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Coefficients Estimate for a Subclass of Holomorphic Mappings on the
Unit Polydisk in C"
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Abstract. The aim of this paper is to obtain the sharp solutions of Fekete-Szego problems of high dimen-
sional version for family of holomorphic mappings that are normalized on the unit polydisk U" in C". The

main results unify some recent works, which are closely related to the starlike mappings. Moreover, some
previous results are improved.

1. Introduction

Let C" be the space of n complex variables z = (z1, zp, -+, z,) with the maximum norm ||z|| = max{|z1], [z2], ..., |zal}
Also, let U" be the unit polydisc in C" and let U' = U be the unit disc. Let dylU" = [] U be the distin-

k=1
guished boundary of U", and dU" be the boundary of U". We denote by H(U") the family of holomorphic
mappings from U” into C" with the standard topology of locally uniform convergence. Let f € H(U"), we
say that f is normalized if f(0) = 0 and J¢(0) = I,, where J¢(0) is the complex Jacobian matrix of f at the
point 0 and I, is the identity matrix.

Suppose that QO C C" is a bounded circular domain. The m (m > 2)-Fréchet derivative of a mapping
f € H(Q) at point z € Q is written as D" f(z)(a™ !, -). The matrix representation is (see, e.g. Liu-Xu [13])

m m— _ - 8mfp(z)
D" f(z)(a 1,->—( Y, 920z, -9z, |

1o, ’
lilaeedmo1=1 m-1 1<p k<n
where f(2) = (f1(2), f2(2), ..., fu(2))',a = (a1, a2, ..., a,)" € C".
If f and g are analytic in U, we say that f is subordinate to g, written f(z) < g(z), provided there exists a
analytic function w(z) defined on U with w(0) = 0 and |w(z)| < 1 satisfying f(z) = g(w(z)).

Suppose that ¢ is a convex Carathéodory function on the unit disk U such that 1(0) = 1, ¢(0) > 0,

‘R(l/}(é)) > 0 and y(U) is symmetric with respect to the real axis. Also, {(£) has a series expansion of the
form

YE) =1+ A&+ A2 + A3 + .., (A1 > 0), e UL )
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Definition 1.1. Let f : U" — C" be a normalized locally biholomorphic mapping. If f(0) = 0and 0 <y < 1, then

1z vy
1-yygilz) 1-

fes,,U") = y € Y(U), z € U"\{0}, (2)
where g(z) = (91(2), g2(2), -, gu(2)) = (Df(2))"L f(2), Izl = llzll= g&)}i{lzkl}, T, € T(x) and the function 1 is defined
by (1).

Remark 1.2. (I) If y = 0, then the definition STJ},O(U") due to Xu-Liu-Liu [31].
(IDIfy=0,n=1and (&) = %J_’E, then the class S, O(U) was the usual starlike function.

=
(III) Let « € [0,1), c € (0,1), n € Z*, & € U. Define the functions set by

_[1+(1-2a)¢ 1+¢& 1+&w@ 1+c&
M_{ 1-& '1+(2a—1)£'<1—£)'1—c5}'

then for different functions 1 € M in Definition 1.1, we can get kinds of well-known subclasses of starlike mappings
in U" (see, e.g. [2,12,13, 29, 30]).

As well known, the coefficient functional p,(f) = a3 — paj on the normalized analytic functions f plays
an important role in one-dimensional function theory, where f(&) = £ + 082 + 4383 + .., £ € U. For details,
we refer the reader to survey articles of Kanas [10] and Srivastava et al.[18] (also see, e.g. [4, 9, 15,17, 19—
23,26,27]). The problem of maximizing the absolute value of the functional p,(f) is called the Fekete-Szegt
problem, which is related to the Bieberbach conjecture (see [1]). However, Cartan [3] stated that the
Bieberbach conjecture does not hold in several complex variables. Until now, only a few complete results
are known for the inequalities of homogeneous expansions for subclasses of biholomorphic mappings in C"
(see, e.g. Graham-Hamada-Kohr [5], Graham-Hamada-Honda-Shon [6], Hamada-Honda-Kohr [8], Kohr
[11], Liu-Liu [14], Gong [7]). In 2014, Xu-Liu [30] extended the Fekete-Szego inequality from the case of one
dimension to higher dimensions for a subclass of starlike mappings defined on the unit ball in a complex
Banach space or on the unit polydisk in C". Furthermore, Luo-Xu [12] and Xu-Fang-Liu [29] consider
the results related to strongly starlike mappings of order a and starlike mappings of order o (0 < a < 1),
respectively. Recently, Liu-Xu [13] established inequalities between the second and the third coefficients
of homogeneous expansions for starlike mappings and starlike mappings of order a defined on bounded
starlike circular domains in C", respectively. Some more general works on coefficients inequalities in several
complex variables can be found in Tu-Xiong [25] and Xu-Liu-Liu [31].

In this paper, we will obtain the sharp coefficients bounds on Fekete-Szegd problem for the class S;, | (U").
This is a continuation of the works in [25] and [31]. Our results extend some works that are related starlike
mappings in C", and give a positive answer to a conjecture proposed by Tu-Xiong [25]. Compare with
the recent works on Fekete-Szego problem(e.g., [12], [31]), the critical processes of proofs are different: our
arguments in this paper are heavily based on the subordination techniques.

Throughout the paper, it is assumed that

1 Ay-A

1 Ay+A
2 2 - 1+1]’
1-yr A

1
+ 1], EUEZ = E[m A%

My = %[
and Y(&) =1+ A1& + Ayé? + - -+ + Apé&" + - - <(A1 > 0) is the function defined as (1).

2. Preliminaries

The following Lemma is needed in the proof of main theorems.
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Lemma 2.1 ([16]). Let P be the usual class of functions with positive real part in U. Suppose that p(z) =1+ c1z +
c2z2 4+ € P, then|c,| < 2forn > 1. If|cy| = 2 then p(z) = p1(z) = +;§ with y1 = ¢1/2. Conversely, if p(z) = p1(z)
for some |y1| = 1, then ¢1 = 2y1 and |cq| = 2. Furthermore we have

2

1
|C2 - _1| X 2 - %
2
Ifler| < 2and ey — 2| =2 — ‘C” , then p(z »(z), where
2 plz)=p
1 V2z+Y1
_ 1+y1y22
pQ(Z) - 1 Y2z+y1
- 1+y1y22

2c,—c2

and y1 = 3,72 = g Conversely if p(z) = pa(z) for some [y1] < 1 and [y| = 1, then y1 = 3,72 = 47_

c2 2
2= F=2-15

3. Main results

In this section, we obtain the sharp unified solutions on Fekete-Szego problem for S:W (U") with the the
parameters i € R (also, parameters u € C).

z € U"\{0} and

= Z
B

Theorem 3.1. Let f € S:M(IU”) Suppose that |z¢| = ||z|| = max{lzjl}
’ <jg

DZf(O)(zé)) % ((D2 fk(O)(zg))z

15
Z il S 3
S DO (20— ) > ©
then we have
142113 r=2r 1
D3 £(0)(3 D2 £(0)(z2 Al Az(ly)z'l'1 2“+(17/)2A] <,
fO)E) 1., f(0)(z) LA 13
| =5 - 13D O — )| < bl My < o < My,
! ! 9y
AP 20 - Gt — 1+ A ) psm
The above estimates are sharp for each real .
Proof. Fix z € U" \ {0}, and set zg = ”z—” We define a function g; : U — C by
1 %% Y
EEm 1 <#0
(&) = 1-y pizo)llzll  1-y 4)
qi(¢) {1, £=0,

where p(z) = (Df(2))"! f(z) and Izl = llzIl = max{lzkl} It is easy to see that q;(&) € H(U). Since f € S (U"),
using (4), then we have g;(¢) € Y(U), & € U Furthermore, the fact q;(0) = ¢(0) = 1 implies that q](é)< P(&),
& € U. Taking a function

1
1+w(z):1+clz+csz+ <i,Z€U (5)

1-w(z) 1-z

we note £(0) = 1 and P is a function with positive real part. By (5), there is a function w(z), such that

P(z2) =

2
qi(€) = pw(&) =1+ 1A1€1<§ + A1 6-d)+ 1Ach E+.,E€U. (6)
2 4
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From (4) and (6), we know that

2

V4 1 1 ]
[1 + m + EAlclé + (EAl(CZ — > ) + A2C1) ]X
Dp;0)z)llll ,  Dpi0) Il
a-yfe+ 21z e ot )=¢

Comparing with the coefficient of two sides of the (7) in &2 and &3, we get

1 1 D?pi(0)&)llzll
~Aic; = —
2 1-vy 2!z;

and

1 a1 ) D?p;(0)&)llzll\2  D3p;(0)(@)llzll
§A1(C2 - E) + ZAZCl = ( 2, ) - 3%z, .

Using the Lemma 2.1, (8) and (9), then

D%@%Ww_iwmw®M

23 'A 21z,

A1 3!Zj
A1 '(szj(O)(zg)uzn)z' 11 'DZP;'(O)(Z%)IIZIIF 4
A (1-y)? 21z; ST 21—y 21z; A%

From (10), it shows that
|(D2Pj(0)(z(2))||z||)2 D@l 4, 1 (szj(o)(zé)IIZIl)zl

21z 3lz;  A2(1-p)p 21z
11 F%@@W”
ST A —yp 21z;

On the other hand, since p(z) = (Df(z))"' f(z), then
D*f(0)(z*) = D*f (0)(23)
T 3l

D*F(O)(2, .
:(I+D2f(0)(z,.)+—f(2)!(z ) > =

Comparing with the homogeneous expansion of two sides of the (12), we have

D?p(0)(z%) _sz(O)(zz)
2! B 2!

+ - ) X (Dg(O)z +

Dp(0)z =z,

and

D3 £(0)(z%) DBP(O (% D3f 0)(z%) D?£(0)(z%)
3! 3l T (O)(Z’ 2! )

In view of (14), we can obtain

D fi0))llzll 1 D?£(0)(z)) ||zl

= |]3'—z]0 - #§D2fj(0)(20/ 2—0)f|
1D°piO)E)lzll 1 D*£(0)(z3) |zl D £i(0)z)lIll 2
:|_ 2 3!sz + 3D O, ——5— )z, ( 212]-0 ) ‘

3 3
D?g(0)(z%) L D0 |

30

(7)

(10)

(11)

(12)

(13)

(14)

(15)
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Furthermore, using (3), (13) and (14) in (15), then we have
= DpOEIE )(sz;(O) ||z||) |
~2 31z; H 21z,
Sl DO | DHOIE: 4 1
2 3lz; 2!z; A2 (1-7y)?
D’ fi(0))lzll\2 A, 1 D?£;(0)(z3)lIzll 2
() Gy w0, )|
2!z; AT (1-7y) 2!z;
Lo L1 |D2m<0><zé>nzn|z N |& L, “DZP]-(O)(Zé)Ile |z)
A A-y2 21z A2(1-yp 21z '
According to the above inequality (16), we consider the following four cases with using the Lemma 6 in

Xu-Liu [28]:
Case 1: If i satisfies the condition

> (16)

<

1 Ay —A,
<z s
ooy

then we have

DfOEl 1, 2f( ) ) Izl
= PO =
1 A 1 11 DpiOE)lzlp
<§<A1 (A2(1 V)2 +1_2[J_A_1(1—y)2)) 21z |)
1 A, 1 11
< §<A1 +A1<1T%—(1 — 7/)2 +1- 2[11 - A_l—(l — 7/)2))
1 Ay 1 Y -2y 1
= 343 [A2 Tt (1_y)2A1]. (17)
Case 2: If i satisfies the condition
Ay — A 1,4, 1
—— +1] < UL zl—+—% ,
2[(1—y)2 A ] 2<A§ 1-y) )
then we have
DfOEl 1, D?f(0)(z} ||z||
= PO =
1 A 1 11 (DpiOElzlpe, 1
<5 1+(A_%(1—7/)2+1_2[J_A_1(1—y)2)) " |)<§A1. (18)
Case 3: If i satisfies the condition
Ay 1 1 Ar + Aq
+1)<p<s|l— +1|,
(AZ (1 y)z ) H 2[(1 — )/)2 A% ]
then we have
D fiO)@E)lzll 1, D2£(0)(z) |zl
| 3, MR 0E )?'
1 , 1 1 1 \DpioEllpe, 1
<z (A +(2u-= -1-— < ZA; 1
2( v A2 (1-y)? A1(1—y)2)| 21z |) 2™ 19
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Case 4: If i satisfies the condition

1 A+A
E[m 2;% 1+1],

then we have

|D3ﬁ(0)(Z8)IIZII 1

D?£(0)(z3 ||z||'
3!2]'

SD?fi0) (a0, —

1 A 1 11 (D0l
Sl B ma )

A 1 1 1
— 2 _—— —_————
< sl A B 1 T )
1 A 1 -2y 1
- AL . 2
=24 A2 (1—yP Maoe A1] 20)

From (17)-(20), then we have

||D3ﬁ(0)(ZS)IIZII
3!Z]‘

1 A 1
A2A§(1y2+1 2H+<1y>2A] u <My,
< -Al, EIR1<[J<9:R2, (21)

142 1 -2y
24 [2 A2 a- y)z -1+ A_l(l—)')z]’ p >Ny,

1 D?£(0)(z3) |lz|
_ M_sz]-(o)(z(), TO Z_])”

Thus, if zg € dyU", then for j = 1,2, ..., n, (21) implies that

3 £. 3 2 0 2
||D f](O)(ZO) _ Mlszj(O)(ZO, D f(z')(zo))”

3!
1 A V=21
AZ[Ag (1 V 2 + 1 2[-*[ + (1_)/)2 A_.I]I ‘U < EInll
< A1, My < p <Ny, (22)
142 1 1 722y
L e T = T

3 £. 3
Also since D/0e) f’é?)(z)

12 D2£(0)(z%) . . T . . .
psD f](O)(z, — ) are holomorphic functions on U”, in view of the maximum
modulus theorem of holomorphic functions on U", we get

||W - yépz FO)(z W)H

3!
e—2
1A2)zP % i 1-2u+ 21 ] w<m,
<A IR, My < p <My, (23)
1 1 Y2y
PP 20 - Bty — 1+ A ior] w>

where z € U".
In order to prove that the sharpness, we need to consider the following mappings.

If % oy +1- Zp‘

A = }/)z,then

f(z) =zexp f: (WY@ - 1)%dt,z e U™ (24)
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It is not difficult to verify that f € S:P(IU”). Taking z = (1,0,0,...,0),0 < r < 1, then the first and third
equalities in (23) hold true.

If Az R y)z +1- 2y| then

= A 1- )’)2'

f(z) = zexp fo " W(t?) - 1)%dt,z eU". (25)

Also, itis not difficult to verify that f € S:p (U"). Takingz = (r,0,0, ...,0)",0 < r < 1, then the second equalities
in (23) hold true. This completes the proof of Theorem 3.1. O

We can obtain an interesting result for a subclass of Sjw (U") by dropping off the condition (3).

Theorem 3.2. Suppose that f : U" — C, F(z) = zf(z) € S:W(IU"), then for z € U", we have

||D3F(0)(z3) 1D2F(O) DZF(O)(ZZ) ”
3!
AP By + 1 2u + g;_;;ALl], p<My,
< 3AzIP, My < p <Ny, (26)

1 1 172y
A2||z||3[2‘u raor 1t AT y)Z] p> M.

The above estimates are sharp for each real pu.

Proof. We define the function q;() as (4). Since F(z) = zf(z) € S;, (U"), then we can deduce that

by
q;(©) 1 = y)f(Cz0) = (1 = »)f(Cz0) + Df(C20)C20- (27)

Considering the Taylor series expansions with C in (27), then

2

1A1<C2 - C—) + iA2C1> ) (1- V)*B

1
(1+ §A1€1C+(2 >

=(1=-7%+ (Df (0)(z0)C + D f(0)(z5)C* + ) (28)

where , )
D~ £(0
B =1+ DAO) + L

Comparing the homogeneous expansions of two sides in (28), we have

SA1e1(1 =) = DFOz) )
and

24 (c2- ﬁ) + st = ——[DX(O)(E) - (DFO)(z0))] (30)

PN WA S Y 0 o)l

On the other hand, from F(z) = zf(z), we note that

DF(0)(z;) ~ D*f(0)(z)) z; D’Fj(0)(z))

31 - 21 M 1 = Df(0)(z0)7— (31)
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Thus, together with Theorem 3.1, (29),(30) and (31), it shows that

DFOE),
2!

D0zl 1,
— - uzD F;(0)(z0,

D*f(0)(z) 1

Zj

Izl
) T ~ g0z DFOGo) |
sz(O) 14l
= | =% - uDftzo DZF 1(0)(20, 0))Z_j|
D*£(0)(z
- & - y(Df(O)(ZO))2|

- %|D2f(0)(zo) - 2u<Df(0><zO)>2|

1 1 c 1
= §|(1 - 7/)[§A1(C2 - E) + Azcl] + Az T1-yy- Z.yZAfc%(l - 7/)2|

B O S NN Vi e SR 21 -

=2 a-pe-2+3 A1€1+ L1 -y) - pidi (1 - )

A 1 2 2

<ZHa-p2- el + 3lal 'E + A1 =) = 2pA (1= )l). (32)

The rest of the proof is similar to the case in Theorem 3.1 (see, (16)), we omit it. The proof is completed. [J

Theorem 3.3. Suppose that the function P(&) = 1+ A1& + Ax&% + -+ -+ A, &" + - -+, (A1 > 0) satisfies the condition
as (1), then the following results hold true:

M If f € S, (U"), |zl = llzll = ¥r<1];a<§{lzj|}, 70 = &z € UN\{0} and

Z_
[I=I1”

1 D2f<0><zé>) % _ (<D2fk<0><z§>)z

2 —
D*fi0)(z0 —; Izl 2l

then we have

A, 1 y? -
AR A Al }n P,

||£1 - yN1'| < %A1 max {1, A=) )

where

3 3
0= DI oy,

The above estimates are sharp for each complex L.
(IT) Suppose that f : U" — C, F(z) = zf(z) € qu y(

sz (0)(22) DO,

U"), then for z € U", we have

”Lz - [.lNzH A1 max{ + A zlJAll + Y2 2)2 }”2”3

A_1
A1 —-yp)?
where
D’FO)z)

3!
The above estimates are sharp for each complex pu.

2 2
e DFO)E))

1 2
, Ma=35D F(0)(z, o

Proof. 1t is easy to obtain the (I) and (II) by making a straightforward calculation in (16) and (32), respec-
tively. O
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Remark 3.4. (1) We note that A; = ¢'(0) and Ay = 3¢"(0). Thus, when y = 0 in (II) of Theorem 3.3, the result
coincide with the main Theorem proved by Xu-Liu-Liu [31].

(b) When y = 0 in (I) of Theorem 3.3, the result is the conjecture proposed by Tu-Xiong [25].

(c) By choosing suitable functions 1 and real numbers y as Remark 1.2, the solutions on Fekete-Szego problems for
kinds of subclasses of starlike mappings on U" can be deduced by our main Theorems immediately.

4. Conclusion

In this paper, by using the subordination techniques, we obtain the sharp coefficients bounds on Fekete-
Szeg6 problem for a certain subclass of starlike mappings, which are defined on the unit polydisk in C".
Some previous results are improved. Also, the main works give a positive answer to a conjecture proposed
by Tu-Xiong [25].

Basic (or g-) series and basic (or g-) polynomials are known to have widespread applications. In a
recent survey-cum-expository review article, Srivastava [24] applied a fractional g-calculus operator to
define two subclasses of normalized analytic functions with complex order and negative coefficients. With
these subclasses, some current developments involving the usages of the basic (or g-) calculus in geometric
function theory of complex analysis were investigated. Also, Srivastava [24] exposed the inconsequential
nature of the so-called (p, g)-variations of the g-results by inserting an obviously redundant parameter p in
the g-results. Subsequently, we might try to consider some Fekete-Szegt problems by using the basic (or
g-) calculus.
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