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Abstract. Convergence of real sequences, as well as complex sequences are studied by B. Liu and X.
Chen respectively in uncertain environment. In this treatise, we extend the study of almost convergence by
introducing double sequences of complex uncertain variable. Almost convergence with respect to almost
surely, mean, measure, distribution and uniformly almost surely are presented and interrelationships
among them are studied and depicted in the form of a diagram. We also define almost Cauchy sequence
in the same format and establish some results. Conventionally we have, every convergent sequence is a
Cauchy sequence and the converse case is not true in general. But taking complex uncertain variable in a
double sequence, we find that a complex uncertain double sequence is a almost Cauchy sequence if and
only if it is almost convergent. Some suitable examples and counter examples are properly placed to make
the paper self sufficient.

1. Introduction

In real life, uncertainty not only appears in real quantities but also in complex quantities. Uncertainty
theory is inevitable to quantify the future when no data is available, to asses the future when an emergency
like war, flood, earthquake arises or the past when counting precise observations or performing measure
is nearly impossible, to model non-jagged concepts (for example, tall, young) and dynamical systems with
continuous time noise. Liu [5] introduced the notion of uncertain variable as a function from a measurable
space to R and when R is replaced by the set of complex numbers, it is called complex uncertain variable
due to Peng [18]. In the same work, he also initiated the notion of complex uncertain distribution and
expected value for the purpose of measure of a complex uncertain variable. Now-a-days the works on
uncertainty theory is being explored in almost every field of mathematics, viz. uncertain logic [6] (Liu),
uncertain process [7](Liu), uncertain inference [8](Liu), uncertain calculus [9] (Liu), uncertain risk and reli-
ability analysis [10] (Liu), uncertain graph [17](Gao, Gao), uncertain finance [9](Liu) [15](Chen) and many
more.

Convergence of sequences [3, 4, 13] plays a pivotal role in the study of fundamental theory of mathematics
and so Liu [5] applied the theory of uncertainty on sequences. He established the properties of convergence
of uncertain measure by introducing convergence in measure, in mean, in distribution and in almost surely
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of an uncertain sequence. You [11] extended this study to convergence in uniformly almost surely and
established the interrelationships with the previous four types of convergences reported by Liu [5]. Guo
and Xu [14] presented a necessary and sufficient condition of convergence in mean square for uncertain se-
quences via Cauchy sequence. Cheng et. al [16] studied the concept of convergence of uncertain sequences
taking complex uncertain variable into consideration. Datta and Tripathy [12] studied convergence of
complex uncertain double sequences.

Almost convergence of sequences was originated and explored by Zygmund [1] [2]. In this paper, we
introduce double sequence of complex uncertain variables and study the almost convergence in uncertain
environment. Almost convergence with respect to almost surely, mean, measure, distribution and uni-
formly almost surely are initiated and interrelationships among them are also established. In addition, we
also presented the concept of almost Cauchy sequence in the same structure and proved some results:

A double sequence of complex uncertain variable is almost Cauchy if and only if it is almost convergent.

Before going to the main section we need some basic and preliminary ideas about the existing definitions
and results which will play a major role in this study.

2. Preliminaries

2.1. Definition [5]

Let £ be a o-algebra on a non-empty set I. A set function M on I' is called an uncertain measure if it
satisfies the following axioms:
Axiom 1 (Normality Axiom). M{I'}=1;
Axiom 2 (Duality Axiom). M{A} + M{A‘}=1, for any A € L;
Axiom 3 (Subadditivity Axiom). For every countable sequence of {A;} € £, we have

MIU Al S L M)
j= j=

The triplet (I', £, M) is called an uncertainty space and each element A in £ is called an event. In order to
obtain an uncertain measure of compound events, a product uncertain measure is defined by as follows:
Axiom 4 (Product Axiom). Let (I, L, My) be uncertainty space for k = 1,2,3..... The product uncertain
measure M is an uncertain measure satisfying

M{TTA) = AMA)),
j=1 j=1

where Ay are arbitrarily chosen events from I'; for k=1,2,3,... ... respectively.

2.2. Definition [5]

An uncertain variable C is a measurable function from an uncertainty space (I', £, M) to the set of real
numbers, i.e., for any Borel set B of real numbers, the set {C € B}={y € I' : {(y) € B} is an event.
2.3. Definition [5]

The uncertainty distribution ® of an uncertain variable C is defined by ®(x) = M{C < x}, for any real x.

2.4. Definition [5]

+0o 0
The expected value operator of an uncertain variable C is defined by E[(] = f M{C = ridr— f M(C < ridr,

0
provided that at least one of the two integrals is finite.
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2.5. Definition [16]

The complex uncertain sequence {C,} is said to be convergent almost surely (a.s.) to C if there exists an
event A with M{A}=1 such that

lim [IC,(y) = COII =0,

for every y € A. In that case we write (, — (, a.s.

2.6. Definition [16]

The complex uncertain sequence {C,} is said to be convergent in measure to C if for any ¢ > 0,

lim MIC, - Cll = e} = 0.

2.7. Definition [16]

The complex uncertain sequence {C,} is said to be convergent in mean to C if

lim E[IC, - ¢/l = 0.

2.8. Definition [16]
Let®, &y, Dy, 0s,...... be the complex uncertainty distributions of complex uncertain variables C, {1, Cp, Cs.....
respectively. Then the complex uncertain sequence {C,} is convergent in distribution to C if

lim @, (c) = ®(c),
for all ¢ € C, at which ®(c) is continuous.

2.9. Definition [16]

The complex uncertain sequence {C,} is said to be convergent uniformly almost surely (u.a.s.) to C if
there exists a sequence of events {E;}, with M{E;} — 0 such that {C,} converges uniformly to Cin I — Ej, for
any fixed k € IN.

3. Almost Convergence of Complex Uncertain Double Sequences

In this section, we extend the concepts of almost convergence of sequences in a complex uncertain
double sequence. We establish the interrelationships among them and originate some related results.

3.1. Definition

The double sequence {(,,,} of complex uncertain variable is said to be almost convergent with respect
to almost surely to C if there exists an event A, with M(A) = 1 and for any ¢ > 0, there exists 1y € IN such
that

p-1g-1

Y. Y Curintj(y) = COII <&, V¥p,q > ng and uniformly Vm, n € N.

1
ll5
i=0 j=0

3.2. Definition

The complex uncertain double sequence {Cy,,} is said to be almost convergent in measure to C if for
every ¢ > 0, there exists 19 € IN such that

p-14q-1
M {I|plq Y Y Cuvinej—Cll 2 6} <e¢, Vp,q > ngand uniformly ¥m, n € N.
i=0 j=0
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3.3. Definition

A double sequence {C;,,} of complex uncertain variable is said to be almost convergent in mean to C if
for any given ¢ > 0, there exists n9p € IN such that

p-1g-1
E[Ilplq ZE) }:0 Convipntj — CII] <¢&, Vp,q>ngand uniformly Vm,n € IN.
i=0 j=

3.4. Definition

Let @ and ®,,, be the complex uncertainty distributions of the complex uncertain variables C, Cy, re-
spectively. Then the double sequence {(;, 4} is called almost convergent in distribution if for any preassigned
e > 0, there exists 1y € IN such that

p-1g-1
Z . (Dm+i,n+j(z) - CD(Z)H <g,

1
Il
i=0 j=

for all z at which @ is continuous and for all p, g > ng and m, n € IN.

3.5. Definition

The double sequence {C,, ,} of complex uncertain variable is said to be almost convergent with respect
to uniformly almost surely to C if there exists events {E;} with M{E;} — 0 such that {C;,,} almost converges
uniformly to CinI' — E;, for every fixed k € IN.

3.6. Theorem

If the double sequence of complex uncertain variable {C,, .} is almost convergent in mean to , then {Cyy, }
is almost convergent in measure to C.
Proof: From the Markov inequality, we have for any given positive preassigned number ¢,

Il :
120 =0 ¢

Thus the double sequence {C,,,} is almost convergent with respect to measure to C.

~1g-1
p1g-1 2L L Cuineitr-cnn]
M 1 Z Z Cm+i,n+j(7/) - C(V)” > ¢er < —= — 0asn — oo.

3.7. Remark

The converse of the above theorem is not true in general, that is a double sequence {C,, ,} which is almost
convergent in measure, may not be almost convergent in mean therein. We demonstrate our claim in the
following example.

3.8. Example
Consider the uncertainty space (I', £, M) tobe I = {y1, 2, ...... } with the uncertain measure M defined by
SUp,, ..eA m if SUp,, . ca m <0.5;
MA) =1 1=sup, . P if sup, o Grnpes < 05
0.5 otherwise.

Define the complex uncertain variable C,, , as follows:

((m + n)? + 5)i if V= Ymen
Cm,n(y) =

0 otherwise.
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forallm,ne Nand C(y) =0, Vy eTI.

Now, for any preassigned ¢ > 0, there exists 19 € IN and m, n > ng such that

1

(m+n)2+5 <05 g

p-1q-1
Then, M{H L Z Z Cm+l n+j C” = 6}

i=0 j=0

p-14-1
= M{V : || 1 Z Z Cn+i n+](7/) = 6}

i=0 j=0
=My = )/m+n}
= SUP s [since by (1), Grmyrrs < 0.5 = sup s < 0.5.]

Vm+n€

<eg asm,n — oo,
Thus the complex uncertain double sequence {C,, ,} almost converges in measure to C.

Calculation to the distribution function ®,,, for the uncertain variable ||C;;,,» — Cl| = ||C |l gives
0 if x<0;
() =4 1= s if 0<x<(m+n)+5;
1 ifx > (m+n)?+5.
Then
p-1g-1
E[I zo . Coriry ]
i=0 j=0

8

%

{1 (Dmn(x) dx_ f q)m n(x)dx

—~ O

m+n)? +00 0
= [ (1—(1—m))dx+ [ (1-1dx- [odx
0 (m+n)2+5 o0
(m+n)>+5

= Of (m+n)2+5 rsdx =1

Thus the complex uncertain double sequence {C,, ,} is not almost convergent in mean to C.

3.9. Theorem
Let {Cyn} be a double sequence of complex uncertain variable with real part &,,, and imaginary part
TNm,n Tespectively, form,n = 1,2, ......... Then {C,,,,} is almost convergent in measure to C = £ + i if and only

if the uncertain sequences {&,,,} and {1, »} almost converges in measure to £ and 1 respectively.

Proof: Let the double sequence of uncertain variables be almost convergent in measure. Then for any
>0,

SI

p-1g-1
ml%I_I)loaM{H L Z Z ém+zn+] ‘E”} v

i=0 j=0

and
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o

p-1g-1
hm {”plq ) Z Nm+in+j — 77”}

i=0 ]_

Note that, Gy = Cll = Al = & + I — 1
Then, {”Cm,n - CH = 5} - {lém,n - | z = } {mmn 77' = %}

Now, using subadditivity axiom of uncertain measure, we obtain

p—1g-1
{” 1 Y Z Coni 1+ =l > 5}

i=0 j=0

p-1g-1 -14-1
{ Z Z £m+1n+] &z = }+M{| - Z Z Mm+in+j — 7]| 2 %}

10]— i=0 j=0

p-1g-1
Hence, ml;I_I)lmM{H L Z Z Cm+1 n+j C” = E}

i=0 j=0
p-14-1 p-14-1
< hm M{ r Z |£m+tn+] &> = }+ lim M{ r X |7]m+zn+] nl= %}
i=0 j=0 mmn—00 i=0 j=0

= 0, so that

p-1g-1
hm M{H i Y Z Cm+zn+] ar= 5} =
i=0 j=0
Hence the double sequence {C,,} of complex uncertain variable is almost convergent with respect to
measure.
Conversely, let the double sequence {C,,»} is almost convergent to C in measure. Then

p-1g-1
{“1 Z ZCm+zn+] Cllzé}—>0,asm,n—>oo

i=0 j=0

p-1g-1
= M{” - Z Z(‘Sm+zn+] + inm+i,n+j) - (é + ”7)” = 6} - 0/ as m,n — oo
i=0 j=0

p-1g-1 -1g-1

= M{” ! Z Z(émﬂnﬂ ) + l_ Z Z(nm+1n+]) 7])” 2 6} - 0/ asm,n — oo.
i=0 j=0 i=0 j=0

This implies there exists § < § such that

p-1g-1
{” L ZE) Z Emi ] =&l = 6/} — 0,asm,n — o and
i=0 j=0

p-1g-1

{|| Ly Z Nmvip+j — 7l 2 0 } — 0,as m,n — oo
i=0 ]_

Hence the uncertain sequences {&,, ,} and {1} are almost convergent in measure to & and 1) respectively.

3.10. Theorem

If the real part and imaginary part of a complex uncertain double sequence almost converges in measure,
then the double sequence almost converges in distribution also.
Proof: Let {C,, .} be a double sequence of complex uncertain variable with Cp = i + i and Epn, Nn
almost converges to &, 1 in measure respectively.
Then for any given ¢ > 0, we have

p-1g-1
M{”l Z ng+1n+] 5||20z—a}<§

i=0 ]_

and
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p-1g-1
{”1 Z ;nmﬂnﬂ T]”Zﬁ—b}<—

Let z = a + ib be a point of continuity of the complex uncertainty distribution @. Then for any a >4, > b,
{Emn < 8, < b}
= {gm,n < a, Nm,n < blg < a,n < ﬁ} U {ém,n < a, Nm,n < b/é >a,n > ﬁ} U
{€mn S a,mn <b,&>a,n < p)
c {ém,n < a, T]m,n < ﬁ} ) {|5m,n - gl za-— a} ) {|T]m,n - 7]' = ﬁ - b}

Applying subadditivity axiom of uncertain measure, we get
Dyy,0(z) = Py n(a + ib)
p-1g-1 -1g-1
< q)(a+iﬁ) +M{” L Z ; 5m+zn+] &l = a—a} +M{” - Z ; Nm+in+j — 77” > ﬁ_b}

<Oa+if)+5+5= CD(a+zﬁ)+e
which implies @y, ,(z) < P(a + if) + €.
Hence, sup @y, ,(z) < P(a +if), foralla > a, > b.

Considering @ — a4, — b, we get a + if — a + ib and so,

mlii1r_1)1m sup Oy u(z) < O(z) 2)

Again {£ < x,n <y}
= {5m,n < a, Nmn < b,é < X, M < ]/} U {ém,n < a, Nmn > b,é < X, M < b} U
{ém,n > a, Mmn < b &< xn< y} U {ém,n >4, Mmn > b &< xn< y}
c {Cfm,n <a,NMun < byu {lém,n —&lza-xju {mm,n - T]| >b- y}

Thus like the previous step, we have

p-1g-1
O(x +iy) < Dy +ib) + M {n,}q L T Eppviny =l > x}
i=0 j=0

p-1g-1
+M{”1 Z an+1n+] T]”Zb—]/}

<Dpu(@+ib)+ 5+ 5 =DOyu(a+ib) + ¢ forallx <a,y <b.

Hence @(x + iy) < inf ®,,, ,(z) and taking x — a,y — b, we get

O(z) < lim_inf®y,u(2) (©)

From the equations (2) and (3), we conclude that ®,,,(z) — ®(z), as m,n — oco. Therefore, the complex
uncertain double sequence {C,,»} almost converges in distribution to = & + in.

3.11. Corollary

If a complex uncertain double sequence {Cy,,} is almost convergent in measure, then it is also almost
convergent in distribution.
Proof: Combining the theorems 3.9 and 3.10, the above claim is obvious.

3.12. Corollary

If a complex uncertain double sequence {C,,} is almost convergent in mean, then it is also almost
convergent in distribution.
Proof: From the theorem 3.6 and corollary 3.11, it can be easily perceived .
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3.13. Remark

Almost convergence with respect to distribution does not necessarily imply almost convergence with
respect to measure. The following example is presented to justify the above.

3.14. Example

Take an uncertainty space (I', £, M) with I' = {y1,72, 3} and uncertain measure of the events be as
follows:

Miy1} = 0.7, M{y,} = 0.2, M{ys} = 0.3.
Then, M{y1,y2} = 0.7, M{y1, y3} = 0.8 and M{y», y3} = 0.3.

Define the complex uncertain variables C,, , and C by

i ify=yiory=vy;3;
Cm,n(V) = { .. Y _ 7 y=rs
—i, ify =y

and C(y) = —Cyu(y), for m,n € N.

If the complex uncertainty distribution of the complex uncertain variables C,, , and C are @y, ,(z) and D(z)
respectively, then

0 ifa <0,b € (-0, 0);
0, ifa>0,b<-1;

Dy 1(2) = D(z) = Dy p(@+ib) =302, ifa>0,-1<b<1;
0.7, ifa>01<b<2;
1, ifa>0,1,b>2.

Since the uncertain distribution function of C,, , and C are same, therefore {C,, ,} is almost convergent to C in
distribution.
Now for a given ¢ > 0, we have

p=1q-1
M{“plq Z Z Cm+i,n+j(y) - C(V)H = 5}
=0 i=0

p-1g-1
= M{V e X G (07) = SOOI 2 s} =1.

i=0 j=0
Thus {Cy,»} is not almost convergent in measure.

3.15. Remark

Both the concepts of almost convergence of a complex double sequence with respect to almost surely
and almost convergence in measure are independent of each other.

3.16. Example

Consider an uncertainty space (I', £, M) with I' = {y1, 2, ¥3, y4}. Define the measurable function M as
follows:

0 ifA=¢;
M(A) = 1, ifA=T;
06, ifyreA;

04, ify ¢A.
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Consider the complex uncertain variables Cy, , and C, which are defined by

i ify=yy;
2i, ify =1y,
Cnn(y) =431, ify =1ys;
4i, ify =y

0, otherwise.

and C(y) =0, Yy €I'and for m,n € N.

Observe that C;,, — C, except only for y = y1,¥2,¥3, 4 and so {Cy,4} is almost convergent to C with respect
to almost surely.

However, for some small ¢ > 0, we have

MG — Cll = €} = M{y = [|[Cuu(y) = CW)Il = €} = 1. Thus the sequence {Cy,,} is not almost convergent in
measure.

3.17. Example

If the complex uncertainty distribution of the complex uncertain variables ,,, and C are @, ,(z) and
®(z) respectively in the uncertainty space taken in the above example, then

0 ifa<0,b € (—o0,);
0, ifa>0,b<1;

06, ifa>01<b<1;
06, ifa>02<b<3;
06, ifa>0,3<b<4;
1, ifa=0,1,b=>4.

q)m,n(z) = q)m,n(a + 1b) =

and

0 ifa<0,be (-0, )
O(z) =40, ifa=>0,b<0;
1, ifa=0,b=>0.

From the above it is obvious that the complex uncertain double sequence {(,, »} is not almost convergent
in distribution to C.

3.18. Example
Consider an uncertainty space (I', L, M) with L = [0,1] and M to be the Lebesgue measure. We define
the uncertain variables (,, , and C as follows:

. . 1
i if yhm <Y< gt
Cm,n(y) =
0, otherwise.
and {(y) =0, Vm=2"+p,n=2"+peN, wherep, t1,t, € Z.

“1g-1
Then, M {ni Y Y G (0) = O 2 6}

P iZ0 j=o

p-1g-1
=M {y aF E L Coeinei(7) = €M 2 5} = s and hence
i=0 j=
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p-1g-1
ml;iI—I}ooM{Hﬁl‘i Zb ZO Cm+i,n+j()/) - C(?/)H 2 6} = ; ltlm 2t1+t2 =0.
’ =U J= 1,tp—00

Thus the complex uncertain double sequence {C,,,} almost converges to C in measure.

On the other hand, let y € [0, 1]. Then there exists an infinite number of closed intervals those are of the

form [ZHLHZ, %] containing y, for different values of p. Therefore, (,,, does not converges to C and hence

the complex uncertain double sequence {C;,,} is not almost convergent to C with respect to almost surely.

3.19. Example
From the above example, we note that

p-1q-1
E[I E L Cneine(7) = L] = 3, which tends to 0, as
i=0 j=

m,n — oo. Therefore, the sequence almost converges to C in mean also.

3.20. Remark

A double sequence {Cy,,} of complex uncertain variable is almost convergent with respect to almost
surely doesnot necessarily mean that it is almost convergent with respect to mean. The demonstration of
the same is shown in the following example.

3.21. Example
Consider the uncertainty space (I', £, M) with I' = {y1, 72,73, ....... } and the uncertainty measure of the
events are as follows:

MA) = ¥ 5

Define the complex uncertain variables C,, , and C by

20m+m); if V="Ymen
Cm,n(y) =

0, otherwise.

and C(y) =0, Vy e 'and for m,n € N.

Calculating similarly like the above example, we get {C,, ,} almost converges to C with respect to almost
surely.

Now the uncertainty distribution function of the uncertain variable C,, , is given by

0, if x<0;
Dpu(z) =3 1 - 50, if 0<x<2mm;  form,neN
1, otherwise.

p—-1g-1 oo 0
Now E[“# 240 ZO Cm+i,n+j - C“] = f{l - (Dm,n(x)}dx - f q)m,n(x)dx
=0 7= 0 —0o

) +00 0
= [ (1-(-5k5)dx+ [ (1 -1dx- [0dx
0 2(m+n) )

2(m+n)

1 —
f de—l.
0

Hence the double sequence {(,, ,} is not almost convergent in mean to C.
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3.22. Proposition

Let {C;,»} be a double sequence of complex uncertain variable. Then it almost converges in almost surely

to Cif and only if for any ¢ > 0 there exists N € IN such that for all m,n > N,
p-1q-1

M( m U U ”plq Z ; Cm+zn+] 7/) (7)” >¢e|=0.

N=1 m=N n=N
Proof: The def1n1t10n of almost convergence in almost surely of complex uncertain double sequence leads
us to the existence of an event A with measure 1 such that

p-1g-1

”l Z Z Cm+1n+] CH =0

m Vl—>00 i=0 ]_

Let ¢ be a preassigned positive number. Then, there exists N € IN such that for any event y € A, we have

N=1 m=N n=N

(m ULH%ZZ%mﬁwCMW%—l
So on applying the duality axiom of uncertain measure, we get

(m ULH%ZZ%mﬁwCMP%—
N=1 m=N n=N =
Hence the theorem.

3.23. Proposition

Let C;,» be complex uncertain variables, where m,n = 1,2,3, ......... Then the double sequence {Cy;}
almost converges with respect to uniformly almost surely to C if and only if for a given ¢ > 0, there exists
0> 0and N € N such that

p-1g-1

U U ”plq Z Z Cm+zn+] dl=é6|<e.

m=N n=N i=0 j=0

Proof: Let the double sequence {C,,,} of complex uncertain variable almost converges with respect to
almost surely to C. Then for any ¢ > 0, there exists 6 > 0 and an event B with uncertain measure less than v

and the sequence {C,, ,} converges uniformly to C onI' — B. Thus for any ¢ > 0, there exists N € N such that
p-1g-1
|| 1 2 Z Cinrin+j(y) = CY)Il < 6, for allm,n > N and all y € T — B. Thus we have,

p-1g-1

LJUW%ZZ%MﬂwCMWﬂCB

m=N n=N i=0 j=0

Applying the subadditivity axiom of uncertain measure, we get

) 0 p-1g-1
(ULM%ZZ@MHCWQ}M®<we
m=N n=N i=0 j=0

p-1g-1

Conversely, let M U U {II L Z Z Cmripnsj — Cll 26}] <e

We take 6 > 0. Then for any v > O a 2 1, there exists a positive integer a; such that

(G[ﬂmi£QMﬂwzﬂ z

m=as Mn=ds i=0 ]—
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) p-1g-1
ConsiderB= U U U {IL T G-l = 1)
a=1m=a; n=as i=0 j=0
o oo p-1g-1 o
Then, M(B) < z W NURNURTF™S z z Cnsinrj =~ 2 2 [< T % =
m=as; n=das j=0 a=1
p—1g-1
Moreover, sup || Z 2 Cnvipsj — Cll < %, wherem =1,2,3, ...... and m,n > a.
yel'-B i=0 j=0

Hence the theorem.

3.24. Theorem

Let {Cyn} of be an almost convergent with respect to uniformly almost surely to C. Then, {C,,,} is an
almost convergent double sequence in almost surely to C.
Proof: Taking Theorem 3.22 in consideration, we have if the sequence {(,,,} almost converges with respect
to uniformly almost surely to C, then

m= i=0 j_

00 o p-1g-1
( U U {”plq Z Z Cm+zn+] al = 6}] <é&.

0 p-1g-1
NOW, since M( m U U {”plq Z ; Cm+1 1+ C“ = 6)

N=1 m=N n=N

p-1g-1
<M(U U {”1 Z ZCm+1n+] C||26}]<5

m=N n=N i=0 j=0
Hence {Cy»} almost converges in almost surely to C, by theorem 3.23.

3.25. Theorem

A complex uncertain double sequence {C,,,} which almost converges with respect to uniformly almost
surely to C is also almost converges in measure therein.
Proof: Let {C,,,} almost converges uniformly almost surely to C > 0. Then for any € > 0 and 0 > 0 there
exists N € IN such that

m= i=0 ]_

) ) p-1g-1
[ U U {”plq Z Z Cm+1n+] cl = 6}] <é&

8

p-1g-1 ©0 p-14q-1
and M |1 % z z Cnsignrj (V) = c<y)||>6)<M[ U U {iz z z Csignej (V) = C(V)II>6})<€
= N =0 =0
Hence {Cm,,,} almost converges in measure to C.

3.26. Corollary

If a complex uncertain double sequence is almost convergent with respect to uniformly almost surely,
then it is almost convergent in distribution also.
Proof: It is straightforward from the theorems 3.25 and 3.12.

3.27. Remark

Converse of the theorem 3.25 is not true in general. It is illustrated in the following example.

3.28. Example

In example 3.18, the double sequence is almost convergent in measure and it does not almost converge
with respect to almost surely. Thus we conclude, it is not almost convergent with respect to uniformly
almost surely.
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3.29. Diagram

Suppose:
(1) Almost Convergence with respect to almost surely
(2) Almost convergence in mean
(3)Almost convergence in measure
(4) Almost convergence in distribution
(5) Almost convergence with respect to uniformly almost surely
(6) Almost Cauchy with respect to almost surely
(7) Real part and imaginary part almost convergence in measure
(8) Real part and imaginary part almost convergence in mean

Then the interrelationships among these concepts are depicted in the diagram below:

4. Almost Cauchy Double Sequences of Complex Uncertain Variable

In this particular section, we introduce the notion of almost Cauchy complex uncertain double sequence
and we see that a complex uncertain double sequence is almost Cauchy if and only if it is almost convergent.

4.1. Definition

The double sequence of complex uncertain variable {C,, ,} is almost Cauchy with respect to almost surely,
if for any preassigned ¢ > 0, there exists np € IN and an event A with uncertain measure 1 such that

pi-lqi-1 1 p2—142-1
q2

”F%‘h Z Z Cm1+i,n1+j(7/)_ 202 Z Z Cm2+i,nz+j(7)|| <g,
i=0 j=0 i=0 j=0

2!
for all p1,p2, 41,92 > no, y € A and uniformly for all mq, my, ny,n, € IN.

4.2. Definition

The double sequence of complex uncertain variable {C,, »} is almost Cauchy in measure, if for any given
£,0 > 0, there exists ng € IN such that

1 pi-1q-1 1 p2=1q2-1
M ”_ Z Z Cm1+i,n1+j = g Z Z Cﬂlz+i,nz+j Z 6 < 8/
j=0 j=0

P i P22 i

for all p1,p2, 41,92 > ny and uniformly for all my, my, 11,1, € IN.
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4.3. Definition

The double sequence of complex uncertain variable {C,,,} is almost Cauchy in mean, if for any given
e > 0, there exists 1y € IN such that

pi=1q—1 p2—1q2-1

[ i Z Z Cm1+1n1+] pqu ZE) Z sz+zn2+]”] <g,
i=

i=0

for all p1,p2, 1,92 > np and uniformly for all my, my, 11,1, € IN.

4.4. Definition

Let @, , be the complex uncertainty distributions of the complex uncertain variable (,,,. Then the
double sequence {Cy,} is called almost Cauchy in distribution if for any € > 0, there exists 79 € IN such that

pi—-1q-1 p2—1g2-1

Pllil ZE) Z (Dm1+1 n1+] }72L72 Z Z csz+z nz+](z)|| <g,
1=l i=0
for all p1, p2, g1, 92 > 1o, uniformly for all my, my, 11,1, € N and for all z at which the distribution function

is continuous.

4.5. Definition

The double sequence {C,, .} of complex uncertain variable is said to be almost Cauchy with respect to
uniformly almost surely if there exists events {E; } with M{E/} — 0 such that {Cy, »} is almost Cauchy in I'— Ey,
for every fixed k € IN.

4.6. Theorem

A complex uncertain double sequence {Cy,,} is almost convergent with respect to almost surely if and
only if it is an almost Cauchy sequence with respect to almost surely.
Proof: Suppose the double sequence {C,, ,} is almost convergent with respect to almost sure to C. Then there
exists an event A, with M(A) = 1 and for any ¢ > 0, there exists 19 € IN such that

p-1g-1

|| L Z Z Cnrin+j(y) = CYIl < §, for all p, g > ny, y € A and uniformly for all m,n € N.
1_ ]_

p1—-1q1-1 p2-1g2-1
Therefore ”pq ; Z Gy +i, n1+](7/) pzqz ; Z szﬂnzﬂ()/)”
p1i— 1 1—1 p2-1g2-1
S “le ; Z Cm1+zn1+]()/) C(V)||+||p2q2 ; Z Cm2+zn2+]()/) ol
< E + 5 = € for all P1,P2,91,92 > Ng, Y € A and all my, My, N1, Mo € IN.

Hence, the double sequence of complex uncertain variable {C,,,} is almost Cauchy sequence with respect
to almost surely.

Conversely, let the double sequence of complex uncertain variable {C,,,} is almost Cauchy with respect to
almost surely. Then for every ¢ > 0, there exists Ny € IN and an event A with M(A) = 1 such that

pi-1q1-1 p2—-1g2-1
plql ZO Z le‘H n1+](7/) quZ ZO Z Cm2+z n2+](7/)|| <
i=0 j=0 i=

for all p1,P2,91,92 > No,‘}/ € A and all my, My, n1, Mo € N.

r1i—1q1—
Taking my = my = mp and ny = n, = ny, in the above relation, we obtain, { Y Z Cong+i o+ ](y)} is a Cauchy
i=0 j=0

sequence in C, the set of complex numbers and therefore it is convergent to C (say) since C is complete.
Then, for every ¢ > 0, there exists N1 € IN such that
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p-1g-1
[P Z Z Cingrio+j(¥) = CII < §, for all p,q,> Ny.
l_ ]_
p-1g-1

Then, || 1 ; ; Cin+i n+](7/) C(Y)”
]_1 4-1 p-1g-1 p-1g-1

<5 1 Z Z Cogring+j (V) = 55 Z Z Cingring+j (VI + || Z Z Cing+ipmo+j(¥) — CY)I|
l_ ]_ 1_ ] l_ ]_
<5+5=¢,  forallp,q>max(No,N1)and all m,n € N.
So the double sequence is almost convergent with respect to almost surely C.

4.7. Theorem

A complex uncertain double sequence {C,,,} is almost Cauchy in measure if and only if it is almost
convergent in measure.
Proof: Suppose the double sequence {(,, ,} is almost convergent in measure to C. Then for every ¢,6 > 0,
there exists Ny € IN such that

p-1g-1
M{“ L Z ; Cm[)+ln(]+j CH > 6} < %, VP,q > NO and

Ym,neIN.

pi-lqi-1 p2—1g2-1
Therefore, M« | pql Y Y Cumprinorj = mz Y Z Cmg+ipno+jll 2 0
i=0 j=0 i=0

r-1q-1 pa—1g2-1

< { i L L Coweimeg =012 6} M {up A e = 6}
< £ + ‘ =g, Vpl,pz,ql,zp > Ny and VYmy, mp, nq, 1 e ]N

Hence, the double sequence {Cm,n} of complex uncertain variable is almost Cauchy in measure.

Conversely, let the complex uncertain double sequence {Cy,} is almost Cauchy in measure. Then for every

g,0 > 0, there exists Ny € IN such that

1 - 1 p2— lqz -1

le ZE) Z Cmo+1ng+] pzllz Zb Z Cm0+zno+]” > o
1= 1=

for all p1,p2, 91,92 > No and uniformly ¥Ym, my, ny,n, € IN.

p1—1q1—
Taking my = my = mg and ny = ny = ng in the above equation, we obtain { P Y E Crng+i, n0+,(y)} is a Cauchy
i=0

sequence in C and therefore it is convergent to C (say), since C is complete.
Then for any given ¢ > 0, there exists N; € IN such that

p-1g-1
{“ L Z Z Cm0+zn0+] CH Z 6} < %/ VP/Q > Nl'

i=0 j=0
Therefore,
p-1g-1 p-1g-1 p-1g-1
{II L ZO Z Cintin+j — Z Z Cmg+ing+jll = 6} +M{|I Ly Z Cmg+img+j — Cll = 5}
i=0 j=0 i=0 j=0 i=0 j=0
<5+5=¢ Vpgq> max(No,Nl) and VYm,n € IN.
Hence the double sequence is almost convergent in measure.

4.8. Theorem

A complex uncertain double sequence {C;,} is almost Cauchy in mean if and only if it is almost
convergent in mean.
Proof: Let {C,,»} be almost convergent in mean to C. Then, for any ¢ > 0 there exists Ny € IN such that
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—1 g-1
E[l z Cuvinsj = Cll| < 5, ¥p,q > No and Vo, ng € N
q1— n—1q2-1
SO E[”Plﬂl '—O Z Cm1+i,n1+j lelz ;) Z sz+zn2+]||]
< E[lI5% bl z Cnrvimej — Cll| + E[ll1 bl b cmﬁim—cu]

i=0 P20 =0

<§+§_é, Vpl,pz,ql,qQ>N0ande1,m2,n1,n2€]N.

Hence, {C;,4} is an almost Cauchy complex uncertain double sequence in mean.

On the contrary, suppose {Cy,»} be almost Cauchy in mean. Then for every ¢ > 0, there exists Ny € N such

that

r-1q1-1 p2-1go-1

[ piq1 ZEE) Z‘ Cm1+1”1+] sz i§0 Z CWZzH n2+]||]

for all p1,p2, 41,92 > Np and uniformly ¥Ymy, my, 11,1 € IN.
pi-lqi—

Consider my = my = mg and ny = np, = nyg. Then, {p o Y Z Cing+i, n0+]} is a Cauchy sequence in C and
i=0 j=0

therefore it is convergent to C (say), since C is complete.

Then for any given ¢ > 0, there exists N; € N such that

p-1g-1
E[Il z z Cnprinerj = CI| < 5, ¥p,q > Ny, uniformly for all mo, no € IN.

Therefore,
p-1g-1

p—l q-1 p—-1g-1
E[IlX z z it = % L L Congrimoll] + E[IE E L i = ]
= 1i=0 j=0 i=0 j=0

<35 + % =g, Vp,q > max(No,N1) and Vm,n € IN. Hence the double sequence is almost convergent in

mean.

4.9. Theorem

A complex uncertain double sequence {C,,»} is almost Cauchy in distribution if and only if it is almost
convergent in distribution.
Proof: Let {C;,,} be an almost convergent complex uncertain double sequence in distribution. Let @, , and
® be the complex uncertainty distributions of the complex uncertain variables C,, , and C respectively. Then,
for any € > 0, there exists 19 € IN such that

p-1g-1
1LY Y @i (@) — D@ < &,
i=0 j=0

for all p,q > ny and for all z at which @ is continuous.

p—1q1-1 p2—-1go-1
I ”Pllh 1;) Z q)m1+z Vl1+](z) quZ 1;) Z q)ﬂlz-H Tl2+](z)||
—1gp-1
= ”771511 Z Z q)m1+i,n1+j(z) (D(Z)” + ”}7272 Z Z q)m2+1n2+] (Z)“
i=0 j=0 i=0

< E + % =¢, Vpi,p2,q1,92 > ng and le,mz, nl,nz e IN.

Hence, {C,,»} is an almost Cauchy complex uncertain double sequence in distribution.

For the sufficient part, let {C,,,} be almost Cauchy in distribution. Then for every ¢ > 0, there exists Ny € IN
such that

p2=1g2

Z Z (Dn11+1 Tl'1+] }7242 Z Z q)mz+l nz+](z)|| <

plql i=0 j=0 i=0 j=0
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for all p1,p2, 91,92 > No and uniformly Vm;, my, ny,np, € IN.
p-1lqi—

Consider m; = mp = mg and n; = n, = ny. Then, {p1 m 'ZE) Z O ng+](Z)} is a Cauchy sequence in C and
1=l
therefore it is convergent to @ (say), C being complete.
Then for any given ¢ > 0, there exists N; € N such that
p-1g-1
|| ! Z Z q)m0+i,ng+j - (DH < %/ szq > Nl‘
i=0 j=0
Therefore,
p-1g-1 p-1g-1 p-1g-1

|| 1 Z Z q)m+i,n+j(z) 1 Z Z q)m0+i,no+j(z)” + “ Z Z q)lﬂ0+ln()+](z) q)(z)”

i=0 j=0 i=0 j=0
<s5+5=¢ Vp> max(No,Nl) and Vm, n,m),ny € N. Hence the double sequence is almost convergent in
distribution.

4.10. Theorem

A complex uncertain double sequence {C,,,} is almost Cauchy with respect to uniformly almost surely
if and only if it is almost convergent with respect to uniformly almost surely.
Proof: Suppose the double sequence {C,, ,} is almost convergent with respect to uniformly almost surely
to C. Then there exists events {E,’(} with M{E’} — 0 such that {Cy,,} is almost uniformly convergent to C in
I'-E, for every fixed k € IN. This implies

p-1g-1
|| 1 Z Z Cnrip+j (V) —COI < 5, Yp,g>mng,y el - E;{ and uniformly Vm,n € N.

p1—-1q1-1 p2-1g2-1
Therefore || Z Z Cm1+z n1+](7/) quz ;) Z szﬂ n2+]()/)||
- 1 1—1 p2-1g2-1
= “Piﬁi Z Z le+1 n1+](y) C(V)” ”quz Z Z Cm2+z n2+](]/) C(V)H
i=0 i=0
<5+5=e  forallpy,psqi,q2>No,y € T E, and all my, my, 11,15 € N.

Thus, {C;,4} is a complex uncertain Cauchy double sequence with respect to uniformly almost surely.
Conversely, let the double sequence of complex uncertain variable {C,,,} is almost Cauchy with respect to
uniformly almost surely. Then for every ¢ > 0, there exists events {E;} with M{E;} — 0 such that

p1i—1q1—-1 p2-1g2-1

”piqi Z Z Cm1+zn1+]()/) pzqz ; Z Cm2+zn2+1()/)||<

=0

forall p1,p2,q1,92 > no,y €' — E}’c and all my,my, n1,n> € IN.

pi-lqi-1
Taking my = my = mp and n1 = n, = ny, in the above relation, we have { Z Z Crng+i, n0+]()/)} is a Cauchy

sequence in C and so it is convergent to C (say), since C is complete.
Then, for every ¢ > 0, there exists N; € IN such that
p-1g-1
[P Z Z Cngrimo+ (V) = CII < €/2, for all p,q,> Ny, y € T — E;,
i=0 j=0
p-14-1

Then || 1 Z ng+1 n+](V) C(V)”

p-1g-1 p-1g-1 p-1g-1

< || 1 Z Z Cnsi n+](V) Z Z Cmo+zng+](7/)” + ” Z Z Cing+i, n0+]()/) cyll
i=0 j=0 i=0 j=0
<5+5=¢  forallp,qg> max(NO,Nl) y €' —E| and all m,n,mo,np € N.
So the double sequence is almost convergent with respect to uniformly almost surely C.
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5. Conclusion

In this treatise, several types of almost convergence of complex uncertain double sequence has been
studied and interrelationships among them were established. Also, it is proved that a complex uncertain
double sequence is almost Cauchy sequence if and only if it is almost convergent with respect to almost
surely. These concepts can be generalized and applied for further studies.

Acknowledgment: The authors thank the reviewers for the careful reading of the article and for their
comments.
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