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Fuzzy Points Based Betweenness Relations in L-Convex Spaces
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?School of Mathematics and Statistics, Beijing Institute of Technology, 100081 Beijing, P.R. China

Abstract. As topology-like mathematical structures, convex structures can be characterized by between-
ness relations via (restricted) hull operators in convex spaces. In a topological approach, the aim of this
paper is to present the fuzzy counterpart of betweenness relations based on fuzzy points in fuzzy convex
spaces. Concretely, the notion of L-betweenness relations via restricted L-hull operators is introduced.
Firstly, it is proved that L-betweenness relations are categorically isomorphic to restricted L-hull operators
and L-remotehood systems, respectively. Secondly, it is shown that L-betweenness relations from two
perspectives of restricted L-hull operators and L-remotehood systems are unified. Finally, a new type of
restricted L-hull operators in accordance with L-betweenness relations is proposed and the relationship
between two types of restricted L-hull operators is displayed.

1. Introduction

Convexity, which is intriguing the extremum problems in area of applied mathematics, has been showing
its great importance. In 1993, M. van de Vel collected the theory of convexity systematically in his famous
book [19]. A convex structure on a set X is defined to be a subset & of 2X which contains both the empty set
0 and X itself and which is closed under arbitrary intersections and directed unions. A convex structure can
be completely determined by its hull operator or even by its effect on finite sets (restricted hull operator). In
fact, a point which is in the hull of a finite set can be regarded as being between this set. That is, restricted
hull operators and betweenness relations can be determined by each other.

With the development of fuzzy set theory, the notion of convex structures has been extended to the
fuzzy case. Up to now, there have been three typical kinds of fuzzy convex structures, including L-convex
structures [5, 13], M-fuzzifying convex structures [17] and (L, M)-fuzzy convex structures [4, 18]. Many
researchers studied fuzzy convex structures from different aspects, such as fuzzy hull operators [6, 10, 16],
fuzzy (fuzzifying) interval operators [20, 22, 33, 34], categorical properties [9, 23, 26, 31], convergence
properties [7, 30], bases and subbases [8, 11, 32], degree presentations [3, 24, 29], topological convexity
[21, 28] and geometric properties [25, 27]. In particular, Shi and Li [16] extended the concept of restricted
hull operators to the M-fuzzifying case, namely, restricted M-fuzzifying hull operators, to characterize
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M-fuzzifying convex structures. More recently, Shen and Shi [15] proposed the concept of restricted L-hull
operators to characterize L-convex structures from a categorical aspect.

Considering the fuzzy counterpart of betweenness relations, Shi and Li [16] first introduced the notion
of M-fuzzifying betweenness relations to describe the fuzzy relations between classical points and finite
subsets and then investigated its categorical relationship with restricted M-fuzzifying hull operators. By
this motivation, we will consider fuzzy betweenness relations in the framework of L-convex spaces. In this
situation, we will introduce fuzzy points based betweenness relations to describe the relations between
fuzzy points and fuzzy finite L-subsets, which will be called L-betweenness relations in this paper. Also,
we will induce L-betweenness relations by means of restricted L-hull operators. Moreover, we will induce
L-betweenness relations from the aspect of L-remotehood systems, which can be used to characterize L-
convex structures. Finally, we will discuss the unities of L-betweenness relations induced by restricted
L-hull operators and L-remotehood systems.

The paper is organized as follows. In Section 2, we recall some necessary concepts and results. In
Sections 3 and 4, we first propose the concept of L-betweenness relations and then establish its categorical
relationship with restricted L-hull operators and L-remotehood systems, respectively. In Section 5, we prove
that both of the approaches of restricted L-hull operators and L-remotehood systems to L-betweenness
relations are unified. Correspondingly, a new type of restricted L-hull operators is proposed and the
relationship between the two types of restricted L-hull operators is displayed.

2. Preliminaries

Let L be a complete lattice. The largest element and the smallest element in L are denoted by T and L,
respectively. A nonempty subset D C L is called directed (in symbols D C%" L) if for each a,b € D, there
exists ¢ € D such thata, b < c. In particular, we use the notation x = \/T D to express that the set D is directed
and x is its least upper bound. For x, y € L, x is way below y (in symbols x < y) if for any D C%" L such that
V1D exists, y < \/T D always implies the existence of some d € D with x < d. A complete lattice L is called
continuous if it satisfies the axiom of approximation: (Vx € L) x = VT x where l x={uel|u<x) (See

(2]

Throughout this article, L is always assumed to be a continuous lattice.

For a nonempty set X, we write 2X and 2% for the powerset of X and for the collection of all finite
subsets of X, respectively. Each mapping A : X — L is called an L-subset on X, and the collection of
all L-subsets is denoted by L*. LX is also a continuous lattice by defining < on L in a pointwise way.
The way below relation on LX is also denoted by <, if no confusion will rise. Further, for each A € Lx,

UA={FeLX|F <« A}is directed and A = \/T Il A. The largest element and the smallest element in LX
are denoted by T and _L, respectively. We call an L-subset A on X finite if its support set {x € X | A(x) # 1}
is finite. Let LX) denote the collection of all finite L-subsets on X. The set of all fuzzy points x, (i.e., an
L-subset A € LX such that A(x) = A # L and A(y) = L for y # x) is denoted by J(LX).

Given a mapping f : X — Y, define f~ : LX — LY and e LY — X by fr Ay = \/f(x):y A(x) for
AelXandyeY,and f;~(B) = Bo f for B € LY, respectively.

We give some useful properties of the way below relation < between L-subsets on X (refer to [15]).

Proposition 2.1. The following statements hold for any A, B € LX and any {D; | i € I} %" LX:
(1) ifA<B, then ] AC| B;

@ UV}, Di= U U Di.

Proposition 2.2. Let f : X — Y be a mapping and let A € LX.

(L1) F < A implies f;°(F) < f7(A);

(L2) F < f{~(H) if and only if f~(F) < H.

Next, we recall briefly some basic definitions and results on L-convex spaces.
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Definition 2.3. (Maruyama [5] and Rose [13]) A subset C of LX is called an L-convex structure on X if it
satisfies the following conditions:

(LC1) L TeC

(LC2) if {C; | i € I} € C is nonempty, then A, C; € C;

(LC3) if {Cj | j € J} " C, then \/}el CjeC.

For an L-convex structure C on X, the pair (X, C) is called an L-convex space.

Definition 2.4. (Pang and Shi [9]) A mapping f : (X,Cx) — (Y, Cy) between L-convex spaces is called
L-convexity-preserving (L-CP, in short) provided that for any B € Cy, f(B) € Cx.

The category whose objects are L-convex spaces and whose morphisms are L-CP mappings will be
denoted by L-CS.

Definition 2.5. (Shen and Shi [15]) A mapping b : L&) — LX is called a restricted L-hull operator on X if it
satisfies the following conditions:

(LRH1) h(L1) = L;

(LRH2) for any F € L), F < h(F);

(LRH3) for any F € L™, G < b(F) implies h(G) < h(F);
(LRH4) forany F € LX), 5(F) = V] _ b(G).

Gk

For a restricted L-hull operator on X, the pair (X, b)) is called a restricted L-hull space.

Definition 2.6. (Shen and Shi [15]) A mapping f : (X,bx) — (Y, by) between restricted L-hull spaces is
called L-hull-preserving (L-HP, in short) if for any F € LX), £, (hx(F)) < by(f;” (F)).

The category whose objects are restricted L-hull spaces and whose morphisms are L-HP mappings will
be denoted by L-RHS.
For notions on category theory, we refer to [1, 12].

3. L-Betweenness Relations from Restricted L-Hull Operators

In the classical case, a betweenness relation is a subset 8 C 2% x X and a restricted hull operator is a
mapping & : 2% — 2X which satisfies certain axiomatic conditions, respectively. Further, a restricted hull
operator 1 can induce a betweenness relation B" in a natural way [19]:

(Fx) € B" < x € h(F).

In the theory of L-convex structures, we usually replace the points by fuzzy points and replace (finite)
subsets by (finite) L-subsets. This results in the definition of restricted L-hull operators I : L® — LX in
[15]. By the above-mentioned analysis, what is the fuzzy counterpart of a betweenness relation induced by
a restricted L-hull operator? It should be a subset 8" € L® x (LX) and

(F.x;) € B" = “x, € h(F)".

Here, x) and h(F) are both L-subsets and thus there is no belonging relation between them. In order to deal
with “x, € h(F)”, we usually adopt “x, < h(F)”. Hence we obtain

(Fx) € B" &= x, < H(F).

However, what kind of conditions should 8" satisfy? To this end, we first present the following proposition.
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Proposition 3.1. Let (X, 1) be a restricted L-hull space and define 8" C LX) x J(LX) as follows:
B = {(Fx1) € LY x J(LY) | xa < B(P)}.
Then B" satisfies the following conditions:

(LB1) (L, x;) ¢ BY;

(LB2) Vx\ <E, (Fxy) € B;

(LB3) if (G,x,) € B and (F,y,) € B" for all y, < G, then (F,x,) € BY;
(LB4) (Fx;) € B" ifand only if Vu < A, 3G < Fs.t. (G,x,) € BY;
(LB5) (F,xv,,1,) € B ifand only if Vi € I, (F, x,,) € B.

Proof. (LB1) and (LB2) are straightforward.
(LB3) Suppose that (G,x,) € B" and (F, Yu) € B for all Yy < G. Then x; < H(G) and y, < H(F) for all
yu < G. This implies G < h(F). Then

< B(G) = V] _,bH) (by (LRH4)
< Vi HH)
< B(F), (by (LRH3))

XA

which means (F, x;) € 8.
(LB4) By (LRH4), it follows that

Ex)e®B e x,<hF) =VL_.b0)
— VYu<AIG < Fst.x, <H(G)
& VYu<A3IG<Fst (G x,) e B

(LB5) Suppose that F € LX) and {x,, | i € I} C J(LX). Then we have

(F/ xVieMi) €eB = Xvighi S b(F)
— Vielx) <HF)
& Viel,(Fx))e B

This completes the proof. [J

By means of (LB1)-(LB5), we will introduce the fuzzy counterpart of betweenness relations, which will
be called L-betweenness relations. Now we give the axiomatic definition.

Definition 3.2. An L-betweenness relation on X is a subset 8 € L®) x J(LX) which satisfies (LB1)—~(LB5). For
an L-betweenness relation B on X, the pair (X, B) is called an L-betweenness space.

Next, we give some examples of L-betweenness relations on X.

Example 3.3. (1) Let X be any nonempty set. Define B = {(F,x,) € L® x J(LX) | x; < F}. It is trivial that B
is an L-betweenness relation on X.

(2) Let X be a poset. Define B = {(F,x;) € L® x J(LX) | A < V(F(x1) A F(x2)), x1,%2 € X, x1 < x < x2}. Then
B is an L-betweenness relation on X.

(3) Let X be a vector space over a totally ordered filed K. Define 8 = {(F,x;) € L¥ x J(L¥) | A <
V(F@x1) A=+ AF(x),x € Xox = Yy tixi, Yo ti = L,n € Z5,t; € Kt > 0 (i = 1,2,---n)}. Then B is an
L-betweenness relation on X.

In order to construct the category of L-betweenness spaces, we further introduce the following definition.
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Definition 3.4. A mapping f : (X, Bx) — (Y, By) between L-betweenness spaces is called L-betweenness-
preserving (L-BP, in short) provided that

VF € LY, Vx, € J(LX), (F x;) € Bx implies (f;”(F), f(x)1) € By.

It is easy to check that all L-betweenness spaces as objects and all L-BP mappings as morphisms form a
category, denoted by L-Bet.
Considering L-HP mappings between restricted L-hull spaces, we have

Proposition 3.5. If f : (X, bx) — (Y, by) is L-HP, then f : (X, B") — (Y, 8") is L-BP.

Proof. Since f : (X,bx) — (¥, by) is L-HP, it follows that hx(F) < f;~(by(f;”(F))) for any F € L. Then for
each x, € J(LX), we have

(Ex)) € B xa < bx(F)
xa < f-(by(f(F))
f)a < by(f(F))
(fi(F), f(x)2) € B™,

[RRY

as desired. O

By Propositions 3.1 and 3.5, we construct a functor [F : L-RHS—L-Bet defined by
F(X,b) = (X, B") and F(f) = f.

Conversely, we will construct restricted L-hull operators via L-betweenness relations.
Given an L-betweenness relation 8 on X, define h® : L&) —s LX as follows:

VF e L™, 5%(F) = \/lx1 € L) | (Exa) € B).
In order to show that h® is a restricted L-hull operator, we first give the following lemma.

Lemma 3.6. Let (X, B) be an L-betweenness space. Then:

(1) u<Aand(Fx,) € Bimply (Fx,) €B;
(2) x1 < H¥(F) ifand only if (F,x,) € B.

Proof. (1) It follows immediately from (LB5).
(2) It suffices to show the necessity. Suppose that x; < H3(F), i.e.,

A<H¥ R = \/{u e L1 (Ex,) € D).

Denote U = {u € L | (F,x,) € B}. By (LB5), we have (F,x\/ i) € B. Since A <\ U, it follows from (1) that
(F/ x/\) € B. OJ

Proposition 3.7. Let (X, B) be an L-betweenness space. Then b® is a restricted L-hull operator on X.

Proof. Tt suffices to show that h® satisfies (LRH1)-(LRH4).

(LRHD) B¥(L) = \V/fx1 € J(L¥) | (Lx1) € B} = V0 = L.

(LRH2) For each F € L™, take each x; € J(LX) with x; < F. By (LB2), we have (F, x;) € 8. Then it follows
from Lemma 3.6 (2) that x) < h®(F). By the arbitrariness of x;, we have F < h¥(F).

(LRH3) Suppose that F, G € L¥ with G < h¥(F). Take each x, € J(LX) such that x) < h¥(G). By Lemma
3.6 (2), we have (G,x,) € B. Then for each y, € J(LX) such that Yy < G, it follows that y, < H3(F) i.e.,
(F, yu) € B. This shows (F,y,) € B for all y, < G. By (LB3), we obtain (F,x,) € B, i.e, x; < H¥(F). By the
arbitrariness of x;, we have h®(G) < h®(F).
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(LRH4) Take each F € L® and x, € J(LX). It follows from Lemma 3.6 (2) and (LB4) that

x) <BH¥(F) (Fx))e®B
Yu <A dG < Fst. (G,x,)€B
Yy < A,3G < Fs.t.x, <H¥(G)

X < VI 0%0).

11101

Therefore, h(F) = \/TG«F H3(G). O
Proposition 3.8. If f : (X, Bx) — (Y, By) is L-BP, then f : (X,h®*) — (Y,h®) is L-HP.

Proof. Since f : (X, Bx) — (Y, By) is L-BP, it follows that (F, x,) € Bx implies (f;”(F), f(x)1) € By. Then, for
any F € L®, we have

fr@%E) = fr(Vix € J(L) | (Fx;) € Bx))
VIf(0)r € J(ILY) | (F x)) € By}
VI{feoa € JLY) 1 (f(F), f(0)2) € By}
Viyu € JIL) 1 (f (B), yy) € By}

b (f (F)),

[[IAN ANl

as desired. [J
By Propositions 3.7 and 3.8, we construct a functor G : L-Bet—L-RHS defined by
G(X,B) = (X,5%) and G(f) = f.
Theorem 3.9. L-Bet and L-RHS are isomorphic.

Proof. 1t suffices to verify that (1) %' = b and (2) B = B for any restricted L-hull space (X,}) and any
L-betweenness space (X, B).
(1) For any F € L™, we have

b%'(F) = \/{XA € J(LX) | (Fxp) € B} = \/{XA € J(LX) | xa < H(F)} = b(F).
(2) For any F € L® and x;, € J(LX), we have

(Fx)eB” e x <bh*F)
— (Fx3)€B, (by Lemma3.6(2))

as desired. O

4. L-Betweenness Relations from L-Remotehood Systems

In [34], Yang and Li introduced the concept of L-remotehood systems, which can be used to characterize
L-convex structures. In this section, we will study L-betweenness relations from the perspective of L-
remotehood systems. Firstly, let us recall the definition of L-remotehood systems.

Definition 4.1. (Yang and Li [34]) An L-remotehood system on X is a set R = {R,, | x4 € J(LX)}, where
Ry, C LX satisfies the following conditions:

(LR1) L eRy,;
(LR2) VA € R.,, %1 £ A;
(LR3) YA e LX,AeR,, ifand only if 3B € L¥ s.t. x, « B> Aand Vy, £ B,Be R, ;

(LR4) Y{Aj}ies cir X, \/jT‘e] Aj € Ry, if and only if Ju < A such that A; € R, foreach j € J.
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For an L-remotehood system R on X, the pair (X, R) is called an L-remotehood space and R,, is called an
L-remotehood of x;.

Proposition 4.2. (Yang and Li [34]) Let (X, R) be an L-remotehood space. If A € Ry, and B < A, then B € R,,.

Definition 4.3. A mapping f : (X,R¥) — (Y, RY) between L-remotehood spaces is called L-CP provided
that

VBeLY,x, € J(LX), Be RY

oy implies f;(B) € Ry .

It is easy to check that all L-remotehood spaces as objects and all L-CP mappings as morphisms form a
category, denoted by L-REH.

In [34], Yang and Li provided the transformation formulas between L-convex space (X,C) and L-
remotehood space (X, R) as follows:

Ri— CR={AelX|Vx £ A, AeR,,);
C— RC =R | x;) € (LYY},

where Rg\ ={AelX|3B e Cst x; £ B > A}). Moreover, C¥ =Cand R¢" = R (i.e., Rff = Ry, for all
x) € J(LX)).
Now, let us show the relationships between L-REH and L-CS.

Proposition 4.4. (1) If f : (X,Cx) — (Y,Cy) is L-CP, then so is f : (X, REx) — (Y, RY).
) If (X, RX) —> (Y,RY) is L-CP, then so is f : (X,CR") —s (Y,C%").

Proof. (1) Since f : (X,Cx) — (Y,Cy) is L-CP, it follows that f7(C) € Cx for every C € Cy. Then for each
x) € J(LX)and B € LY, we have

BeRy & 3ICeCyst fla«C>B
=  3f(C) eCxst.xy £ f(C) > f(B)
= f(B)e R

(2) Since (X, RX) — (Y, RY) is L-CP, it follows that B € R}’(x)\ implies f;~(B) € RX for any x, € J(L*) and
B € LY. Then we have §
BeC® < Vy,«BBeR]
= VYf(x)A£B,Be R}”(X)A
= Va1 £ f7(B), f(B) e R
= f-(B)ecC®.

This completes the proof. [J
Proposition 4.5. (Yang and Li [34]) L-remotehood systems and L-convex structures are one-to-one corresponding.
By Propositions 4.4 and 4.5, we have
Theorem 4.6. L-REH and L-CS are isomorphic.
Next, we will induce L-betweenness relations via L-remotehood systems.
Proposition 4.7. Let (X, R) be an L-remotehood space and define BR < LX) x J(LX) as follows:
B = ((Fxn) € LY x J(L¥) | F ¢ Ry, ).

Then BR is an L-betweenness relation on X.
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Proof. Tt suffices to show that B satisfies (LB1)—~(LB5).

(LB1) and (LB2) follow immedjiately from (LR1) and (LR?2).

(LB3) Suppose that (G, x,) € 8% and (F,y,) € 8% forany y, < G,ie, G¢R,, and F ¢ R, forally, <G.
Then F ¢ R,,. Otherwise, F € R,,. By (LR3), there exists A € LX such that x; £ A > Fand A € R,, for each
z, £ A. LetB=\{z, € JLX) |[F¢ R, }and C = \V{z, € J(LX) | A ¢ R,,}. Then G < B< C<A. Since G ¢ R,,,
it follows from Proposition 4.2 that A ¢ R,,. This implies x; < A, which is a contradiction.

(LB4) Take each F € L® and x, € J(LX). Then

(Fx)eBR = F¢R,
= \/IZ<<F G¢ Rx/»
— VYu<AIG<Fst.GERy, (by (LR4))
& VYu<A3IAG<Fst (Gx,)eBR

(LB5) Take each F € L™ and {x,, | i € I} € J(LX). Then

(Fr sz‘el/\z) ¢ BR

FeRy, .

JA € L5t xy 0, £ A>F and Yy, £ A, A€R,, (by (LR3))
JAelX,Fgelx, £A>F and Yy, £ A A€R,
diyel,Fe Rx,\,-o (by (LR4))

Jig € I, (Fxp,) & BR.

pinne

This implies
(Fxvgn) € BR = Viel,(Fx,,) € BX

As a consequence, we obtain that BR is an L-betweenness relation on X. [
Proposition 4.8. If f : (X, RX) —s (Y,RY) is L-CP, then f : (X, BR") — (Y, BX") is L-BP.
Proof. Since f : (X, RX) — (Y, RY) is L-CP, it follows that
VB e L', Vx; € (LX), Be R}, implies f;(B) € RY.
Now take each F € L® such that (F,x,) € 8%, i.e., F ¢ RX. By Proposition 4.2, it follows that f;~(f;*(F)) ¢
RY . This implies f;”(F) ¢ R}, , whence (f(F), f(x)1) € B8R O
By Propositions 4.7 and 4.8, we obtain a functor H : L-REH—L-Bet defined by
H(X,R) = (X, 8%) and H(f) = f.

Conversely, we induce L-remotehood systems via L-betweenness relations. For this purpose, we first
give the following lemmas.

Lemma 4.9. Let (X, B) be an L-betweenness space and define C® C LX as follows:
C®={CelX|VF <C, Vx, € J(LX), (Fx)) € B implies x; < C}.
Then C® is an L-convex structure on X.

Proof. Tt suffices to verify that C? satisfies (LC1)—~(LC3).

(LC1) It is trivial.

(LC2) Suppose {C; | i € I} C C3 If F < A;qGC; then it follows that F < C; for all i € I. Since
{Ciliell € C® wehave (Fx)) €8 implies x) < C; for alli € I. Thatis, (F x,) € B implies x; < A Ci.
Hence A C; € C®.

(LC3) Suppose {C; | j € [} C®. If F < \/]Te] Cj, then there exists k € | such that F < Cy. Note that

Cy € C¥, we have (F, x,) € B implies x, < C; < \/]T'e] C,. This shows \/]TEI CjeC® O
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Lemma 4.10. If f : (X, Bx) — (Y, By) is L-BP, then f : (X,C®) — (Y,C®) is L-CP.

Proof. Since f : (X,Bx) — (Y, By) is L-BP, it follows that for each F € LX) and x; € J(LX), (F,x;) € Bx
implies (f;”(F), f(x)1) € By. Then for each B € C®, we have

F<x fi_(B) and (F x)) € By
= f'(F) < Band (f;"(F), f(x)1) € By
= f(Oa<B
= x)3 < f(B).

This means that for each F < f7(B), (F, x,) € By implies x, < f(B). Thus we obtain f,~(B) € C%. O
Now, we show how to generate an L-remotehood system via an L-betweenness relation.
Proposition 4.11. Let (X, B) be an L-betweenness space and define RY = {Rf‘ | x) € J(LX)} as follows:
Vi € J(LY), RE = RS
Then R® is an L-remotehood system on X.
Proof. By Lemma 4.9, it is straightforward. [
Proposition 4.12. If f : (X, Bx) — (Y, By) is L-BP, then f : (X, R¥*) — (Y, R®") is L-CP.

Proof. Since f : (X,Bx) — (Y, By) is L-BP, it follows that for each F € L® and x, € J(LX), (Fx;) €
By implies (f,”(F), f(x)1) € By. Then for each B € LY and x, € J(LX), we have

B _ By
BER o, = Riw,
ACeC¥% st. f(x)a £ C>B
ACeC¥ st.xy & f7(C) > f(B)
Af7(C) e C¥* st xy & f(C) = f(B) (by L-CP)

f(B) e RE™ = RYx.

-

|

This shows that B € R?(i),\ implies f,~(B) € R?AX, as desired. O

By Propositions 4.11 and 4.12, we obtain a functor K : L-Bet—L-REH defined by
K(X, B) = (X, R?) and K(f) = f.
Theorem 4.13. L-Bet and L-REH are isomorphic.

Proof. 1t suffices to verify (1) R¥ = R and () BR* = B for any L-betweenness space (X, B) and any
L-remotehood space (X, R).

For (1), we first show C%¥ = CR. Take each B € C®". Then for each F < B,(F z,) € BR implies z, < B.
In order to show B € C%, take each y, € J(LX) such that y, £ B. Then there exists v < u such that y, £ B.
Thus, for each F < B, it follows that y, £ B. This implies (F, v,) ¢ BR. Thatis, F € Ry,. Then we obtain that
there exists v < u such that F € R, for all F < B. By (LR4), we have B = v; <« F €Ry,. Thus, B € R, for
all y, £ B, whence B € cR. By the arbitrariness of B, we have c¥ c cr.

Conversely, take each B € CX. Then for each F < B and y, % B, it follows that F < Band B € R, . By
Proposition 4.2, we have F € Ryp, ie., (Fyu) ¢ BR. This shows that for each F < B, (F, Yu) € BR implies
y, < B. Thatis, B € C*". Hence, CR ¢ C¥".
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Now we show R¥* = R. Take each x, € J(LX). Then
R = R = R = R,

which implies RY" = R.

For (2), we first show B € BR". Take each F € L® and x, € J(LX) such that (£, x,) ¢ B%". It follows
thatF e Rf‘ = Rg‘“. Then there exists A € LX such that x, £ A > F and for each G < A, (G, Yu) € B implies
Yu < A. Since x) £ A > F, there exists u < A such that x, £ A > F. This implies that there exists y < A and
for each G < F, (G, x,) ¢ B. By (LB4), we have (F,x)) ¢ B. Hence B C BRY

Conversely, take each F € L® and x, € J(LX) such that (F,x,) ¢ B. Let A = \/{z, € J(LX) | (F,z,) € B}.
By (LB2), we have z, < F implies (F,z,) € B. This means F < A. Further, x, £ A. Otherwise, A < A(x) =
V{u € L| (Fx,) € B}. Denote U = {v € L| (Fx,) € B}. Then it follows from (LB5) that (F, x\/i;) € B. By
Lemma 3.6 (1), we have (F,x;) € 8, which is a contradiction. This shows x, £ A. Then we show A € C®.
For each G < A and (G, y,) € B, take each z, < G. Thenv < G(z) < A(z) = V{w € L | (F, z,,) € B}. It follows
that (F,z,) € B. This shows that z, < G implies (F,z,) € 8. Since (G, y,) € B, it follows from (LB3) that
(F, yu) € B. By the construction of A, we have y, < A. Thus, for each G < A, (G, y,) € B implies y, < A.
This shows that A € C®. Now we have shown that A € C® and x, £ A > F, which means F € Rff = Rg,
ie, (Fx)) ¢ BR®, By the arbitrariness of (F, x;), we have BR® C B.

As a consequence, we obtain BR =B, O

5. Unities of L-Betweenness Relations from two Perspectives

In this section, we will study the relationship between L-betweenness relations from two perspectives.
Moreover, we will propose a new type of restricted L-hull operators from the aspect of L-betweenness
relations.

Given an L-convex structure, we can construct L-betweenness relation via its restricted L-hull operator
and L-remotehood system, respectively. We will show L-betweenness relations induced by these two
perspectives are unified.

Theorem 5.1. Let (X, C) be an L-convex space. Then B = B,
Proof. Take each F € L® and x, € J(LX). Then

(Exy) ¢ B xy £ b6(F) = NMlA e C| F< A}
dAeCst.xy «A>F
FeRE

(F x;) ¢ BF.

1111

This shows BY = 8%, O

As mentioned at the beginning of Section 3, there exists a natural way to induce a betweenness relation
by a restricted hull operator, and vice versa. That is,

(F x) € B < x € h(F).

In the fuzzy case, it should be
(Fx)) € B < “x) € h(F)".

But the restricted L-hull operator }) is a mapping from L) to LX. This means that h(F) is an L-subset of
X. As we all know, x; is also an L-subset of X. So there is no “ € ” relation between x, and H(F). Then
we characterize “x; € H(F)” by “x; < h(F)” and fortunately, L-betweenness relations and restricted L-hull
operators are coincident by means of this transformation formula. However, there is still a question:



H.Yang, B.Pang / Filomat 35:10 (2021), 3521-3532 3531

Is there a kind of restricted L-hull operator h which can characterize “x, € h(F)”?

In order to answer this question, we propose a new type of restricted L-hull operators which can be
connected with L-betweenness relations in a natural way:.

For convenience, we denote | F = {x, € J(LX) | x, < F} for any F € LY and P(J(LX)) for the powerset of
J(LX). Then we propose a new type of restricted L-hull operators.

Definition 5.2. A restricted L-hull operator on X is a mapping h : L&) — P(J(L¥)) which satisfies:

(LRH1) h(1) = 0;
(LRH2) | F € h(F);

(LRH3) | G C h(F) implies h(G) € h(F);

(LRH4) x) € h(F) if and only if Yu < A, x, € Ug«r h(G);
(LRH5) xy/, 1, € h(F) if and only if Vi € I, x5, € h(F).

For a restricted L-hull operator h on X, the pair (X, h) is called a restricted L-hull space.

Definition 5.3. A mapping f : (X, hx) — (Y, hy) between restricted L-hull spaces is called L-hull-preserving
provided that

VF € L%, Vx, € J(LX),x) € h(F) implies f(x)1 € hy(f;” (F)).

It is easy to check that all restricted L-hull spaces as objects and all L-hull-preserving mappings as
morphisms form a category, denoted by L-RHSS.

As mentioned in the motivation of this concept, we can show that this kind of restricted L-hull operators
and L-betweenness relations can be induced by each other in a natural way, which is presented as follows:

(F,x)) € B = x, € h(F).
Concretely, we can obtain the following result.
Theorem 5.4. L-RHSS and L-Bet are isomorphic.
Proof. 1t is straightforward and is omitted. [

By Theorems 5.4 and 3.9, L-RHSS and L-RHS are isomorphic, in a theoretical sense. Here we only
provide the transformation formulas between these two kinds of restricted L-hull operators.

(X, ) = (X,h?) : W(P) = {xy € J(L¥) | 52 < H(E)).
(X, h) = (X, 07 : 5"(F) = \/xa € JL5) | 22 € ()},

6. Conclusions

In this paper, we proposed the definition of L-betweenness relations by means of restricted L-hull
operators, and showed its equivalence to restricted L-hull operators and L-remotehood systems, respec-
tively. Further, we proved that both of the approach of restricted L-hull operators and the approach of
L-remotehood systems to L-betweenness relations were unified. Finally, we gave a new type of restricted
L-hull operators and established the relationship between these two kinds of restricted L-hull operators.
As the future work, we will consider the following problems:

e As a generalization of L-convex structures and M-fuzzifying convex structures, the notion of (L, M)-
fuzzy convex structures was introduced in [18]. Also, some further research has been done to (L, M)-fuzzy
convex structures [6, 8, 26]. Thus, it will be interesting to consider fuzzy counterpart of betweenness
relations in the framework of (L, M)-fuzzy convex structures.
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e In the theory of convex structures, there is a result that convex systems are correspondent to partial
restricted hull operators, where the difference between convex systems and convex structures is that the
universal set does not need to be convex in convex systems (see [19], 2.21]). Shen and Shi [14] have already
given the definition of L-convex systems. This motivates us to consider how to generalize partial restricted
hull operators to fuzzy case and subsequently construct the relationship among L-betweenness relations,
L-convex systems and generalized fuzzy partial restricted hull operators.
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