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Abstract. In this paper, we study selective versions of separability in (a)topological spaces with the help
of some strong and weak forms of open sets. For this we use the notions of semi-closure, pre-closure, a-
closure, f-closure and 6-closure and their respective density in (a)topological spaces. The interrelationships
between different types of selective versions of separability in (a)topological spaces have been given by
suitable counterexamples. Sufficient conditions are given for (a)topological spaces to be (1)R'-separable

and (a)M'-separable for each t € {s,p, a, B, 6}. It is shown that under some condition (4)M'-separability and
(a)R!-separability are equivalent.

1. Introduction

At first we recall the two classical selection principles in topological spaces which have been systemat-
ically investigated in the last two decades, though their roots go back to 1920s and 1930s. Let A and B be
sets consisting of families of subsets of an infinite set X. Then:

Sfin(A, B) denotes the selection principle:

For each sequence < A, : n € N > of elements of A, there is a sequence < B, : n € IN > of finite sets such
that for each n, B, C A, and U,,enB,, € B (see [24, 26]).

51(A, B) denotes the selection principle:

For each sequence < A, : n € N > of elements of A, there is a sequence < a,,: n € IN > such that for each
n,a, € A, and {a,,: n € N} € B (see [24, 26]).

In recent years, selection principles in topological spaces have been studied much in the literature.
Several papers on selective version of separability have been published in the last few years. Further,
several weak variant of selection principles in topological spaces have appeared in the literature and

studied in detail by a number of authors. Also, there are some recent papers which deals with selection
principles in bitopological spaces [25, 26, 28, 31, 33, 35, 36]. In selection principles theory, authors study
mainly in two directions: (1). the closure operator is used in the definition of selection principles [2, 3,7, 14—
16, 21-23, 34, 40] and (2). sequences of open covers are replaced by sequences of covers by some weak
form of open sets [27, 30, 38, 39]. In this paper, we study selective separability in first direction by using
semi-closure, pre-closure, a-closure, f-closure and 0-closure in (a)topological spaces which is more general
than bitopological spaces [20], (w)topological spaces [9-11] and (No)topological spaces [8]. Let D denote the
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family of all dense subsets of a topological space X. Selection principles in the context of separability, that
is, S¢in(D, D) and S1(D, D) in topological spaces have been introduced and studied in [42]. These principles
appeared in a natural way in a study of hyperspace topologies in [12, 17]. The selection properties
Sfin(D, D) and S1(D, D) were introduced in [17], where D is the family of all groupable dense subsets
of a topological space X. Later on, these four selection properties have been studied by a several authors
[1,4-6, 19, 37] in a systematic way. The selection properties S;,(D, D), $1(D, D), S5in(D, D) and S1(D, D%)
are called M-separability, R-separability, GN-separability and H-separability (in a little bit modified form),
respectively (see [5]). Study of selection principles in bitopological spaces began with [28] and continued
in [29]. In the papers [28, 29, 32], variations of selective separability and tightness in bitopological function
space (C(X), 7, Tp) were investigated and in [31], Lyakhovets et al. continue to study the selective properties
and the corresponding topological games in (C(X), ¢, 7,). In [33], S. Ozcag studied selective versions of
separability in bitopological spaces by using the notions of 6-closure and 0-density. In this paper, we
introduce and study the notion of selective version of separability in (a)topological spaces using the notion
of semi-closure, pre-closure, a-closure, -closure and 6-closure and their respective density.

This paper is organized as follows: In Section 2, we introduce and study various weak forms of
open set in (a)topological spaces. We give counterexamples that show the interrelations between them.
In Section 3, we study 6-open sets in (a)topological spaces. In Section 4, we discuss various selection
properties by using notion of semi-closure, pre-closure, a-closure, p-closure and 0-closure and their re-
spective density in (a)topological spaces and provide interrelationships between them. In Section 5 and
6, we study R'-separability, M'-separability, H'-separability and GN'-separability in (a)topological spaces
for each t € {s,p, o, B, 6}. Sulfficient conditions are given for (a)topological spaces to be (a)R'-separable and
(a)M'-separable for each t € {s,p,a,B,0}. It is shown that under some condition (a)M'-separability and
(a)R'-separability are equivalent.

Throughout the paper, (X,{7,}) denote an (a)topological space on which no separation axioms are
assumed unless explicitly stated. If there is no scope of confusion, we denote (a)topological space (X, {t,})
by X. For a subset A of an (a)topological space X, (t,)interior (resp. (t,)closure) of A denoted by t,-int(A)
(resp. T4-cl(A)). IN denotes the set of natural numbers and k,I,m,n,my,ny € IN. For general notion of
topology, we follow [18]. For other basic notions regarding selection principles, one can see [24, 26, 41, 43].

2. Weak Forms of Open Sets in (a)Topological Spaces

Definition 2.1. ([13]) If < 7,: n € N > is a sequence of topologies on a set X, then the pair (X, {t,}) is called
an (a)topological space (in short, (a)space).

Definition 2.2. A subset A of (X, {7,,}) is said to be:

1. ([44]) (m, n)-semi-open ((m,n)-s-open) if A C t,-cl(T,-int(A)), or equivalently, if there exists a
T,-open set U such that U € A C 7,,,-cl(U).

2. (m,n)-pre-open ((m, n)-p-open) if A C 7,-int(7,,-cl(A)), or equivalently, if there exists a 7,-open set
U such that A C U C t,-cl(A).

3. (m,n)-a-open if A C T,-int(7,-cl(7,-int(A))), or equivalently, if there exists a 7,-open set U such
that U € A C t-int(7,,-cl(U)).

4. (m,n)-p-openif A C 7,-cl(t,-int(z,,-cl(A))).

It is clear that every 7,-open set of X is (m,n)-a-open and hence, (m, n)-pre-open, (m,n)-semi-open and
(m, n)-p-open for all m € IN.
Evidently, we have

(m,n)-a-open = (m,n)-pre-open = (m, n)-p-open
m m

T,-Open = (m,n)-a-open = (m,n)-semi-open



S. Luthra et al. / Filomat 35:11 (2021), 3745-3758 3747
Diagram 1

The collection of all (m, n)-semi-open (resp. (m,n)-pre-open, (m,n)-a-open and (m,n)-f-open) sets is
closed under arbitrary union. However, finite intersection of (i, n)-semi-open (resp. (m, n)-pre-open,
(m, n)-a-open and (m, n)-p-open) sets need not be (m, n)-semi-open (resp. (m,n)-pre-open, (m,n)-a-open
and (m, n)-p-open) (see Example 2.3). The complement of (1, n)-semi-open set, (m, n)-pre-open set, (m, n)-
a-open set and (i, n)-f-open set is (im, n)-semi-closed, (m, n)-pre-closed, (m, n)-a-closed and (m, n)-p-closed,
respectively. For each t € {s,p,a, B}, the (m, n)-t-interior of A denoted by 7, )-int:(A) is the union of all
(m, n)-t-open sets contained in A and the (m, n)-t-closure of A denoted by 7(y,m-cl(A) is the intersection
of all (m, n)-t-closed sets containing A. By Squ,nX, PunmX, dmnX and BunmX, we denote the family of all
(m, n)-semi-open sets, (1m, n)-pre-open sets, (m, n)-a-open sets and (m, n)-p-open sets, respectively.

Example 2.3. Consider the (a)space (Z, {t,,}) on Z, where 1, = (0, Z, 27, Z — 27} if n is odd and 7, is
the cofinite topology if n is even. Consider the set A = 2Z U {1} and B = Z — 2Z. Both A and B are (2, 1)-
a-open as T1-int(7z-cl(t1-int(A))) = Z and 71-int(7-cl(71-int(B))) = Z. But, 1o-cl(11-int(t2-cl(A N B))) = 0
witness that A N B is not (2, 1)-p-open. Thus, SuumX, PuumX, @mmX and BunmX are not closed under finite
intersection. [J

Proposition 2.4. Let X be an (a)space and A be a subset of X. Then A is:
1. (m, n)-semi-closed if and only if A 2 T,-int(t,-cl(A)).
2. (m,n)-pre-closed if and only if A D T,-cl(T,-int(A)).
3. (m,n)-a-closed if and only if A 2 t,-cl(Ty-int(t,-cl(A))).
4. (m,n)-p-closed if and only if A 2 T-int(T,-cl(Ty-int(A))).

Proof. (1) Let A be a (m, n)-semi-closed set in X. Then X — A is (m, n)-semi-open, so X — A C 7,-cl(7,-
int(X — A)). It follows that A 2 X — (1;;-cl(T-int(X — A))) = Tp-int(X — 7,-int(X — A)) = Tp-int(7,,-cl(A)).
Conversely, we have A 2 t,,-int(t,-cl(A)) which implies that X — A € X — (t,,-int(t,-cl(A))) = Tp-cl(X — 7,r-
cl(A)) = tp-cl(t,-int(X — A)). So X — A is (m, n)-semi-open and therefore, A is (m, nn)-semi-closed.

Proof of parts (2), (3) and (4) can be proved in a similar manner. [

Proposition 2.5. Let X be an (a)space and A be a subset of X. Then:
1. Tonm-ints(A) = A N ty-cl(t,-int(A)).
Tmmy-inta(A) = A N Ty-int(Ty,-cl(T,-int(A))).
. Tmm-intp(A) € A N Ty-int(Ty-cl(A)).

- Tmuy-intg(A) € A N Ty-cl(Ty-int(Ty-cl(A))).

. Tmn)Cla(A) = AU 1-cl(Ty-int(t,-cl(A))).

2.
3
4
5. Tonm-cls(A) = AU T-int(7,-cl(A)).
6
7. Tmmyclp(A) 2 AU ty-cl(Ty-int(A)).
8

o Tmn)clg(A) 2 AU Tymint(T,-cl(Ty-int(A))).

Proof. We will prove relations (1), (2), (3) and (4) only as (5), (6), (7) and (8) are easy consequences of (1), (2),
(3) and (4), respectively.

(1) Let x € Ty n)-int;(A). Then there exists a (1, n)-semi-open set U such that x € U C A. So U C t,-cl(7,-
int(U)) C ty-cl(ty-int(A)). Therefore, x € A N 7y-cl(7,-int(A)). Conversely, we have 7,-int(A) € AN 7y-cl(7,-
int(A)) € t,-cl(t,4-int(A)). So, U = 7,-int(A) is a t,-open set such that U € A N 7,,-cl(1,-int(A)) € 7,,-cl(U).
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Therefore, A N T,,-cl(7,-int(A)) is (m, n)-semi-open set contained in A and thus, A N 7,,-cl(T,-int(A)) C T m)-
ints(A).

(2) Let x € T(ym-inta(A). Then there exists a (m,n)-a-open set U such that x € U € A. So U C 1,-
int(t,,-cl(t,-int(U))) € 1,-int(Ty-cl(T,-int(A))). Therefore, x € A N T,-int(t,-cl(t,-int(A))). Conversely,
T,-int(A) € A N 1,-int(7,-cl(T,-int(A))) € T4-int(7,-cl(T,-int(A))). This implies that U = 7,-int(A) is a 7,-
open set such that U C A N 1,-int(Ty-cl(T,-int(A))) € Ty-int(ty,-cl(U)). So A N T,-int(T,-cl(T,-int(A))) is
(m, n)-a-open set contained in A. Thus, A N 7,-int(7,-cl(T,-Int(A))) S T(u,n-inta(A).

(3) Let x € T(n)-int,(A). Then there exists a (m, n)-pre-open set U such that x € U € A. So U C 7,-int(7,,-
cl(U)) € t,-int(t,-cl(A)). Therefore, x € A N T,-int(t,,-cl(A)).

(4) Let x € T(n-intg(A). Then there exists a (1, n)-p-open set U such that x € U € A. So U C 7,-cl(7,-
int(t,,,-cl(U))) C 1,-cl(t,-int(1,,-cl(A))). Therefore, x € A N 7,,-cl(t,-int(T,-cl(A))). O

Definition 2.6. A subset A of (X, {7,}) is said to be:
1. ([44]) (a)-semi-open if A is (1, nn)-semi-open for all m # n.
2. (a)-pre-open if A is (m, n)-pre-open for all m # n.
3. (a)-a-open if A is (m, n)-a-open for all m # n.
4. (a)-p-open if A is (m, n)-p-open for all m # n.
5. (a)-open if A is 7,-open for all n € IN.

The collection of all (2)-open (resp. (7)-semi-open, (7)-pre-open, (2)-a-open and (a)-f-open) sets is closed
under arbitrary union. Indeed, the collection of (a)-open sets form a topology on X. The complement of
(a)-semi-open set, (1)-pre-open set, (1)-a-open set, (a)-f-open set and (a)-open set is (1)-semi-closed, (a)-
pre-closed, (1)-a-closed, (a)-B-closed and (a)-closed, respectively. By S(X), P(X), a(X), f(X) and O(X), we-
denote the family of all (a)-semi-open sets, (1)-pre-open sets, (2)-a-open sets, (7)-f-open sets and (a)-open
sets, respectively.

It is clear that every (a)-open set is (7)-a-open and hence, (1)-semi-open, (2)-pre-open and (a)-f-open.

Note that

(2)-a-open = (a)-pre-open = (a)-B-open
) )

(a)-open =  (a)-a-open = (a)-semi-open
Diagram 2
Following examples show that no implication in the above diagram is reversible.

Example 2.7. Let F be a finite subset of Z having at least two elements. Consider the (a)space (Z, {t,}) on
Z,where 1, = {0, Z, F}if nis odd and 7, is the cofinite topology if  is even. Let w € F. Then A = Z — {w}
is (a)-pre-open and (a)-f-open but not (a)-semi-open and hence, not (a)-a-open.

Example 2.8. Consider the (a)space (R, {1,}) on R, where 7, = {(a,00): a € R} U {0} U {R} is the right ray
topology if n is odd and 7, is the cocountable topology if n is even. For each a € R, 11-cl({a}) = (=00, a].
It is observe that 71-cl((10,00)) = R and 72-cl((10, o)) = R. So (10, o) is (m, n)-pre-open for all m # n and
therefore, (1)-pre-open. But 7,-int((10, 00)) = 0. So (10, 0) € 71-cl(72-int(10, 0)). Therefore, (10, o) is
not (1,2)-semi-open and hence, not (4)-semi-open. Thus, (10, o) is (a)-pre-open but not (a)-a-open and
(a)-p-open but not (a)-semi-open. [
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Every (a)-pre-open set is (a)-$-open and every (a)-a-open set is (7)-semi-open but not vice-versa. To show
that converse need not be true, we recall the digital topology on Z. Digital topology 7 on Z is generated by
{2n—-1,2n,2n+1}: n € Z}.

{m}, if m is even;
—cl =
A = 1), i s odd

and
-cd({2n—-1,2n2n+ 1) ={2n-2,2n—-1,2n,2n +1,2n + 2}.

We consider the following example to show that not every (a)--open set is (a)-pre-open and not every
(a)-semi-open set is (a)-a-open.

Example 2.9. Consider the (a)space (Z, {t,}), where

71 is the digital topology on Z generated by {{2n — 1,2n,2n + 1}: n € Z},

T, is the topology on Z generated by ({37 + 1,3n +2,3n + 3,3n + 4}: n € Z},

73 is the topology on Z generated by {{4n + 1,4n +2,4n + 3,4n + 4,4n + 5}: n € Z},

74 is the topology on Z generated by {{5n + 1,51 +2,5n 4+ 3,5n + 4,5n + 5,5n + 6}: n € Z},

Tk is the topology on Z generated by {{(k + )n + 1, (k+ 1)n + 2, ..., (k + 1)n + (k + 2)}: n € Z} for each k € IN.

Consider the set G = {1,2}. Then 7,-int(G) = {1} for all n € N and 7,,-cl({1}) 2 {0, 1, 2} for all m # n.

So, G = {1,2} C 1,-cl(14-int(G)) for all m # n. Thus, G is (a)-semi-open and hence, (7)-f-open.

Observe that 73-int(71-cl(G)) = 73-int({0, 1, 2}) = {1}. Thus, G is not a (1, 3)-pre-open set. Therefore, G is
not (a)-pre-open and hence, not (2)-a-open.

Conclusively, Gis (a)-f-openbut not (a)-pre-open and G is (a)-semi-open but not (a)-a-openin (Z, {t,}). O

It is clear from Example 2.8 and Example 2.9 that there is no relation between (a)semi-open and (a)-pre-
open. Following example shows that there exists a set in some (a)space which is (a)-semi-open, (a)-pre-open,
(a)-a-open and (a)-f-open but not (2)-open.

Example 2.10. Consider the (a)space (R, {7,,}) on R, where 7, is the right ray topology if n is odd and 7, is the
cocountable topology if n is even. Consider the set A = (—00,9)U(10, c0)U[(R-Q)N(9,10)] = R—(QN(9, 10)).
A is not (a)-open as A is not open in (R, 71). We have t,-int(t,,-cl(A)) = R for all m # n. Thus, A is (a)-pre-
open as well as (a)-p-open. Also, 1,,-cl(t,-int(A)) = R for all m # n. Thus, A is (a)-semi-open as well as
(a)-a-open. Hence, A is (7)-semi-open, (a)-pre-open, (a)-p-open and (a)-a-open but not (a)-open. [

3. Strong Form of Open Sets in (a) Topological Spaces

Recall that in a topological space (X, 7), a point x € X is said to be 6-cluster point [45] of a subset S € X
if for every 7-open set G containing x, 7-int(7-cl(G)) N S # 0. Following Tyagi et. al. [44], we define d-open
sets in (a)spaces as follows:

Definition 3.1. Let X be an (a)space and S be a subset of X. A point x € X is said to be (m, n)-6-cluster
point of S if for every 7,-open set G containing x, T,-int(t,,-cl(G)) N'S # 0. The set of all (m, n)-6-cluster
points of S is called the (m, n)-6-closure of S and denoted by Ty, )-cls(S). S is said to be (m, n)-0-closed if
Tnny-Cls(S) = S. The complement of (m, n)-6-closed set is (1, n)-0-open. In case, S is (m, n)-0-open for all
m # n, S is (a)-6-open.

Remark 3.2. The collection of all (i, n)-6-open sets forms a topology.
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Theorem 3.3. Let A be a subset of an (a)space X. Then A is (m, n)-6-open if and only if for each x € A there exists a
T,-open set U such that x € U C t,-int(t,,-cl(U)) € A.

Proof. Let A C X be (m, n)-6-open. Then 7, ,)-cls(X — A) = X — A. So for each x € A there is a 7,-open set U
containing x such that t,-int(t,,-cl(U)) N (X — A) = 0. Therefore, for each x € A there exists a t,-open set U
such that x € U C 7,-int(7,-cl(U)) € A. Conversely, let for each x € A there exists a 7,-open set U such that
x € U C 1y-int(1,,-cl(U)) € A. Therefore, 7,-int(7,-cl(U)) N (X = A) = 0. So T n-cls(X — A) = X — A. Thus,
A C X is (m,n)-delta-open. 0O

Theorem 3.4. Let A be a subset of an (a)space X. A point x € T u-cls(A) if and only if every (m, n)-6-open set
containing x intersects A.

Proof. Let x € T(nu-cls(A) and U be a (m, n)-6-open set containing x. There exist a 7,-open set V such that
x € V C 1y-int(t,-cl(V)) € U. Since x € T(y,n-cls(A), Tu-int(t,-cl(V)) N A # 0. It follows that UN A # 0.
Conversely, let U be a 7,-open set containing x. The set 7,-int(t,,-cl(U)) is a (m, n)-6-open set. Indeed, for
each x € 7,-int(7,-cl(U)) there exists a 7,-open set G such that x € G C 7,-int(7,-cl(U)). Since 7,-int(,,-
cl(G)) € ty-int(z,-cl(U)), it follows that 7,-int(t,,-cl(U)) is (m, n)-6-open. So 1,-int(t,-cl(U)) N A # @ and
therefore, x € Ty m-cls(A). O

Remark 3.5. Theorem 3.4 emphasize that the (m, n)-6-closure of a set A is the intersection of all (m, n)-6-
closed subsets of X containing A.

Proposition 3.6. Every (a)-0-open set is (a)-open.

Proof. Let G be an (a)-6-open set in X. By definition, G is (m,n)-6-open for all m # n. Then T(yn-
cls(X = G) = X = G for all m # n. But 7,-cl(A) C Tgnum)-cls(A) for every set A, so 1,-cl(X — G) = X — G. Thus,
Gis ty,-openforalln € N. [J

We end up this section by an example showing that converse of Proposition 3.6 need not be true in
general.

Example 3.7. Consider the (a)space (Z, {1,,}) on Z, where 7, is the Digital topology if nis odd and 7, = {G C
Z.: G =0 or 3 € G} is the Point-included topology if n is even.

A, if3¢A;

F bset A C Z, weh -cl(A) =
or any subset A C Z, we have 7,-cl(A) 7 if3cA

if3 ¢ A;
and Tp-int(A) = {g’ Ifg z A,

The set G = {3,4,5} is (a)-open in (Z, {7,}). We show that G is not (a)-0-open. Let U be any 74-open set
containing 3. Then 74-int(7,-cl(U)) = Z. So t4-int(T2-cl(U)) N (Z — G) # 0 for all 74-open set U containing 3.
Therefore, 3 € T(p,4)-cls(Z — G) and 7(2,4)-cls(Z — G) # Z — G which implies that Z — G is not (2,4)-0-closed.
Thus, G is not (2, 4)-6-open and hence, G is not (2)-6-open. [J

4. Various Selection Properties

In this section, we discuss various selection properties by using notions of semi-closure, pre-closure,
a-closure, f-closure and d-closure and their respective density in (a)spaces and provide interrelationships
between them.

Definition 4.1. In an (a)space X, a subset A C X is said to be:
1. 1,-dense in X if A is dense in (X, 7).

2. dense in X if A is dense in (X, 7,,) for all n € IN.
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3. t-(m,n)-dense if T m)-cli(A) = X, where t € {s,p, a, B, 0}.
4. t-(a)-dense if A is t-(m, n)-dense for all m # n, where t € {s,p, a, B, 0}.

For each t € {s,p,a,B,0}, let D'(m,n), D' and D be the collection of all t-(m,n)-dense, t-(a)-dense and
dense subsets of (X, {1,}), respectively and D(n) be the collection of all dense subsets of (X, 7,,).

Proposition 4.2. In an (a)space (X, {1,}), the following holds.
1. D c D* c D#
2. DF c DP c D*
3.D°=D*=D
4. DcD?

Proof. (1) Let S be any subset of X. Since every (m, n)-a-open set is (1, n)-semi-open and every (m, n)-semi-
open set is (m, n)-p-open for all m # 1, SO T(u,ny~clg(S) C T(uny~cls(S) C T(nm-cla(S) for all m # n. Therefore,
DFB(m,n) c D*(m,n) C D*(m,n) holds for all m # n. Thus, Df c D* c D°.

(2) Let S be any subset of X. Since every (m, n)-a-open set is (m, n)-pre-open and every (m, n)-pre-open
set is (m,n)-p-open for all m # n, S0 T(uuy-clg(S) T Tuum)-clpy(S) C Tum-cla(S) for all m # n. Therefore,
Df(m,n) c DP(m,n) € D*(m,n) holds for all m # n. Thus, Df ¢ DF c D*.

(3) By (1), D° c D*. It is enough to show that D* ¢ D C D°. For any m # n, let A € D*(m,n). Then
X = Tum-cla(A) = AU 1,-cl(1-int(1,-cl(A))). So, X = AU 1,,-cl(1,-cl(A)) C 7,4-cl(A) and hence, A € D(n).
Also, forany A € D(n), t,-cl(A) = X which gives that X = AUT,-int(7,-cl(A)) = T(u,n-cls(A). So A € D*(m, n).
Therefore, D*(m,n) C D(n) C D°(m, n) for all m # n. Hence, D* ¢ D C D*.

(4) The proof follows by Proposition 3.6. []
Remark 4.3. Following results hold for all naturals m, k and #.
1. D*(m,n) = D3(k, n).
2. D*(m,n) = D*(k, n).
3. D%(m,n) = D*(k, n).
Proof. Proof follows as D%(m, n) = D(n) and D*(m, n) = D(n) for all naturals m and n. 0O

Example 4.4. DF is a proper subset of DP.

Consider the (a)space (R, {t,}) on R, where 7, is the cocountable topology if n is odd and 7, =
0, R, {p}, (g} 1p.9}}: p.q € R, if n is even. It is observe that the set of all (a)-pre-open sets, that is,
P(X) = {A € R: A is uncountable and p,q € A}. Now, consider the set G = R - {g}. G is an (a)--
open set having empty intersection with {g}. So, {q} ¢ Df. But {g} intersect with every (a)-pre-open set,
hence, {g} e D - DF. [J

Example 4.5. D? is a proper subset of D.
In Example 2.7, let F = {2,3}. Then the set of even integers, say A, is dense in (Z, {t,}) but Z — A is
(a)-pre-open in (Z, {t,}). Thus, A€ D — DP.

Example 4.6. DF is a proper subset of D*.

Consider the (a)space (R, {t,}) on R, where 7, = {§, R, R-Q}ifnisodd and 7, = {0, R, (R—Q) U {1}} if
n is even. It is observe that the set of all (a)-semi-open sets, thatis, S(X) = {A CR: (R-Q) U {1} € A}. Now,
consider the set G = R — {1}. G is an (a)-B-open set having empty intersection with {1}. So, {1} ¢ DP. But {1}
intersect with every (2)-semi-open set, so {1} € D°. Hence, {1} € D* - DE. O
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Example 4.7. D is a proper subset of D°.

In Example 4.6, Q is not dense in (R, 71) as 71-cl(Q) = Q. So Q ¢ D(1) and therefore, Q ¢ D. But
Q € D°(m, n) for all m # n. Thus, Q € D° — D.

Conclusively, we have the following relations:
1. DPCDP CD*=D ¢ D°.
2. DPCD*=D*=D ¢ D’

The following implications are immediate.

Sfin(Dp/ Dﬁ) - Sfm(D‘B/Dﬁ)/ Sfin(Dpr Dﬁ) - Sfin(Dpl DP)’ Sfm(Dﬁ/Dﬁ) - Sfin(Dﬁ/ DP)/
Sfin(DP, DP) — Syin(DP, DP), S, (DV, DF) — S, (DF, DP);

Sfin(D*, DP) = Sin(DF, DP), S 5in(D*, DP) — S;4(D%, D%), S fin(DF, DP) — S 5 (DF, D9),
f f f f f f
Sfin(D%, D%) = Sin(DP, D*), S 5in(D?, DF) — S 5in(DF, D);

S in(Dél Dﬁ) -5 in(Dﬁr Dﬁ)/ S in(Dél Dﬁ) - S in(Dél Dé)/ S in(Dﬁr Dﬁ) - S in(Dﬁ/ Dé)/
f fin\, b f ) fin{ f f
Sfin(Db/ Db) - Sfin(D'B/ Db)/ Sfin(Db/Dﬁ) - Sfm(Dﬁ/Dé)/

Sfin(DY, DP) = Sgin(DP, DP), Sin(D*, DF) = Sin(D®, DY), Sfin(D¥, DP) = Sin(DF, D%),
Sin(D*, D*) = Sin(DF, D%), Sfin(D*, DP) — S5y (DF, D);

Sfin(Dél DP) - Sfi‘rl(Dpl DP)’ Sfin(Dél DP) - Sfin(D(S/ Dé)/ Sfi‘rl(Dpr DP) - Sfin(Dp/ Dé)/
Sin(D®, D°) — Sfiu(DF, DP), S 4in(D®, D) — Sy (DF, D);

Sfin(D°, D%) = Sy (D*, D), S fin(D®, D*) = Sin(D°, D°), Sfin(D*, D*) — Syin(D, D?),
Sin(D?, D) = Sfiu(D, D?), Sfin(D°, D*) — Sfin(D*, DP);

Sfin(D*, DF) — Sgin(DF, DF), S5in(D°, DF) — Sin(D?, D), S fin(DF, DF) — Sy;,(DF, D°),
Sfin(D*, D%) = Sin(DF, D?), Sfin(D°, DF) — S, (DF, Df);
From above implications we have following implications too.

Sfin(D®, DP) = Siu(DP, D), S5in(D®, D) — Si(DF, DF),
Sfin(Dé/ DP) - Sfin(Dﬁ/ Dé)/ Sfin(Déle) - Sfin(Da/Dé);

Sfin(Dar DP) - Sfin(Dp/ Db)/ Sfin(Da/ DP) - Sfin(Dﬁ/ Dp)/
Sfin(D%, D¥) = Sin(DF, D), Sfin(D*, DP) = Sin(D*, D°);

Sfin(DP, DF) = Sgu(DP, D*), Sfin(DP, DF) — Sgn(DP, DP),
Sfin(Dp/Dﬁ) - Sfin(Dﬁ/ Db)/ Sfin(Dp/ Dﬁ) - Sfin(D'B/Da);
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Sfin(D®, D) = Sjin(DF, D%), Sfin(D°, DF) — Sin(DF, D),
Sfin(D®, DF) = Spin(D?, D), Sin(D°, D) = S7in(D*, D°);

Sfin(D*, DP) — S 4i(DF, D?), S5in(D%, DF) — Sgin(DF, DF),
Sfin(D%, DF) — S, (DP, D%), S i(D*, DP) — Sy, (D%, DP);

Sfin(D?, D%) = Sin(DP, DY), S 4in(D°, D) — Syi(DF, D*),
Sfin(D°, D*) — Siu(DP, DP), Sfin(D°, D) — Sin(DF, DP);

Sfin(Ds/Dﬁ) - Sfin(Dﬁ/ Dé)/ Sfin(Ds/Dﬁ) - Sfin(Dﬁ/ Da)/ Sfin(DS/ Dﬁ) - Sfin(Dﬁ/ DP)

5. R-Separability and M-Separability in (a)Topological Spaces

In this section, we study various selective separability properties using weak and strong forms of open
sets. We begin with some definitions we will do with.

Definition 5.1. An (a)space (X, {t,}) is said to be separable if there exists a countable subset of X which is
dense in X.

Definition 5.2. An (a)space (X, {t,}) is said to be:
1. (a)R-separable if S1(D(n), D(n)) holds for all n.
)R!-separable if S1(D'(m,n), D'(m,n)) holds for all m # n, where t € {s,p, a, B, 6}
)M-separable if S;,(D(n), D(n)) holds for all .
)M'-separable if Ss;,(D'(m, n), D'(m, n)) for all m # n, where t € {s,p, a, B, }.

Itis obvious that (7)R-separability implies (1)M-separability and (2)R'-separability implies (1)M'-separability.
Also, if X is (a)R-separable (or separable), then each (X, 7,) is separable. Following theorem is an analogous
result of this.

Theorem 5.3. If X is (a)R'-separable, t € {s,p, a, B}, then (X, ty,) is separable for all n.

Proof. Let X be an (a)R'-separable space. Then Sy(D'(m, n), D'(m, n)) holds for all m # n. For every sequence
< Ax: k € N > of elements of D'(m, n), there is a sequence < a;: k € N > such that for each k, g, € A, and
{ax: k € N} € D'(m,n). So A = {ay: ar € Ay, k € N} is a countable subset of X such that A € D(m,n). But
D!(m,n) c D(n) for all m,n € N. Therefore, (X, 7,) is separable foralln € N. [

Recall that a family 8 of non empty open subsets of a topological space (X, 7) is said to be 7-base of X if
for each non empty open subset, say G C X, there exists a U € 8 such that U C G.

Theorem 5.4. If (X, T,,) has a countable m-base for all n € N, then X is (a)RP-separable.

Proof. For each n € N, let {Q}': k € IN} be a countable ri-base of (X, 7,). For any m # n, let < Fy: k € N > be
a sequence of p-(m, n)-dense subsets of X. So 7(n-cly(Fr) = X. Therefore, Fy intersects with every (m, n)-
pre-open set for all k € IN. Since every 7,-open set is (m, n)-pre-open for all m € N, so Q7 is (m,n)-pre-open
forall k € N. Let x; € Qp N Fy for each k € IN. We claim that {x;: k € IN} is p-(m, n)-dense in X. Let W be a
(m, n)-pre-open set. Then 7,-int(W) is 7,-open so there exists some I € N such that Qf C 7,-int(W). Then
x; € W. Therefore, every (m, n)-pre-open subset of X intersects with {xx: k € IN}. Thus, {x;: k € IN} € D?(m, n)
and S1(DF(m, n), DP(m, n)) holds for all m # n. Hence, X is (a)RP-separable. [J
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In a similar way the following theorem can be proved.
Theorem 5.5. If (X, t,) has countable mt-base for all n € IN, then X is (a)R'-separable for all t € {s, o, B}.
Theorem 5.6. If (X, T,,) has countable r-base for some n € N, then X satisfies S1(D(n), D®(m, n)) for all m # n.

Proof. Let {Qk: k € IN} be a countable m-base of (X, 7,,). Let < Fi: k € IN > be a sequence of elements of D(n).
Then Q; N Fy # 0 for each k € IN. Let x; € Qi N Fi for each k € IN. The set {x;: k € N} € D?(m, n) for all
m # n. Indeed, for any (m, n)-6-open set W, there exists some / € IN such that Q; C W as every (m, n)-0-open
set is 7,-open. Then x; € W which gives that every (m, n)-0-open set of X intersects with {x;: k € IN}. Thus,
{x¢: k€ N} € D°(m,n) forallm #n. O

Corollary 5.7. If (X, 7,) has countable m-base for all n € IN, then X satisfies S1(D'(m, n), D°(m, n)) for all m # n
and forall t € {s,p, a, B}.

Proof. For each t € {s,p, o, B}, D'(m,n) c D(n) for all m # n, so proof follows by Theorem 5.6. [

Definition 5.8. Let X be an (a)space. Then:

1. X has countable (m, n)-t-fan tightness (m # n) if for each x € X and each sequence < Ax: k € N >
of subsets of X such that x € 7(,-cli(Ax) for each k, there are finite sets Fy C Ay such that
X € Tuny-cli(Uren Fr)-

2. X has countable (m, n)-t-strong fan tightness (im # n) if for each x € X and each sequence < Ai: k €
IN > of subsets of X such that x € 7, n-cli(Ax) for each k, there are points x;x € Ax such that
X € T(m,n)—clt({xk: ke N})

Theorem 5.9. Let X be a separable space. If X has countable (m,n)-t-fan tightness for all m # n, then X is
(a)M'-separable, where t € {s,p, a, B}.

Proof. Let A = {ar: k € IN} be a countable set which is dense in each (X, 7,) and let < Ax: k € IN > be a
sequence of elements of D'(m, n) for some myg # ny, t € {s, p, @, B}. Consider a partition N = M; UM, U... of
N into pairwise disjoint and infinite sets. Since Ty, ,)-cl(Ax) = X, for each n € IN, a, € Niem, Tgmg,np)~Cle(Ar)-
By countable (1, np)-t-fan tightness of X, there exists a sequence < Fi: k € M,, > such that for each k € M,,,
Fi € Ap and a,, € T(ug,np)-cli(UiFx: k € M,}). We claim that U{F;: k € IN} is t-(mp, np)-dense subset of X. Let G
be a (my, np)-t-open subset of X and V = 1,,-int(G). Since A is dense in (X, 7,,), a1 € V and hence, a; € G for
some I € IN but a; € T(yn)-cle(U{Fx: k € Mj}). Thus, G N {UF;: k € M;} # 0. Therefore, GN {UF: k € N} # 0
and hence, X = T(y ny)-cli(U{Fx: k € N}. O

Theorem 5.10. Let X be a separable space. If X has countable (m, n)-t-strong fan tightness, then X is (a)R'-separable,
where t € {s,p,a, B}.

Proof. Let A = {ax: k € N} be countable dense in each (X, 7,) and let < Ax: k € N > be a sequence of elements
of D'(my, ng) for some mg # ny, t € {s,p,a, B}. Consider a partition N = M; UM, U ... of N into pairwise
disjoint and infinite sets. Since Ty, n,)-cli(Ax) = X, for each n € IN, a, € Niem, Tmg,np)-Clt(Ar). By countable
(my, ng)-t-strong fan tightness of X, there exists a sequence < xi: k € M,, > such that for each k € M,,, x; € Ay
and a, € T(uyny)-cli({xk: k € M,}). The set {x;: k € IN} is ¢-(mp, no)-dense subset of X. Indeed, let G be a
(myo, ng)-t-open subset of X. Let V = 1,,-int(G). Since A is dense in (X, 7,,), 1 € V and hence, 4; € G for some
I € N but a; € Ty up)-cle({xx: k € Mj}). Thus, G N {x¢: k € M;} # 0. Therefore, G N {x;: k € N} # 0 and hence,
X = Tmgm)-<Li({xe: k€INY). O

Theorem 5.11. Let X be a separable space. If X has countable (m, n)-6-strong fan tightness for all m # n, then X is
(a)R®-separable.
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Proof. Let < Ag: k € IN > be a sequence of elements of D?(my, ny) for some my # ny. So Tmgm0)~Cls(Ax) = X. Let
A = {a,: n € N} be a countable set which is dense in each (X, 7,). Consider a partitionIN = M; UM, U.... of
N into pairwise disjoint and infinite sets. Since Ty, n,)-cls(Ax) = X, for each n € IN, a, € Niem, Tong,ny)-Cls (Ar)-
By countable (my, ng)-6-strong fan tightness of X, there exists a sequence < x;: k € M,, > such that for each
k € My, xx € Ax and a,, € Ty me)-cls({xx: k € M,}). The set {xi: k € N} is 0-(my, ng)-dense in X. Indeed, for any
(my, ng)-0-open subset G, a; € G for some | € IN as 6-(1my, 1p)-open set is 7,,-open and A is dense in (X, 7).
But a; € T(uonp)-cls({xx: k € Mj}). Thus, G N {xx: k € M;} # 0. Therefore, G N {x;: k € N} # 0 and hence,
X = T(mo,no)'CLS({xk: ke N} |

Theorem 5.12. Let X be a separable space. If X has countable (m,n)-6-fan tightness for all m # n, then X is
(a)M°-separable.

Proof. Let < Fi: k € N > be a sequence of elements of D°(1mg, 1) for some mg # 1. So T(mo,n0)~Cls (Fx) = X. Let
A = {a,: n € N} be a countable set which is dense in each (X, 7,). Consider a partition N = M; UM, U.... of
N into pairwise disjoint and infinite sets. Since 7y, n)-Cls(Fx) = X, for each n € IN, a, € Ngepm, Tgng,me)-Cls (Fi)-
By countable (1, 19)-0-strong fan tightness of X, there exists a sequence < Ax: k € M,, > such that for each
k € M,, Ax C Fr and a, € Ty mg)-Cls(Ukem,Ax). The set UrenAx is 6-(1mp, 1g)-dense in X. Indeed, for any
(mo, ng)-0-open subset G, a; € G for some | € IN as 6-(1my, 1p)-open set is 7,,-open and A is dense in (X, T,,).
But a; € T(ugnp)-Cls((Ukem, Ax)). Thus, G N (Ukenm, Ax) # 0. Therefore, X = T(uyn,)-cls(Uren Ax) and hence,
Uken Ak € D°(my, np). So X is (a)M°-separable. [

It is shown that separable Fréchet-Urysohn spaces are M-separable [4]. Now we are going to prove the
t-version of this result in (a)spaces for each t € {s,p, @, §, 6}. For this we define the notion of convergence,
Fréchet-Urysohn and Hausdorffness in (a)spaces. A sequence < x, > in (a)space X is said to be t;.)-
converge to some x € X if for every (m, n)-t-open set containing x, say U, there exists natural number k such
that x, € U for all n > k. If for each A C X and each x € 7y )-cli(A) there is a sequence < x,: n € N >
in A which £, »-converge to x, we call X (m, n)-t-Fréchet-Urysohn. We say X to be (m, n)-t-Hausdorff or
(m, n)-t-T, space if for every pair of distinct points x and y of X, there exist two disjoint (1, n)-t-open sets
containing x and y, respectively.

Definition 5.13. An (a)space X is said to be (i, n1)-t-dense in itself if no singelton subset of X is (11, 11)-t-open,
where t € {s,p,a, 3, 6}.

Theorem 5.14. Let X be a separable space such that X is (m,n)-t-dense in itself for all m # n. If X is (m,n)-t-
Fréchet-Urysohn and (m, n)-t-Hausdorff space for all m # n, then X is (a)M'-separable, where t € {s,p, a, B}.

Proof. Let A = {a,: n € IN} be a countable set which is dense in each (X,7,). For ¢t € {s,p,a, B}, let
< Ag: k € N > be a sequence of elements of D! (1my, np) for some my # ny. Since X is (my, ng)-t-dense in itself,
X — {a} is not (my, ng)-t-closed. So for every a € A, a € T(y,ny)-cle(X — {a}) = X. Since X is (my, ng)-t-Fréchet-
Urysohn, there exists a sequence < x,, > in X — {a} such that < x,, > is (, n,)-converges to a. Further, for each
1, Xu € T(mnp)-Clt(Ax) for all k € IN. So there exist a sequence y, = < Y, m > in A, which t,, ,)-converge
to x,. We claim that a € Ty ,)-cli(Unen ¥n). Indeed, for any (my, no)-t-open-set U containing a, there exist
I € N such that x,, € U for all n > . In particular, x; € U and sequence < y;,,: m € IN > £, n)-converge to
X;. So y1,,m € U for all m > ky for some ki. Thus, U N (Uyen yn) # 0 and hence, a € T(y,n)-Cle(Unen ¥u). There
exists a sequence z = (z,,) in Uyen ¥, Which t(,, »,)-converges to a. Now sequence z and y,, ¢y, n,)-cOnverges
to different points, so y, Nz = F,, C A, is finite as X is (1, ng)-t-Hausdorff. Since a € Ty u,)-cli({z: m € N})
and z = UF,,, so we have a € Ty uy)-cli(UF,). This implies that X has countable (1, 19)-t-fan tightness at
each point 2 € A. So X has countable (i, n)-t-fan tightness at each point a € A for all m # n. By Theorem
5.9, X is (a)M'-separable. [

Theorem 5.15. Let (X, {t,}) be a separable space such that (X, t,) is dense in itself for all n € IN. If X is (m,n)-6-
Fréchet-Urysohn and (m, n)-6-T, space for all m # n, then X is (a)MP-separable.
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Proof. Since (X, t,) is dense in itself for all n € IN, so X is (m,n)-6-dense in itself for all m # n as every
(m, n)-0-open set is 7,-open. So proof can be easily done on similar lines of Theorem 5.14. [

In [19], it is shown that every Pytkeev M-separable space is R-separable. We are going to prove the
t-version of this result in (a)spaces. An (a)space X is (m, n)-t-Pytkeev if for each A C X and each x € (7(y,n)-
cli(A)) — A there are infinite sets By C A, k € IN such that every (m, n)-t-open set containing x contains some
By, where t € {s,p, a, B, 0}.

Theorem 5.16. Let X be a separable space such that X is (m, n)-t-Pytkeev for all m # n, t € {s,p,a,B,0}. If X is
(a)M'-separable, then X is (a)R'-separable.

Proof. Let < Ai: k € N > be a sequence of elements of D'(my, ng) for some my # ng, t € {s,p,a,p}. Let
A = {a,: n € IN} be a countable set which is dense in each (X, 7,). Fix a partiton N = M; UM, U ...
of IN into pairwise disjoint infinite sets and consider the sequence < A,: m € M, >. Since X is (a)M!-
separable, there exists finite subsets F,, C A, m € M, such that Uyep, Frn = Yy, is (g, no)-t-dense in X. Let
Ki ={n € N:a, € Y,} and K; = IN = K;. For each n € Ky, a4, € (T(ngup)-cle(Yn)) — Yu. Since X is (mg, no)-t-
Pytkeev so there exists infinite sets B, x C Y}, k € IN such that for each (my, no)-t-open set U,, containing a,,
U,, contains some B, ;. Clearly, each B, intersects infinitely with finitely many sets, say F,, Fu,, ..., Fn,.
Choose Xy, € Byx N Fy, € Ay,. We define the sequence < z, > by z, = a, if n € Ky, z, = x, if n € K.
Sequence < z, > is (myg, np)-t-dense in X, so X is (a)R'-separable. []

Let {(X4, {Tnalnen): a € A} be a family of (a)spaces. Let X be the cartesian product of X,, that is,
X = T1aen Xo- We define an (a)topology structure (X, {7,}) on X by taking 7, as the product topology on X
generated by the projections (t,, Tu,) continuous for every a € A. The pair (X, {7,}) is called the product
(a)space.

Theorem 5.17. Let (X3, {t,}) and (Xa,{yn}) be two (a)spaces and t € {s,p,a,B}. If X; satisfies S1(D(n), D'(m, n))
for all m # n and (Xa,yy) has a countable m-base for all n € IN. Then the product (a)space (X, {0,}) satisfies
S1(D(n), D'(m, n)) for all m # n, where X = Xy X Xa, 0y, is the product topology on X generated by the continuous
projections (0, T,) and (o,, Yu) for all n.

Proof. Let mg # np and let < Fy: k € IN > be a sequence of 0,,-dense subsets of X. Let {Py: k € IN} be a
countable m-base for (X5, y,,). Let N = M; UM, U ... UM, U ... be a partition of N into pairwise disjoint
subsets. Fix some n € IN and consider M,,. Since X; X Py € 0y, (X1 XPr)NFr # 0. Let Ly = (X1 XP) NFr € X
and consider Ay = {x1 € Xj: (x1,x2) € Li}. Itis clear that Ay is dense in (X3, T,,,) for each k € M,,. Indeed, for
any A € 1, (A X Py) N Fr # 0. Let (y1, y2) € (A X Px) N Fy. Therefore, (11, y2) € Ly which implies that y; € Ay.
Hence, Ay is dense in (X3, T,,). Since X; satisfies S1(D(ng), D' (o, n9)) and < Ai >: k € M,} be a sequence of
T,,-dense subsets of X, so there exist x1x € Ay for all k € IN such that {x1,: k € N} is ¢-(mp, ng)-dense in Xj.
We claim that the set F = {(x1x, X2x) € Ly} is t-(im9, ng)-dense in X. Let G be a (g, ng)-t-open subset of X. Then
W = 0,,,-int(G) is a 0,,,-open subset of X. Let W =U XV, U € 1,, and V € y,,. Since every 7,,-open set is
(mo, np)-t-open, so U N {x1;: k € N} # @ which implies that (U X V) N F # 0. So F is t-(my, np)-dense in X and
hence, X satisfies S1(D(ng), D!(my, np)). O

Corollary 5.18. Let (X1, {t,}) and (Xz, {yn}) be two (a)spaces and t € {s,p, o, B}. If Xy satisfies S1(D(n), D'(m, n))
for all m # n and (Xa,yn) has a countable m-base for all n € IN. Then the product (a)space (X, {o,}) satisfies
S1(D(n), D°(m,n)) for all m # n, X = Xy X Xa, 0, is the product topology on X generated by the continuous
projections (04, Ty) and (0,, y») for all n € IN.

6. H-Separability and GN-Separability in (a)Topological Spaces

In a topological space X, a countable dense subset A C X is said to be groupable if it can be partitioned
as A = UgenAy, each Ag non empty finite set and every non empty open set in X intersects all but finitely
many k. We denote the collection of all dense sets (resp. groupable sets) in X by D'(resp. D;,p). In an



S. Luthra et al. / Filomat 35:11 (2021), 3745-3758 3757

(a)space (X, {T4}), a countable dense subset A C X is said to be (1, n)-t-groupable if it can be partitioned as
A = UrenAg, each Ay is non empty finite set and every non empty (m, n)-t-open set in X intersects all but
finitely many k. We denote the collection of all (1, n)-t-groupable sets in (a)space (X, {t,}) by D;p(m, n).

Definition 6.1. ([5]) A topological space (X, 7) is said to be:

1. H-separable if for each sequence < Ai: k € N > of elements of D', one can pick finite Fx € A so
that for every non empty open set G C X, the intersection G N Fx is non empty for all but finitely
many k.

2. GN-separable if 51 (D', D;,) holds.
We define t-version of H-separability and GN-separability in (a)spaces for each t € {s,p, @, B, 0}.

Definition 6.2. An (a)space (X, {t,}) is said to be:

1. (a)GNt-separable if S1(D!(m, n), Dtgp(m, n)) holds for all m # n, where t € {s,p, a, B, 0}.

2. (a)H'-separable if for every m # n and for each sequence < Ai: k € N > of elements of D!(m, n),
one can pick finite F; C Ay so that for every (m, n)-t-open set, say G C X, the intersection G N Fy is
non empty for all but finitely many k, t € {s,p, a, B, 6}.

It is clear that

(a)GN'-separability = (a)R'-separability = (a)M!-separability
i
(a)H'-separability

Lemma 6.3. Let A and B be subsets of an (a)space (X, {t,}) with A C B. If B is countable and A € D;p(rn, n), then
Be D;p(m, n), where t € {s,p,a, B, }.

Proof. Since A C B with B countableand A € D;p(m, n), Bis a countable dense subset of X. Let A = UpcnAy be
a partition of A, where each A; is non empty finite set and every non empty (m, n)-t-open set in X intersects
all but finitely many k. Without loss of generality we can assume that all A/s are pairwise disjoint. If B — A
is a non empty finite set, then B = (UrenAk) U (B — A) witness that B € Dtgp(m, n). If B — A is a countably
infinite set, let B— A = {bx: k € IN}. Then {By: Bx = Ax U {bx}, k € IN} is a partition of non empty finite subsets

of X such that every non empty (1, n)-t-open set in X intersects all but finitely many k. Thus, B € Dj),. [

Theorem 6.4. An (a)space X is (a)GN'-separable if and only if X is (a)R'-separable and each (m, n)-t-dense subset
of X contains an (m, n)-t-groupable set for allm #n, t € {s,p,a, B, 5}.

Proof. It is obvious that (2)GN'-separability implies (a)R!-separability. Let A be a (1, n)-t-dense subset of X.
Consider the constant sequence < A >, thatis, Sequence < Ay: Ay = A: k € N >. Since Xis (a)GNt—separable,
there exists a; € Ay such that {ax: k € N} is (m, n)-t-groupable. Thus, A contains an (1, n)-t-groupable set.

Conversely, Let < Ax: k € N > be a sequence of (m,n)-t-dense subsets of X. By (a)R'-separability of X,
for each k € IN there exists a; € Ay such that {a;: k € N} is (m, n)-t-dense in X. By hypothesis, there exists a
(m, n)-t-groupable set, say B, such that B C {ax: k € N}. By Lemma 6.3, {ax: k € IN} € D, (m,n) and hence, X
is (2)GN'-separable. [

t
gr
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