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Multiple Interpolation in the Privalov Classes in a Disk

Eugenia Gennad’evna Rodikova?®

?Bryansk State University named after I. G. Petrovsky, str. Bezhitskaya, 14, 241036 Bryansk, Russia

Abstract. For all 0 < q < +oo the Privalov class I, consists of all analytic functions f in a unit disk such
that

sup if (ln+ If(rei())l)q 46 < +co.

o<r<1 2T

In this paper we solve a multiple interpolation problem in the class I, for all 0 < g < 1. Namely, we find
the sufficient conditions for the explicit construction of the function that solves the interpolation problem
in the Privalov class. In addition, we discuss the necessity of these conditions.

1. Introduction

Let C be the complex plane, D be the unit disk on C, H(D) be the set of all functions, holomorphic in D.
For all 0 < g < +oco we define the Privalov class of function I, as follows:

Hq:{feH(D): supi '

0<r<1 27 -7

(n* |f(re))) do < +oo} .

Here, as usual, In" |a| = max(In|a|, 0), Va € C.

The classes I1, were first considered by I. I. Privalov in [11]. If g = 1 the Privalov class coincides with

the Nevanlinna class N, well-known in scientific literature (see [10]). Using Holder’s inequality, it is easy
to prove the inclusion chain:

I;(g>1)cNcIl(0<g<1).

In the case of 1 < g < 400 the Privalov spaces were studied by M. Stoll, V. I. Gavrilov, A. V. Subbotin,
D. A. Efimov, R. Mestrovic, Z. Pavicevic, etc. The monograph [7] contains a brief overview of their results.
Certain results were distributed to case 0 < g < 1 by author of this paper (see [14]). Notice that the case
0 < g < 1 was studied little in the scientific literature. Apparently, the Privalov classes I, (0 < g < 1) were
studied only in papers [14], [15], [18] and [19]. Factorization representation is not obtained for these classes,
which makes it difficult to solve many existing problems. Motivated by the recent results of F. A. Shamoyan
given in [18] and related investigations for the Il (7 > 1), here we consider the interpolation questions on
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the set of multiple nodes in the Privalov classes I, (0 < g < 1). Our methods are similar to those used for
the area Nevanlinna type spaces in [2] and [13].

State the problem of multiple interpolation for the class I, let {a}{” and {wy}{” be the arbitrary sequences
of complex numbers, {a,}]* C D; we put p; be the multiplicity of the number «; in the sequence {a}7°,s; > 1

be the multiplicity of the number a; on the interval {a;}]. Obviously, 1 <'s; < p; < +c0. We need to find
conditions for growth of ay and distribution of w; under which one can construct a function f € I, such
that the following task is solvable:

fO ) =wy, k=1,2,.... W

In this case {a}]” is called interpolating sequence. For sy = 1 we say that the interpolation is performed on a
set of simple nodes {ax}{".

The fundamental result in the theory of interpolation belongs to L. Carleson. In [3] he fully described
interpolating sequences for the class of bounded analytic functions. The interpolation problem in classes of
functions with bounded characteristic was solved by A. G. Naftalevic in [9]; a so-called free interpolation
problem in these spaces was investigated by A. Hartmann, X. Massaneda, A. Nicolau, P. Thomas in [6]. The
same problems in the Hardy spaces were studied by H. Shapiro, A. Shields in [23] and by K. Seip in [24];
multiple interpolation problem for Hardy’s spaces was solved by M. M. Djrbashian in [5]. The questions
of interpolation on the sets of simple nodes in the Smirnov classes were investigated by N. Yanagihara
in [26], the same questions on the sets of simple and multiple nodes in the classes of analytic functions
with the restrictions on the Nevanlinna characteristic were studied by V. A. Bednazh, F. A. Shamoyan
and E. G. Rodikova (see [1], [2], [12], [13], [21]; for a detailed description of the mentioned classes see
the monograph [22]). Overview of early results on interpolation theory is contained in the monograph of
S. A. Vinogradov, V. P. Havin (see [25]).

So-called free interpolation problem on the Carleson sets (i.e. in the case of uniformly separated
sequence) in the I, - classes was solved by R. Mestrovic, J. Susic in [8] for g > 1, and by the author of this
paper and V. A. Bednazh in [15] for 0 < g < 1. Recall that a sequence {ax};”> C D is said to be uniformly
separated if

[1

k#n

A — Ay

— >6>0, Yk e N. 2
T € 2)

In [15] the authors also investigated the questions of multiple interpolation in I'l; - classes for g > 1 provided
that the nodes are in the Stoltz angles and satisfy the condition of so-called weak separation instead of (2).
Thus, in this work we continue the study of interpolation issues in the Privalov classes.
The paper is organized as follows: in the second part of the paper we prove auxiliary assertions and
present the main result, and in the third part of the article we prove the main result, namely, we construct
an explicit solution to the interpolation problem (1).

2. Formulation of main result and proof of auxiliary assertions

To formulate and prove the results of the work we introduce some more notations and definitions.
For any > —1 we denote by 7g(z, ax) the M. M. Djrbashian’s infinite product with zeros at points of the
sequence {ax}]” C D (see [4]):

+00

mp(z, ) = [ [ (1= =) exp(-Up(z, ) @)

k=1
where

206+ 1) ~L (1-p*fInil - o)
Up(z, ax) = - ff (1 = zpe 10)p+2 —dOpdp.
0 -m




E. G. Rodikova / Filomat 35:1 (2021), 271-286 273

We denote by 715,(z, ax) the infinite product mtg(z, ax) without n-th factor.
As stated in [4], the infinite product 74(z, ax) is absolutely and uniformly convergent in the unit disk D
if and only if the following series converges:

+00
D (1=l < oo,
k=1

If B+1=p € Z,, then product (3) takes a form (see [4]):

+00 — p+1 o\ J
3 H a(ax — z) Z 11— |ay
T[p(Z, ak) B 1- Ekz exp = ] ( 1- akZ '

k=1

Definition 1. The Stolz angle T's(0) with the vertex at the point ' is the angle of the solution 16,0 < 6 < 1, whose
bisector coincides with the segment re'®, 0 < r < 1, that is the set of points z € D for which the following inequalities
hold:

‘arg (eie - z) - 9‘ < %6,

i0 70
|€ — z| < COos 7

Everywhere below, unless otherwise specified, we assume that 0 < g < 1.

Also by ¢, c1,...,cu(a, B, ...) we denote arbitrary positive constants depending on «, B, ..., whose value
immaterial.

For all 0 < r < 1 by definition, put n(r) = card{ay : |ax| < r}. The sequence {a};” C D, satisfying the
following conditions

1
fnq(r)dr < 400, 4)
0

—u(k)
(1=l
where p > % =1, uk) > 0, u(k) = 0(1), k = +oo,

|np,k(ak, azj)| > exp

supi{pi} < +oo,
k=1

we associate with a class A. }
For given sequence {a;}]° C D and fixed 0 < g < 1 we denote by l"(ax) a sequence space {wy};” such that

In* fwyl = o ((1 = lax)™7), k — +oo,
ie.

p1(k)

A=)V’ ©)

[wi| = exp
(k) > 0, pa(k) = o(1), k — +oo.
Notice, that class /7 is natural for solving the interpolation problem in Privalov’s spaces I, because the
following assertion is valid:
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Theorem 1 (see [14]). Let 0 < q < 1. If f € I1;, M(r, f) = max |f(z)| z € D, then

In* M(r, f) = o((1 = 17"7),r > 1-0, 7)
and this estimate is exact.

The main result of this article is proof of the following theorem:

Theorem 2. Let {oy}” C U I's(6s) for a certain 0 < 6 < 1.

Iffoul € A, then for any sequence {wi}7’ from 1(ay) it is possible to construct explicit the function f € I1, that
solve the multlple interpolation problem (1) for all s > 1.

Proof of main result are based on the following statements.

Theorem 3. (see [18]) If {ax}]’ is a sequence of zeros for a function f € I1,, then

"0 G

Conversely: assume that {ax}” C U I's(0s) for a certain 0 < 0 < 1; if the following integral is convergent:

1

fn"(r)dr < 400,

0

then we can construct a nontrivial function f from Iy such that f(ax) =0,k=1,2,....
Remark 1. In the recent work [16] the author established that the sufficient condition in Theorem 3 is also necessary.

Remark 2. Notice that zero set of function from the class 1, (q > 1) is completely characterized by the Blaschke
condition due to inclusion this class in the Nevanlinna class N.

We consider a function / associated with a sequence {ax}]’

m (1 m )ﬁ
I = () = exp Z Z L L — el 8)
s=1 m=1 (1 —ZPpme™ )

in class Iy:

where 0 < < 1/g9,0 < py <1,m=1,2,..., {ul{ is a positive infinitesimal sequence depending from the
interpolation nodes {ax}7’.

We show thath € Hq. Without loss of generality, we assume that all interpolation nodes are in the angle
I's(0). Denote for a brevity g’ =  + % We have:

1- PmZ)ﬁ
m

n o0 q
1 X m 1- sz)ﬁ
S an (Z = rpuete-o | 4P

0<r<1

1 ; 1
sup — | (In* |h(re'?))1dp = sup — | [In*
OSrgl 2n ¢ OSrfl 2n

-7 —
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We continue the assessment:

1 n1+hi<r1 Ide < 5 [ a- sz) qd_
supE (In™ [R(re)]) @—SUPQ Z km ve

0<r<1 0<r<1
1 sz)ﬁq o mq(l_pmz)ﬂq
-sgizzanku-m EE —sszzn2<1-rp Ea

(- p®PT 287 33 o ul
= su <=V M-k .
Og,ﬂ 2m Z (1 —rpm)Pa 2n Z ke 2m 1- ”Z

m=1

Thus we have Iy € I1,.
The following statement is valid.

Lemma 1. Let h(z) is defined by equality (8) under the following conditions:

1
we = (k) + p®)™e  k=1,2,...,

here u1, u are infinitesimals sequences from equations (6) and (5) respectively, m ( )= inf m,
Pm>Tk

1—pw=Qu)", m=1,2,....

If points of a sequence {ay}y* are in the finite number of the Stolz angles, i.e. {ax}” C U I's(0s), then for the function

h(z) the following estimate is valid:
to(k)

(1= a7’

po(k) > 0, po(k) = o(1), k = +co.

©)

|h(ax)| = exp

Proof. Without loss of generality, we assume that all interpolation nodes belong to the angle I's(0). For
brevity we denote /' = + % So we have

B - pu?)P
h(Z) hk Z) exp Z Mk W, zeD.
We estimate h(ay) in the angle I's(9).
+00
B e 1- pm _ . ‘R(l Arpme®)F
h(aw)l = expmzzluk = apme 19);3’ exPZ (1= pu?) —Il = cxpye PP

But
R(1 - Fepue®)” = R(1 - rkpme*"("”’@))ﬁ - R(1 = pure + purc(1 — e*"(@k’e)))ﬁ/ =

p
_i(0r— B ’ 1- m? i
= ‘R(l — Ptk + pui(1 — €7 9))) == (purip)’ - y\(# +e @) ,

T

where ay = riei®, (1 — e @=0) = pei@, |p| < 57 Therefore we have R(1 = @pme®) > c1(pmrrp)f by
Lemma 1.3 proved in the work of F.A. Shamoyan [17].
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On the other hand,
11— e @ OP = o ginf (M)
2 7

whence

1 . c1(pmri)f 2 sin® (QEWk)
_ Ziovg =
(1 = arpme9)F ((1 Pmti)? +4sin® (9 P

Cl(me’k)ﬁ 2ﬁ SIH}S ( 2

s op i O—x
& - 2P sin” =%

—Pk

p = 4sin26— P .
) g (14 525

(1—Pm‘/k)2

- ((1 — Pmt)? + 4 sin? (9_2@"

Since {ax}]” € I'5(6), we have
|sm (9 L )
CA-n) T

As a result, we obtain:
N (0
(1= axpme™ )~ (1 = pur)f”

Thus for the function /() in the angle I's(0) the following estimate is held:

(e >e><pC(/3)Z kﬁ.

(1- Pm )
Note that the series mzl uy! TV is convergent. Indeed,

— 0. 2\ — .2\ B
LT .Y P
1- rkpm)ﬁ 1- pm)ﬁ 1- Pm)l/q

By condition, 1 - p,, = (ZuZ)’”. Therefore

m (1- pmz)ﬁ < g
CA i =27

+00
and the series in question is convergent in I'5(6) in view of the convergence of the series }, %
m=1
We continue to search for a lower bound of |i(ax)|. To do this, we divide the internal amount into parts:

§= Z Uopn) Z .0+ Z (.)+ Z (.)=

e A o P
(1 rkpm) (1_Pm)<(1_rk) (1_Pm)>(1_rk) (1_an)=(1_rk)
= S1(k) + Sa(k) + Sz (k).

m=1

We evaluate each of these sums separately.

(1 m )ﬁ m 1 1 1 m—l
Sh= Y ukm Zusz(i) 2w

(1=pm)>1—rr) Pm<rk Pm<T (1- Pm)

==
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By condition, 1 — p,,, = (ZuZ)m. Therefore

1 1\
Sg(k) > m : Z (m) e C(q, Ti’lo) = const.

Pm <tk

Here my is a number for which p,, = r,. Now we estimate the sum S3(k).

(1- PmZ)ﬁ 1 u}?{”o
Sa(k) = m_ 7 m — )
3(k) Z Uy (1 = repm)’ Z Uy a- ri)l/q 1- r]%)l/q

(1_an):(1_yk) Pm=Tk

Further, we seek a lower bound for the sum S; (k).
1- m2 p 1- .,,2 p
st= Y wil v QP
apmiry - LT ST (= ripa) T (1= ripy)f

1- pu2)
1 u},{n( Pm’) 5
(1_7’kpm)lS

Z 1
(1 - Tf)ﬁ Pm>Tk

(1_Pm2)ﬁ
e = o2 4 un S P
k ( p o) Z " k (1_rkpm)ﬁ

pm>rk,m#-mo

Z2——7
(1=rp)f*s

Taking into account the conditions 1 — p,, = (ZuZ)m and 0 < B < 1/g, we obtain:

(1)

Wg  (@p+1ym) 2m
s S S
1(k) = gt Sl
(I=r)"s (L=r)
Here mf)l) = irlf m. From the estimates Sy, S,, S3 we conclude:
Pm>Tk
2m® .
S> k—ol +c(q,m0) + Lol,
(1 - r)fts (1 =rgta
whence
uZm((;)
S(k) > ——.
(1 =r)7
As a result, we obtain:
k
el = exp 20 k210, (10)
(1 =rp)e

Zm((

1)
where (k) = p(k) + pa(k) <u, ° , po(k) = o(1), k — +co. Lemma 1is proved. [

For a fixed ay € I'5(0) by definition, put

1 —n(k)
K,](ak) = {Z eD: |Z - akl < Z exp W},

where 71(k) > 0, 1(k) = o(1), k = +00, A > 1/ cos (%), and Ky(atr) N Ky(at) = B, k # n.
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Lemma 2. For all t € K, () the following estimate holds:

to(k)
(1 = lagl)t/a’

where uy(k) is positive infinitesimal sequence from the equation (9).

|h(t)| = exp 11

Proof. Without loss of generality, we assume that all interpolation nodes belong to the angle I's(6) and 6 = 0.
For brevity denote g’ = § + % So we have

( — Pm )ﬁ

h(t) = hk(t) = exp Z Mk m

We find a lower bound for a function k(t) in the circle K ().

u mﬁ " s R~ tpw)’
t)l—epo p epo (1~ o) W

m=1

Consider the denominator.

, ’ 2B
11— toul® = 11— axpm + axpm — tpul® = |1 — axpm + pm(ak -n[” <
< (11— axpul + pula — )™ < 2% (11— apul® + pif o — 1) =

, , A =tV
=47 1 - appul? '[1+p,zf (H:W <
m

’ / a _t Zﬁ,
<& - apul® '(1+(|1i—|ak||) )

Here we have used the inequality (a+b)" < 27-(a” +bP), valid for any positive values g, b, p. It can be argued
that for sufficiently large values of A we have:

1 1
o = 1 < (1= lag) " < (1~ lau).

Therefore
1- tpmlzﬁl < C(ﬁ')ﬂ - akpnrlzﬁ/~ (12)
Now we consider numerator. By definition, put t = a, + 1¢’* = Re””. So we have
R(1 - tpn)f = %(1 - Rp,,,e_iy)ﬁ =

. ﬁ/
+(1—-e")

o . {1-puR
= R(1 - puR + puR(1 - ™) = (p,RF - %( ; P p

The constant A is chosen so that the circle K, (ax) belongs to the same Stolz angle as the interpolation node
ay (in this case, I's(0)). By Lemma 1.3 established in the work of F.A. Shamoyan [17], we obtain:
9%(l - me)ﬁ/ = Cl(RPmPO)ﬁ’/

where pp = [1 —¢™”| = 2sin §. But

R = |ak+7]e”| = oyl - |1+

N it—g0|
levi
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Therefore

- , , . B )
s})\(1 - tpm)ﬁ 2 Cllafk|ﬁ (.Om)‘g 26 (Sil’l %) . ’1 + J—lel(ﬂﬁ(pk)
k

4

4 2 \2
= ¢yl mﬁ'Zﬁ’(sinZ) '(1+21c0s1— +’7_) .
lal” (pm) 5 i (T — @x) e

Obviously, we can choose the constant A in the definition of the circle K, (ax) so large that the following
estimate holds:

’

- g D s p
R = ton)f > alal’ (o) 2 (sin %) . (13)

From (13) and (12) we conclude that

R(L-Tpa) Bl (o) 2 (sin )
[1—toml —

|1 - akpm|2ﬁ/

Further, continuing to argue as in the proof of Lemma 1, we obtain the required estimate. Lemma 2 is
proved. [J

Lemma 3. (see [2]) For any z € K (ay) the following estimate is valid:

1 3
§|mj(ak)| <|mj(z)| < §|mj(0‘k)|/

where
1- |C¥j|2

my(2) = (1—

—|,a;jeD,j=1,2,....
—a]-z)a] ]

Lemma 4. Suppose {a;}7° C A; then there exists n > 0, such that for any z € Ky(an), n = 1,2,..., the following

estimate is valid )
—e(n
|np,n(zr aj)l 2 exp ——,
(1 = lanl)
where p > % —1,¢(n) > 0,en) =o0(1), n > +oo.

Proof. The proof is almost completely repeats the arguments given in [2] (see Lemma 2.8). For under-
standing, we present it. We fix n € IN and estimate the product m,,(z, a;) in the circle K;(a,). Since
Ky (ax) N Ky(ay) = G, k # n, we have:

+o00
Nz a)= Y InAjza) =

j=1,j#n

- T-lajP\ a1 (1-lePY
[ ) (e

= —a]-z ) S —O(jZ

j#En

where the main branch of the logarithm is chosen.
+00
We split the sum L = }’ In Aj(z, ;) on two parts:
j=1
jEN

2221+22,
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Y WAz,

Im;(z)|<3

Z InAj(z, a)).

m;(2)|>%

where

It is obvious that

T = i i (mj(2))" = Z(m;(z))ﬁ“ [i (@) 1}

j=1 s= p+1 s=p+1
j#n ];tn

Therefore we have

+00

1 e
=] Y, A< Y Im@PT Y cimErr <
Imj(z)|<3 Imj(z)|<3 s=p+1
. bl +00 1 - (1_|aj|2)p+1
< ) m@r Y F =2 ),

Imj(z)l<1 k=0 Imj(z)l<3
By Lemma 3, we obtain:

p+1 1 — |a;[2)P*1
<3_ Z ( |0é]|)

v +1°
M 11— aja,l

(1=la;Py+!

But the last sum is clearly less than Z P We continue the estimate of |Z4]:

(1 _ t)p+1

C (- ()
@ = fa,

dn(t) < 3°+2
n(f) < 0= fay )y

| <2341

1

— e
< 3p+2f (} t) En dt,
(1= £)1(1 =t P+

where ¢, > 0, &, = 0(1), n — +o0. In the last inequality we used the condition (4). Further, we have:

1
U= A=) J (=t pprsetn

3p+2 1 3p+25n

= T A=l Al

Thus we obtain:

(1)

T € ————
1- |05n|)'7

where 8 >0, s =0(1), n = +oo.

280
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Now we estimate X,. First note that if [m;(z)| > %, then [mj(a,)| > % in the circle K, (a,) for sufficiently

large 1. We find a lower bound for In | 2 QZOZ?) :
Az, a; Z—Q; l-aa

In —]( ) =[ | i ln‘ _]n]+
Aj(an, a)) lovn — )] 1-ajz

p 238 p 28
1., (11—l 1, (1-lajl
+ZE%(1—§]Z _ZE% 1—5,-&,1 '
s=1 s=1

We choose 7 so large that the following inequality holds:

z—a] Z— 0y

<3
=3

:’1+

I\)I'—‘

an — Qaj ay

Taking into account Lemma 3, we obtain:

Aj(z, ozj)
B Aj(an, 0‘])

p
—In2+ |m](z)|p+l [Z %(m](z))s ( )|p+1 Z é?"\ mf(a” S W} '

s=1
Since |Rw| < |w|, w € C, we have:

p

4
1 1 1 1
—In2—miEPr x|y cF————+ Y — |
]( ) ; S |m],(z)|p+1—s ; s |m],(an)|p+1—s

Using the inequality [m;(z)| > % and [m;(ay)| > % in the circle K (), we obtain:

Az a) |

In Aj; (ozn,oc,)

Aj(z, o))

In
A]'(O(n/ 0(])

> —1In2 - [m(2)lP*! xZ 2227175 > _In2 - 2P (z)P ! xZ
s=1

5287

whence we conclude:
Aj(z, o))
A]'(O(n/ 0(])

In2
lm(z)lp+1

In

> —[m;(z)*! - ( + 202 4) > —|m@)P* - (2 In2 + 272 - 4),

ie.
Aj(z, o))

In| L2 p+1
Aj(anr (Xj)

> —Ca(p)lm;(2)l

Further, from (5) we have

+1
|0é]|2 p

p(n)

(1 - |an|)1/q '

In|A;z, a))| > —Cg(p)‘l =

Integrating the estimates for amounts ¥y and X, we conclude:

+00
Y mAizal= Y, mlAza)+ Y InlAea) >
=1 Imj(z)l<1 Imj(2)>3
J#Fn
ey e u(n)

2= 1 1 e
A =lan)r (A =lan)r (1 —lan)?
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As a result, we obtain:

+00 —
—&n
7z, a0 = Y InAjGz @)l 2 _()1
= (1 = Ja?
j#n

where ¢(n) > 0, ¢(n) = 0(1), n = +co0. [
To state and prove further results, we introduce additional notation. First we remark that the function

1-jo P \PHPH
ﬂp,k(Z, ) - (ﬁ)

allp > % — 1. For any k € N we consider a function

| 2 \PHPRFL -1
Tx(2) = {”prk(Z, ) - (1 _lz—:i, ) 'h(z)} ,

is analytic in D and does not vanish in certain neighborhood of the point z = ay for

1

where h(z) is defined above (see (8)).
It can be argued that in any sufficiently small e-neighborhood of the point & the following expansion is
valid:

(o8]

w@) = ) a2 -ad <,

v=0

Ll \PHPeH -1
where a, () = 54 [{np,k(z, ak)'(%) k 'h(Z)} ]

z=ay
Lemma 5. If {}]° € A, then the following estimates are valid:
la, ()l <a(v), 0 <v<p+pr, k=12,...,
where a(v) depends only on the v.
This lemma is proved in the same way as in [20]; we give the proof for completeness.

Proof. So we have

-1
1" | [(1=laP\ "
ay(ax) = Ddz {( 1 a_];z ) T (2, ai)h(2) ,
Z=

wherev = 0,pi, k=1,2,.... We use the Leibniz formula:

R ) 0
{Ilv(ak) Z C] |2)P+Pk+1 ((1 - akz)p P 1) (m)

We find an upper bound of |a,(a)| forallv =0,p +p, k=1,2,...

Z=Qy

o \(p + i+ 1) - . (P+Pk+1—V+]+1)
i 1%
|av(ak | < Z C (1 _ |ak|2)p+pk+1

X(l _ |ak|2)p+pk+l—v+]’+1

1 9]
(rream) |_=
T k(2, a)h(z) o

<Y Gl )1 = o)™ -
j=0

1 0}
@mmw)w
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Now we use Cauchy’s integral formula in a disc K;,(ax):

dt, k> 1.

. -1 -1 . -1 N
s ot ™ () |2 I, (& il - I (B)]
2mi (t — ax)* T 2n |t — gl

=0 (91(,7(6\()() aKn(ak)

1 ()
( Tp (2, ai)h(2) )

Applying estimates from Lemmas 2 and 4, we have:

1 —uok) + Fk
2n (1 = |V |t — o[+t
aKl](a'k)

( 1 )(j)
ﬂp,k(Z, aph(z)
z=ay

_ v —po(k) +€(k) + jin(k)
=75 &P 1= g ,k>1.

We continue the estimate of |a,(ax)|:

: —o(k) + £k k
2y ()| < c(v) exp {In(1 - a?) ™} exp{ #o((i J: T;kl));qvn( )} _
—po(k) + e(k) + vn(k) B
v eXp{ g o™ q)}-

Choosing the sequences 1(k), u1(k) so that —pg(k) + (k) + vn(k) < 0, we obtain the required estimate. Lemma
5is proved. O

Consider the polynomials

Pr—Sk

qr(z) = Z a(op)z—ag)’, k=1,2,....

v=0
Now we define a system of analytic functions in D:

(z — ) gr(z)
(sk = Diti(z)
It obvious that these functions can be written in the form:

1 —q
T (2, k) (1 — | [? )’”+pk+ Pr=sk

(s —1)! . Z ay (o) (z — ag) 7L,

v=0
k=1,2,..., wherep > % -1
We note that the method of constructing such system of functions was first proposed by M. Djrbashian
in [5].
The following assertion holds:

Qu(z) = (14)

Qu(z) = h(z)

1 —akz

Lemma 6. Functions of the system (14) have the following interpolating properties:

~ 1, r=s5.—-1;
Q(ay) =
0, r#s—-1,0<r<p -1

Indeed, this follows immediately from the expansion:

I k. el A PPz anh(2) - visi—1 _

Ehte) = (s —1)! - ( 1-mz ) ' W V_pkz_;‘kﬂ (@)= = ax) B
(z — !

= - @

and A(z) has zero of multiplicity py in the point z = ay.
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3. Proof of main result

We prove Theorem 2.

0o

Proof. Suppose that the interpolation nodes satisfy the following conditions: {ax}{” C T's(6) for a certain

0 <6 <1and {a}]” € A. For any sequence {wy} € 17 we construct interpolation function f(z) in the following
way:

o ~ h@®
fz) = k; kak(z)W, zeD, (15)

where h = Iy(z) defined by (8).

Applying Lemma 6, we get: f(sk‘l)(ak) =wr,k=1,2,...

Now we prove that the function f(z) belongs to the class I'l;. Since {a};” C I's(6) and all members of the
sequence {wy};” satisfy condition (6), then by Lemma 1 we have forallk=1,2,...:

Wy =
@) < akezr;(e) Tag| 1@ G <
k) — po(k)  ~
< Y exp MO0 5 o)1 o) <
a,eTa(0) (1 = lol)
<a ), G-I
akel"g,(e)

Here we took into account that
k) — ug(k
exp (k) #o(l) <
(1 = lexl)7

Thus we have:

1.

f@I<co Y 1@ hz)l
k=1

We obtain an upper estimate on Qu(2) for allk = 1,2, ... Recall that

O |7T Kz, Olk)| 1 — |y l? ppctl |PeTSk
Q = h P, . X , _ S .
(@) = @I =, (|1—akz| Z; ()2 — )

We fix a number k = ky. Taking into account the well-known estimate of M. M. Djrbashian’s infinite product
(see, for example, [17]), we get:

p+1
. Foo g |aj|2
In™ |, 1(z, aj)l < cp Z .

= 11 -ajz|
Therefore for all k > ko the following estimate holds:

+00 .
f@I <o) 1) iy ()] <

k=1

F00 ] _ |a‘|2 p+1 +00 1 |a |2 p+pet+l  |Pe—sk

< h 2 / k . N _ v+s—1 )
< colh, (2)|" exp § ¢p ]Z_:‘(H —ajzl) X ; (|1 — akZ|) ; ay(a)(z — ax)
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Notice that
2 p+pk+1 2 p+1
1 — ozl 1- OékZI

Therefore we have

2 i VRS (1= e\
< Colh )
[f @) < Colhy, (2)I" exp CPZ(H a]z|) Z::(Il—akZI) '

whence we conclude:

|0( | p+1
) (16)

I1—ajz|

(2| < Colh, )P |exp CPZ(

As stated by F. A. Shamoyan in the recent paper [18] (see the proof of sufficiency in Theorem 3), if
condition (4) is met, then Djrbashian’s product 7, with zeros {ax}]” located in the Stolz angles belongs to

the class I, for all p > 5 — 1. Therefore the majorant in the inequality (16) belongs to the class I'l; and hence

the function f belongs to the class I, forall0 < g < 1.
Theorem 2 is proved. O

+00

Remark 3. Notice that we managed to avoid the Blaschke condition )}, (1 — |ak|) < +oo and replace it with (4) in
k=1

Theorem 2; at the same time we replace the Carleson condition with the condition of weak separation (5).

The converse statement in the class I1; (q > 1) was established in [8] for the case of simple nodes. The necessity of
the condition ”interpolation nodes contain in the Stolz angles” for the case q = 1 is proved by Naftalevic in [9]. The
question of the validity of converse Theorem 2 is still open. Apparently, the proof will be based on the factorization
of functions from the class I1;. Shamoyan's result introduced in Theorem 3 and Remark 1 give hope that sufficient
conditions for interpolation are also necessary. Here we can trace some parallel with the results for the Nevanlinna-type
classes (see [2]).

The author thanks for Professor F. A. Shamoyan for carefully reading of the manuscript and helpful
comments.
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