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A Decomposition of the Tensor Product of Matrices
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Abstract. In this paper we decompose (under unitary equivalence) the tensor product A @ A into a direct
sum of irreducible matrices, when A is a 3 X 3 matrix.

1. Introduction

Let H be a complex separable Hilbert space and B(H) the algebra of all bounded linear operators on H.
A reducing subspace M for A € B(H) is a closed subspace of H which is invariant for both A and A*. An
operator A € B(H) is said to be irreducible if A has no nontrivial reducing subspace. A reducing subspace
M for A is said to be minimal if the restriction A|M is irreducible.

It is known that the set of irreducible operators is dense in B(H) (cf. [3]) and its complement (the set of
all reducible operators) is also dense in B(H) (cf. [6]).

Let H ® H be the tensor product Hilbert space, and let A, B € B(H). If either A or B is reducible, then it is
clear that the tensor products A ® B and A ® I + I ® B are reducible operators in B(H ® H). However, if both
A and B are irreducible, we cannot guarantee that A® Band A ® I + I ® B are irreducible (cf. [4]). We focus
on the case A = B. Let A € B(H) be irreducible, and let

W(A) = ARA,
T(A) = AQI+I®A,

where I = Iy denotes the identity operator on H. The operators W(A) and T(A) are always reducible. Two
reducing subspaces are

H;:=Span{h®h :h € H},
Hy :=Spanth®g—-g®h:g,h€Hj,

where “Span” means the closed linear span in H ® H. It is easy to see that H® H = H; ® H,,, and H; and H,s
are two reducing subspaces of both W(A) and T(A). Let

Wi(A) := W(A)H;s,  Wis(A) := W(A)|Hys,
Ts(A) == T(A)Hs,  Tas(A) := T(A)|Hys.

We record the above observation as a lemma.
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Lemma 1.1. If A € B(H), then T(A) = T5(A) & Tss(A) and W(A) = Ws(A) ® Wys(A) on Hs & Hys.

Proof. We include a more abstract proof which indicates more general results hold for operators invariant
under the permutation group on the tensor product H® --- ® H (cf. [2], [5]). Let o denote the permutation
of {1,2},i.e,, o = (12). Let U, be the unitary operator on H ® H defined by U,(h ® g) = g® h. Then U2 = .
The eigenvalues of U, are 1 and —1, and the corresponding eigenspaces are H; and H,,, respectively. Since
W(A)U,; = U;W(A), it follows that both H; and H,, are reducing subspaces of W(A). Similarly, both H; and
Hys are reducing subspaces of T(A). O

The above lemma motivates the following questions.

Problem 1.2. For which irreducible operator A are both Ws(A) and W,s(A) irreducible?
For which irreducible operator A are both Ts(A) and T,s(A) irreducible?

For a square matrix A, the operator T(A) is the Kronecker sum A @ A of A with itself. The decomposition
of T(A) when A is 3 X 3 matrix has been characterized in the paper [1].

Suppose that dimH = 3,ie., H = C3, where “=” stands for unitary equivalence. Then we may regard
an operator A € B(H) as a 3 X 3 matrix with complex entries. Note that H; is the subspace of symmetric
tensors and H,;s is the subspace of anti-symmetric tensors. If {e;, e, €5} is any orthonormal basis for H, then

H; and H,; have the following orthonormal bases:
1
H; = Span{en®en,$(en ey+ey®ey):1<n<3, n<ms 3},

1
H,s :Span{—(en®em—em®en) :1<n<3,n<m S3}.

V2
Theorem 1.3 ([1]). Let A be a 3 x 3 irreducible matrix. Then
(i) Ts(A) is reducible if and only if A is unitarily equivalent to a matrix of the form

0 a O
0 d al,

0 0 24

al +

where a,d,a € C and a # 0. In this case, Ts(A) has two minimal reducing subspaces Hy and H, whose
dimensions are 5 and 1, respectively.
(i) Tas(A) is always irreducible.

In this paper we resolve Problem 1.2 for W, and W,; when A is an arbitrary 3 X 3 complex matrix by
proving the following two theorems. For complex numbers 4, b, ¢, and 6, let

0 a b
0 0 .

0 0 6

J(6,a,b,¢c) =

Theorem 1.4. Let A be a 3 X 3 irreducible matrix. Assume that A is not invertible. Then

(i) Ws(A) is reducible. Spectifically, H; = Hy & Hy, where Hy and H, are reducing subspaces for W(A) whose
dimensions are 5 and 1, respectively.
(ii) Ws(A)|Hy is reducible if and only if either A = ](0,4,0,c) or A = J(5,a,0,c) with & # 0 and |al* = |c|* + [6]>. In
this case, Hy = Ky @ Ky, where Ky and K, are minimal reducing subspaces for Wy(A)|Hy whose dimensions are
3 and 2, respectively.
(iii) Was(A) is reducible. In this case, Hys = K1 @ Ky, where Ky and K, are minimal reducing subspaces for Ws(A)
whose dimensions are 2 and 1, respectively.
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When A is invertible, the results for Ws(A) and W,s(A) are in agreement with Ts(A) and T,5(A).

Theorem 1.5. LetlA be a 3 x 3 irreducible matrix. Assume that A is invertible and o(A) # {A, Aw, Aw?}, where
A e Cand w = ™3, Then

(i) W(A) is reducible if and only if for some nonzero numbers o and a, either

1 al-2A) a?(1-A1)2/2 1 2a 24?
A=al0 A aA(l=A) [forA#1 or Az=al0 1 2a].
0 0 A? 0 0 1

In this case, H; = H1 @ Hy, where Hy and Hy are minimal reducing subspaces for Ws(A) whose dimensions are

5 and 1, respectively.
(i1) Wys(A) is irreducible.
Here is the outline of the paper. In Section 2, we establish the matrix representation of W;(A) and W,(A),

and observe several lemmas. Section 3 is devoted to the proof of Theorem 1.4. Section 4 is devoted to the
proof of Theorem 1.5.

2. Preliminaries

Note that W(A) (resp. W,s(A)) is irreducible if and only if Wy(U*AU) (resp. W,(U*Al)) is irreducible,
when U is unitary. Hence, by Schur’s unitary triangularization, we can assume that A is an upper triangular
irreducible matrix. If a # 0, then Ws(aA) = a®?W;(A), and so W;(A) is irreducible if and only if Wy(aA) is
irreducible. This allows us to assume that one of the nonzero eigenvalues of A is 1, if it exists. We introduce
some notation. Let

B a b W 0
A=10 y ¢, W=W(A)=A®A%[OS W ] Ws = Wi(A), Wi = Was(A),
0 0 & s

1 1
hA=ea®e, fi=—E@®ea+e®e) f3= —2(61 ®e3+e3Re),

V2 V2

1
f4 =e e, f5 =—(eQ®e3+e30¢), f6 =e3®e3,

V2

1 1 1
g1=—=E1®e—erx®ey), g2= —2(61 ®e3—e3®e1), g3=——=(e2®e3—e3Qe).

¥ ¥ ¥

Then {f1, f2, f3, fa, f5, fo} and {g1, g2, g3} are orthonormal bases for Hy and H,;, respectively. By direct compu-
tation, we have the following matrix representations of W, and W, under these bases.

Lemma 2.1. With respect to the orthonormal bases {1, f2, f3, fa, f5, fo} and {g1, g2, g3}, we have

(B> V2pa V2pb AP V2ab PP ]

0 c 2ya ac+yb V2bc

0 ﬁoy ga «/;y 5ay 2//';&; Py pe ac—yb
W; = ) 5 and Wy =0 b oa |.

0 0 0 0 y6  V25c

0 o0 0 0 0 & |

Proof. The proof is a routine computation. For example,
W(e1®@ep ey ®@e1) = Aep @ Aey + Aep @ Aey
= (Be1) ® (aey + yez) + (ae1 + yer) ® (Ber)
=Pale; ®e1 te1®e) +Pye1®er ter ®ey),

and so W; f» = V2afi + By fo and Wyeg1 = Bygi. We omit the remaining computation. [
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The following simple observation is the key lemma for the main theorems.

Lemma 2.2. Suppose that B is reducible and B = By ® B, on Hy @ Hy. If A is an eigenvalue of B, and if the eigenspace
ker(B — Al) of B corresponding to A is not orthogonal to Hy, then A is an eigenvalue of By and ker(B — AI) N H; # {0}.
In particular, if ker(B — AI) L Hy and dim ker(B — AlI) = 1, then ker(B — AI) € H.

Proof. Since both H; and H; are invariant for B, it follows that

ker(B — Al) = [ker(B — AI) N H1] @ [ker(B — AI) N Hy]
= [ker(By — AI) N H1] @ [ker(B, — AI) N Ha].

Thus if ker(B — AI) L Hy, then ker(B — AI) £ H,, and hence ker(B — AI) N H; # {0} and A € 6(B1). O

Since we are dealing with a linear transformation acting on H, and {f, f2, f3, fa, f5, fs} is an orthonormal
basis for H,, we will denote a vector v = Zle xifi in Hs by (x1, ..., %6). In other words, we will directly work
with the matrix represented by T;(A). For example, when we say e; is in ker W, it actually means f; is in
ker W;.

We divide the proof of Main Theorems into three big cases according to whether A has one or two, or
three distinct eigenvalues. In each big case we further divide the proof into several small cases. We have
spent much time to consolidate and unify different cases, but we still have a number of cases to discuss
to ensure the completeness and accuracy of our results. The following simple observation will be used
repeatedly, sometimes without explicit mentioning. Let o(B) denote the set of (distinct) eigenvalues of B.
For several subspaces Hy, ..., Hi of H, we denote by \/f-(:1 H; the smallest subspace of H containing all H;'s.
An alternative notation is \/i-;l H;,=H;+H, +---+ Hy.

We record, without proof, the following obvious characterization of one-dimensional reducing sub-
spaces.

Lemma 2.3. Let v be a nonzero vector in H. Then Span{v} is a reducing subspace of B if and only if there exists
A € o(B) such that

Bv=Av and B'v=Av.
In other words, there is a one-dimensional reducing subspace for B if and only if B and B* have a common eigenvector.
We also need the following lemma:

Lemma 2.4. Let

B a b
A=10 y c|.
0 0 o

Then the following statements hold.

(i) If A has three distinct eigenvalues, then A is reducible if and only if two of a, b, c are zero.
(ila) Ifp =y # 6, then A is reducible if and only ifa = 0orb =c = 0.
(iib) If B # y = 0, then A is reducible if and only ifc = 0ora =b = 0.
(iic) If B = 6 # v, then A is reducible if and only if (y — )b =acora=c=0.
(iii) If A has one distinct eigenvalue, then A is reducible if and only if ac = 0.

Proof. The proof is a routine computation, and we omit the proof. (For the detail of the proof, see [1].) [
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3. Proof of Theorem 1.4

Suppose that A is a 3 X 3 irreducible matrix which is not invertible. By Schur’s unitary triangularization,
we may assume that

0 a b
0 vy cl.

0 0 6

A=

We first prove the statement (iii) of Theorem 1.4: W, is reducible and H,s = K; & K, where K; and K; are
minimal reducing subspaces for W,; whose dimensions are 2 and 1, respectively.

Proof. By Lemma 2.1,

0 0 ac—yb
Wi =10 0 oa |.
0 0 Y6

It follows from Lemma 2.4 that W, is reducible. Hence H,; = K; & K;, where K; and K, are reducing
subspaces for W, with dimK; = 2 and dim K, = 1. Assume that K; is not a minimal reducing subspace
for W,. Then W, is diagonalizable, and so it is normal, i.e., W, W, = W W;,. By computation, we obtain
ac —yb = 6a = y6 = 0. By using Lemma 2.4, it is easy to check that A is reducible, which is a contradiction.
Hence K; is a minimal reducing subspace for W,s. This proves Theorem 1.4(iii). [J

We will divide the proof of Theorem 1.4(i) and (ii) into three cases according the number of distinct
eigenvalues of A. By scaling, we can assume that one of the nonzero eigenvalue of A is 1. Then we will
discuss four cases

0 a b 0 a b 0 a b 0 a b
A=]0 1 c|with6#0,1, [0 1 ¢|, |0 0 c|, [0 O cf.
0 0 o 0 0 1 0 0 1 0 0O

We first deal with the case when A has three distinct eigenvalues.

Case 3.1. Suppose that

0 a b
A=|0 1 c| isirreducible withd +0,1.
0 0 o

Then Hy = H1 ® Hy, where Hy and Hy are minimal reducing subspaces for W, with dim Hy = 5 and dim H, = 1.

Proof. By Lemma 2.1, we have

[0 0 0 a2 ~N2ab B? ] 0 0 0 0 0 0]
0 0 0 V2a ac+b 2be 8 8 8 8 8 8
ooo0o o o & b Ve aob & Ve o

Since ker W; = Spanie;, e, e3},

ker Wy N ker W* = Span{v}, wherev = (\/E, —a, QCT_b, 0,0, 0).



C. Gu, J. Park / Filomat 35:1 (2021), 105-124 110

Therefore Wy, = Wy @ W,, where Wi = W,|Span{v}* and W, = W|Span{v}. We will prove that W; is
irreducible by a contradiction. Assume W; = W3 & W, on Hz @ Hy where dim H; > 2 for i = 3,4, since W,
and W} have no common eigenvector anymore. Since A is irreducible, one of the following holds.

(i)ac#0, (ii)a=0andbc+#0, (iii)c=0andab #0.

Case 1: ac # 0. Then

— — he
ker(W: — 1) = Spanles), ker(W. — oI) = Span {(0 0,0,0,1, 1‘/_%)},
5z -2
ker(W; —I) = Span {(0, 0,0,1, LC_, ¢ — )}
1-5 (1-0)
Without loss of generality, assume
ker(W: — 5'I) = Spanfes)} C Hs. 1)

Since ¢ # 0, ker(W; — 6I)is not orthogonal to ker(W; — 521), and ker(W; —I) is not orthogonal to ker(W; — §°I).
Therefore, by (1) and Lemma 2.2,

ker(W! — I+ ker(W; — AI) + ker(W; — I) C Hs, and Span({es, es, e} C H3. )
Since Hj3 is reducing for W;, so Wies = (%, v24,0,1,0,0, 0) € Hy. Since a # 0, it is easy to see that
dim Hj3 > dim Spanfey, es, e, Wses} = 4,

which is a contradiction to dim Hy > 2.
Case 2: a = 0 and bc # 0. As in the previous case, (2) still holds since ¢ # 0. Since Hj3 is reducing for W;,

we have Wses = (0,5, 0, V2, A, 0) € H3. Since b # 0, it is easy to see that
dim Hj > dim Span{ey, es, €5, Wses} = 4,

which is a contradiction to dim Hy > 2.
Case 3: ab # 0 and ¢ = 0. Then

'0 0 0 aZ \/Eab bz h 0 0 0 0 0 07
000 V21 b 0 8 8 8 8 8 8
looo o s V2w |8 _
We=1o 0 0 1 0 \/(—) P Wesl @ V@m0 10 of
000 0 o 0 V2ib b a0 5 0
ooo0o o o & | b 0 Vb 0 0 5]

By a direct computation,

ker(W; —I) = Spanles}, ker(W; — 521) = Spanf{es}
ker(W; — 1) = Span{(az, \/Ea, 0,1,0, 0)},

2
Ly @,0,0,1)}.

ker(W; — 6%I) = Span {(g, 5

Without loss of generality, assume

ker(W; — I) C Hs. ®3)
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Since ab # 0, ker(W; — A2I) is not orthogonal to ker(W; — I). Therefore, by (3) and Lemma 2.2,
ker(W; — I) + ker(W, — A%I) C Hs, and {1, A%} C o(W3).
Hence
ker(W; —I) + ker(W; — ZZI) + ker(W, — I) + ker(W, — AI) C Hs.

Since ab # 0, it is easy to see the subspace on the left side of the above relation has dimension 4. Hence
dim Hj3 > 4, which is a contradiction to dim(H,) > 2.
We conclude that W is irreducible, and the proof of Case 3.1 is complete. [

We next disscuss the case when A is not invertible and A has two distinct eigenvalues. The proofs in
this case are more involved. By scaling we need to discuss two cases:
0 a b 0 a b
A=10 0 cf, |10 1 c|.
0 01 0 01

Case 3.2. Suppose that

0 a b
A =10 0 c| isirreucible.
0 0 1

Then Hy = Hy @ H,, where Hy and H, are reducing subspaces for Wy with dim Hy = 5 and dim H, = 1. Moreover,
WilH; is reducible if and only if b = 0 and |af> = |c]> + 1, in which case, Hi = H3 & Hy, where dimH; = 3,
dim Hy = 2, and both Hs and Hy are minimal reducing subspaces for Wg|H;.

Proof. By Lemma 2.1,

0 0 0 a2 V2ab 1* ] 0 0 0 0 0 0
000 0 a 2bc 8 8 8 8 8 8
o oo 0o a \2b .
Ws_o 00 0 0 C2 ’ WS_ ﬂz_ 0 0 0 0 0l
0000 0 i VZib ac a0 0 0
0000 o0 1 | b V2 Vab @ VEE 1

Since A is irreducible, we have a # 0. Hence ker W; = Spanfey, e, €3} and
v:=(0,1,—-c,0,0,0) € ker W; N ker W,

is a common eigenvector. Therefore W, = W; @ W,, where W; = W |Span{v}*+ and W, = W|Span {v}. Since
A is irreducible, we have two cases:

(i)ab#0, (ii)b=0andac #0.

Case 1: a # 0 and b # 0. We will prove that W is irreducible by a contradiction. Assume W; = W3 @& W,
on Hz ® Hy; where dim H; > 2 for i = 3,4, since W; and W] have no common eigenvector anymore. Note
that

ker(W; —I) = Span{es}, ker W; N Span{v}*" = Span{vy, vy},
where v; = (0,0,0, V2, -, 0) and v, = (0,0,0,¢c, V2, —c(|cl? + 2)). Without loss of generality, assume

ker(W; —I) = Spanf{eg} € Hs.
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Then o(W3) = {0,1} and 0(W4) = {0}. Note that v; is a vector in ker W; N Span{v}* that is orthgonal to
ker(W; —I). Hence v; € Hy. It follows that v, € Hs. Let

wy = vy +¢(lcf? + 2)eg = (0,0,0,¢, V2,0) € Hs.

Then

W — —
ws = W = (b, \/Ec, \/E,0,0,0) € H;, wy

Since Spanies, wo, w3, ws} C Hs, {es, wo, w3, w4} is linearly dependent (otherwise dim Hz > 4, a contradiction).
It follows that ac + b = 0. But then W:ws = a(0,0,0, —clal?, V2(1 + [b? + |c]?), x) € H3 and {es, w2, w3, W:ws) is
linearly independent. Thus dim H3 > 4, which is a contradiction.

Case 2: b = 0 and ac # 0. We will prove that W, is reducible if and only if la? = |c* + 1. Assume
Wi = W3 ® Wy on H3 @ Hy where dim H; > 2 for i = 3,4. Assume that ker(W; — I) = Span{es} € H3. Then

= Ws®2 _ e 2b, Vae, v2,0,0,0) € H.

1
o1 = —(Wieg =) = (0,0,0,, V2,0) € H;,

1
v = ;stl = (ac, V2c, ¥2,0,0,0) € Hj,

1
v3 = =W;v2 = (0,0,0, lafc, V2(1 + |c[?), 0) € Hs.

If [a* # 1 + |c[?, then {es, v1, 02,03} is linearly independent, and so dim Hs > 4, which is a contradiction. If
la]> = 1 + |c[?, then

Hj = Spanl{es, v1, 02},

_ 2(1 + [cf?
H, = Span{(O, 0,0, V2,-2,0,u2), - %,c, 1,0,0, 0)}.

Similarly we can check that H3 and Hj are minimal reducing subspaces. We omit the details. [

It is surprising that the proof of the next case is easy even though the A in this case and the A in the above
case are related in that they both have two distinct eigenvalues. This indicates that for W;, the multiplicity
of the zero eigenvalue also plays an important role.

Case 3.3. Suppose that

0 a b
A=10 1 c| isirreducible.
0 0 1

Then Hy = H1 ® Hy, where Hy and Hy are minimal reducing subspaces for W with dim Hy = 5 and dim H, = 1.
Proof. Note that A is irreducible if and only if ¢ # 0 and either a # 0 or b # 0. Also, by Lemma 2.1,

[0 0 0 a2 ~N2ab B? ] 0 0 0 0 0 0
0 00 V2 ac+b 2bc 8 8 8 8 g 8
000 O a V2b .

M=o 0 0 1 5 e | W@ vm oo 1 0 of
000 0 1 i Vaab ac+b @ VZ 1 0
0 00 0 0 1 | | b Vae Vb @ VI 1

Since ker W, = Span{ey, e;, e3}, it can be check that

ac-b

p

,0,0, 0) € ker W; N ker W;
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is the only common eigenvector (up to scalar). Therefore W, = Wy @ W, where W; = Wy|Span{v}* and
W, = W;| Span{v}. We will show W is irreducible. Assume W; = W3 ® W, on H3 ® Hy where dim H; > 2 for
i = 3,4. Without loss of generality, let

ker(Wy —I) = ker(W; —I) = Span{u} C H3, where u = (az, \/Ea, 0,1,0,0).

Since ker(W; — I) is one-dimensional, 6(W3) = {1} and o(W,) = {0}. Hence u L ker Wy, where

ker W, = ker(W,) N Span{o}* = Span{(i\/_, 1,0,0,0,0), ( - %,O, 1,0,0, 0)}
2 p

Therefore

za \/'_
a— + V2a =0.
V2

Hence a = 0. It follows that u = e4 € H3. Since Wes = (0,0,0,1, V2, Ez) € Hs, we have (0,0,0,0, V2, ¢) € H;.
Since W;(0,0,0,0, V2, ¢) =(0,0,0,0, V2, 3c) € H3, we have e5,65 € H3. Since b # 0, it is easy to see that
les, €5, €4, Wses} is linearly independent. Thus dim H3 > 4, which is a contradiction to dimHy > 2. [0

Finally, we deal with the case when A is irreucible, not invertible, and A has one distinct eigenvalue,
i.e., 0(A) = {0}. By scaling, we can assume thata = 1.

Case 3.4. Suppose that

01 b
A=|0 0 c| isirreducible with c # 0.
0 00

Then Hy = Hy @ H,, where Hy and H, are reducing subspaces for Wy with dim Hy = 5 and dim H, = 1. Moreover,
Wi|H; is reducible if and only if b = 0, in which case, Hy = H3 @ Ha, where dim H3 = 3, dim Hy = 2, and both H;
and Hy are minimal reducing subspaces for Ws|H;.

Proof. By Lemma 2.1,

00 0 1 v2b B 0 0 00 00
0000 ¢ 2 60 0000
0O 0 0000

loooo o o .

W, = , Wo=11 0 0 0 00
0000 0 ¢ ; 0
0000 O 0 V2b ¢ 0 0 0 0
0000 0 0 v Ve 0 @ 0 0

Since the third row and the third column of W; are zero, ez is a common eigenvector of W; and W;. By an
abuse of notation, Wy = W; @ [0], where

001 V2o ? 0 0 0 00
000 ¢ V2 0 00 00
Wwi=lo oo o0 | w=L 0 000
000 O 0 V2b ¢ 0 0 0
000 0 0 b oNE @ 0 0

Case 1: b # 0. We will show Wj is irreducible by a contradiction. Assume Wy = W3 @ W4 on Hz @ Hy
where dim H; > 2 for i = 3,4, since W; and W] have no common eigenvector anymore:

ker Wi = Spanfey, e}, ker W] = Span{ey, es}
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Since a(W3) = o(Wy) = {0}, by Lemma 2.2, ker Wi N H; and ker W} N H; are of dimension one for i = 3, 4.
Without loss of generality,

Hj 2 Span{vy,v2}, where v; =(1,,0,0,0,0) and v, = (0,0,0,0,8,7)
Hj 2 Span{uy, u}, where u; = (-a,1,0,0,0,0) and u, = (0,0,0,0, -7, f)

for some a and (B, ) # 0. Note that Wi(v1) = (*, x,1, %, %) ¢ Span{v1, v}, where * represents some quantity
whose precise formula is not needed. Hence dim H3 = 3 and dim Hy = 2. We consider two cases according
whether « is nonzero or not.

Case la: a = 0. Note that Wy(uz) = (%, *,302, 0,0) € Span{uj,u} only when § = 0. But when
B =0, Wi(uz) = =( V2b,¢,0,0, 0), WiWi(u2) = (0,0, V2b, x, *) ¢ Span{uy, up} since yb # 0, contradicting
dim H4 =2.

Case 1b: a # 0. Then Wj(v2) = (0,0, —a, *, x) ¢ Span{uy, u»}, again contradicting dim Hy = 2.

Case 2: b = 0. The desired result follows from the following computation.

001000010 O0J00T100 0 c|0 0 O
1 00 0 0|0 00 ¢ O 000 O 0 0j]0 0 O
0 00 10[|000O0C0O0O0T1TO0|=[00[0T10
010 O0O01(0O0O0OO0OO|IO1T O 0O 0 0[{0 0 c?
0 000 1[0 O 0O 0 O0J[O 0O 001 0 0{]0 0 O

The proof of Case 3.4 is complete. []

4. Proof of Theorem 1.5

Suppose that A is a 3 X 3 irreducible matrix which is invertible. By Schur’s unitary triangularization,
we may assume that A is an upper triangular irreducible matrix. Thus

B a b
A=(0 y c|,
0 0 o
where Y0 # 0. We can easily check by using Lemma 2.4 that
By Be ac—yb
Wi =10 po oa
0 0 70

is irreducible. The remaining of this section is devoted to the proof of Theorem 1.5(i).

Since A is invertible, there exists a 3 x 3 matrix B such that A = expB =}, %B". It follows that

WA)=A®A=expB®expB = (expB®I)(I®expB)
=exp(B®I)exp(I®B) = exp(B®I + I ® B) = exp(T(B)).

If T(B) is reducible, then so is exp(T(B)) = W(A). By Theorem 1.3, Ts(B) is reducible if and only if

0 a O
0 d al,

0 0 24

B=pl+

where ,d,a € Cand a # 0. In the cased = 0,

1 a a/2
A=expB=ef|0 1 4
0 0 1
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In the cased # 0,

1 S(A=-1) (9*(A-17/2
A:expBEeﬁ 0 A A =1A , where A = ¢? # 1.
0 0 A2

From this we can guess the condition for the reducibility of W(A).
Before starting the proof of Theorem 1.5(i), we record the following lemma.

Lemma 4.1. Let B be an n X n matrix with n > 2 such that o(B) = {A}. Then there exist nonzero v € ker(B — Al)
and nonzero u € ker(B* — Al) such that v 1 u.

Proof. By Schur’s unitary triangularization, there exists a unitary matrix U such that U*(B - AI)U is a strictly
upper triangular n X n matrix. It is easy to see that U*(B — Al)Ue; = 0 and U*(B* — Al)Ue, = 0. Then v = Uey
and u = Ue, satisfy the desired properties. [J

Let us now prove Theorem 1.5(i). We start with the case when A has one distinct nonzero eigenvalue,
i.e., 0(A) = {1}, where A # 0. As in the proof of Theorem 1.4, we may assume that A = 1.

Case 4.2. Suppose that

1 a b
A =10 1 c| isirreducible.
0 0 1

Then Ws(A) is reducible if and only if |a| = |c| and b = ac/2. In this case, H; = Hy & Hy, where dimH; =5,
dim H, =1, and both Hy and H, are minimal reducing subspaces for Wy(A).

Proof. Since A is irreducible, it follows from Lemma 2.4 that ac # 0. By Lemma 2.1,

'1 \/Ea \/Eb a2 \/E{Ilb b2 T [ 1 ~ 0 0 0 0 0]
0 1 ¢ Y2 ac+b 2bc V2a 1 0 0 0 0
w0 0o 1 0 a N V2b ¢ r 0 0 0
o 0o 0o 1 e 2| T @  ~N@mo oo 1 0 o
0 0 0 0 1 V2¢ V2ab b+ac @ N2 1 0
o o o o 0o 1| | v Vae Vb @ vx 1
Note that
2b—ac V2
Ker(W, —1) = S an{(1,o,o,o,0,0), 0, Y2 10,0 }
§ P ( V2e c )
V2e _ 2b-7c
ker(W: —I) = S an{ 0,0, 1,22 1),(0,0,0, 0,0,1)}.
s P ( a \/iﬁ )
Note also that W; and W} have a common eigenvector if and only if
V2b o« V2a 2c V2b ¢
———=0, -_— =, and 0=T__,
c V2 c a a V2

if and only if |a| = |c| and b = ac/2.
Case1: |a| # |c|or b # ac/2. We will show that W; is irreducible. Assume to the contrary that W, = W1 @W,
on H, & H> where dim H; > 2 for i = 1,2. Note that

a(W1) = a(W2) = {1}.
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By Lemma 4.1, ker(W; —I) L ker(W; — I) which is a contradiction since

(_—‘/E“)(—@)H-l:wo.
c a
Case 2: |a| = |c|] and b = ac/2. In this case, let
2
v=(0, 0,—ﬂ,1, 0,0)-
c

Then ker(W, — I) N ker(W; — I) = Span{v}, and

ker(W; —I) = Span{v,e;} and ker(W; —I) = Span{v, es}. 4)
Thus W, = Wy @ W,, where W; = W;|Span (v}t and W, = W Span{v}. It follows from (4) that

ker(W; —I) = Spanf{e; }.
Assume to the contrary that Wy = W3 @ W, on Hz @ Hy where dim H; > 1. Then o(W3) = o(W4) = {1}, and
ker(Wy — I) = ker(W3 — I) & ker(W, — I). Hence dim ker(W; —I) > 2, which is a contradiction. Therefore, W,
is irreducible. O

Next we look at the case when A has two distinct nonzero eigenvalues. We may assume that the

eigenvalue of multiplicity 2 is 1, and arrange the eigenvalues {1,1, A} on the diagonal of A in any desired
order.

Case 4.3. Suppose that

1 a b
A=|0 1 «c]| isirreducible with A #0,1.
00 A

Then Wi is irreducible.
Proof. Since A is irreducible, Lemma 2.4 implies that one of the following holds:

(i)ac#0, (ii)c=0andab+0.

By Lemma 2.1,
1 \/E{Il \/Eb a2 \/Eab B2 [ 1 ~ 0 0 0 0 0
0 1 ¢ Y2u ac+b 2bc V24 1 0 0 0 0
ol 0 A0 A VAl . |V A0 00
"o 0o 0 1 N2 @ | 7| @ ~Nm o 1 0 o0
0 0 0 0 A \2Ac V2ab b+ac @A N2 A0
) _
o o o o 0o A | b VA VA @ V2 A
It can be checked by direct computation that W, and W; have no common eigenvector. We will show that
W; is irreducible by a contradiction. There is a complication when A2 =1, ie., A = —1, since in this case

ker(W; — XZI) (= ker(W; — 1)) is of dimension 2. We find it cumbersome and difficult to unify the proofs of
A% =1 case and A2 # 1 case. So we will prove these two cases separately. Assume W, = Wy @ W, on H; ® H,
withdimH; >2fori=1,2.
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Case 1: A2 # 1 and ac # 0. Note that

ker(W: — A'I) = Spanfeg), ker(W: — AI) = Span {(0 0,0,0,1, 1\5%)}
ker(W; —I) = Span {(0, 0,0,1, X\/—il *)}
1

Without loss of generality, assume
ker(W: — AI) = Spanes)} C Hi.
Since ¢ # 0, ker(W; — Al) is not orthogonal to ker(W; — XZI). By Lemma 2.2,

ker(W} — XZI) +ker(W: —AI) CHy, or Spanfes,es) C Hi.

Again, since ¢ # 0, ker(W; —I) is not orthogonal to H;. Hence o(W;) = {1, 4, A2}. But either 1 or A is in o(W>).
It follows from Lemma 2.2 that either dim ker(W; —I) > 2 or dim ker(W? — AI) > 2, which is a contradiction.

Case 2: A2 # 1, ¢ =0, and ab # 0. We prove the result by a similar argument using eigenspaces of W.
Note that

1 VI VB @ Nab B (10 0 00 0
0 1 0 2 b 0 vz 1 0 00 0
wolo 0 A 0 A VA e |VOoO A 0000

*fo o o 1 o o | *T|@_~Na 0 10 0f
0 0 0 0 A 0 V2ab b aA 0 A 0

o o o o 0 A ' 0 VA o0 0 A

and, since a # 0, we have
ker(W; —I) = Span{e1}, ker(W; — Al) = Span {(- V2b,0,1 - ,0,0,0)},
ker(W. — A?I) = Span {(x,0,— V2b,0,0,1 - A)}.
Without loss of generality, assume that
ker(W; —I) = Spanf{e;} € Hj.
Since b # 0, ker(W; — Al) is not orthogonal to ker(W; — I). By Lemma 2.2,
ker(W, —I) + ker(Ws — AI) CH;, or Spanfei,es} € Hi.

Since b # 0, ker(W,—A2I) is not orthogonal to H;. Hence (W) = {1, A, A?}. Buteither 1 € (W) or A € a(W>).
It follows from Lemma 2.2 that either dim ker(W;, — I) > 2 or dim ker(W; — AI) > 2, which is a contradiction.
We next deal with the case A% = 1, that is, A = —1. In this case, both ker(W, — I) and ker(W: — I) are of
dimension 2.
Case 3: A = -1 and ac # 0. Then

5
ker(W: +I) = Span {(0, 0,0,0,1, —\/2—0)}
5
ker(W; — I) = Span(es, v}, where v := (0,0,0,1, % 0),
2
ker(W, —I) = Spanle;, u}, where u := (*, *, %, %, —%, 1).
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Without loss of generality, assume
ker(W; +1) € Hy.
Since ¢ # 0, ker(W; —I) is not orthogonal to ker(W; +I). By Lemma 2.2, 6(W1) = {-1,1} and o(W,) = {1}, and

thus dim H; = 4 and dim H, = 2. Using appropriate linear combinations of e and v, we write

2c V2¢ V2¢ E)

- ) 1), up = (0,0,0,1, =5 _5).
(P +2) (e +2) ) 2= ( 2 "¢

Note that u; L up and up L ker(W; +I). Thus u, € Hy and u; € H;. We would like to do a similar
decomposition for ker(W; — I). Since the explicit form of u is complicated, we write

ker(W, — I) = [ker(W; — I) N Hy] ® [ker(W: — I) N Ha],

ker(W; — I) = Span{uy, ua}, where u; = (0,0,0,

where

ker(W; —I) N Hy = Span{aje; + au} and ker(W, —I) N Hy = Span{bie; + bou}
for some constants a1, 4, b1, bo. Now we have

H, = Span{u,, bie1 + bou}.

Since o(W>) = {1}, up € ker(W; — ), and bie; + byu € ker(W, — I), Lemma 4.1 implies that bye; + bou L us.
But bie; + bou is orthogonal to uy. Thus biey + bou L ker(W; —I) and biey + bau = (5, %, %, %, %, by) L e.
This implies that b, = 0 and e; € H,. Since a # 0, the set {u,e1, Wie;} is linearly indenpdent, which is a
contradiction to dim H, = 2.

Case4: A = —-1,¢c =0, and ab # 0. Note that

1 V22 V2b a2 ~N2ab 12 1_ 0 0 0 0 0]

0 1 0 ~a b 0 va 1. 0 0 00

2% 0 -1 0 0 0
w,=[0 0 -1 0 —a -V2b| el ‘f: G .
o 0 o0 1 0 0 |l a_ N 0 1 00

o 0 o0 0 -1 0 V2ab b -a 0 -1 0

o o o 0 0 1 ' 0 -v2b 0 0 1

Then
ker(W; — I) = Span e, (0,0, V2b,0,0,-2)}  ker(W; - I) = Span(es, es},
ker(Ws + 1) = Span{( \/Eb, 0,-2,0,0, O)}, ker(W; + I) = Span{es}.
Without loss of generality, assume
ker(W; +1) + ker(W; +I) € H;.

Observe that ker(W; — I) is not orthogonal to ker(W, + I). By Lemma 2.2, o(W;) = {-1,1} and (W) = {1}.
Thus dimHl =4 and dim H, = 2. If 4y and a, are constants and aje; + a2(0, 0, V2b,0,0, =2) L ker(Ws + 1),
then a;b = 2a,b. Thus

H, = Span {(b, 0, ¥|b|2, 0,0, —E), b1€4 + b2€6}

for some constants by, b,. Then —b_ze4 + E36 L Hj, which implies b; = 0. It follows that
H, = Span{u,es}, where u := (\/E, 0, E, 0,0,0).

Thus Wses € Hy, but then {u, es, Weg) is a linearly independent subset of H,, which is a contradiction.
Therefore Wi is irreducible, and the proof is complete. [
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Next look at the case when A has three distinct nonzero eigenvalues f3, v, 6:

(2 2pa V2pb  @? V2ab  B* ]

- 0o py pc V2ya ac+yb  2bc
A:gyc w.—|0 0 g0 da  \26b
o0 sl T lo o0 0 y? V2ye & |

0 0 0 0 o V26c

0 0 0 0 0 8 |

Then o(Ws) = {82, By, B, 12,75, 6%}. There are complications when W; has an eigenvalue of multiplicity 2.
Next we discuss when this happens. There are two choices that will reduce our algebra (sometimes greatly).
First we may arrange {, v, 6} on the diagonal of A in any order desired. Second, we can scale one of {8, y, 0}
to be 1. Through these two choices, one of the following statements holds.

(i) o(Ws) consists of 6 distinct numbers; then we can assume = 1.
(ii) o(Ws) consists of 5 distinct numbers; we can assume 8 = 1 and either y = —1 or 6 = ).
(iii) o(W;) consists of 4 distinct numbers; we can assume f =1,y =i, and 6 = —1.

(iv) o(Ws) consists of 3 distinct numbers; we can assume {8, 7, 6} = {1, w, w?}, where @ = ¢*™/3.

Note that if A is irreducible, then one of the following holds.
(1)ac+#0, (ii)c=0andab#0, (iii)a=0andbc+0.
Case 4.4. Suppose that o(Ws) consists of 6 distinct numbers. Assume that p = 1. Then W; is irreducible.

Proof. By Lemma 2.1,

1 \/Ea \/ib a2 \/iab B2 ] [ 1 0 0 0 0 0
0 vy c 2ya ac+yb \2bc V2a Y 0 0 0 0
wol0 0 8 0 o NZb| .|V T 5 0 0 0
‘“lo o 0 72 V2ye 2| s a _\@1)/ 0 Y 0 of
0 0 0 0 yo  V26¢ V2ab by+ac as N2y yo 0
o 0 o0 0 0 & | b Vabe VA @ V3R o

It can be checked that W, and W; have no common eigenvector. We will show that W; is irreducible by a
contradiction. Assume W; = W1 @ W, on H; @ H, withdim H; > 2fori=1,2.
Case 1: ac # 0. Note that

ker(W; —I) = Spanl{e;}, ker(W,; —yI) = Span{( \/Ea,y -1,0,0,0, 0)},
ker(W; — 6I) = Span {(*, c,0-7,0,0, O)}.

Since a # 0, ker(W; — yI) is not orthogonal to ker(W; — I), and since c # 0, ker(W; — 0I) is not orthogonal to
ker(W; — yI). By Lemma 2.2, without loss of generality, we may assume that

ker(W, —I) + ker(Ws — yI) + ker(Ws — 8I) C Hi, or Spane;, e, e3} C Hi.

Now Wiey, Wes € Hy. Since V2ay # 0and ad # 0, the dimension of Hj is at least 5, which is a contradiction.
Case 2: ¢ =0 and ab # 0. In this case,

ker(W; — 1) = Span {(V2b,0,6 - 1,0,0,0)},

so ker(W, — 6I) is not orthogonal to ker(W; — I). The rest of the argument is the same as in Case 1.
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Case 3: a = 0 and bc # 0. In this case,
ker(W; —I) = Spanl{e;}, ker(W, — yI) = Spanf{e,},
V2b(5 - ) )}

ker(W; — 6I) = Span {(6—1' c,0-7,0,0,0

Since b # 0, ker(W; — I) is not orthogonal to ker(W; — dI), and since ¢ # 0, ker(W, — yI) is not orthogonal to
ker(W, — 6I). By Lemma 2.2, without loss of generality, we may assume that

ker(W; —I) + ker(Ws — vI) + ker(Ws — 6I) C H;, or Spanie, e, e3} C Hi.

Now We; = (%, %, %, %, Ey_/, *) and Wies = (%, %, %, x,0, V2bd) belong to H;. Thus the dimension of H is at
least 5, which is a contradiction. [

Case 4.5. Suppose that o(W;) consists of 5 distinct numbers. Assume = 1and y = —1. Then W is irreducible.

Proof. Note that 6* # 1. By Lemma 2.1, we have

'1 \/Ea \/Eb az \/Eab b2 T [ 1 ~ 0 0 0 0 0]
0 -1 ¢ —V2u ac-b 2bc V24 __1 0 0 0 0
w0 0 0 da_ N20b| ‘/25 c o 0 0 0
*lo 0o o0 1 —vV2e e | 7| @ -vam o 1 0 of
0 0 0 0 -5 25 V2ab ac-b a8 -V2& -6 0
o o o o 0 & ¥ V@ Vi @ N2 o
Then
ker(W; + 51) = Span {(0, 0,0,0,1, —%)}, ker(W; — 521) = Spanf{es},
1+

ker(W; - 8I) = Span {(0,0,2,0,a, %)}.
It can be checked that W, and W; have no common eigenvector. We will show that W; is irreducible by a

contradiction. Assume W; = W; ® W on H; @ H, withdim H; > 2 fori =1,2.
Case 1: ac # 0. Assume ker(W; + 6I) C H'. By Lemma 2.2,

ker(W; + 51) + ker(W; — 51) + ker(W; — 521) C H;, or Spanieses, e} CHi.

Now Wies, Wses € Hy. Since ¢ # 0, the dimension of Hj is at least 5, which is a contradiction.
Case2: c = 0and ab # 0. In this case,

ker(W: + 5T) = fes} and  ker(W: — 81) = {(o, 0,2,0,3, 21 ‘/555)}

The rest of the argument is the same as in Case 1.

Case 3: a = 0 and bc # 0. In this case,
\/EC_)}, ker(W; — 521) = Spanf{es},
1+6

Ker(W: — 51) = {(o 0,1,0,0, Y22
1

ker(W: + 81) = Span {(o 0,0,0,1,
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Since bc # 0, ker(W; + 521 ) is not orthogonal to both ker(W; + 6I) and ker(W; — o). By Lemma 2.2, without
loss of generality, we may assume that

ker(W: + 8I) + ker(W: — 6I) + ker(W: — 51 CHi, or Spanles, es, e5} C Hj.

Now Wges = (%,c,%,0,0,0) and Wses = (%, %, %, — V2, *,0) belong to H;. Thus the dimension of Hj is at
least 5, which is a contradiction. [

Case 4.6. Suppose that o(Ws) consists of 5 distinct numbers and Assume p = 1 and 6 = y2. Then W is reducible if
and only if ac = 2yb and |c| = lyal, in which case, H; = Hy ® Hy, where Hy and Hy are minimal reducing subspaces
for W, whose dimensions are 5 and 1, respectively.

Proof. Note that g* # 1 and * # 1. By Lemma 2.1, we have

1 V22 V2o a2 \2ab b | [ 1_ 9 0 0 0 0]
0 vy ¢ V2ya ac+yb 2bc 2a v _02 0 0 0
We = 0 0 .)/2 0 .)/Za \/EVZb W = \{g@ C_ Y _02 0 0
5 0 0 0 VZ \/z')/C C2 4 s a _ 1/211‘)/ 0 V4 0 0l
0o 0 0 0 ¥ V2 V2ab yb+ac  ya N2k Y0
) _
0o o0 0 0 0 A | b Vabe Vb @ N 7
Then
ker(W, — I) = Spanle}, ker(W, — yI) = Span{()%,l,o, 0,0, o)}
_ V2e
ker (W: —7*I) = Span{es}, ker (W: -7°1) =S an{ 0,0,0,0,1, ——— }
(W - 7'1) = Spanies),  ker (W; - 7I) = Span ( )
2 Vo V20 —yb+ac) ¢
ker(Ws —2I) = S an{ _2 Y9 01,0,0), ) ,1,0,0,0 }
(We =" = Spany( 3 5 5007 70D )
7 2@c+b-7yb c Z
ker(W; =770 = Span{(0,0,1,0, =, 2L Ty (00,04 VE_ T
1=y a-ya-y A=y a-»%

Note that W; and W; have a common eigenvector if and only if
dim[ker(W, — y2I) + ker(W? — 7°I)] < 3,

if and only if the vectors
(7/217 —yb+ac, ¢, ya, (ac +b - )75)772) and (azy(y +1), 2ya, 2c, 1+ 77))

are linearly dependent, if and only if ac = 2yb and [c| = |ya|. In that case, a common eigenvector is
v:=(0,0, \/iya, —c,0,0).

Case 1: ac = 2yb # 0 and |c| = |yal. Let W, = W; & W, where W; = W;|Span{v}* and W, = W;|Span{v}.
We will prove that W is irreducible by a contradiction. Assume W; = W3® W, on H3 ® Hy where dim H; > 2
for i = 3,4, since W; and W] have no common eigenvector anymore. By Lemma 2.2, without loss of
generality, we may assume that

ker(Ws —I) + ker(Ws —yI) CH3, or Spanie;,e;} C Hs.

It follows that Spanf{e;, e2, Wie;, Wiez} C Hs, and so dim Hz > 4, which is a contradiction. Therefore H3 and
Hj are minimal reducing subspaces for W;.
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In the remaining cases, W; and W; have no common eigenvector. We will show that W; is irreducible.
Assume to the contrary that W, = W; @ W, on H; @ H, where dim H; > 2 fori=1,2.
Case 2: ac # 0 and either ac # 2yb or [c| # |yal. By Lemma 2.2, we may assume that

ker(Ws —I) + ker(Ws; —yI) CH;, or Spanie;, e} C Hi.

It follows that Spanf{e;, e2, Wier, Wiea} € Hy. If b # 0, by using Lemma 2.2, we can show that ker (W;‘ - 731 ) C

H; and ker(W; - 7741) € H;. Similarly, if b = 0, then e5,e, € Hy. Thus Spanfe;, e;, Wie1, Wiey, es5,e6} € Hj, so
dim H; > 5, which is a contradiction.

Case 3: c = 0and ab # 0. Assume ker(W, —I) C H;. Since ker(W; — yI) is not orthogonal to ker(W; — 1), it
follows Lemma 2.2 that e;,e; € Hy. Then Wje; € H;. It follows that neither ker(W; — % I) nor ker(W;‘ 31)
is orthogonal to Hy. Hence {e1, 3, ¢5,66, Wie1} € H1. Then dim H; > 5, which is a contradiction.

Case 4. a = 0 and bc # 0. Assume that H; contains ker(W: — 3'I). By a similar argument in Cases 2,
we can show that {es, es, Wseg, 1,2} € Hj. Since {eq, 5, ¢5, 6, Wseg} is linearly independent, it follows that
dim H; > 5, which is a contradiction.

Therefore Wi is irreducible, and the proof is complete. [

When o(W;) consists of 4 distinct numbers, the proof for the irreducibility of W; is rather difficult since
we have tried a number of orthogonality conditions without success. In this case when o(W;) consists of
four distinct numbers, we can assume thatf =1,y =i,and 6 = 2 =-1.

Case 4.7. Suppose that o(Ws) consists of 4 distinct numbers. Assume f =1,y =1, and 6 = =1. Then W is
reducible if and only if ac = 2ib and |c| = |al, in which case, H; = Hy ® Hy, where Hy and H, are minimal reducing
subspaces for W, whose dimensions are 5 and 1, respectively.

Proof. By Lemma 2.1, we have

1 \/Ea \/Eb a2 \/Eﬂb B2 ] [ 1 0 0 0 0 0]

0 i c V2ia ac+ib  \2be V2a —i 0 0 0 0

w0 0 -1 0 —a —\2b| V2b  © -1 0 0 0
"o 0o 0o -1 Zie e | 7| @ -Nem 0o -1 0 of

0 0 0 0 -i =V V2ab ac-ib -a —2ic i 0

o 0o o o0 o0 1 b Ve -V @ -vE 1

Then

Ker(W, — I) = Span {61,M1 0, (1 —i)bc +iac* (1 —i)ac—2b —ic> (i—1)c , l)},

22 2v2 22
(1—z)a (1—z)ac+2b —ia® (1—z)ab ia CIO)},

ker(W; —I) = Span { e, ,

V2 22 127 22
1-dac—-2b (i-1)c
2v2 2
—i)ja (1-1i)ac+2b (1+1i)e ﬁ)}
2 To2V2 V2 ' 2

(1+z)ab—ac (3-dac—2b 1 +ia (I-1)c
o )
(1+z)c 1-1a (3—z)ac+2b ac +(1+z)bc)}
\/E 7 4 7 2»\/_ 7
11,0,0,0, o)} Ker(W — il) = Span{(O, 0,0,0,1,

ker(Ws + 1) = Span —a+ 1)11

,0,1,0,0), ( ,1,0,0,0)},

) (0, 0,0,1,

ker(W; +il) = Span

ker(W; +il) = Span

ker(W; —il) = Span

feo
(5
Ker(W: + 1) = Span{ (0,0,1,0,
{
{

(1+i)c
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Note that dim[ker(W; —I) + ker(W; —I)] = 4, and
dim[ker(W; +I) + ker(W; + )] <3

if and only if ac = 2ib and |c| = |a|. These are the necessary and sufficient condition for W, and W; to have a
common eigenvector. In that case, a common eigenvector is

v := (0,0, V24,ic,0,0).

Case 1: ac = 2ib # 0 and |c| = |a|. Let Wy = W; & W,, where Wy = W;|Span{v}* and W, = W;|Span{v}.
We will prove that W is irreducible. Assume W; = W3 ® W, on H3 ® Hy where dimH; > 2 for i = 3,4,
since Wy and W] have no common eigenvector anymore. Without loss of generality, we may assume that
ker(W; —il) € H3. Note that

(1—d)ab 3ib 1+ia (i—1) 1 0)}
2@ 7 2 7 _2 7 ﬁ 7 7 M

Since abc # 0, ker(W; + il) is not orthogonal to ker(W; — il), and so ker(W; + il) € H3 by Lemma 2.2. By the

same argument as above,

ker(W, —iI) + ker(W; +il) + ker(W; +il) + ker(W; —il) CH;, andso dimH; >4,

ker(W;s +il) = Span{(

which is a contradiction. Therefore H3 and Hy are minimal reducing subspaces for W.

In the remaining cases, W; and W; have no common eigenvector. We will show that W; is irreducible.
Assume to the contrary that W, = W; @ W, on H; @ H, where dimH; > 2 fori=1,2.

Case 2: ac # 0 and either ac # 2ib or |c| # |a|. Without loss of generality, assume

ker(W; —il) C H;.

Since ker(W; + il) is not orthogonal to ker(W; — i), it follows that ker(W; + i) € H;. Since ac # 0, if
ker(W; —il) L ker(W; +il) and ker(W; — il) L ker(W; + il), then

2b . aP+3 | +3
ac aP+1 |P+17

which is a contradiction. Thus, by using Lemma 2.2, we can show that
ker(W, —iI) + ker(W; + il) + ker(W; + il) + ker(W; —il) C H;.

Since a # 0, neither ker(W; — I) nor ker(W; + I) is orthogonal to ker(W; — iI). Thus o(W;) = {1,-1,i,—i} by
Lemma 2.2. Since +1 € ¢(W;) and dim H, > 2, it follows that o(W,) = {-1,1}. Let w; € ker(W, — I) and
wy € ker(W; —I). Then

Wy =ce1+cu; and wp = d1€6 + doun
for some constants ¢y, ¢y, d1,d>. Since wy, w, L Hy, if we assume that c; # 0 and d, # 0, then
(1+i)@b/c-2)=1a* and (1-i)bc/a+2)=—|c/

But we can check that these imply a contradiction. Thus ¢, = 0 or d,=0. That is, either ¢; or ¢4 belongs to
H,, which contradicts to the fact that H, L H;.
Case 3: c = 0and ab # 0. Then

(1 +1i)a } ..
,1,0,0,0,0);, ker(W; —il) = Spanf{es},
V2 ) panies

ker(W; —il) = Span {(

ker(W5+i1):Span{((1+i)ab —bd+ia, 1,0)},

242 “ 27 -2
(1-i9a b }

ker(W; +il) = Span{(0,1,0, ,=,0)
pan { 7 2
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Assume that H; contains ker(W; — il). By using Lemma 2.2, we can show that
ker(W; — il) + ker(W; + i) + ker(W; + il) + ker(W; —il) € Hy

Also, Wses € Hy. It follows that dim H; > 5, which is a contradiction.

Case 4: 2 = 0 and bc # 0. By the same argument as in Case 3, we can show that dim H; > 5, which is a
contradiction.

Therefore Wi; is irreducible, and the proof is complete. [

In Theorem 1.5(i), we assumed that 6(A) is not equal to {A, Aw, Aw?}. We pretty sure that the theorem is
true for this case.
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