2.13. ([5]) It can be seen that LB-valued residuated operator is a map R : B — (L?)?, which induces
a family of L-valued residuated operators {Rb :B—19beB }, where

R*(@)(@m) = R(@)(qu)(), Ya € B, g € Quct(£)-

Proposition 2.14. ([5]) Let F be an LB-valued general fuzzy automaton and R : B — (LP)9 be the induced LB-valued
residuated operator. Then forall A,y,(A;:j€]) €B,

(i) R(a) = (a),Ya € L;

(ii) if A < y then R(A) < R(y);

(iii) R(A) < A;

(i) RO {Ajlj € ) = N{RAlj € D);

(v) R(R(A)) = R(A);

i) U{R(lj € D} < RU{Alj € T

(vii) & < B = R(A)(@u)(@) < RA)Gn)(B), Y € Qua(ts), a, B € B.

Proposition 2.15. ([5]) Let F be an LB-valued general fuzzy automaton and o € B. The L-valued residuated operator
viewed as function R® : B — LC, which sends each b € B to R%(b), is a Kuratowski L-valued interior operator on Q.

Definition 2.16. ([5]) Let F be an LB-valued general fuzzy automaton. Then a € B is called:
(i) dynamic if S(a) < P(a) ;

(ii) dynamically closed if there exists f < a such that S(8) < P(8) and P() = a;
(iii) primary if a is a minimal dynamically closed subproposition of F.

Definition 2.17. ([5]) Let A = (A4, <, A, V,0,1) be a complete infinitely distributive lattice of propositions
about the general fuzzy automaton F=(QXR,Z w,$, Fi,F;) and B = (B,<,A,V,0,1) be a complete
infinitely distributive lattice of propositions about the general fuzzy automaton F = (Q,LR,Zw,&,
F1,F). A homomorphism from an LA-valued GFA F to an LB-valued GFA F’ is a pair (f, g) of maps, where
f:Q— Q and g: A — B are functions such that:
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DS (@), ' (f@)), u, fP)(g(@)) = 8((q, ' (q)), u, p)(@),
(iw(g) = z & w(fq) =z,

(i) f(q0) = a5,
foralla € Aand p,q € Q.
The pair (f, g) is called a strong homomorphism if for all « € A

5 ((F@), ' (F@)), , Fp)(@(@) = V{5, ' @), u, P )@l € Q, flp) = F(p)}-

3. Main Results

In what follows the L-valued operators and their associated L-valued topologies are discussed. More-
over, LB-valued GFA structure space and LE-valued GFA homotopy are investigated. Further, the relation-
ships between LP-valued general fuzzy automaton and associated L-valued subpropositions are studied
and explicated in more details.

3.1. L-valued Operators and their Associated L-valued Topologies

In this subsection, some concepts as L-valued topologies/co-topologies induced by the LE-valued succes-
sor/predecessor/residuated/approximation operator for fixed element of B are suggested and examined. In
particular, it is shown that the L-valued successor and predecessor operators induce L-valued co-topologies
and the L-valued residuated/approximation operator induces L-valued topology on the state set of given
LB-valued general fuzzy automaton. Further, it is also demonstrated that the induced L-valued topolo-
gies and co-topologies can be applied to characterize the algebraic concepts of an LB-valued general fuzzy
automaton.

Proposition 3.1. Let F be an LB-valued general fuzzy automaton and o € B.

(a) L-valued successor and the L-valued predecessor viewed as functions S® : B — L9 and P* : B — L%, turns
out to be Alexandroff Kuratowski L-valued closure operators on Q.

(b) These two operators induce two L-valued co-topologies on Q which we shall respectively denote as T*(Q) and

T%(Q), where T*(Q) = {b € B|S*(b) = b} and T"*(Q) = {b € B|P*(b) = b},
(c) The L-valued co-topologies T*(Q) and T'*(Q) are dual with in the sense that b € B is T*(Q)-closed if and only
if b¢ is T"*(Q)-closed.

Proof. It follows from Proposition 2.9 and Definition 2.6. [

Proposition 3.2. The L-valued topology on Q given by the Alexandroff Kuratowski L-valued interior operator R* is
precisely T*(Q).

Proof. To prove this proposition, we need to show that R*(b) = b iff S*(b) = b for all b € B. First, let 5*(b) = b.
Then

54(b) = b = 5(b)(@:)(a) = b(g:)

= V{b(%) ® 6((‘71/ [Jti(qi))/ u, QJ)(DC)WJ € qucc(qi/ u)/u € Z} = b(%)

= b(q)) ® 0((qi, 1" (q:)), 1, 9,)(@) < b(@3), qj € Qsuce(qi, w), 1 € T

= b(q]) < 5((% Auti(qi))/ u, ‘7])(0‘) - b(ql)r qi € Qpred(qj/ 1/[),1/[ eX

= b(g;) < A{8((qi, 1" (@), ,9,)(@) = b(@)Ni € Qprea(gj, u), u € T}

= b(q;) < R*(b)(q,)-
Also, as R*(b)(q;) < b(q;), we have R*(b) = b.

Conversely, let R*(b) = b. Then
RY(b) = b = R(b)(g)(@) = b(g;)

= A{8((qi, 1 (42), 1,9))(@) = b(@)l4i € Qprea(dj, ), u € T} = b(g))
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= b(q]) < (5((‘71/ [Jti(qi))/ u, ‘7])(01) - b(ql)r qi € Qpred(Qj/ M),M EX

= b(q]) ® 6((’71/ Mti(Qi))/ u, q])(a) < b(ql)/ qj € QSllCC(qi/ u),u €X

= V{b(g) ® 5((qi, 1 (@), 1, 9))(@)1q; € Quuce(di, 1), u € T} < b(gy)

= 5%(0)(q:) < b(q:)-

Also, as b(g;) < 5%(b)(g:), whereby 5%(b) = b. Hence, R*(b) = biff S*(b) =b. O

Proposition 3.3. Let F be an LB-valued general fuzzy automaton and b € B. Then for fixed a € B, b is an LB-valued
subproposition of B if and only if b is T'"*-closed.

Proof. The proof is straightforward from definition of subproposition and Proposition 3.1. [J

Proposition 3.4. For fixed a € B and an LB-valued subproposition b of an LB-valued general fuzzy automaton F,b
is separated iff b is T*-closed.

Proof. It follows from Propositions 2.11 and 3.1. [

Before stating the next part, we introduce the following concept of an L-valued regular closed subset in
an L-valued topology.

Definition 3.5. A closed L-valued subset in an L-valued topological space is called regular closed if it is
equal to the closure of its interior.

The following is towards the L-valued topological characterization of the concept of dynamically closed
L-valued subset in an LB-valued general fuzzy automaton.

Proposition 3.6. Let F be an LB-valued general fuzzy automaton. Then a closed L-valued subset b € B is dynamically
closed if and only if b is regular closed.

Proof. Letb € Bbe dynamically closed. Then there existsa € B, a < bsuch thatforalla € B, S*(a) < P*(a) = b.

Now, 5%(a)(q)) < b(g)) = S(@)(q))(@) < b(g))

= v{a() © 5((@;, 1), 1,4)(@)1a; € Quuee@j 1), 1 € T < b(g))

= a(q:) ® 0((9j, 1'/(q7)), 1, 4i)(@) < b(q7), qi € Quucc(qj, u),u € X

= a(q:) < 0((qj, 1'1(q7), u, qi)@) = b(q)), 9; € Qprea(qi, u), 1 € L

= a(q)) < MS((q;, 1)), 1, 9)(@) = (@) € Qprea(qi, ), u € T}

= a(qi) < R(b)(g:)(ax)

= a(q;) < R*(b)(q:)

= P%(a)(q:) < P*(R*(b))(4:)

= b(gi) < PY(R*(D))(q:)-

Again, R*(b) < b = P*(R*(b)) < P*(b) = b. Therefore P*(R*(b)) = b.
Conversely, let P*(R*(b)) = b and a = R*(b). Thena < b. Now,

S*(R*(B))(g)) = V{R*(b)(4:) © 5((q;, 1(q), 1, 9)(@)lgi € Quuce(qj, ), € T}
= v{(A[8(@ar 1"@0)), 0, 3)(@) = b@)Igk € Qurea(qi, v), 0 € T})

® 5((q, 1)), 1, (@)1 € Quuce(qj, u), u € T

= V{8((q, 1)), 1, 3:)(@) @ (M5, 1*(q1)), v, 3)(@) — ()]

Ok € Qurea(di,0), 0 € TI; € Quueelqj, ), u € T

< V{8((@j, 1), 1, 9:)(@) ® (5@, 1 (qi)), v, (@) —

b(@))g; € Qurealdi, 1), u € T} < b(q)) = P (R*(b))(q))

i. e, §%(a) < P*(a) = b. Hence proved. O
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Remark 3.7. Let F be an LB-valued general fuzzy automaton and « € B be a primary. Then «a is a minimal
regular closed subproposition of F.

Definition 3.8. Let F be an LB-valued general fuzzy automaton and o € B. Consider an L-valued relation
E on Q given by if p € Qua@,u) = E(p,q) = P*M(@) = PO@)@) = V{1() @ 8(p, ' (), 1, )@)lp €
Qprea(q, u),u € Z} forallg € Q.

We can show that L-valued relation E on Q is L-valued reflexive and L-valued transitive. To show E
is L-valued reflexive, we need to demonstrated that E(p,p) = 1. Let p € Qpra(p, u), E(p,p) = P*()(p) =

POP@) = V{1(p) ® 8, 1P, uP)@lp € Qeapw)u € ) = 8, w'(), Ap)a) = 1. Thus, E is
L-valued reflexive. To show E is L-valued transitive, we need to display that E(p,r) > E(p,q) ® E(q,7)

where, p € Qprea(q, 1), q € Qprea(r,0), i.e., P*(1)(r) = P*(1)(g) ® P*(1)(r). Now, P*(1)(g) ® P*(1)(r) = [V{l(q’) ®
8@, 1 @), 1w, D@Ng’ € Qurea(q, w), u € TNV @, 11 (1)), 0,7) (@)l € Qurealr,0), v € Tf] = V{(1(g) ®
8((q', 1@, 1, @) ® (V{1(r) & 5, 1)), 0, Y@ € Qprea(r,0), v € NI’ € Qprea(q, ), u € T} = V{5(7,
(@), u,9)(@) ® (VB 11 (7)), 0, V@I € Qprea(r,0), v € ZNI q' € Qurealg, ), u € T} = VIS(p, 1)), u,
9)(@) ®8((q, 1)), 2, N@)| p € Qprea(q, 1), 9 € Qurea©,7), 1,0 € T} = V{5 (p, 1 (p)), 10, N(@)Ip € Qprea(q, 1), €

Qprea(v 1), 1,0 € Ty = V{1(p) @ 5" ((p, 1" (p)), w0, N(@)lp € Qurea(d, 1), G € Qprea(r, v), 1,0 € T} = PYA)() = E(p, 7).
Thus, E(p,r) = E(p,q) ® E(q, ). Hence, E is L-valued transitive.

Definition 3.9. Let F be an L5-valued general fuzzy automaton and a € B. The L-valued approximation
operator on Q is as follows:

D*(q) = D(a)(9) = V{E(p,q) ® a(p)lp € Qurea(, u),u € L} forall g € Q.

Proposition 3.10. Let F be an LB-valued general fuzzy automaton and a € B. An L-valued relation E on a non-empty
set Q is L-valued reflexive and L-valued transitive if and only if L-valued approximation operator D is a Kuratowski
saturated L-valued closure operator on Q.

Proof. Let E be an L-valued reflexive and L-valued transitive relation on Q. To show that D is an L-valued
closure operator on Q, we need to verify the following conditions (YA, A; € B, j € ]):
D(a)=a,Vael;

ii)A < D(A);
ii)D(U(Al] € J}) = u[D(j € J};

iv)D(D(A)) = D(A).
Proof of (i) is obviously satisfied and (ii) follows using the reflexivity of E. (iii) is satisfied, since for

geQand A; € B, je ] DUfAlj € TH@) = V{E®,9) @ (V{A(p)lj € TPIp € Qprealq, u), u € T}
= V[V [E@,9) ® A;(0)lp € Qprealq, u), u € Tlj € ]}

= U{D(/\ jlj € ])}(q). Finally, (iv) is also satisfied by using the transitivity of E as: Vg € Q
D(D(@))(9) = V{E(p, q) ® D@)(p)lp € Qprea(q, ), u € T}

V{E@, 9) ® (V{E(r, p) ® a(r)Ir € Qurea(p, v),0 € Z))lp € Qurealq, u), u € T}

V{(V{E(, 9) @ E(p)lp € Qprea(@, 1)) ® a(P)lF € Qurealp, v), u, v € T}

V{E (r,q) ® a(r)lr € Qprea(q, w), w € Z*} D(a)(g).

IN
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Conversely, let D be an L-valued closure operator on Q and g € Q. Then 1 = 1(g) < D(1)(g). Thus,
D(1)(g) = 1, hence V{E(p, Q1P € Qprea(q, u),u € Z} =1 = E(p,p). Hence, E is an L-valued reflexive. Next,
let g € Q,7 € Qprea(q, u) for u € L. Then D(D(1))(9) < D(1)(q), i.e.,

V{E(p, 9) ® DAO)(P)Ip € Qprealq, 1), u € T} < D(1)(9)
= V{E(p, q)®(V{E(r, p)®1(r)}|r € Qprea(p,v),v € Z})lp € Qprea(q, u),u € Z} < V{E(q’, 7)®1G)g" € Qprealq, w), w €
Z}, or that V{E(r, P)®E(@, lp € Qprea(q, u), u € Z} < V{E(q’,q) ®1(G)g" € Qprealqg, w).w € Z}.

Thus, \/{E(r, PYOEW@, Plp € Qprea(q, u), 1 € Qprea(p, v)} < E(r,q). Hence, E is an L-valued transitive also. [

Proposition 3.11. Let F be an LB-valued general fuzzy automaton. Then D is a Kuratowski saturated L-valued
closure operator on Q.

Proof. It follows from Proposition 3.10. [J

Thus, D induces an saturated L-valued topology on Q, say 7(Q).

Remark 3.12. (i) Let F be an L5-valued general fuzzy automaton and @ € B. Similar to above, if we
define another L-valued relation E* on Q, given by if p € Quucc(g,4) = E*(p,q) = S*()(q) = SA)(g)(«)
= \/{l(p) ® 8((q, 1'@)), u, p) (@)lp € Qsuce(q, 1), u € Z} for all g € Q. Then E*(p,q) = E(g,p) is also an L-valued
reflexive and transitive relation on Q, and hence it will induce another L-valued approximation operator,

say D*, on Q, which will induce an L-valued topology on Q, say 7*(Q).
(ii) It can be seen that D(A) = P(A) and D*(A) = S(A) for all A € B.

Definition 3.13. Let F be an LB-valued general fuzzy automaton and @ € B. b € B is called an L-valued
successor subproposition of F if

bip) < A{S((p, ' (), 1, 3)(@) = b(@)g € Quuce(p, u), u € T,

Proposition 3.14. Let F be an LB-valued general fuzzy automaton and o € B. b € B is an L-valued successor
subproposition of F if and only if P*(b) = b (i.e., b is L-valued T *(Q)-closed).

Proof. Let P*(b) = b. Then

Pi(b) = b = P*(b)(q) = b(g)

= V{b(p) ® 8((p, ' (P)), 1, D@)lp € Qurea(q, 1), u € T} = big)
= b(p) ® 5((p, 1 (), u, 9)(@) < b(q), p € Qrea(q, u),u € T

= b(p) < o((p, 4" (p)), u, q)(@) = b(q),9 € Qsucc(p, u),u € L

= b(p) < AMS((p, 1 (), 1, 9)(@) = b()Iq € Quueelp, u), u € T},

Then b is an L-valued successor subproposition of F.

Conversely, let b be an L-valued successor subproposition of F. Then
bp) < A{8((p, ' (P)), 1, 9)(@) — b(@)I € Quuce(p, 1), u € T}
= b(p) < 5((p, 1'(p)), u, 9)(@) = b(9), 9 € Quucc(p,u), 1 € Z
= b(p) ® ((p, 1’ (p)), u, 9)(@) < b(9), p € Qprea(q, 1), 1 € X
= V{b(p) ® 5((p, 1' (), 1, D(@)lp € Qprea(q, u), u € T} < b(g)

= PYb)(q) < b(g).
Also, as b(q) < P*(b)(7), whereby P*(b) = b. Hence, P*(b) = b iff b be an L-valued successor subproposition
of F. O

Proposition 3.15. Let F be an LB-valued general fuzzy automaton and o € B. b € B is an L-valued separated
successor subproposition of F if and only if b is T'*(Q)-clopen.
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Proof. Follows from Propositions 2.11 and 3.14. [J

Definition 3.16. An LB-valued general fuzzy automaton F is called reversible if

S((p, 11 (), u, g)(@) < VI5((q, 1), v, p)(@)lv € T}, Vp,g € Que Land a € B.

Proposition 3.17. An LB-valued general fuzzy automaton F is reversible if and only if L-valued topology ©(Q) is Ro

Proof. Let Fbereversible. ThenVp,q € Q,u € Zanda € B, 5((p, 1'i(p)), u, 9) (a) < V{5((g, i (q)), v, p)(@)lv € L}.
We show that L-valued topology 7(Q) is Ry, for which it suffices to show that P*(1)(g) < P*(1)(p), Yp,q € Q

and a € B. As P(1)(q) = V{8((p, 1 (P)), 1, )@)lp € Qurea(q, u), u € T} and PE(1)(p) = V{5((q, 11 (), v, p)(@)lg €
Qpred(p,v),v € Z}, from the reversibility of F, P*(1)(g) < P*(1)(p), Vp,q € Q. Therefore, the L-valued topology
7(Q) is Ro. Conversely, let 7(Q) be an Ry L-valued topology on Q. Then Vp,q € Q,P*(1)(g) < P*(1)(p), i.e.,
S((p, 1 (p)), u,9)(@) < 5((q, 11(9), v, p)(@), Yu,v € £,¥p,q € Qand a € B.

Hence, F is reversible. [

Example 3.18. Consider the GFA in Figure 2, it is specified as F = (Q, %, R, Z, w, §, F1, F;), where Q = {qo, ql}
is the set of states, X = {a, b} is the set of input symbols, R= {(qo, 1)}, Z =0 and w is not applicable.

#tg (%] -1 a, 0.3
) {
do S0s q1

Fig. 2 The GFA of Example 3.18

We check operation of the GFA in Example 3.18 upon input "aba”.
If we choose Fi(u, 6) = 6, F2() = u'* (qm) = A?zl(Fl(pf(qi),é(qi, ak, gm)), then we have:
1 (qo) = 1,
#(q1) = F1(u"(q0), 6(qo, a,91)) = 6(qo, 4, 1) = 0.3,
w2(q1) = Fr(u"(q1), 6(q1,b, 1)) = 6(q1,b, 1) = 0.1,

12(q0) = F1(u'2(q1), 6(q1,4,90)) = 6(q1,4,90) = 0.4.

Table 2: Active states and their membership values (mv) at different times in Example 3.18
time fo ty ty i’3
input | A | a | b | a

Qactt) | go | ¢1 | 91 | 90
mv 11030104

ThesetB = { 0, ap, a1, 02, a3, 1} of possible propositions about the general fuzzy automaton F is as follows:
-0 means that the GFA is not in active states of Q,
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-ag means that the GFA is in active states at time t,
-a1 means that the GFA is in active states at time #1,
-ap means that the GFA is in active states at time f,,
-a3 means that the GFA is in active states at time f3,
-1 means that the GFA is in at least one active state at time ¢; for any i > 0.

By the Definition 3.16 F is reversible and L-valued topology 7 on Q is Ry. For example we have:
o((q1, u>(q1)), 4, g0)(@2) = Fi(p™(q1),0(q1,4,90)(@2)) = 0(q1,a,90)(@2) = @2(q0) V a2(q1) = 0V 0.1 = 0.1 and
0((q0, 1 (90)), 4, q1)(a2) = F1(1(q0), 0(qo, a,91)(@2)) = 6(q0,4,q1)(a2) = @2(qo) V az2(q1) = 0V 0.1= 0.1, then
o((q1, 1"(q1)), 4, q0)(@2) < 6((q0, 1"(90)) , @, q1)(@2). Also, P*2(1)(go) < P**(1)(q1) Since _
P(1)(q0) = 1(q1) ® 6((q1, t(q1)), 4, q0)(a2) = 0.3 ® 0.1 = 0.1, P*(1)(q1) = {1(90) ® 0((q0, 1 (q0)), @, 1) (2)} V
{1(g1) ® 6((q1, 1" (71)), b, g1)(a2)} = 0.1® 0.1 = 0.1.

Proposition 3.19. Let F be an LB-valued general fuzzy automaton and o € B. F is reversible if and only if for any
L-valued successor subproposition b € B of F, P*(b) = b.

Proof. Let F be reversible. Then 7(Q) is Ry L-valued topology. Thus, for any L-valued closed subset b on
Q, PA(b) < b. Hence, P*(b) = b. Conversely, let b € B be an L-valued successor subproposition of F such
that P*(b) = b. Then as b is 7(Q) L-valued closed and contains the closure of its each point, the L-valued
topology 7(Q) is Ro. Thus, F is reversible. [J

Corollary 3.20. An LB-valued general fuzzy automaton F is reversible if and only if each L-valued successor sub-
proposition of F is separated.

Proof. It follows from Propositions 3.14 and 3.19. [

3.2. LB-valued GFA Structure Space and LB-valued GFA Homotopy

Let 7 be an L-valued topology on Q induced by Kuratowski saturated L-valued closure operator D in
previous subsection. Then 7 is said to be the LB-valued GFA structure generated by L-valued topology
associated with an LB-valued GFA and the ordered pair (Q, 7) is said to be an LE-valued GFA structure space.
Moreover, members of T are said to be an LB-valued GFA open subpropositions and their complements are
said to be an LB-valued GFA closed subpropositions.

Definition 3.21. Let F be an LP-valued GFA and let (Q,7) be an LB-valued GFA structure space. Let
p,q € Q,ue Y, and a € B. Then the proposition point g, is defined as:

%@:{Mw P € Qurilg )

0, otherwise

Definition 3.22. Let (Q, 7) and (Q’,7’) be any two LE-valued GFA structure space. A function f : (Q, 1) —
(Q, ') is said to be:

(i) LB-valued GFA continuous if (1) is an LB-valued GFA open (resp. LP-valued GFA closed) sub-
proposition in (Q, 7) for every LE-valued open (resp. LB-valued closed) subproposition A in (Q’, 7°).

(ii) LB-valued GFA homomorphism if f is bijective and f, f~! are LB-valued GFA continuous functions.

Definition 3.23. Let (Q, 7) be an LB-valued GFA structure space and let A C Q. Then the L5-valued GFA
characteristic function x4 of A is defined as:

xam={L 1eh

0, otherwise -
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Definition 3.24. Let (Q, 7) be an LB-valued GFA structure space. If A C Q and x4 is the LB-valued GFA
characteristic function of A, then the collection /A = {A/A = A A x4 : A € T} is an LB-valued GFA structure
on A which is called the LB-valued GFA subspace structure and the pair (A, 7/A) is called LE-valued GFA
structure subspace of (Q, 7).

Definition 3.25. Let (Q, 7) be a structure space where Q is the non-empty set of states of an L®-valued GFA
E. The collection, w(t) = {xp : P € 1} such that D(xp) = xp is an LE-valued structure on Q introduced by 7.
Then (Q, w(7)) is called the LB-valued GFA structure space introduced by (Q, 7).

Note 3.26. Let C be an Euclidean topology on I, where I = [0, 1] and (I, w(C)) be an LB-valued GFA structure
space introduced by the Euclidean space (I, C).

Definition 3.27. Let (Q,7) and (Q’,7’) be any two L3-valued GFA structure spaces and (I,w(C)) be an
LB-valued GFA structure introduced by the Euclidean space (I,0). Let f,g : (Q,7) — (Q’,7') be any
two LB-valued GFA continuous functions. If there exists an LB-valued GFA continuous function H :
(Q, 1) x (I, w(C)) = (Q', ') such that H(g,,0) = f(9.) and H(ga, 1) = g(4.), for each proposition point g, of Q,
then f is said to be an LB-valued GFA homotopic to g. Moreover, the function H is said to be an L5-valued
GFA homotopy between f and g, denoted as f ~ g.

Proposition 3.28. Let (Q, 1) and (Q’, ') be any two LB-valued GFA structure spaces. Let U and V be subsets of Q.

Let A = %V %, where % and % are the LB-valued GEA open subpropositions in (Q, 7). Let f : (U, %) — (Q,t")and
. l e B_ ; ; f _ h . -
h: .(V, .V) —> (Q', ') be any two L°-valued GFA continuous functions. If 0oV -Unv’ theng : (Q,1) = (Q’, )

which is defined by,

) f@, for gel
9() = {h(q), for geV

is an LB-valued GFA continuous function.

Proof. Let a be an LB-valued GFA open subproposition in (Q’, 7). Let % and % be the LB-valued GFA open
subpropositions in (Q, 7). Then % \ % is an LB-valued GFA open subproposition in (Q, 7). Now,
A A A A

7@ = @A = @A GV S = @ @A)V @) A ) = @) VI @)

Since f and h are LB-valued GFA continuous functions, f~!(a) and h~!(a) are the L5-valued GFA open
subpropositions in (U, %) and (V, %), respectively. Then g~!(«) is an LB-valued GFA open subproposition
in (Q, 7). Hence, g is an L5-valued GFA continuous function. [

Proposition 3.29. The homotopy relation ~ is an equivalence relation.
Proof. Ttis clear. O

Note 3.30. The equivalence class of the LB-valued GFA function f under the equivalence relation ~ id
denoted by [f].

Definition 3.31. Let (Q, 7) and (Q’, 7’) be any two LB-valued GFA structure spaces. Let f : (Q,7) = (Q/, 7')
and g : (Q’,7') = (Q, 1) be LB-valued GFA continuous function such that fog = idy and gof = idg, where
idg and idg are the identity functions of (Q, 7) and (Q’, '), respectively. Then (Q, 7) and (Q’, 7’) are said to
LB-valued GFA homotopic equivalent spaces and f is called an LB-valued GFA homotopy equivalence.

Definition 3.32. Let (Q,7) and (Q’,7’) be any two L5-valued GFA structure spaces. An LP-valued GFA
function f : (Q,7) — (Q’, ) is said to be a constant function if for each proposition point g5 in Q f(gs) = 71
where 1, is a fixed proposition point in Q".
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Definition 3.33. An LB-valued GFA structure (Q, 7) is said to be LB-valued GFA contractible space if the
identity function idp : (Q, ) — (Q, 7) is L5-valued GFA homotopic to a constant function /1 : (Q, ) — (Q, 7).

Definition 3.34. Let (Q, 7) and (Q’, ') be any two L5-valued GFA structure spaces. Let f, g : (Q, 1) — (Q’, ')
be any two L5-valued GFA continuous functions and f = g. If g is a constant function, then f is called an
LP-valued GFA null-homotopic function.

Proposition 3.35. An LB-valued GFA structure space (Q, ) is LB-valued GFA contractible if for any arbitrary
LB-valued GFA structure space (Q',7') every LB-valued GFA function f : (Q,7) — (Q’,7') is LB-valued GFA
null-homotopic.

Proof. Assume that for any arbitrary LE-valued GFA structure space (Q’, 7’) the function f : (Q, 1) — (Q’,7’)
is LB-valued GFA null-homotopic. Then the identity function idp : (Q,7) — (Q, 7) is LB-valued GFA null-
homotopic; and, hence (Q, ) is LB-valued GFA contractible. Now, assume that (Q, 7) is an LB-valued GFA
contractible space. Then there exists a constant function 2 : (Q, 1) — (Q, 7) by h(gs) = g} and LB-valued GFA
homotopy F : (Q, 7) X (I, w(C)) — (Q, 7) such that F(gs,0) = idq(qs); F(qs,1) = h(qs) = g;-

If there is an LB-valued GFA f : (Q,7) — (Q’,7’), then H : (Q,7) X (I, w(C)) — (Q’, ') is defined by
H(gs,s) = f(F(gs,s)), where s € I has the following properties:

H@s,0) = f(Fgo,0) = flido(4s)) = @) = (f@)e, H(go, 1) = FE@Gs, 1)) = f(h(ge)) = .
Hence, H is an LB-valued GFA homotopy from f to a constant map with value f(g"). Thus, f is LE-valued
GFA null-homotopic. [

Proposition 3.36. Let (Q, 1), (Q',0) and (Q”, p) be any three LB-valued GFEA structure spaces. let f,g : (Q,7) —
(Q’, 0) be LB-valued GFA continuous functions such that f ~ g. If h : (Q’,0) — (Q”, p) is an LB-valued continuous
function, then hof, hog : (Q, 7) — (Q”, p) are LB-valued GFA continuous and hof = hog.

Proof. Let (I, w(C)) be an LB-valued GFA structure space introduced by the Euclidean space (I, C). Since , f
and g are LB-valued GFA functions, hof and hog are LB-valued GFA continuous. Since f ~ g by definition
of LB-valued GFA homotopy there is an LB-valued continuous function G : (Q, 7) X (I, w()) — (Q’, o) such
that G(gs,0) = f(gs), G(95,1) = 9(gs), for each proposition poin g5 of Q. Now, H : (Q, ) X (I, w(C)) = (Q”, p)
is given by H(gs, t) = h(G(gs, t)), where t € I. Since h and g are L5-valued GFA continuous functions, H = hog
is an LB-valued GFA continuous function. Moreover, H satisfies the following conditions:

H(gs,0) = h(G(gs,0)) = h(f(qs)) = (hof)(qs);

H(qs,1) = h(G(qs, 1)) = h(g(qs)) = (hog)(qs)-
Hence, hof ~ hog. O

Proposition 3.37. Let (Q,7), (Q',0) and (Q”,p) be any three LB-valued GFA structure spaces. Suppose that
fi, f2: (Q,7) = (Q',0) are LB-valued GFA homotopic functions and that g1, 9> : (Q’,0) — (Q, 1) are LB-valued
GFEA homotopic functions, then giofi = go0fs.

Proof. LetH : (Q, 7)X(I,w(C)) — (Q’, 0) be an LE-valued GFA homotopy f; to f» and let G : (Q’, 0)x (I, w(C)) —
(Q”,p) be an LB-valued GFA homotopy from g; to g,. Now, let us define a function F : (Q, 1) X (I, w(C)) —
(Q”, p) by F(gs,s) = G(H(gs, s),s). Since F is a composition of two LE-valued GFA continuous functions, G
and H, T is also an LB-valued GFA continuous function. It is seen that

F(g5,0) = G(H(g5,0),0) = 92(f2(45));

F(gs5,1) = G(H(gs,1),1) = g1(f1(45))-
Hence, F is an LB-valued GFA homotopy from g10f; to g20f>. Therefore g10f; = ga0fo. [

Definition 3.38. Let (Q, 7) and (Q’, 0) be any two LB-valued GFA structure spaces. Let f; : (Q,7) — (Q’, 0) be
an LB-valued GFA continuous function. If there exists an L2-valued GFA continuous function f; : (Q’,0) —
(Q, t) which satisfies the following conditions:
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(i) fiofo = idgy and (ii) f0f1 = idg, where idg and idy are the identity functions of Q and Q’, respectively,
then the function f; is called an LB-valued GFA homotopy equivalence and the LB-valued GFA structure
spaces (Q, 7) and (Q’, 0) are called LB-valued GFA homotopic equivalent spaces.

Proposition 3.39. Let (Q,7) and (Q’,0) be any two LB-valued GFA structure spaces. Every LB-valued GFA
function that is LB-valued GFA homotopic to an LB-valued GFA homotopy equivalence is an LE-valued GFA homotopy
equivalence.

Proof. Let fi : (Q,7) — (Q’,0) be an LB-valued GFA homotopy equivalence and let g : (Q,7) — (Q’,0)
be LB-valued GFA homotopic to fi. Then by definition of L®-valued GFA homotopy equivalence, there
exists an LB-valued GFA continuous function f; : (Q’,0) — (Q, 1) such that fof; =~ idg and fiof, ~ idb,

respectively. Since f1,9 : (Q,7) — (Q’,0) are LB-valued GFA homotopic and by Proposition 3.37 it is seen
that f,0f1 = fr0g9 ~ idg; fiofa = gofo = idy. Therefore g is an LE-valued GFA homotopy equivalence. [J

Definition 3.40. Let (Q, ) and (Q’, o) be any two LB-valued GFA structure spaces. If the bijective function
f:(Q,1) = (Q,0) and its inverse function are LB-valued GFA continuous functions, then the function
f is said to be an LB-valued GFA homeomorphism. Moreover, (Q’,0) are said to be an LE-valued GFA
homeomorphic spaces.

Proposition 3.41. Every LB-valued GFA homeomorphic spaces are LB-valued GEA homotopy equivalent spaces
Proof. Let (Q,7) and (Q’,0) be any two LB-valued GFA structure spaces. Since f; : (Q,7) — (Q’,0) and
fo 1 (Q,0) = (Q,1) are LB-valued GFA homeomorphisms, fiof, = idy and f,ofi = idg, where idg and

ido are the identity functions of Q and (', respectively. Hence, by Proposition 3.29, (Q, 7) and (Q’, o) are
LB-valued GFA homotopy equivalent spaces. [

3.3. Relationships Between LB-valued GFA and Associated L-valued Subpropositions

In this subsection, we study the concepts associated with L-valued successor (predecessor) subpropo-
sitions of an LB-valued general fuzzy automaton F with the membership values in a complete residuated
lattice. Finally, the continuity properties of such LB-valued general fuzzy automaton are discussed in terms
of the topologies.

Definition 3.42. Areverse LP-valued general fuzzy automaton of an L?-valued GFAF = (Q, L, R, Z, 5,w,F1,F,)
is an LB-valued GFA F = (Q,%, R, Z, 6, w, F1, F2) where 6 : (Q X L) X £ X Q — LP is a map such that

3((p, ' (p)), u,9)(@) = V{8((q, 1" (@), 0, p)(@o € T},

Definition 3.43. Let [ be an L5-valued general fuzzy automaton and « € B. Then b € B is called:
i) an L-valued predecessor subproposition of F if

b(@) < A[S((p, ' (p)), 1, 9)(@) = b(p)lp € Qprealq, u), u € Zf;

ii) a double L-valued subproposition of F if it is both L-valued successor and predecessor subproposition
of F.

Proposition 3.44. Let F be an LB-valued general fuzzy automaton and o € B. Then the following are equivalent:
i) b € Bis an L-valued successor subproposition of F.

ii) b € B is ©(Q)-open.

iii) b € B is a solution to an L-valued relational equation x ® E = x, where x € B is an unknown.
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Proof. (i) — (ii) Let b be an L-valued successor subproposition of F. Then
bp) < A[8((p, ' (P)), 1, 3)(@) = b@)Ig € Quuce(p, 1), u € X}

= b(p) < 5((p, 1'(p)), u, 9)(@) = b(9), 9 € Quucc(p,u), 1 € Z
= b(p) ® 6((p, 1'(p)), u, 9)(@) < b(q),q € Qeuce(p, u),u € X

= b(p) ® (V{8((p, 1 (p)), 1, q)(@)lq € Quuce(p, ), u € L)) < b(@)
= b(p) ® (V{1(p) @ 5((p, 1 (p)), 1, )(@)Ip € Qprealq, ), u € T}) < b(g)
= b(p) ® (V{E(p, Dlp € Qprea(q, ), u € T}) < blg)

= V{b(p) ® E(p, )lp € Qurea(q, ), u € T} < b(g)

= D(b)(q) < b(q)-
Also, as b(q) < D(b)(g), whereby D(b) = b. Then b is 7(Q)-open.

(ii) — (iii) Let b be t(Q)-open. Then b ® E < b. Also, from the reflexivity of E, b < b® E. Thusb® E = b,
or that b is a solution of L-valued relation equation y ® E = x.

(iii) — (i) is trivial. O

Proposition 3.45. Let F be an LB-valued general fuzzy automaton and a € B. Then the following are equivalent:
i) b € B is an L-valued predecessor subproposition of F.

ii) b € B is T*(Q)-open.
iii) b € B is a solution to an L-valued relation equation x ® E = x, where x € B is an unknown.

Proof. It is similar to the above mentioned lines. [

Proposition 3.46. Let F be an LB-valued general fuzzy automaton and o € B. Then;
i) if b € B is an L-valued predecessor subproposition, then —b is an L-valued successor subproposition.

ii) if b € B is an L-valued successor subproposition, then —b is an L-valued predecessor subproposition.

Proof. (i) Let b be an L-valued predecessor subproposition of F. Then
b(q) < AP, 1 (), 1, 9)(@) = b(P)Ip € Qurea(q, u), u € T}

= b(q) < 3((p, ' (p)), 1, 9)(@) = b(p), p € Qprea(d, w), 1 € T

= b(q) ® 5((p, ' (P)), u, (@) < b(p), p € Qprea(q, ), u € T

= ~(b(9) ® 5(p, ' (p)), u, 4)(@)) 2 ~b(p), p € Qprea(q, u), u € L

= (blq) ® 5((p, ' (p)), 1, q)(@)) = 0 2 =b(p), p € Qprea(q, u),u € T
= O((p, 1 (p), u, q)(@) @ b(g)) = 0 2 =b(p), p € Qprea(q, u),u € T
= ((p, 1'(p)), u, 9)(@) — (b(q) — 0) 2 =b(p), p € Qprealq, u),u € T
= =b(p) < 6((p, 1 (p)), u, 9)(@) = —b(q), q € Quucc(p, w),u € T

= —b(p) < AMS((p, 1 (p)), 1, 9)(@) = =b(@)Ig € Quuce(p, u), u € T}.
Then —b is an L-valued successor subproposition of F.

(ii) The proof is similar to what has been explained before. [

Proposition 3.47. Let F be an LB-valued general fuzzy automaton and o € B. Then b € B is an L-valued successor
subproposition of F if and only if b : (Q, E) — (L, —) is an preserving map.

Proof. Let bbe an L-valued successor subproposition of F. Then
b(p) < A{S((p, 1 (), 1, 9)(@) = b@)g € Quuec(p, u), u € T
= blp) < o((p, ' (), u, 7)(@) = b(q), 9 € Quuce(p, ), u €
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= b(p) ® 5((p, 1 (p)), ,9)(@) < b(q),9 € Quuec(p, ), 1 € T

= 0((p, ' (p)), 1, 9)(@) ® b(p) < b(q),q € Qsucc(p, u),u € L

= 8((p, 1 (), 1, 9)(@) < b(p) = b(q),9 € Queelp, 1), 1 € T

= 1(p) ® ((p, ' (P)), 1, 7)(@) < b(p) = b(g), p € Qprealq, ), u € £
= V{1(p) ® 8((p, '), 1, 9)(@)Ip € Qurea(g, 1), u € T} < b(p) — bg)

= E(p,q) < b(p) = b(g).
Thus b : (Q,E) — (L, =) preservers order. Converse the following similarly. O

Proposition 3.48. Let [ be an LB-valued general fuzzy automaton and o € B. b € B is an L-valued predecessor
subproposition of F if and only if b : (Q, E*) — (L, —) is an order preserving map.

Proof. Similar to that of Proposition 3.47. [

Proposition 3.49. Let [ be an LB-valued general fuzzy automaton, b € B be an L-valued successor (predecessor)
subproposition of F and o € B. Then for eacha € L, b — a is an L-valued predecessor (successor) subproposition of F.

Proof. Let b be an L-valued successor subproposition of F. Then
bp) < A[S((p, ' (P)), 1, 3)(@) — b@)Ig € Quuce(p, 1), u € T}

= b(p) < 8((p, 1 (p)), u, 7)(@) = b(g), 4 € Quucc(p, 1), u € £

= b(p) ® 0((p, 1 (p)), u, 9)(@) < b(q),q € Qsucc(p, u), u € L. 3

To show that b — a is an L-valued predecessor subproposition of F it is enough to show that (b(7) — a) <
5((p, 1P, 1, 9)(@) = (bp) = a),p € Qprealq, 1), u € T, or that (b(g) — a) ® 5((p, 1'(p)), 1,4)(@) @ b(p) < a,p €
Qpred(q,u),u € L. Now, (b(g) — a) ® 5((p, t(p)), u, q)(@) ® b(p) < (b(g) = a) @ b(g) < a. Thus b — a is an
L-valued predecessor subproposition of F. Similary, it can be prove that if b is an L-valued predecessor
subproposition of F, then for each a € L,b — a is an L-valued successor subproposition. [J

Proposition 3.50. Let F be an LB-valued general fuzzy automaton, b € B be an L-valued successor (predecessor)
subproposition of F and o € B. Then for each a € L,a ® b is an L-valued successor (predecessor) subproposition of F.

Proof. Let b be an L-valued successor subproposition of F and a € L. Then

b(p) < MS((p, 1 (), 1, 9)(@) = b(@)1g € Quueclp, u), u € T

= b(p) < o((p, 4 (p)), u, 9)(@) — b(q),q € Qsuce(p, u), u € =

= b(p) ® 6((p, 1 (p)), u, 9)(a) < b(q),q € Qsuce(p, u), u € =

= a®b(p) ®o((p, 1'(p), u,9)(a) < a®b(q),q9 € Qsucc(p, u),u € L

= (@®b(p) < 5((p, 1 (P)), u, 9)(@) = @@ b(@)), 4 € Quucclp,u),u € X

= (@®b(p) < A{S((p, 1)), 1, 9)(@) > @@ b@)I € Quueclp, ), u € T,

Thus a ® b is an L-valued successor subproposition of F. The proof for the case of L-valued predecessor
subproposition of F follows similarly. [J

Definition 3.51. Let F = (Q,%,R,Z,6,w,F1, F) and F’ = (Q',%L,R’, Z,&,«’, Fi, F») be two L4-valued and
LB-valued general fuzzy automata, where A and B are regarded as a complete infinitely distributive lattice
of propositions about the general fuzzy automata I and F’, respectively. Also, let E and H be L-valued
relation on Q and Q". Amap f : (Q,E) — (Q’, H) between L-valued general fuzzy automata is called order

preserving if E(p,q) < H(f(p), f(q)), Yp,q € Q.

Proposition 3.52. Let F and F’ be two L*-valued and LB-valued general fuzzy automata and f : (Q,E) — (Q’, H)
be order preserving. Then the inverse image of L-valued successor (predecessor) subproposition of F' is an L-valued
successor (predecessor) subproposition of F.

Proof. Let p € Qprea(q, 1), ® € A and A € B be an L-valued successor subproposition of F/. To show that
f71(A) is an L-valued successor subproposition of F it is enough to show that
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FENP) < MO, 1)), 1, g)(@) = fFHA)@DIG € Quuee(p, 1), u € X}

= fHMP) < 6((p, 1)), u, q) (@) — 7 (A)G), 9 € Qsuce(p,u), u € L

= NP ®((p, 1 (p)), 1, 9)(@) < F1(A)9),q € Qsuec(p, u),u € T

= @) © (VIS 1 (), 1, )@ € Queelp, u), 1 € T}) < FH(A)(@)

= AP @ (V1) © 8((p, 1)), 1, (@)l € Qprea(q, u), u € T}) < FHAN(@)

= T (M)P)®Ep,q) < f(M)@).

Now, f(A)(p) ® E(p,q) < A(f(p) ® E(p,q) < A(f(p)) ® H(f(p), f(@) < A(f(@)) < fH(A)(q)

Thus f~!(A) is an L-valued subproposition of F. [

Proposition 3.53. Let F and ' be two L*-valued and LB-valued general fuzzy automata. If f : F — F is
homomorphism, then f : (Q,1(Q)) — (Q',7'(Q’)) is L-valued continuous.

Proof. It follows from Propositions 3.44, 3.45 and 3.52. [

4. Conclusion

This study was an attempt to establish the relationships among L-valued successor/predecessor /resid-
uated/ approximation operator, L-valued topology/co-topology, and LB-valued general fuzzy automata.
It also showed that the continuity and separation properties of such Lf-valued general fuzzy automaton
could be examined in terms of those topologies. Moreover in this study, LE-valued GFA structure space and
LB-valued GFA homotopy were scrutinized in more details. The discussions presented here offer hope for
some new insights in quantum computation, specifically, in the family of L-valued topology/co-topology.
Possibly, much more investigations can be done than what has been suggested in this study. For example,
it may be possible to introduce an L-valued topology on the state-set of product of two LF-valued general
fuzzy automata. Also, the decompositions of an LE-valued general fuzzy automaton can be proposed and
it will be interesting to set that up to which extent these concepts depend on the distributivity of associated
lattice.
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