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Abstract. The convergence of difference scheme for iitial-boundary value problem for the heat equation
with concentrated capacity and time-dependent coefficient of the space derivatives, is considered. Frac-

tional order convergence rate estimate in a special discrete Sobolev norms , compatible with the smoothness
of the coefficient and solution, is proved.

1. Introduction

The finite-difference method is one of the basic tools for the numerical solution of partial differential
equations. In the case of problems with discontinuous coefficients and concentrated factors (Dirac delta
functions, free boundaries, etc.) the solution has weak global regularity and it is impossible to establish
convergence of finite difference schemes using the classical Taylor series expansion. Often, the Bramble-
Hilbert lemma takes the role of the Taylor formula for functions from the Sobolev spaces [4], [6], [10].

Following Lazarov et al. [10], a convergence rate estimate of the form

lu = ollpe < CH Mullws, s>k,
21 2

1)
is called compatible with the smoothness (regularity) of the solution u of the boundary-value problem.

Here v is the solution of the discrete problem, / is the spatial mesh step, W and W’z‘ , are Sobolev spaces of

functions with continuous and discrete argument, respectively, C is a constant which doesn’t depend on u
and h. For the parabolic case typical estimates are of the form

Il = ollygwr < Ch+ NT Mullyyssz, s>k, (2)
2it 2
where 7 is the time step.

In the case of equations with variable coefficients the constant C in the error bounds depends on norms
of the coefficients (see, for example, [6], [13])
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One interesting class of parabolic problems model processes in heat-conducting media with concentrated
capacity in which the heat capacity coefficient contains a Dirac delta function, or equivalently, the jump
of the heat flow in the singular point is proportional to the time-derivative of the temperature [11]. Such
problems are nonstandard and the classical tools of the theory of finite difference schemes are difficult to
apply to their convergence analysis.

Finite difference approximation of initial-boundary value problems for the heat equation with concen-
trated capacity is considered in [8], [9], [1], [2]. Integer order convergence rate estimates are proved in [8],
[1], [2]. Fractional order convergence rate estimate is derived in [9], for the problem with variable (but not
time-dependent) coefficients. In the present paper problem with time-dependent coefficient is considered.
Fractional order convergence rate estimate is proved.

2. Differential problem and its approximation

Let us consider the initial-boundary-value problem for the heat equation in the presence of a concentrated
capacity at the interior point x = & :

(1+K6(x— 5))% - % (a(x,t)g—Z) +b(x, Hu = f(x,f), nQ=Qx(0,T),

u(©0,)=0, u(1,t)=0,0<t<T, (3)
u(x,0) = up(x), x € (0,1),

where 0(x) is the Dirac delta function, K > 0 , and Q = (0, 1). We shall assume that

a e Wy "2y n W ETZQR) b e WEAHQE) n W THQR), > 0, b > 0 4)
feW227(Q), up(x) € W5 H(QF) n W5 H(QF), 5)
u e Wy(@QH n Wy 2@, (6)

for5/2 < s <3, where QF = (0,&),QR = (§,1)and Q' = QL' x (0,T), QR = QR x (0, T). Note that conditions
(4)-(5) express the minimal smoothness requirements on the data under which the solution u of (3) may
belong to the function space stated in (6) (see [9]). To guarantee that such u really exists, we also need some
additional compatibility conditions at the corners of Q (see [5]).

Let wy,— uniform mesh with step size h on (0, 1), w, =wp U {0} and @, = wy, U {0,1}. Suppose that £ is a
rational number. Then one can choose the step / so that £ € wy,. Let w; be an uniform mesh on (0, T) with
the step size 7 = T/m, w} = w, U{T} and &; = w, U{0, T}. Also we assume that the condition cih? < 1 < eoh?
is satisfied. Define finite differences in the usual way [12]:

u(x, t) —o(x —h,t)

vz(x, t) = p =o(x = h,t),

0, 1) = (03(x, )5 = o(x+h,t)— ZU;J;, H+o(x—ht) ’
o(x, t) —ov(x,t—1)

vi(x, t) = . =v;(x, t — 7).

The problem (3) can be approximated on the mesh Q,,, = @j, X @, by the following difference scheme with
averaged right-hand side (see [7]):
(1+ Koyl = ))or = 5(@00)s + @) + (BT 00 = BT f, (40 € wy X,

00,0 =0, o(1,) =0, tew, @)
U(xr 0) = uo(x)/ X € d)}l ’
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where

0/ X € Cl)h\{é},

6h(x_é):{1/h, x=&

is the mesh Dirac function, and T, T, are Steklov averaging operators defined as follows:

x+h/2
Tef(x,t) = Ti f(x Fh/2,t) = % f f(x, tdx",

x—h/2

t
T; f(x, t) =T f(x, t — 1) = %ff(x, t)dt .
t-1

Notice that these operators are commute and map derivatives into finite differences, for example:

9? du
2 - = Uyz, T, =

T ot

P E = Uy.
We also define operators

x x+h

T2 f(x, 1) = % f (1 + xh—‘x) FO, DAY, T fx ) = % f (1 _x - x) F(, B

x—h x

We define the following discrete inner products, norms and seminorms:

1/2
(U/ u)Lz((u;,) = h Z U(x)u(x) ’ ”Z)”Lz(w;,) = (U, v)Li((l)h) ’

XEwWy

1/2
(© Wiy =1 Y o0uE@, Il = ©0)%, ),

XEW,
h

2
“UHW](wh) = ||vx||L2(w ) ”v“Lz(a)]) 4

012 0,y =T Y 0GR 0y 01y = T Y IO B,

tew? tew?

llo(-, ) =

ST I M
W]/z (we; La(wy)) =T |t _ t/|2 4

te€w; VEw, t'#t

|’U(5, t) B z](glt )|2
| |W1/2 (w,€) =T Z Z It - t/|2 ’

tew,; VeEw, t'#t

1
o0 st = P ot * TZ (m Tt )“U( Moy

€W,

1 1 ,
0,6 = I, ,é)+1;(m+T_—m)|v<5,t>|,

. 2
o112,y = T 210G Mgy + 108+

tew?



B. Sredojevié, D. Bojovi¢ / Filomat 35:1 (2021), 331-338 334

3. Convergence of the difference scheme

In the section we shall prove the convergence of the difference scheme (7) in the 17\/;’1/ 2(Q;ﬂ) norm.
Let u be the solution of the boundary-value problem (3) and v the solution of the difference problem (7).
The error z = u — v satisfies the finite difference scheme

(1 + Kop(x = &))zr - %((uzx)f + (aze)x) + (T3T7b)z = e + dr+ pon Qpe,

20,)=2(1,H) =0, tew’, (8)
z(x,0) =0, xe€ay,

where
Ju, 1
_ + = it W +
=TT, (@5) = 5 +au,
¢ =u-Tu, = (T2T;byu— T2T; (bu).

and a*(x,t) = a(x + I, t). Let us set ¢ = ¢ + O,y = fi + Ot where
| ou

6 |dx].’

R . _du

o= (n 5]

and [u]: =u(€+0,t) —u(E-0,t).
The following a priori estimate for the solution of the difference scheme (8) is valid (see [9], [14]):

oS
Il

”Z”W;’UZ(Q;,T) < C(”n”LZ(QhT) + ||¢||W;/2(G’T}L2((Uh)) + ||¢A)||W;/2(wﬂg) + ”p”Lz(Qm) + ||‘[l||L2(L§><(U-[)) (9)

Therefore, in order to estimate the rate of convergence of the difference scheme (7), it is sufficient to
estimate the right-hand side of the inequality (9).
Let us estimate the term 7. We decompose term 1 = 11 + 12 + 13 where

_, du _ _du
m= T;Tt (‘15) - (T;Tt a)(T;Tt 5)/
M= (TyT;a-05(+ a+))(T;Tf§—Z), (10)
ou
_ -8
N3 =050 +a" )(T7T; P Uy).

The first, we define rectangles e = e(x, t) = {(£,v) : & € (x,x + h), v € (t — 7, t)}. Using linear transformations
& =x+hx*, v = t+1t*, asingle-sided mapping between e and rectangle E = {(x*,#") : 0 <x* <1, -1 <t <0}
is established. Also, let’s mark u*(x*, t*) = u(x + hx*, t + tt*), a*(x*,t*) = a(x + hx*, t + tt*).

Using Cauchy-Schwarz and Holder’s inequality, we obtain the following estimate

C * *
|T]1(x, t)| < EH” ”W’%\,A/Z(E)”u ”Wzﬁ;r/ﬁ(‘q/fz)(E)r A= 0, U >1, q> 2.

Further, 1 = 0 whenever 4" is a constant or u* is a polynomial of degree one in x* and a constant in #".
Applying Bramble-Hilbert lemma [4] we get:

C * *
|T]1(X, B < zm |W[I’"M2(E)|u |W§:7}T;EZ)(E)’ 0<A<1,1<u<2,g9>2
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Going back to the old variables, using the condition c1h? < 1 < cph?, we have:

=3
Ia*|W4\,A/z(E)SCh 4|11|W;,,\/z(e) and

q-2)

_34=2
1| < Ch'™ "2 |u|

W;l ;1/22 (E)'

/2
W, )(E) 2/

29/(q-2

Now, we have

Im (x, )| < ChAH- 5/2|a|wwz(e)|u|wp i g 0SASL1Su<29>2,

2q/(q-2)

After summation over the mesh Q' = w), X w; we get

175, Dl < CHH lallyy . gllillypan g 0SASLT<p<2,9>2,

49/(4-2)

Further, using imbeddings

QWL Q. Az3/g,
W, D) c WQ),  p25/2-3/g

W/\"'H S (A+p)/2

and taking A =1, g =3, p =s—1we have

-1
”anLz(th) <Crw (”a”Wzﬁ‘*‘r(S*l)/Z(QL)”u”WZSrS/Z(QL) + ||a||W2971’("7W2(QR)”u”WZS’S/Z(QR))’ 2,5<s<3.

Further,

du
M= (T Tra =05+ a (T T; 90) = (T3 T 20,
where 1y = T{T;a - 0.5(a + a*) . Using the continuity of the coefficient, we have

21 1 < Clllyg g, A > 3/2.

Further, 1n21(x,t) = 0 whenever 4" is a polynomial of degree one in x* and a constant in ¢.

Bramble-Hilbert lemma we get:
1721 (x, )] < Cla*lwz,\,,\/z(E) , 3/2<A<2
Going back to the old variables, we have
* _3
10"y gy < CHY2lalyy g
and

_3
Ina1(x, t)] < Ch* 2|l v2e-

It’s further

u

x, ) < ChM32a) 00 —
Ina(x, ) e || 52

© @’

and analogous estimate is valid on Q. After summation over the mesh Q; we get

u
Ix

ou
ox

In2llLy0,) < CH* (||ﬂ||Wn/z 0 ) .
o @ @)

+||ﬂ||WM/2 R
@b @

335

(11)

(12)

Applying
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Further, using imbedding

Ju

- e Wy M2y c c(QL), s> 5/2,

analogous imbedding on QR and taking A =s—1, 5/2 <'s < 3, finally obtain

”T]ZHLZ(Q;,T) < Chs_l(”a”WZS*L(S*WZ(QL)||u||W25:5/2(QL) + ”a”W;*lr(S*l)/z(QR)”uHWZSrS/Z(QR)) ’ 5/2 <s<3. (13)
We have
+\ T+ _du +
N3 =050 +a")(T7T; i uy) =05@+a")ns,

where 131 = T; T, % — uy . The following estimate is valid:

C *
|T]31(X, t)l < E”u ”WZS’S/Z(E)’ s>5/2.

Further, n31(x, t) = 0 whenever u” is a polynomial of degree two in x*. Applying Bramble-Hilbert lemma we
get:

C *
|1731(x, t)l < E |M |W25'5/2(E) ’ 5/2 <s<3.
Going back to the old variables, we have
* _§
|1/l |W25’S/Z(E) < Ch?® Zlulwzs,S/Z(e) ,
and

_5
|1731(x, t)l < Ch*2 |M|W25/5/2(e)'
It’s further

|773(xr t)' < Chs_S/zllanc(@)|u|W25'5/2(E)
and analogous estimate is valid on QR. After summation over the mesh QZT we get
75l < CI (el iy ity gy + Ml i iz o)
Using imbeddings W5 "¢™%(QF) ¢ C(QF), W " ™V2(QR) c C(QR), s > 5/2 finally obtain
||773||L2(Q1n) < Chs_l(“a”WZS*L(S*l)/Z(QL)||u||W25/5/2(QL) + “a“WZS*L(S*l)/Z(QR)”u”WZ&S/Z(QR)) ’ 5/2 <s< 3 (14)
From estimates (12)- (14) we have

”n”Lz(Qm) < Chs_l(||Ll||wzs—1,(s—1)/z(QL)||M||W2s,s/z(QL) + ”a”WZS_l’(s_l)/Z(QK)”u”WZS’S/Z(QR))’ 5/2 <s<3. (15)

Now we estimates the term fi. At the point x # £ we have fi = u. We decompose term p = fi; + fi where

= (2T, b)u - T2T; ),
2 = (2T, b)(T2T; u) = T2T; (bu).
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At the point x = £ we decompose term I = i} + 1) + [ + i, Where

7

N i A h{__du
Hay = (TJZC_Tt b) |” - (T;%_Tt u) £ 3 (Tt )
x=E+0

ox

iy = [(Ti*T;b)(Ti*T:u) T2 (bu) + g«n—b) ~ (T>T;b) (T‘;—Z)]

x=£+0
Using the same technique as for terms 7; we can derive estimates of the form (11) for terms fi; and .“Z‘)- On
that way we get

||ﬂ||L2(QhT) S Chs—l(“b”wzsfl,s/Zfl(QL)HUHWZS,S/Z(QL) + ”b”wzsfz,s/Zfl(QR)HMHWZS,S/Z(QR)), 5/2 <Ss S 3 (16)

Let us estimate the term f1. At the point (x,t) € £ X w, we decompose term I = i* — fi~, where
- W du
o= = _g(Tt b(&+0,1)) (Tt g(é +0, t)).

The following estimate is valid:
Jdu
Ixlle@’

After summation over the mesh w, and using obvious imbeddings we have

|[:l+(é + 0/ t)| < Ch|b(é + 0/ t)le(th,t)

||ﬂ+||L2(§><a)T) < Chzllb(é +0, .)l|W2A71/4(0,T)”u”WZS'S/Z(QR)

for A > 1/4 and s > 5/2. Further, using imbedding W§M(QR) C W§71/4(0, T) and taking A =5/2 -1, we
obtain

“[:ﬁ”Lz(éXwT) < Ch2||b||wg—2,s/2—1(QR)||u||WZs,s/z(QR). (17)
Analogous estimate is valid for the term f17:
18 Neaexw) < CHABI g2t uylttlysorz gy (18)
From estimates (17)-(18) we have
||la||L2(£><w7) S Ch2(||b||W;>2,s/2—l(QL)||u||W;‘,s/2(QL) + ||b”W;72,s/2,1(QR)”uHW;S/Z(QR)). (19)
Also, the following estimates are valid (see [9]):
~ 41
”(PHW;/Z((UT,Lz(wh)) < Chs 1 10g E(”u“WzS,s/Z(QL) + ||u||W25/5/2(QR))’ 5/2 <s< 3, (20)
—~ 1
||¢”W;/2(m1,é) < Ch? log E(Ilullwzs,s/z(QL) + ||u||wzs,s/z(QR)), 5/2<s<3. (21)

Finally from (9) and (15)- (21) we obtain the following result.

Theorem 3.1. Suppose that solution and coefficients of the differential problem (3) satisfy conditions (4)-(6). Then,
the solution of the difference scheme (7) converges in W;'l/ *(Qne) to the solution of the differential problem (3) and,
assuming that T < h?, the following estimate is valid:

I = 0llgzae g,y < CHH (allyso-m oy + Hallysz gy + [Bllys-2zoa gy + lls-2o1 ey + 1H)
X (Il 2y + Ml ) 5/2 <5 3, 22)

where I(h) = +/log1/h.
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