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Upper Bound of Hankel Determinant for a Class of Analytic Functions
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Abstract. The aim of this study is to solve the Fekete-Szegt problem and to define upper bound for Hankel
determinant H,(1) in a novel class K of analytical functions in the unit disc. Moreover, in a class of analytic
functions on the unit disc, assuming the existence of an angular limit on the boundary point, the estimations
from below of the modulus of angular derivative have been obtained.

1. Introduction

Let U be the unit disc in the complex plane C. Schwarz’s Lemma, which is a consequence of the Maximum
Principle, says that if g : U — U is analytic with g(z) = ¢,z + ..... then )g(z)| < |zl forall z € Uand |cp| <L
In addition, if the equality | g(z)) = |z" holds for any z # 0, or |cp) = 1, then g is a rotation; that is g(z) = z/¢'?, 6
real ([5], p-329). Schwarzlemma has several applications in the field of electrical and electronics engineering.
Usage of positive real function and boundary analysis of these functions for circuit synthesis can be given
as an exemplary application of the Schwarz lemma in electrical engineering. Furthermore, it is also used
for analysis of transfer functions in control engineering and multi-notch filter design in signal processing
[14-16].

In order to derive our main results, we will resort to the following lemma [6].

Lemma 1.1 (Jack’s lemma). Let g(z) be a non-constant anaytic function in U with g(0) = 0. If
|9(z0)] = max {|g(@)| : Iz < Izol},

then there exists a real number k > 1 such that

209’ (20)
=k
9(z0)

Let A denote the class of functions f(z) = z + c2z% + ¢32° + ... that are analytic in U. Also, let K be the
subclass of A consisting of all functions f(z) satisfying

(zf()" ,f'@
f'(2) f(2)

1
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The certain anaytic functions which are in the class of K on the unit disc U are considered in this paper.
The subject of the present paper is to discuss some properties of the function f(z) which belongs to the class
of K by applying Jack’s Lemma.

In this study, we will solve the Fekete-Szego problem where we define an upper bound for the Hankel
determinant H, (1) for the class K of analytic function f € A will satisfy the condition (1.1). In addition, the
relationship between the coefficients of the Hankel determinant and the angular derivative of the function
f, which provides the class K, will be examined. In this examination, the coefficients ¢, c3 and ¢4 will be
used. Let f € A. The g Hankel determinant of f for n > 0 and g > 1 is stated by Noonan and Thomas [21]
as

Cn Cn+l oo Cn+q—1
Cn+l Cny2 oo Cn+q
Hy(n) = : D : ra=1
Cn+g-1 Cn+q - Cn+2g-2

From the Hankel determinant for n = 1 and q = 2, we have

1 &

Hy(1) = o

=C3 —Cg.

Here, the Hankel determinant Hy(1) = c3 — c% is well-known as Fekete-Szego functional [20]. In [21], the
authors have obtained the upper bounds for the Hankel determinant |C2€4 - cg) Also, in [18], the author
have obtained the upper bounds for the Hankel determinant AP Moreover, in [19], the authors have given

bounds for the Second Hankel determinant for class M,.
Let f € K and consider the following function

2 11
Y() = 2[2 f (Zz) —1]. 1.2)
(f(2)
It is an analytic function in U and Y(0) = 0. Now, let us show that |Y(z)| < 1 in U. From (1.2), we have
2 1
L(Zz —1+ i)
(f(2)) 2

If the logarithmic differentiation of both sides is taken in the last equation, we obtain
2 17
lr1(Z f (Zz)] =1In (1 + 1Y(z)),
(f@) 2

2f'@) 2@ _ T
fa) T f@  1+1ve)

2+

and

G 2f@) _ )
f(2) f(z) 2+7Y(z)

We suppose that there exists a zp € U such that
max |Y(z)| = [Y(zo)| = 1.
|zI<|zol

From Jack’s lemma, we obtain
zyY(z0) 0
Y (zo) '

Y(z) = ¢ and
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Thus, we have that
@megammm::%w%>:'ﬂuw _ ke
f'(z0) f(z0) 2+ Y| 12+ (@) |2+

Since (2 + eie) <3andk > 1, we take

(zof(z0))" 20/ (20)

-2 =

f(z0) f(zo)

This contradicts f € K. This means that there is no point zy € U such that lnlul;lxl Y(z)| = [Y(zo)| = 1.
z|<|zo

Q=

Hence, we take |Y(z)| < 1 in U. From the Schwarz lemma, we obtain
276 1]
(f2)°
= 2 [(c3 — cg)z2 + (2c4 —4coc3 + 2c§)z3 + ] ,
g =2 [(c3 — c%) + <2c4 —4coc3 + 2c§)z + ] ,
2|es - 3] =21Hx(1) < 1

Y(z) = 2[

and

We thus obtain the following lemma.

Lemma 1.2. If f € K, then we have the inequality
1
()] < 5. (13)

Since the area of applicability of Schwarz Lemma is quite wide, there exist many studies about it. Some
of these studies, which are called the boundary version of Schwarz Lemma, are about estimating from
below the modulus of the derivative of the function at some boundary point of the unit disc. The boundary
version of Schwarz Lemma is given as follows [13]:

Lemma 1.3. If g : U — U is analytic with g(z) = c,z” + ....., g extends continuously to some boundary point c with
lc| =1, and if |g(c)| =1 and g'(c) exists, then we have

’ - |Cp|
7| =p+ (14)
I+ |CP|
and
7| =p. (1.5)

Inequality (1.5) and its generalizations have important applications in geometric theory of functions
and they are still hot topics in the mathematics literature [1-4, 7-13]. Mercer has considered some Schwarz
and Carathéodory inequalities at the boundary, as consequences of a lemma due to Rogosinski [11]. In
addition, he has obtained a new boundary Schwarz lemma , for analytic functions mapping the unit disk
to itself [12].

The following lemma, known as the Julia-Wolff lemma, is needed in the sequel (see, [17]).

Lemma 1.4 (Julia-Wolff lemma). Let g be an analytic function in U, g(0) = 0 and g(U) c U. If, in addition, the
function g has an angular limit g(c) at ¢ € U, )g(c)( = 1, then the angular derivative g’ (c) exists and 1 < g'(c)' < oo,

Corollary 1.5. The analytic function g has a finite angular derivative g’ (c) if and only if g’ has the finite angular
limit g’(c) at ¢ € IU.
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2. Main Results

In this section, we will discuss different versions of the boundary Schwarz lemma and the Hankel
determinant for the class K. Assuming the existence of angular limit on a boundary point, we will obtain
some estimations from below for the moduli of derivatives of analytic functions from a certain class. In the
inequalities obtained, the relationship between the Hankel determinant and the second angular derivative
of the function f(z) will be established.

Theorem 2.1. Let f € K. Assume that, for some c € U, f has an angular limit f(c) at ¢, f(c) = % and f'(c) = 3.
Then we have the inequality

£ = 5 (). 1)

Proof. Let Y(z) function be the same as (1.2). In addition, since f(c) = % and f'(c) = %, we have
2 2 )
) ro-1l=2/E£] £-1]=
Y(c)—Z[(f(C)) f'(c) 1} 2[(%] 3 1] 1

@)l = 1.

and

So, from (1.5) for p = 2, we obtain
(ZCf’(c) + f”(C)cz) (f©))* = 2f()f' () f" ()
(f(o))*
2f(0) | [0 22 ()

(f@?  (f@? (@)
22 proe 2°(%)
2c 2 * 2c 2 2c 3
% & (3)

f//(c)l

2 < Y()l=2

= 2

?
2

and

O | W~

f//(c)‘ >

Moreover, from (1.3), since |H,(1)| < %, we take

£7(@) = g ().
0

The inequality (2.1) can be strengthened as below by taking into account ¢, and c3 which are the second
and third coefficients in the expansion of the function f(z) = z + c22> + c32° + ....

Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have

fﬁﬂzémawr+ 22)

2
1+2]H(1)])’
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Proof. Let Y(z) be the same as (1.2). So, from (1.4) for p = 2, we obtain

1 —|d,|
1+|dy| —

44

2+

<Yl =

where |dy| = 5 = 2]c; - c§| = 2|H,(1)|.
Therefore, we take

1-2|H>(D)l 9.,
2 =270
and
2 1’
Y < 2 S1f @-

Moreover, from (1.3), since |H,(1)| < %, we take

..|;

17 2
f"(c) ‘ 5 H2(1)|(1 + m)

O

In the following theorem, inequality (2.2) has been strenghened by adding the consecutive term c4 of
the function f(z).

Theorem 2.3. Let f € K. Assume that, for some ¢ € dU, f has an angular limit f(c) at ¢, f(c) = % and f'(c) = 3
Then we have the inequality
(1 - 2| ))*

1+ .
1— 4|H(1)? +4 ‘c4 —o(2+ 2H2(1))'

£7()| = = IHa(1)] (2.3)

\OIOO

Proof. Let Y(z) be the same as in the proof of Theorem 2.1 and 9(z) = z2. By the maximum principle, for
each z € U, we have the inequality [Y(z)| < [9(2)|. Therefore

Y@) 2[(1%)210(2) - 1]
S(z) z2
= 2 [(C3 — c2) <2C4 —4coc3 + 2c2)z +. ]

1(z)

is analytic function in U and | y(z)| < 1 for |z| < 1. In particular, we have
|1(0)] = 2|es = 3| = 2|H>(1)] (24)
and

=2 (204 —4cycs + 2c§| =4 |C4 -0 (cé + 2H2(1))| .

Furthermore, the geometric meanings of the derivative and the inequality [Y(z)| < [9(z)| imply the inequality

cY'(c) cd¥'(c)
(o) ()

=Y = ¥ ()l =

The composite function

_ 4@~ ()
1-u0)u()
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is analyticin U, 7(0) = 0, |r(z)| < 1 for |z| < 1 and |r(c)| = 1 for ¢ € JU. For p = 1, from (1.4), we obtain

2
2 . 1-{u() ,

T30 I ()] = ——— ©)
T+ 17 (0) O] !
1+ |u(0)

< —— Y@= 9@}
1- ) ©I=1¥©
1+ 2|H()[ (9,
B 1—2mxndif(ﬂ‘2)
Since
2
1-|u©
(1-pO)uE)
and
o )| 4|c4—cz(c§+2H2(1))|
T = =
1-[u© 1- Q2[Hy(1)])?
we obtain
2 1+2|Hx(1) (9.,
1+ﬂ1ﬂiﬂﬂ@lsl—2WXDm§f(M_z)
1-4|H,(1)]?
and

(1 - 2|HO))’
1—4|H()P +4 |c4 —o(2+ 2H2(1))’

s

Since |H»(1)| < 1

3, we obtain the inequality (2.3). O

If f(z)—zhasno zeros different from z = 0in Theorem 2.3, the inequality (2.3) can be further strengthened.
This is given by the following theorem.

Theorem 2.4. Let f(z) € K and c3 > c% (c2 > 0,c3 > 0). Also, f(z) — z has no zeros in U except z = 0. Further
assume that, for some ¢ € U, f has an angular limit f(c) at ¢, f(c) = % and f'(c) = 3. Then we have the inequality

) 2 g 1 % H; (1) In (2H; (1)) 2.5)
Ha (1) In 2Hy (1)) = [es = &2 (6 + 2Ha(D))|
and
o4 = c2 (& + 2Ha(D)| < 1Ha (1) In 2Ha (D)1 2.6)

Proof. Let c3 > c% and Y(z), u(z) be as in the proof of Theorem 2.3. Having in mind inequality (2.4), we
denote by In p(z) the analytic branch of the logarithm normed by the condition

In p(0) =1In (2 (C3 - c%)) =1In2H, (1) < 0.
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The function

_Inp(z) - Inp(0)

m(z) = In p(z) + In u(0)

is analytic in the unit disc U, |m(z)| < 1 for z € U, m(0) = 0 and |m(c)| = 1 for ¢ € JU. From (1.4) forp =1, we
obtain

2 pinp@] 1w
—— = < |m(l=
1+ |m’(0)] e lin (c) + In p(O)[* | #(©)
—21n p(0) SNt
1 12(0) + arg? 1) (@l =¥ ()}
Since
|m/(0)| ~ 1 ‘Ll,(O) ~ -1 4 |C4 —C (C% + 2H2(1))‘
T o] tO | 2m@H M) 21H0)]
. » 4|c4 ~o(a +2H2(1))|
~ 2In(2H, (1)) 2H, (1)
-1 'C4 —C2 (C% + 2H2(1))|
~ In(2H: (1)) H, (1) ’
we take
1 —In(2|H>(1))) 9\
. < =" ()| -2].
b e 2
Replacing arg? u(c) by zero, we take
1 -1 9.,
e < e -2
H(1) In(2H,(1))
. H (1) In (2H; (1)) SLIP
H, (1) In (2H, (1)) - ‘04 —op(2+ 2H2(1))' 2
and
” 4 1 H (1)In (2H, (1))
f(c)'zgl—z 2 _“ _2 - .
H, (1) In (2H, (1)) 'c4 & <c2+2H2(1))'

Similarly, the function m(z) satisfies the assumptions of the Schwarz lemma, we obtain
Rnp©] O] 1 @)
lIn u(0) + In M(o))z u©) | 2Inu(0) | u(0)
L 4G+ 2m0)
21In (2H, (1)) 2|Hy (1)l
L |u-a(@+2m)
In (2H: (1)) |H>(1)]

1

[\

Im’(0)] =
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and
‘c4 ~a(d+ 2H2(1))‘ < |H, (1) In 2H, (1))].
O

Theorem 2.5. Under hypotheses of Theorem 2.4, we have

()] 2 g (z - }lln (2H, (1))). 2.7)

Proof. From the proof of Theorem 2.4, using the inequality (1.5) for the function g(z), for p = 1 we obtain
[21n u(0)|

[in (c) + In p(O)[*

)
)

1< |m' (o)l =

——r

“mema 2V ") - 2)

and

f”(C)‘ > g (2 — 411 In (2H, (1)))

O

References

[1] T. Akyel and B. N. Ornek, Sharpened forms of the Generalized Schwarz inequality on the boundary, Proc. Indian Acad. Sci., (Math. Sci.),
126(1) (2016) 69-78.
[2] T. A. Azeroglu and B. N. Ornek, A refined Schwarz inequality on the boundary, Complex Variab. Elliptic Equa., 58 (2013) 571-577.
[3] H.P. Boas, Julius and Julia: Mastering the Art of the Schwarz lemma, Amer. Math. Monthly, 117 (2010) 770-785.
[4] V.N. Dubinin, The Schwarz inequality on the boundary for functions regular in the disc, J. Math. Sci., 122 (2004) 3623-3629.
[5] G. M. Golusin, Geometric Theory of Functions of Complex Variable [in Russian], 2nd edn., Moscow 1966.
[6] I.S.]Jack, Functions starlike and convex of order a, J. London Math. Soc., 3 (1971) 469-474.
[7] M. Mateljevi¢, Rigidity of holomorphic mappings & Schwarz and Jack lemma, DOI:10.13140/RG.2.2.34140.90249, In press.
[8] M. Mateljevi¢, N. Mutavdczand B.N. Ornek, Note on Some Classes of Holomorphic Functions Related to Jack’s and Schwarz's Lemma,
DOI: 10.13140/RG.2.2.25744.15369. ResearchGate.
[9] M. Mateljevi¢ and M. Svetlik, Hyperbolic metric on the strip and the Schwarz lemma for HQR mappings, Appl. Anal. Discrete Math.,
14(2020), 150-168. https://doi.org/10.2298/AADM200104001M
[10] M. Mateljevi¢, A. Khalfallah, On some Schwarz type inequalities, ]. Inequal. Appl., 164 (2020), 1-9. https://doi.org/10.1186/s13660-
020-02433-6
[11] P.R. Mercer, Boundary Schwarz inequalities arising from Rogosinski’s lemma, Journal of Classical Analysis, 12 (2018) 93-97.
[12] P.R. Mercer, An improved Schwarz Lemma at the boundary, Open Mathematics, 16 (2018) 1140-1144.
[13] R.Osserman, A sharp Schwarz inequality on the boundary, Proc. Amer. Math. Soc. 128 (2000) 3513-3517.
[14] B.N.Ornek and T. Diizenli, Bound Estimates for the Derivative of Driving Point Impedance Functions, Filomat, 32(18) (2018) 6211-6218..
[15] B.N.Ornek and T. Diizenli, Boundary Analysis for the Derivative of Driving Point Impedance Functions, IEEE Transactions on Circuits
and Systems II: Express Briefs, 65(9) (2018) 1149-1153.
[16] B.N. Ornek and T. Diizenli, On Boundary Analysis for Derivative of Driving Point Impedance Functions and Its Circuit Applications,
IET Circuits, Systems and Devices, 13(2) (2019), 145-152.
[17] Ch. Pommerenke, Boundary Behaviour of Conformal Maps, Springer-Verlag, Berlin. 1992.
[18] Ch. Pommerenke, On the Hankel determinants of univalent functions, Mathematika, 14(1967), 108-112.
[19] J. Sokol and D. K. Thomas, The second Hankel determinant for alpha-convex functions, Lithuanian Mathematical Journal, DOI
10.1007/s10986-018-9397-0, In press.
[20] G. Szeg6 and M. Fekete, Eine Bemerkung Uber Ungerade Schlichte Funktionen, ]. Lond. Math. Soc., 2(1933) 85-89
[21] D. K. Thomas and J. W. Noonan, On the second Hankel determinant of areally mean p-valent functions, Trans. Amer. Math. Soc., 223
(1976) 337-346.



