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Abstract. Some properties and characterizations for abundant semigroups with generalised quasi-
adequate transversals are explored. In such semigroups, an interesting property [Va,b € RegS, Vs (a) N
Vso(b) # 0 = Vso(a) = V(b)] is investigated and thus the concept of refined generalised quasi-adequate
transversals, for short, RGQA transversals is introduced. It is shown that RGQA transversals are the real
common generalisations of both orthodox transversals and adequate transversals in the abundant case. Fi-
nally, by means of two abundant semigroups R and L, a spined product structure theorem for an abundant
semigroup with a quasi-ideal RGQA transversal is established.

1. Introduction and preliminaries

Suppose that S is a regular semigroup with a subsemigroup 5°. We denote the intersection of V(a) and S°
by Vs(a) and that I = {aa® : a € S,a° € Vs(a)l and A = {a°a : a € S,a° € Vs(a)}. An inverse transversal of
the semigroup S is a subsemigroup S° that contains exactly one inverse of every element of S, that is, 5° is
an inverse semigroup with |Vs(a)| = 1. This important concept was introduced by Blyth and McFadden
[1]. Thereafter, this class of regular semigroups excited many semigroup researchers” attention and a good
deal of important results were obtained (see [1-4] and their references). Tang [4] shown that for S a regular
semigroup with an inverse transversal S°, then I and A are both bands with I left regular and A right
regular. These two bands play a key role in the study of regular semigroups with inverse transversals.
Other important subsets of Sare R = {x € S : x%x = x°x*}and L = {x € S : xx° = x*x°}. Both R and L are
subsemigroups with R left inverse (i.e. R an orthodox semigroup with a left regular band of idempotents)
and L right inverse (i.e. L an orthodox semigroup with a right regular band of idempotents). The concept
of orthodox transversals was introduced by Chen [5] as a generalisation of inverse transversals.

Definition 1.1 [5] Let S be a regular semigroup with an orthodox subsemigroup of S°. Then S° is said to be
an orthodox transversal of S, if the following two conditions are satisfied:

(1) Vael) Vg(a)+0;

(2) Foranya,beS,if {a,b}NS° # 0, then Vs (a) Vs (b) C Vo (ba).
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Some elementary properties associated with orthodox transversals were obtained by Chen and Guo [6].
In [7,8], Kong and Zhao introduced two interesting sets R and L and established the structure theorems for
regular semigroups with quasi-ideal orthodox transversals. In 2014, Kong [9] introduced the concept of
generalised orthodox transversals and obtained some basic properties associated with them. Kong and Meng
[10] acquired the characterization for generalised orthodox transversals to be orthodox transversals.

Lemma 1.2 [10, Theorem2.1] Let S be a reqular semigroup and S° a subsemigroup of S with Vs.(a) # O for each
a € S. Then S° is an orthodox transversal of S if and only if

(Va,b S S) [V n(a) nv u(b) F0=>V O(Q) = Vsn(b)].

More recently, Kong [11] investigated the weakly simplistic orthodox transversal and obtained the equiv-
alent conditions for sets I and A to be bands.

On a semigroup S the relation .L* is defined by a £* b if and only if the elements a,b of S are related
by Green’s relation £ in some oversemigroup of S. The relation R* is dually defined. Certainly, L* is
a right congruence and R* a left congruence with £C L, RCR* and if 4, b are regular elements of S, then
al*b(@R b)ifand onlyifa L b (a Rb). A semigroup is called abundant [12] if each L*- class and each
R*- class contains at least one idempotent. An abundant semigroup S is called quasi-adequate [13] (adequate)
if its idempotents form a subsemigroup (semilattice). We list some basic results as follows which are
frequently used in this paper. The following two Lemmas are due to Fountain [12] and provides alternative
descriptions for L* (R").

Lemma 1.3 [12] Let S be a semigroup and a, b € S. Then the following conditions are equivalent:

(a L b@R b);

(2) For all x,y € St,ax = ay (xa = ya) if and only if bx = by (xb = yb).

Lemma 1.4 [12] Let a be an element of a semigroup S and e be an idempotent of S. Then the following conditions
are equivalent:

DaLlre@R e),

(2) a = ae (ea = a) and for all x,y € S, ax = ay (xa = ya) implies ex = ey (xe = ye).

Let S be an abundant semigroup and U an abundant subsemigroup of S. U is called a *-subsemigroup of
Sifforanya € U, there existidempotentse € L;(S)NU and f € R;(S)NU. As pointed outin [14], an abundant
subsemigroup U of an abundant semigroup S is a *-subsemigroup of S if and only if £*(U) = L*(S)N(Ux U)
and R*(U) = R*(S) N (U x U). The concept of adequate transversals, was introduced for abundant semigroups
by El-Qallali [14] as an analogue of the concept of inverse transversals.

Definition 1.5 [14] Let S be an abundant semigroup, S° a *-adequate subsemigroup of S. S° is called
an adequate transversal of S if for each x € S, there are a unique element x € 5° and idempotents ¢, f € E such
that x = exf, wheree £ X" and f R X". It can easily be shown that e and f are uniquely determined by x and
59 (see [14]).

Chen, Guo and Shum [15, 16] obtained some important results about quasi-ideal adequate transversals.
Afterwards, Kong [17] considered some properties associated with adequate transversals. The authors
[18] explored the product of quasi-ideal adequate transversals and proposed the open problem of the
isomorphism of adequate transversals.

Lemma 1.6 [19] Let S be an abundant semigroup with set of idempotents E and x,y € S. If there exist e, f € E such
thatx =eyfande Ly*, f Ry" for some y*,y* € E, then e R* x and f L* x.

Let S be an abundant semigroup with set of idempotents E and S° a quasi-adequate *—subsemigroup of
S with set of idempotents E°. The semigroup S° is called a generalised quasi-adequate transversal of S, if for
any x € S,

Cso(x) = {Xx €S| x = i,XA,, ix, Ay €E, iy LX', A RX forsomeXx",x € E°} # 0.
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Let
c=1liy € E|(Ix € Cso(x)) x = ixXAy, iy, Ay €E,iy LX, A, RX forsomex',x" € E°},

Ay ={A €E|(Ax € Cso(x))x = ixXAy, ix, Ay €E,iy LX , A, RX forsomex", X € E%,

I= UI A= UAX.

xeS xeS

The generalised quasi-adequate transversal S° is called a quasi-adequate transversal of S if it satisfies a
further condition

(QA2): (Ye€ E) (Vg € E°),Cs(e)Cse(9) € Cso(ge) and Cse(9)Cso(e) € Cso(eg).

The concept of quasi-adequate transversals was introduced by Ni [19] and followed by Luo, Kong and
Wang [20,21], their work mainly focused on the properties and the structure of multiplicative quasi-
adequate transversals. Unfortunately, quasi-adequate transversals are neither the generalisations of ortho-
dox transversals nor the generalisations of adequate transversals. Wang gave an example (see [22] Example
5.2) to show that an orthodox transversal S° of a regular semigroup S may not be a quasi-adequate transver-
sal of S. An example given by Chen [15] demonstrating that in general, an adequate transversal S° of an
abundant semigroup S is not a quasi-adequate transversal of S. Let S = {e, g, h, w, f} with set of idempotents
E={eg,h, f} and S° = {w, ¢, f, g} with set of idempotents E° = {¢, f, g}. Then by the multiplication table (for
detail, see [15] Example 2.7), S° is a quasi-ideal adequate transversal of S. But 5° is not a quasi-adequate
transversal of S, since Cs.(h) = {e}, Cso(f) = {f}, while fe = g ¢ Cs(fh) = Cso(w) = {w}.

To achieve the real common generalisations of both orthodox transversals and adequate transversals
in the abundant case, inspired by the essential characterization of orthodox transversals (see Lemma 1.2),
in this paper, we introduce the concept of refined generalised quasi-adequate transversals. A generalised
quasi-adequate transversal S° of an abundant semigroup S is called a refined generalised quasi-adequate
transversal, if it satisfies

(Va,b € RegS), [Vso(a) N Vs (b) # 0 = Vso(a) = Vso(b)].

Then we obtain the connection of refined generalised quasi-adequate transversals with orthodox transver-
sals and adequate transversals (see the following Theorem 3.2 in this paper).

Theorem 3.2 Let S° be a refined generalised quasi-adequate transversal of the abundant semigroup S. Then
(i) S° is an orthodox transversal of S if and only if S is a regular semigroup.
(ii) S° is an adequate transversal of S if and only if S° is an adequate semigroup.

Therefore, in the class of abundant semigroups, refined generalised quasi-adequate transversals are the
generalisation of both orthodox transversals and adequate transversals. Two significant components R
and L are introduced in this paper and described by Green’s *-relations. By means of R and L, a spined
product structure theorem is established for abundant semigroups with quasi-ideal refined generalised
quasi-adequate transversals. Followed this paper, the product of quasi-ideal refined generalised quasi-
adequate transversals [23] and quasi-Ehresmann transversals [24] was considered.

A subsemigroup S° of S is called a quasi-ideal of S if S°SS° C S°. The so called Miller-Clifford theorem
will be used frequently.

Lemma 1.7 [25] (1) Let e and f be D-equivalent idempotents of a semigroup S. Then each element a of R, N Ls has
a unique inverse a’ in Ry N L, such that aa’ = eand a’a = f;
(2) Let a, b be elements of a semigroup S. Then ab € R, N Ly, if and only if L, N Ry, contains an idempotent.

2. Generalised quasi-adequate transversals

The objective in this section is to investigate some elementary properties associated with abundant semi-
groups with generalised quasi-adequate transversals. Also in this section we introduce two sets R and L
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and use them to obtain some equivalence conditions for a generalised quasi-adequate transversal to be a
quasi-ideal. For any result concerning R there is a dual result for L which we list but omit its proof.

Proposition 2.1 Let S be an abundant semigroup with a generalised quasi-adequate transversal S°. Then
()I={eeE:(JercE)e Leyand A={f €cE:(Af" €E°) f R f*};
@ INnA=E.

Proof. This is evident since in the proof of Lemma 2.1 in [21] the condition (QA2) was not used. [

Proposition 2.2 Let S° be a generalised quasi-adequate transversal of an abundant semigroup S. Then D*S'=D"S
A (S° x S°).

Proof. 1fa° b° € S° are such that a° D*S 1°, then R, NL, # 0. Forany d € R, N L, there exist a°t, b* € E°

such that a°* R* a° R* d L b° L b by a®,b° € 5° and S° is quasi-adequate. By means of the definition of a
generalised quasi-adequate transversal, d = idaAd, where iy L ?, Ag R d for some T,E* € E°. Furthermore
LWRdL Ag,andsoa®t R AR iy L ?. It follows from Proposition 2.1 that iy € I N A = E° and similarly
Ay € E°. Thusd = iydAy € E°- S° - E° C S°, and so a° D" 1°. Therefore D*° N (8° x §°) €D’ and the reverse
inclusion is obvious. [

Proposition 2.3 Let S° be a generalised quasi-adequate transversal of an abundant semigroup S. Then for every
reqular element a of S, a has an inverse a’ in S°. In this case, Vg (a’) C Cgso(a).

Proof. Take any regular element a € S, then a = i,al, for some i, € I,,a € Cs(a),A, € A, where
e, Lat, A, Ra forsomea’,a" € E°. It follows from a,i,, A, are all regular and i, R* a L* A, thati, Ra L A,
so by Lemma 1.7 a has an inverse a’ in Ry, N Li,. Thusa R A, Ra’ L i, L 7" and so by Proposition 2.2,
aeS. O

Proposition 2.4 Let S° be a generalised quasi-adequate transversal of an abundant semigroup S. Then the relation
H* on S saturates S°, that is, S° is the union of some H*-classes on S.

Proof. Let H* be an H*-class of S, H* N S° # 0. We shall prove that H* C 5°. Take x° € H* N S°, since S°
is quasi-adequate, there exist x°*, x> € E° such that x°* R*(S°) x* L*(5°) x**. Since S° is a *-subsemigroup,

then we can assume that x°* R*(S) x° £*(S) x**. Now take h € H*, then h = ihﬁ)\h with i, € I, A, € Ay, and
i R h L Ay. It follows that i, R* h R* x°* and so by Proposition 2.1, i, € A. Consequently, i, € IN A = E°.

Similarly, A, € E°. Therefore, h = ihﬁ)\h € E°S°E° C S°. O

Proposition 2.5 Let S be an abundant semigroup with a generalised quasi-adequate transversal S°. Let
R={xeS:(AA, e A)A,€E} and L={peS:(3i,€l,)i, € E}.

Then
R={xeS:@AeE)xLl}and L={peS:(FheE’)pR I

with RNL = 8, E(R) = [ and E(L) = A.
Proof. 1If x € R, there exists A, € E° such that x L* A,.

Conversely, for x € Sif x L* [ for some [ € E°, then A, L* x L* I. It follows from Proposition 2.1 that
Ar€landso A, e INA=E°. O
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It is clear that if there exists A, € A, such that A, € E° (icl, such that i, € E°), then A, C E° (I, C E°).

Proposition 2.6 Let S° be a generalised quasi-adequate transversal of an abundant semigroup S. The following
statements are equivalent:
(1) S° is a quasi-ideal of S;
(2) AI 5%
(3) E°I € S° and AE° C 5%
(4) LR € 5%
(5) S? is a left ideal of L and a right ideal of R;
(6) S°I € S° and AS® C S
(7) S°IS° € §% and S°AS° C S°.
(8) SS* € R,S°SC L;
(9) R is a left ideal and L is a right ideal of S.

Proof. (1) = (2). Forany A € A and i € I, there exist A*,i* € E° such that A R A* and i L i*. So we have
Ai=A*-Ai-i" € E°SE° C §°5S° C S°.

(2) = (3). This is trivial.

(3) = (4). Forany p € L and x € R, there exist i, [ € E° such that pR*h and x£L*I. Thus

px = h(px)l = hippXA,l € E°IpXAE® C S°pxS° C S°.

(4) = (5). This is clear since S° C L, R.

(5) = (6). This is clear since I = E(R) and A = E(L).

(6) = (7). This is obvious.

(7) = (8). If (7) holds, then for any a € S,x° € 5%, we have

ax® =iz -al, - x° L a ad,x’ = alx’ L @A, x°)" € E°,

since aA,x° € S’AS° C §°. Hence ax° € R by Proposition 2.5 and S5° C R. Dually S°S C L.

(8) = (9). Foranya € S,x € R, x = i,x°A, with A, € E°, we have ax = ai, - x°A, € SS° C Rand R is a left
ideal of S. Dually, 5°S C L implies that L is a right ideal of S.

(9)=(1). Foranys,t € S°and a € S, we have

sat = (sa)t € SS° C SR C R and sat = s(at) € S°S C LS C L.

Consequently sat € RN L = 5° and 5° is a quasi-ideal of S. [

Proposition 2.7 Suppose that S is an abundant semigroup with a quasi-ideal generalised quasi-adequate transversal
S°. Let R and L be defined as in Proposition 2.5. Then R and L are abundant semigroups sharing a common
generalised quasi-adequate transversal S° which is a right ideal of R and a left ideal of L. In particular, since S° is a
right ideal of S, then A, C E° for every x € S and E = I, and there is a dual result for S° being a left ideal of S.

Proof.  Since both a left ideal and a right ideal are subsemigroups, if one of the conditions in Proposition
2.6 is satisfied, then R and L are subsemigroups. From Proposition 2.5 we deduce that R and L are abundant
semigroups with E(R) = Iand E(L) = A. Let x € Rand y° € 5°, then 1°x = y°xA, € 5° for some A, € E° since
S%is a quasi-ideal of S. Thus S is a right ideal of R, and dually S° is a left ideal of L.

For any A, € Ay, by Proposition 2.1, A, R [ € E° and so A, = IA, € E° since S° is a right ideal of S.
Consequently, foranyh € E,h L A, € Eand thushel. O

3. Refined generalised quasi-adequate transversals

In an abundant semigroup S with a generalised quasi-adequate transversal S°, the property [Ya,b €
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RegS, Vs(a) N Ve(b) # 0 = Vs(a) = Vs(b)] is investigated and thus the concept of refined generalised
quasi-adequate transversals, for short, RGQA transversals is introduced. It is shown that RGQA transversals
are the real common generalisations of both orthodox transversals and adequate transversals in the abun-
dant case. Also, fora € RegS, a new description of Cs.(a) is established, thus providing a sufficient condition
for Cso(a) = Vso(a).

Theorem 3.1 Let S be an abundant semigroup with a generalised quasi-adequate transversal S°. Then
(Ya,b € RegS), [Vso(a) N V(D) # 0 = Vo(a) = Vo (b)]
ifand only if IE°,E°’A C Eand forallie l,A € A, e° € E°, if ¢°1, Ae® are reqular, then they are idempotent.

Proof. (Necessity) Suppose ¢’ € E°,i € I and i L i* € E°. From ie° L* i*¢’ and E’ is a band, we deduce that
ie? - e -ie® =i-e%° -1'i- e’ =i’ -i'e’ = ie° and €°i* - ie” - e%1" = €° - 1*i- €% - 1" = 1" - 1" = €%i". Thus e°1" € Vg (ie°)
and e°i" € Vo (%) N Vg (ie°). By the assumption, we have Vg (e°i") = Vo (ie°). By S° is quasi-adequate, E° is
a band and thus is the semilattice Y of rectangular bands E,(a € Y). Certainly, i*¢° and ¢%* are in the same
rectangular band, and so they are inverses of each other. Thus "¢’ € Vs (") = Vs (ie’). Consequently,
ie® = ie® - i'e® - ie® = (ie°)? and ie° is an idempotent. Therefore IE° C E.

If ¢°i is a regular element, by Proposition 2.3 we can take x € Vg (e’ and x° € Vs (x). It is easy to see
that ixe’ is idempotent and ixe’ € V(e%). It follows from L* is a right congruence that ixe® L* i"xe’ € S°,
and so there exists (i*xe’)" € E° such that (i*xe’)* L* i*xe’. Thus ixe® L (*xe’)* € E° and so (i*xe’)* €
Vso(ixe®) N Vso((i*xe°)*). By hypothesis we have Vg (ixe’) = Vs ((i*xe°)*) and S° beging quasi-adequate, gives
Vso(ixe®) = Vso((i"xe®)") € E°. Since S° is quasi-adequate, the regular elements of S’ form an orthodox
subsemigroup, and consequently e°x’i* € Vs (i"xe®) . It follows from i* L i and 7,7 are idempotent that

e°x°1* - ixe® - e°x%e" = e°x°1* - i*xe’ - °x°1" = °x°1*

and

0 . 0,0
1

ixe® - e°x°1" - ixe® =i-i"xe® - e°x%1 - i"xe® = i-i"xe’ = ixe.

Thus e°x°i* € Vg (ixe’) and by a similar proof we have i*xe® € Vg (e°i) N Vo (e°x%i*) and Vo (%) = Vo (e°x%) C
E°. Therefore x € E° and e*xe® € E°. Consequently,

€% = €% - i*xe’ - % = €% - ixe® - i*xe’ - €% = €ix - €°1" - xei.

Premultiplying and postmultiplying by x, we have x = xe’ix = xe’ix - €i* - xe’ix = xe’i*x, and so e’i*x L x.
Notice that e°i*x € E° and so e°i*xe’ = e°i*x - xe® L xe°. It follows from e°i*xe®, xe® € E° that e’i*xe’ € Vso(xe).
Clearly xe® € V(e%) and xe° € E° gives Vso(e°i) = Vo (xe°). Therefore e°i*xe’ € Vs (e°i) and by ie® is idempotent,
we have €% = ¢% - e°1"xe® - €1 = e°(ie”)(ie°)i*xe’e’i = e°i(e’ie’i*xe’e’i) = e°ie’i. Thus €°i is idempotent and we
have proved that if ¢%i is regular, then it is idempotent. In a similar way, we may show that E°A C E and if
forall A € A, e® € E°, if Ae° is regular, then it is idempotent.

(Sufficiency) Let e € I with e £ a°* € E°. For any x € Vg (e), x° € Vs (x), we have x%xe - x - x°xe = x°x(exe) =
x°xe, that is, x°xe is regular and so by the condition x°xe € E. Thus e L x°xe R x°x and e R exx® L xx° with
exx’ € IE° CE.

Similarly, a°* L e R exx’ implies a°* R a®* xx° L xx° with a®*xx° € E°E° C E°, and so a°" L xx°a®" R xx°,
thus xx°a°t = xe. Therefore,

0 L0+ ,.0

x°a° x° = x° - xe(xx°a’* x°) = x°(xe)(xe)x’ = (x°xe)x’ = x°

a®*x%a’t = a°* (x°xe) - (exx®)a’" = a’" - exe = a’*e = a°*.

Thus Vs (Vse(e)) € V(a°F) = E(@°").

From the above proof, x° € Vg (a°") C E° and consequently, x € Vg (x°) C E° since S° is quasi-adequate. It
is easy to check that E(a°") C Vs (Vs (e)) and so Vs (Vse(e)) = E(a°*). Since S° is quasi-adequate, this implies
that Vs (e) = E(a°"). Hence, if ¢, f € I withe L f, then Vs (e) = Vo (f).
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Dually, if i, j € A with i R j, then Vg (i) = Vo (j).

Similar to the proof of Theorem 2.1 of [10], we have that if a is regular, for any a° € Vg (a), then
Vso(a) = Vo(a®a)a® Vo (aa®).

Fora,b € RegS, if Vs (a)NV o (b) # 0, then we can take x° € Vo (a)N Vo (b) and so Vo (a) = Vo (x°a)x° Vo (ax®)
and Vg (b) = Ve (x°b)x° Vo (bx°). Obviously, ax°,bx° € I and ax® L bx°, thus Vs (ax®) = Vs (bx°). Similarly,
Vs (x%a) = Vs (x°b). Therefore Veo(a) = Ve (b). O

A generalised quasi-adequate transversal S° of an abundant semigroup S is called a refined generalised
quasi-adequate transversal, for short, an RGQA transversal of S, if it satisfies

(Va,b € RegS), [Vs:(a) N Veo(b) # 0 = Veo(a) = Vs(b)].

Obviously, a regular semigroup with an orthodox transversal is an abundant semigroup with a gen-
eralised quasi-adequate transversal. By means of Lemma 1.2, the transversal is refined. Thus, RGQA
transversals are the generalisation of orthodox transversals in the abundant case.

By means of the properties of adequate transversal [17, Theorem 3.3], one can easily observe that an
abundant semigroup with an adequate transversal is an abundant semigroup with an RGQA transversal.

In the following, we will investigate when an RGQA transversal is an orthodox transversal and when
an RGQA transversal is an adequate transversal, respectively. We have the following result.

Theorem 3.2 Let S° be a refined generalised quasi-adequate transversal of the abundant semigroup S. Then
(i) S° is a regular subsemigroup of S, if and only if S is a regular semigroup. In this case, S° is an orthodox transversal
of S.

(ii) S° is an adequate transversal of S if and only if S° is an adequate semigroup.

Proof. (i) (Sufficiency) Suppose that S is a regular semigroup, then every element in S is regular. It follows
from Proposition 2.3 that every element in S has an inverse in 5, that is Vs (a) # 0 for each a € S. From
Theorem 3.1 we deduce that for any 4,b € S, Vs (a) N Vso(b) # 0 implies that Vs (a) = Vs (b). Notice that
in this case S° is an orthodox subsemigroup of S, and it follows from Lemma 1.2 that S° is an orthodox
transversal of S.

(Necessity) Leta € S,a = iaA, where i,A € E,i L " €eEART €eE.IfS%isa regular subsemigroup of
S, then 7 is a regular. From 2" £a Ra", we have 7 has a unique inverse x € Ry N L;+, with the property that
ax=a ,xa=a. Noticethat \ Ra" =xa Li La =a and soaxa = ia) - xax - iaA = ia - xax - a)\ = i(axaxa)A =
eaA = a. Thus a is regular and the semigroup S is regular.

(ii) It is clear that the necessary condition is true.

(Sufficiency) Suppose that x € S,x = ixA withi, A € E,i L X" € E,A RX € E in the following we will
show if S° is an adequate semigroup, then X is unique. If x = X'\’ with i",A’ € E,i’ £ X')* € E>, A’ R
(xX') € E° theni R x R* ' L (X)*. Thus X')%i-i' - (X')"i = ¥)""'(X')" = (X)"i and so (X')*i is regular. It
follows from the Theorem 3.1 that (x')*i € E and (x')* R (xX')*i £ i£x . From Lemma 1.7 we have (x')* R
@)x" L3RI @) L ET)*. If S is adequate, the E° is a semilattice and X' (¥')* = (x')*x". Thus ¥, (¥')*
are in the same H-class and so X" = (x')* and similarly X" = (x')*. Consequently X = ¥ xx = (X')*x(x')* = X .
Therefore S° is the adequate transversal of S. [

Corollary 3.3 In the class of abundant semigroups, refined generalised quasi-adequate transversals are a generalisation
of both orthodox transversals and adequate transversals.

Theorem 3.4 Let S° be an RGQA transversal of S, S° be an RGQA transversal of S°. Then S° is an RGQA
transversal of S.

Proof. For anya € S, since S° is an RGQA transversal of S, there exists a € Cs.(a) such that a = eaf, where
e,f €eEeL a e E, f Ra € E°. By means of $° is an RGQA transversal of S°, there exists a° € Cso(a)
such thata = ia’j, where i,j € E,i £ (@) € E°,j R @) € E°. Thusa =eaf =e-ia'j- f = (ei)a (jf). Since
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iRaR a andi,a’ € E,wehavei Ra" € E°. Combining this with i £ (@°)* € E° C E°, we obtain that
i€ S°NE=E° Thusei € [E° C E and similarly jf € E°A C E. Also, frome La" R a R’ i,by Lemma 1.7, we
deduce thate Rei Li,and soei Li L (a°)" € E°. Similarly, jf R j R (a°)* € E°. Therefore a° € Cs:(a) and S°
is a generalised quasi-adequate transversal of S.

For any regular element a € S, Vs.(a) # @ by Proposition 2.3. If a,b € RegS, Vs-(a) N Vs-(b) # 0, since
5° € 5% Vso(a) € Vso(a) then Vso(a) N Vgo(b) # 0 and so Vs (a) = Vs (b) by Theorem 3.1. Meanwhile S° is an
RGQA transversal of S°, it is easy to see that V- (a) = V- (b). Therefore S°® is an RGQA transversal of S. [

Theorem 3.5 Let S be an abundant semigroup with an RGQA transversal S°. Then Cso(a) = V(@ )aVs@"),
wherea = eaf withe, f € E,e La', f Ra and consequently,

Cso(ﬂ) N Csn(b) * 0 = Cso(ﬂ) = Cso(b).

Proof. Notice that Cs:(a) = {a € S°la = eaf,e La',f Ra forsomee, f € E,;a’,a € E°}, we first show
Cs:(a) € Vsr@)aVss@). Let b € Cs:(a), thatis, leta = ibj,i L ,j R b forsomeb b € E°. Thena = a'ax
andb=b'ab witha" LeR a L' fRa andb LiR a L ]RE* It is easy to seeb e-i-be=b eand so
b'ecE. Similarly fb ¢ E. Froma® LeRi L) and@ R f £jRD, we deduce thatb e =b a* € E° and
fb =ab e E°. Hence wehaveb = b (caf)b = (b o)a(fb) =(b a")a@h ) withb a* € Ve:@),ab € Ve(@).
This shows that Cs.(a) C V(@ )aVe @).

We now show that V(@ )aVs(a') € Cso(a). Certainly, the regular elements of S° form an orthodox
subsemigroup of S° since S° is a quasi-adequate semigroup. Then for any a € Vs:(@"), € Vs (a'), we have
that @ and f are both idempotents of 5°.

So, a = eaf = e(aa a@P)f = e(aup)f withe La" L aa" R aap, f Ra" RT'p L aup, thatis, aa’ is the
typical element of (aap)*, a'B is the typical element of (aaf)*. Therefore aaf € Cs.(a) and we have in fact
shown that Cs:(a) = V(@ )aVse (@"). Consequently, Cs(a) N Cse(b) # 0 = Cso(a) = Cso(b). O

Theorem 3.6 Let S be an abundant semigroup with an RGQA transversal S°. If Cso(a) NE® # Qor Vso(a) NE® # 0,
then Cgo(a) = Vgo(a) C E°.

Proof. 1If Cs(a) N E° # 0, take x € Cso(a) N E°, for any X € Cg(x), we have ¥ = ¥*x¥*, and so ¥ € E°. It
is clear that x € Cg(a) N Cso(x), by Theorem 3.5, Cso(a) = Cso(x) € E°. Similarly, if Vg (a) N E° # 0, for
any a’ € Vg (a) N E°, it follows from a’ € Vg (a) N Vs (a’) and the definition of RGQA transversals that
VSU (61) = Vso(ﬂ/) C E°.

If Voo(@) NE® # 0, for any a’ € Vso(a) NE°, a = aa’ -a’ -a’a, aa’ € E withaa’ L a’ € E° and a’a € E with
a'a Ra" € E°. Thus a’ € Cs(a) and so Vg (a) € Cso(a). Conversely, let a° € Cgso(a), from the above proof
a’ € Cso(a) N E® and so a® C E°. From ea® € IE° CE,a°f € E°A C E, we deduce that

aa’a = e(a’f) - a’ - (ea’) f = ea’(ea’)f = ea’f
and
a’an’ = (a°e)a’(fa’) = a’(ea’) fa’ = (a°f)a’ = a°,

since ea’ L a° and a’°f R a°. Thus a° € V(a), that is Cs(a) € Vs(a). Therefore Cs(a) = Vs (a) and so
CS(V(ﬂ) = Vso(ﬂ) C E°.
Similarly, if Cso(a) N E° # 0, then Vs (a) = Cse(a) and so Vs (a) = Cso(a) CE°. I

Theorem 3.7 Let S be an abundant semigroup with an RGQA transversal S°. Then IA = {x € S : (Ax° € Vg (x))x° €
E°} = {x € S: Vg(x) C E°} and consequently, S° N IA = E°.



X. Kong, P. Wang / Filomat 35:1 (2021), 299-313 307

Proof. By Theorem 3.6, the second equality certainly holds. If x € S with some(any) x° € Vg (x) N E°, then
x = xx°x = xx° - x°x € IA. Conversely, for any i € I,j € A, there exist i, j° € E’ such that i* L i,j° R j. Let
(i°7°)° € Vs (°j°). Then (i°j°)° € E° and so

]'0(1'0]'0)01'01']']'0(1'0]'0)01'0 - (]0(10]0)010)2 - ]'O(inO)Oiol
ij . ]‘0(1‘0]‘0)01‘0 . ij — i' ]‘0(1’0]‘0)01’0 . ]‘ — i' iﬂjo(iﬂjo)oiﬂjo . ]‘ — i' 1’0]'0 . ]' — ij.
Therefore j°(i°j°)°1’ € Vs (ij) N E° and the equlities hold. [
In the following, we will consider the case when IA is closed.

Theorem 3.8 Let S be an abundant semigroup with an RGQA transversal S°. Then the following statements are
equivalent: (1) IA is a subsemigroup of S; (2) AI C IA; in this case, we have Vs (E) C E°; (3) IA = (E).

Proof. (1) = (2). For any i € I,j € A, there exist i, j° € E° such that i £ i,j° R j. If (1) holds, then
ji = j°jii® € E°AIE° C IAIA C IA. Therefore AI C IA. Now if x € E, then for any x° € Vo (x), x° = x°xx° =
x°x - xx° € Al C IA. By Theorem 3.7, x° € E°. Hence (2) holds.

(2) = (3). Let x, y € IA. Then by Theorem 3.7, there exist x° € Vs (x), ¥’ € Vo (y) with x°, y° € E°. If (2)
holds, then there exists (x°xyy°)° € Vs (x°xyy°) with (x°xyy°)° € E° and so y°(x°xyy°)°’x° € E°. It is easy to
check that y°(x’xyy°)°x° € Vs (xy). Hence xy € IA by Theorem 3.7 and IA is a subsemigroup. By the proof
of (1) = (2), we have Vs(E) € E° and so E C IA by Theorem 3.7. It is obvious that IA C (E). Therefore
IA = (E).

(8) = (1). This is trivial. O

Theorem 3.9 Let S be an abundant semigroup with an RGQA transversal S°. If Cso(a)NCso(b) # Qanda L b,a R* b,
thena = b.

Proof. Let X € Cs(a) N Cso(b). Then a = e,xfo,e, L X', fi RX,b = e,Xfy,e LX,f, R X, for some
X7, ¥, 7 e Eowith ¥ R ¥R X, ¥ L% L' X . Froma £ b,a R band Lemma 1.7, we deduce that
e,.Xx =epand X' f, = f;. Thus

a=e,xf, = e,(x bX) fy = (X7 )b(X" f,) = epbfy = b.

O

4. The main theorem

The main purpose in this section is to establish a structure theorem for abundant semigroups with quasi-
ideal RGQA transversals. In the following R denotes an abundant semigroup with a right ideal RGQA
transversal S°. Then by Proposition 2.7, A, C E° for each x € R and E(R) = I. For x € R, the R*-class of R
containing x will be denoted by R} and we define K(x) = K(y) if R} = R;, and Cg (x) = Cso(y) for x,y € R.
The relation K, defined on R by (x, y) € K if and only if K(x) = K(y), is an equivalence relation on R. If L
denotes an abundant semigroup with a left ideal RGQA transversal S°, then by Proposition 2.7, In C E° for
eacha € Land E(L) = A.

Theorem 4.1 Let L and R be a pair of abundant semigroups with a common RGQA transversal S°. Let S° be a left
ideal of L and a right ideal of R. Let L X R — S° described by (p, x) v p * x be a mapping such that for any p,q € L
and for any x,y € R:

(1) (p*x)y = p = (xy) and p(q * x) = (pq) * x;

() if {x,p} N S° # O, then p *+ x = px;

(3)Foranyqy,q2 € L', x1,x2 € RY,ify1 R* y2in R, then x1(q1#y1) = x2(q2*y1) ifand only if x1(q1#y2) = x2(q2*y2);
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ifpr £ pain L, then (p1+ x1)q1 = (p1 * X2)q2 if and only if (pz = x1)q1 = (2 * X2)q2-
Define a multiplication on the set

T=R/K |x| L/ L={K@), L) €R/K xL/ L :3z€Cs(x)NCs(p) )

by
(K(), L) (K(y), L) = (K(ix(p * ), Ly, )

Then T is an abundant semigroup with a quasi-ideal RGQA transversal that is isomorphic to S5°.
Conwversely, every abundant semigroup with a quasi-ideal RGQA transversal can be obtained in this manner.

To prove this theorem, we give a sequence of Lemmas as follows.

Lemma 4.2 The multiplication on I is well-defined.

Proof. We first prove that (K(ix(p * v)), sz*y) Aq) € I', by means of Lemma 4.3 in [23], we have

ix(p*y) = X (p*y) = XAy * iy)YAy = XAy + i) - XAy * i)Y - [(Ap * i) YT Ay,

and
(= y)/\q =(p* ]/)ﬁ*)\q = ip : z()\p * iy)y)\q = ip[x(/\p * iy)]+ : }(/\p * iy)]? : [(Ap * iy)y]*/\q'
If iy, € I, with iy £LX,7, L X" for some ¥ € Cs(x) N Cs:(a), then R} ey = Rl ey a0 Coo(ix(p + ) N

Cso(it(p * y)) # 0, and therefore the multiplication on I' is not dependent on the choice of i,. There is a dual
result for A,.

We prove that for (K(x),L;) € I, we have iy - p = x- Ap. In fact, if (K(x), L;) € T, then there exists
¥ € Cso(x) N Cso(p) with x = i, XA, iy LX', A, RX for some X', X" € E°and a = ipXAp, iy, L T',)\p R T for
some ¥, X" € E°. Hence

ixp = ixipXAy = iyl - XX A
and )
XAy = XA Ay = 5XT X Ay
It is easy to see that iy, = ixT/ and E*/\p = AxAy since iy, Ay € E° and so iyp = xA,.

Next we show that if (K(x), L;) and (K(x"), L;,) in I are such that (K(x), L) = (K(x"), L;,), then i,p = iyp’.
From K(x) = K(x), that is, from x R* x” and Cgs.(x) N Cso(x") # @ with x, x” € R, we deduce that x = i,xA,,x’ =
ivXAy WithxT Li, R AR ¥ R iy LX, X RXR X" and Ay, Ay € E°. Thus

J— . —t — . —t = e
X =i XAy = i (X 2X ) Ay = iy (X A ) Ay = LXX Ay = XX Ay,

Meanwhile, i = X'A, € E°E° C E° with X' R h L* x’. Since this result will be frequently mentioned in this
section, it is worth to denote it by a remark.

Remark 1 IfK(x) = K(x) in R, then x’ = xh withh € E°and X' Rh L* x’.

Thus xA, = i,xAyAp and X'Ap = xhA, = XA hA,. Since x € R we have A, € E° and consequently
AchAy € E°E°PA C E°A C E and A A, € E°A C E. It is easy to check that A,hA, and A,A, are in the same H*-
class and hence A hd, = A A,. Therefore xA, = x’A,, and consequently i,p = iy p’.

Finally we shall show that the multiplication on I is not dependent on the choice of x,p, y and g. Let

(K@), L) = (K&), L) and (K(y), L)) = (K(), L).

Then
(K@), L) (K(y), L) = (KGiep * ), K1)

and
(K(), L) (K@), Ly) = Kl 53, Loy, )
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In the following part, we will prove that Cs.(ix(p*y)) N Cso (ix (p” +y’)) # 0. Since K(x) = K(x”), K(y) = K(y'),
by Remark 1, x = x'land y = y’hwith ,h € E°and [ L* x,h L* y. Similarly, we may show that
i(pry) =iv(p'xy) =i (p' =y = i (p"* Y )iv@rep)'h

and [iy (p" * y')I'h, iy (p” * y’))* are in the same D-class. It follows that Cso(ix(p * ¥)) N Cse (i (p” * y')) # 0.

We then show that i, (p*y) R iv(p’ *y’). By the above proof of Cs(ix(p * ¥)) N Cso (i (p” *y’)) # 0, we have
ix(p * y) = ix(p’ * y')h. Similarly, we have iy (p’ * y') = ix(p * y)I’ for some i’ € E°. Thus ix(p * y) R* i (p’ + y')
and dually, (p*y)A; L (p" *y)Ay. O

Lemma 4.3 The set I is an abundant semigroup.
Proof. Foranye, f,g €', wheree = (K(x),L;), f = (K(x1), L;), g = (K(x2),L;,), we have
€f)g (K(ix(p * x1)), Ly, ) (K(x2), Ly, )
= (K(ipex)) ((p * x1)Ap,) * X2)), LZ((p*xl)A,,l )*xz)Apz)

= (Kl (pe)(hy, *22) L o)
= (K(ix(P *X1) (/\pl *X2)), sz*xl)(/\m *xz)/‘pz)

and

e(fg) = (KQ),L) (Klix, (pr *x2), Ly )
= (K(ix(?? * (i, (p1 * x2))), LEP*(M I *XZ)))A;JZ)
= (K(ix(p * (x1 (Am *X2))), Ly (p+(x1 (Ap, %x2)) )Apz) (lgp1 = xl)\m)
= (K(ix(p * x1)(A p ¥ x2)), L(p*xl)(/\m *XZWZ)'
Hence (¢f)g = e(fg) and so I' is a semigroup.

Let (K(x),Ly) € I. We will prove that (K(x),L;) € E(I) if and only if p *x = i,x(= pA,). Since
(K(x), L;)(K(x),L;) = (K(ix(p * x)), sz*x)/\,,)’ ifprx =i, -x=p- A, then we have

(K(ZY(P * X)), L (p*x)A, ) = (K(iy - ip - X), L;)\X,\p) = (K(x), L;)

Thus (K(x), L) € E(I'). Conversely, if (K(x), L;) € E('), then K(ix(p+x)) = K(x) and so by Remark 1, i, (p*x)! = x
for some [ € E° So,

x =1dy(prx) = ix(p * xl) = ix(p * x).
Hence p = x = ipx.
Suppose that (K(x),L;) € T, let u = (K(ix),L%,) and v = (K, L*p), where x = i,XA,,p = ipXA, and
ir LX',A, RX for some X", X" € E°. Then we have u,v € E(T) and u R* (K(x), L) L o.
In fact, by the above result, u,v € E(T') is clear. It follows from X" € E° and xA, L ipxA, = p that

(K(ix), L )(K(x), Ly)

(K(ix(x" * x)), Ly Aﬂ) = (K(ixx"x), L., Ap)
(K(x), L3, ) = (K(x), Ly)-

If (K(y), L), (K(z), L) € T" are such that (K(y), L;)(K(x), ;) = (K(z), L)(K(x), L;), then (K(i(q * x)), L;
(K(i(c * ), L, )- Thus

7 Tgr0)Ay )

iy(g*x) R ix(c*x), Csoliy(g*x))NCso(iz(cxx))#0 and (q*x)A, L (c*x)Ap.
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By (g*x)A, L (c*x)Ap, we have (g*x)ApAx L7 (c*x)ApAx and so (q+x) L* (c*x). Therefore, i, (g% x) L i,(c*x)
since i;i,i; = i; and izl = i.. Hence by Theorem 3.9, i,(q * x) = i;(c * x). From x R" i, and (3) we deduce that
iy(q *iy) = ix(c * i), and so

griy = iq(q i) L iyiq(q *1y) = Lpic(c*iy) L ic(c* ix) = C* iy,
Therefore,

(K() LK), L) = (KGylg i), L, )
(K(iz(c * iy)), L(w e )
(K(z), L)(K(ix), L4 ).

By Lemma 1.4, u R* (K(x), L;).
Dually, we have v £L* (K(x), Ly). Therefore I is an abundant semigroup. [

Lemma 4.4 Let W = {(K(x°),L,) : x° € §°}. Then W is a quasi-adequate *-subsemigroup of T', which is isomorphic
to S°.
Proof. Obviously W C T. For (K(x°),L%,), (K(y°), L;U) € W, we have

(K(x), L) (K(y"), Lyp) = (K(iwX°Y°), Lo o) = (KXY°), L) € W,
and so W is a subsemigroup. For any x° € S°, define x°¢p = (K(x°), L
Thus S° = W and so E(W) = {(K(x°), L},) : x° € E°}.

To prove that W is a *—subsemigroup, let (K(xo) L:,) € W. By the proof of Lemma 4.3, u = (K(x°"), L)€
E(W)and u R* (K(x°),L},). Similarly, v = (K(x*"), L},.) € E(W) and v L (K(x°),L},). O

%), it is clear that ¢ is an isomorphism.

’X”

Lemma 4.5 Let (K(x1), Ly, ), (K(x2),L;,) € . Then
(1) (K(x1), L, ) R* (K(x2), L3,,) zfund only if x1 R* x,.
(2) (K(x1), L )L (K(x2), L ) if and only if py L* pa.

Proof. (1). By Lemma 4.3, we need only show that
(K(ixl),L;—l«) R (K(ixZ),L;?) if and only if x; R* x.

Then ul = (K(iX1)/ LjTl+) R* (K(ixZ)/ LjTZ+) = uZ
< uqlp = up and upuq = uq, thatis (K(ixlx_fixZ), L%+i x?) = (K(ixZ),L ) and (K(zxez ix,), Li2+ _) =
iy,

Iy X7
(K(ix), L)
& (K(ix in,), L l.xz) = (K(ix,), L) and (K(ix;ix,), L. i ) = (K(ix,), L)
since iy, £ T, iy, L X" and x_frixZ,x_eri,(1 € E°.
= iy dy, R ixy, iyl R iy,
— X7 R X, since xp R ixl,xz R ixz-
(2) Thisis dual to (1). O

Lemma 4.6 W is a generalised quasi-adequate transversal of T.
Proof. Letg = (K(x), L;) € I'. Then we have the following result:

Cw(g) = {(K(z),L;) e W: z € Cso(x) N Cse(p)}.
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Let V = {(K(z),L;) € W:z € Csoo(x)NCs(p)} and (K(z), L;) € V. For z € Cg (x) N Cs0(p), there exist idempotents
i,A,1,, Ap such that x = izA, p = i,zA, with i Lz, A R z* for some z*,z* € E°. Thus

(K(x), L) = (K@), L, )(K(2), L)(K(Z), L} )-

Moreover, (K(i), L.,) £ (K(z*), L..) R (K(z), L;) and (K(z"), L*Ap) R (K(z"), L) L' (K(2), L;). Therefore (K(z), L;) €
Cw(g), and V € Cw(g).
Conversely, if (K(z), L;) € Cw(g), then there exist (K(yl),Lgl), (K(1y2), L;;Z) € E(T') such that
(K(x), L) = (K(11), Ly, )(K(z), LO)(K(y2), Lg,),

and (K(y1), L;) L (K(z),Ly)*, (K(y2), L;,) R (K(z), Ly)* for some (K(z), L%)*, (K(z), L%)* € E(W). It follows from
Lemma 1.6 that (K(y1), L; ) R* g L™ (K(y2), L7,). Hence y1 R* xand p L* g5.

Againby Lemma 4.4, there exist x’, x”” € E° such that (K(z), L;)* = (K(x’), L},) withx” R* z,and (K(z), L})" =
(K(x"),L:,) with x” L7 z. It follows that

(K(x'), Ly )(K(x), L)(K(x"), L) = (K(2), L)

Thus, x'xA,x” K zand x'xA,x"” L z,and so z = x" - x - A,x” by Remark 1.
Since (K(y2), L;,) R (K(2),L7)" = (K(x”), L},) we have y, R* x”” and

(K(x"), Ly )(K(y2), Lg,) = (K(y2), Lg,)-

q2

Hence
(K"y2), Ly, ) = (K(y2), Lg,)-

From y, R* x”” we have y, = x""y, € 5% since §° is a right ideal of R. It follows that g .L* x”y2A,, = y24,, and
SO

Y2Agy2 = (12A0) * 12 = Y2dg Ay, = Yo
Thus y; is regular and y» = y2Ay, Ay, € AE® C E°. Therefore A, R A,x"" L x”’ since A, and x” are in the same
rectangular band and A,x” € AE° C E°.

Since (K(x), L;) € T, there exists X € Cso(x) N Cso(p) such that x = ;XA and p = i,¥A, with A, R %, Ay RY
for some ¥, X € E°. Thusx £* A, LX¥A, R¥ R Ay R Apx”. Denote X'A, = x*, then x L* x* € E° and
Apx” R x”. Similarly, i, x" € IE° C Eand x R* y; R* i), x" L x’". From y = x"xA,x"" we deduce that y € Cs ().
Similarly, we may show that y € Cs (p), and hence Cw(g) € V. We have in fact proved W is a generalised
quasi-adequate transversal of I. [J

Lemma 4.7 The generalised quasi-adequate transversal W is refined and is a quasi-ideal of T.

Proof. For any (K(s), L;) € E(W), (K(e), L;*) € I(I'), withs,y* €e E°and e € I,e L y*, we have

(K(e), Ly+) (K(s), LY) = (K(ie(y™ #9)), Liyu.gn,) = (K(e(y™s)), Lysgy) = (K(es), L)

with p+x = (y7s) * (es) = y*ses = y*s and i, - x = iy+ses = y*s. Thus p*x = i, - x and (K(e), L;*) (K(s),Ly) is
idempotent by the proof of Lemma 4.3.
Computing

(K(s), L2) (K(©), L) = (K(is(s # ), Ly ) = (Kisse), Lizy ) = (K(se), L)

since is Rs, e Ly* L A,+. From se = sey* € E°IE° C S°RS° C S° we deduce that (K(se), L;,) € W. By Lemma
44, W = 5°, thus (K(se), L},) is regular if and only if se is regular. Since se € E°], if se is regular, S’ being an
RGQA transversal of R together with Theorem 3.1 give that se is idempotent, and so se € E°. By Lemma 4.4
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again (K(se), L;,) € E(W). We have in fact obtained a stronger conclusion: if (K(s), L;) (K(e), L*y+) is regular,
then it is an idempotent of W. By meas of Theorem 3.1, W is an RGQA transversal of I".
To show that W is a quasi-ideal, let m = (K(m°), L} ), n = (K(n°),L;,) € Wand g = (K(x),L;,) eT. Since S°

is a right ideal of R and a left ideal of L, we have m°xA,n® € §° - §° C §°. Thus

mrn = (K(m°),L;,) (K(x), L) (K(n°), L)

7 =no
(K(i o (mﬂx)()\pno)), Lzm"x)(/\pnﬂ))\,zn)
= (K(m’x-An°), L, ) e W.

0y 0
mex-Apn

Together with the above result, this implies that W is a quasi-ideal RGQA transversal of I. [J

Now we prove the converse half of Theorem 4.1. Let S be an abundant semigroup with a quasi-ideal
RGQA transversal S°. Let

R={xeS:(AA, € A) A, €E’} and L={peS: (i, €lp)i, € E°}.

Then R and L are abundant semigroups with a common quasi-adequate transversal S° and S° is a right ideal
of R and a left ideal of L.

For each (p,x) € L X R, define p * x = px. Then p * x = px = i,pxA, € S° for some iy, A, € E° since $° is a
quasi-ideal of S. Clearly the map satisfies (1), (2) and (3). Therefore we acquire an abundant semigroup I
in the way of the direct part of Theorem 4.1. Finally we prove that I is isomorphic to S.

For any (K(x),Ly) € T, we define 6 : I' — S by (K(x), ;)6 = ixp, where iy € I and iy L X" for some
¥ € Cso(x) N Cso(p) and some X € E°. Obviously the definition of 6 is not dependent on the choice of i,.

To show that ¢ is well-defined, if (K(x), L}) = (K(v), L}), then R} = R}, Cs(x) = Cso(y), L, = L. We notice
thatp L iyp R* iy. Infact, forany g,h € S, if giyp = hi,p, then gixi, = hixi, and consequently, gixipfr = hixip?',
that is gi, = hi, and so ixp L* i. Since L* is a right congruence, we have p L A, =X'A, L XA, =X p L irp.
Thus

pR iR xR yR i, R iyqgand irp L'p L q L.
Consequently, ixp H" i,q.

From x R* y and Cgs(x) = Cs(y), by Remark 1, there exists & € E° such that x = yh, moreover h L* x.
Thus xA, = yhA, = i,yA,hA, and yA, = i,yA,A,. Since y € R we have A, € E° and consequently A, -h- A, €
E°E°- A C E°A C Eand A A; € E°A C E. It is easy to see that A i, and A, A, are in the same H"-class and
hence A hA, = A A,. Therefore xA, = yA,; and so i,p = iyq, that is 0 is well-defined.

Let (K(x), Ly), (K(y), Ly) € T. Then from yA, = i,q, we obtain

[(K), Ly)(K(y), L5

(K(ixpy), Lyyp, )0 = tipy - PYAq = ixlpy - pYAq
ixpyAq = ixpiyq = (K(x), L,)6 - (K(y), LY,

and so 0 is a homomorphism.
For each x € §, it is easy to see that xx" € R and X'x € L, where x = i,¥A,, iy L X, Ay R X" for some

JEEE——

X', % € E°. Tt follows from xxX* = i,XA,X = i,X ¥ and X x = X i,XA, = X xA, that ¥ € Cs(xX") N Cso (X x), and
consequently (K(xx"), L:. ) €T. It follows that

(K(x'), L2 )6 = i X x=i X x=ix=1x,

and hence 6 is surjective.
Suppose that (K(x), L;,), (K(y), L7) € I' are such that (K(x), Lp)6 = (K(y), LYo, then i,p = i,4. So

xR R iwp=i,gR i, Ry and p L ixp=iq L q.
Thatis R} = R} and L; = L;. From x4, = yA; we deduce that

Y =yAgAy = XA, = i - X ArApA,,.
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Since Ay, A, € E°, we have A;A,A, is idempotent in R and A, A4, R A4, R A, R X". Thus x € Cs(y) and
consequently Cs:(x) N Cso(y) # 0. Hence K(x) = K(y) and L;, = L;, that is, 6 is injective. Therefore ¢ is an
isomorphism.
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