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Abstract. In this paper, a generalization of the g¢-Meyer-Koénig and Zeller operators by means of the (p, g)-

calculus is introduced. Some approximation results for (p, 7)-analogue of Meyer-Konig and Zeller operators
denoted by M, ,, for 0 < g < p < 1 are obtained. Also we investigate classical and statistical versions of

Korovkin type approximation results based on proposed operator. Furthermore, some graphical examples
for convergence of the operators are presented.
1. Introduction

In 1960, starting from the identity

(e8]

@-wmy (m;’ ‘))u" =1 forall u€[0,1),

=0

functions defined on [0, 1). Further modified Meyer-Konig and Zeller (MKZ) operators [12] on C[0, 1] are
defined by

Mu(fiu) = if(mig)(mzf)u[(l—u)m“ if ue0,1),
=0
Mm(f;l) =

Meyer-Konig and Zeller [36] constructed a sequence of positive linear operators by using real continuous

f(@) if u=1, foreverym e IN.

1)
Many authors defined g-modifications of several operators [19, 22,47, 148]. Very first g-analogue [7] was
defined by Lupas [35]:
a, a-n e
n, f (o )10 5 w1 =yt
Ly, EI(f/ M) = Z

[m]
T =0+ g W)
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which are known as Lupas g-analogue of Bernstein operators.
Later on, Phillips [48] proposed another g-analogue of these Bernstein operators, as

m m—{-1
Buug(fiu) = Z[ ] u T a-gu f(%) uel0,1], neN, fec[o,1].
q s

£=0 =0

In a recent paper [50], Trif constructed the g-MKZ operators by

© [t
Myg(fru) = Zf ([m qulq)[m ! KL ul(1—uy if uel0,1), )
M, (f,1) = f(l, if u=1,

for m € IN and for any f € C[0, 1. For q = 1, the operators M,, ; reduced to the classical Meyer-Konig and
Zeller operators given in (I). Furthermore, in the slight modification by Dogru and Duman in [14] the
g-variant of Meyer-Konig and Zeller operators are defined on C[0, 4], 2 € (0, 1), by

o= [fo-wn ()

For some other works on Meyer-Konig and Zeller operator, one can see [1].
Recently, Mursaleen et al. [41] firstly used the concept of (p, g)-integers in approximation and gave the
(p, 9)-analogue of Bernstein polynomials. For 1 > p > g > 0and m € N,

m+{

uf, (g€(0,1]), meN.
q

B (f‘u)=Li pT mf[l( ﬂ uel0,1] @3)
mp.a\J s men P - Py, ) ,1].

2 =0

For more study we can see [9} 130} 40, 42, 46].
If p = 1, the operators (3) reduce to Phillips g-Bernstein operators.
Also,

(1- M)qu = H(ps -gdu)y=01-u)(p- qu)(Pz _ qZM)_"(pm—l _ qm—lu)
s=0

m
(m=0)(m—-1)  £(f-1) m
=Y VT g [g] !
=0 iz

Very recently, Khalid et al. [31} [32] introduced (p, g)-analogue of the operators defined in [32] and
provided an application in CAGD, a generalization of g-Bézier curves and surfaces [8, 48], are defined as
follows:

The positive linear operators L;’fq :C[0,1] — C[0,1]

m—{ [(] > m (m—0)(m—(-1) (’([ 1) ¢
. f(p [m]ml 7) | ¢ ] p 2 q 2 1/[ (1 u)m 4
L 1z
L (fiu) = Z — . ,
=0 [T{p=1(1 — u) + g~ 1u}
i=1

forany p,g > 0and u € [0, 1].
Again for p = 1, these operators reduce to the operators as given in [47].
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Based on (p, g)-calculus and its applications, here in the present paper we construct (p, g)-analogue of
MKZ operators which is an extension of the operators in [50] and study some convergence properties.
Contents of this paper are available on arXiv [27].

For detailed study, we refer [214} 7, 11} 13} 20} 22} [23] 25| 26 128} 29, 137, 49].

The (p, g)-integer [m], , is defined by

p];:gm, for p#q+1
m—1 _
[m]p,q — pm—l + pm—Zq + pm—3q2 + o+ pqm—z + qm—l — m p , fOI'p — q 1
a forp=1
m, forp=g=1

Also, the (p, g)-binomial expansions are

m
) m-0m-t-1) - | m 01l m—C. £
(au+by)qu.:Zp 2 g2 [{,] athtu" Yy,
=0

p.A
4 D) = (e )+ )P+ ) (74 ),
(1)% = (D(P)(Pz) . (pm—l) _ PW,
Thus we obtain,
m m 1) m—{—1 -
Z|:€:| pTu[H(Ps_qSu) =p 2 /MG[Oll]
£=0 pa 13
where
m [m]p,!

" gl = ! m>{>0).

[ t ]Pﬂ [5]p,q![m - f]m! ( )

Also

q'm =€+ 1] = [m+ 10— p" (€]
and

[m + 1l = 4" + plmlpq = p" + qlmlp,.

For details on g-calculus and (p, g)-calculus, we can refer to [21} [41]].
One can easily verify by induction that

14
m— _ (=r)(-r-1)  r(r—1) VA .
(1 + )+ ) + ) (" gy = Y p g H u
r=0 g

Again by induction and (p, g)-integers, we obtain (p, g)-analogue of Pascal’s relation [31}32] defined by

m _ m_g—m—l g—m—1~
e TT fe-1| P ¢
Ipag s Ipg s Ipg
and
m _ m—[’— m—1 | m=1
el TP ol e | T ¢ :
Ipg s Ipg s Ipag
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In Section 2, we construct (p, g)-analogue of Meyer-Konig and Zeller operators and present two auxiliary
lemmas for the proposed operators. Section 3 is devoted to Korovkin type approximation theorem involving
(p, 9)-Meyer-Konig and Zeller operators. In section 4, we present some direct theorems based on Peetre’s
K-functional and in addition the rates of convergence are estimated. In the final section of this article, we
display some graphical examples for the convergence and comparisons of the operators under different
parameters.

2. Construction of operators

Let f € C[0,1] and 0 < g < p < 1. We define (p, g)-analogue of the Meyer-Konig and Zeller operators as
follows:

1 o [m+
Mm,l’rﬂi(f} u) = m(m+1) Z [ g
1

4 €. —tm S _ S (M)f
L/qu [4 H(p qu)f [+ 01y, if ue€l0,1),

P > =0 5=0
Mupq(f,1) = fQ), if u= (4)
Also if p = 1 in the equation (), then M, turn out to be the g-MKZ operators M, ; defined by (2).
Note that, with the help of mathematical induction on m, it can be easily verified that
1 1 o [m+€ ..
m = m(m+ u.
Hs:O(pS - qsu) p% ;0 [ 4 ]p,qp
Lemma 2.1. Forallu €[0,1]and 1 > p > q > 0, we have
1. Mypqe(Lu) =1;
2. Mypg(&u) = 1;
3. U2 < Mypq(E5u) < [mi—l]Mu + pu?.
Proof. Letu €[0,1]and 1 >p > g > 0. Then
)
1 . m+{ C—tm 5 s s
Minpg(Lu) = —5 Z o | wp H(P —qu) =1 ®)
Pz =0 iz s=0
.. . m [£]y, m+(—
(ii) Using the fact that | Zg]p/q it = . 1]%11 we get
1 = [+ ¢ _ = Pm[g]p,q
M,, , Eu — — ut’ {m S _ gSu
P q( ) pm(nzi ) ; | f 0 P L('):(p q ) [m + f]prq
Pt m+ -1 om TTos s
= m(m+1) Z 5 — 1 ] ufp ‘ H(P - q u)
p 2z =1t iz s=0
pm . -m + g —m - S S
= o Z ’ ] ut’+1p (+1) H(p — q°u)
p 2z =0l i s=0
u o [m+t o T
= T Z ’ ] ufp e H(ps - q’u) = u.
P2 =0l 2 s=0
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(iii) By using [£ + 1], = p[{lp,, + 9%, we obtain

1
Mm,p,q(éz; u) = M
p 2

m(m+1)

m(nz+1

Zm
Z[m+€]u€p—lm H( s_ Sy [ —E;]qu
pAa

=0

ﬁ o~ (e)

s=0

m+C o s o [¢+1],,
L[] e o=l
pA 5=0 PA

=0

(o8]

_ m+{ e Tos s PLlpa + q
- m(m+1) Z[ :| pa p Lo[(p q u) [m + €+ 1]p/q .

=0

Using the facts that [m + 1], < [m + £ +1],,4, 4" <1and

[m + f] [f]p,q _ [m + g]p,q [Wl +{— 1] < [m +{ - 1]
Pl][ pq_ pq,

€ | Im+C+1],,  [m+C+1],] -1 -1
we obtain
pm . Vm +4 0+1,—ml - s [f]p,qp
Mm'p'q(éz; u) = m(m+1 :| u p ( q u) Tom 1 7 1 11
p o );_ 4 b g [m+€+1],,
pm . Vm + €:| (+1, —ml - S s q[
+ u-p W -guW\——
m(m+1)
p ik ; 4 pa g [m+€+1],,
"oy m+5_1] (11t
S p° —q’u)
p 5 ; [ ¢-1 P4 H
Pm . [m + f] 41 —mf
+ e (2
[+ 1],,p" 5 ;: H
_ [m 5] £42p51-m(E41)
PW;D =1 pa 11
m+ €:| +1 —mt’ - s s
+ p—” ¥’ —q'u)
[m + 1 ( = [ P4 1?0[
2
pu —m
= T Z[ ] ‘ H(P — q°u)
p 2 =0 pA
+ pmu i m+{ é’ —mt H(p
[Wl + 1]p,qp% =0 pAa
P u+ puz
[m+1],,
[

Lemma 2.2. Forallu €[0,1]and 1 > p > q > 0, we have
(1) Mm,p,q((é - 1/[),' M) = O/
(ii) Mm,p,q((é - T/l)z,' M) < [mf:—uwu + (p - 1)1/{2.

3771
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Proof.
The proof of (i) is obviously.
(ii) Let0 <u <land 1 >p > g > 0. Taking into account the linearity of the operators we get

Mm,p,q((é - u)z; u) = Mm,p,q(tz; u) — zuMm,p,q(t; u) + usz,p,q(l; u)

up™ 2 2
< — +pu - —-u
[m+1],, P
p" 2
—u+(p-1u.
[m + 11, P=1)

O

3. Korovkin type approximation theorems

In this section, we first recall some well known results based on classical Korovkin type approximation
result. We also study classical and statistical versions of Korovkin’s results with respect to the (p, 4)-Meyer-
Koénig and Zeller operators.

Let Cz be the space of all real valued continuous functions with the following norm

Ifllc; =suplf(u)l, f€Cr.

uel
where I = [a,D]
The Bohman-Korovkin [34] type theorem can be stated as follows:
Let (T),) be a sequence of positive linear operators from Cy to itself. Then
Lim [|T(f;u) — f(W)ll =0, forall f € Cy
if and only if
Tim [IT(fi5 ) = fi()le =0,
where fj(u) = u/, for each j = 0,1,2.

Theorem 3.1. Let 0 < g,y < pm < 1 such that lim p,, =1, lim q,, = 1 and lim p}} =1, lim g} = 1. Then for
m—o00 m—oo

m—00 m—00

every f € Cz, Miyp, q.(f; 1) converges uniformly to f on 1.

Proof. Using Bohman-Korovkin Theorem, we need to prove that
HM Mg, g, (50) = olle, =0, (1=0,1,2)

By using Lemma [2.T] (i)-(ii), we have
?}Ilgolo IMonp,,9.,(L; 1) = 1llc, = 0

and
Lim (M4, (& 1) = tllc; = 0.

From Lemma [2.] (iii), we get

m

1Mo, (%5 10) = 1Plle; < |ermm——tt + (p = Di?|.
[m + 1]pmrqm
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Hence

m
p m

M o o
” mrl’mﬂm(é 4 ) ”CI [m + 1]Prnﬂm

+pm—1

which yields
,,111_{20 Mg (E25 1) = 1], = 0.

O

Remark 3.2. For 0 < g < 1landq <p <1, itis clear that lim [m],; = 0 (or pqu). We need to take two sequences
m—0o0

p = (pwm), 9 = (Gm) such that g, € (0,1), p € (G, 1] and lim p,, =1, lim g, =1, lim pj; = 1, lim gy = 1. We
m—oo m— o0 m—oo m—o0
obtain lim [m],, 4, = co.

m—oo

3.1. Statistical approximation:

For the sequence of positive linear operators, Gadjiev and Orhan [18] were the first who gave statistical
version of Korovkin theorem. For some recent work on statistical convergence, one can refer [5,125}38)/39,/43].

Here, we give a statistical approximation theorem of My, ;4.

A sequence u = (u;) is said to be statistically convergent to the number L if for every ¢ > 0 (see [17]),

lim l}{jg m:|uj— L] 2 E}( =0,
m—oo 11

where |.| denotes the number of elements in the set. Also, we write st — limu = L.

Theorem 3.3. Let0 < gy < pi < lsuchthatst—lim p,, = 1,st— lim g, = landst—lim p) = 1,st—lim gl = 1.
m—oo

m—o00 m—0oo m—00

Then for the operators My, 4, satisfying the condition

st — ,,1113; 1Mo po (fi(E); 1) = fiwllc, = 0, foreachi=0,1,2,
we have

st — ”1113010 (1Mo pr g (f(E); 1) = f(W)llc, = O, forall feCy.

Proof. Let f € Cr and u € 1 be fixed. Since f is bounded on the interval I there exists a number M such
that |f(u)| < M for all —co < u < co. Thus,

f(E)— fw) <2M, —oo< &, u< o0,
From the continuity of the function f , there exists a number 6 = 0(¢) > 0 such that
If(&) — f(u)] < € whenever |£—u| <6,

for € > 0. Also, for all &, u € [0, 1] satisfying |£ — u| > 0 that

F€) -~ fwl < e+ 22—

From the above relations, we get, for all £, u € [0,1], that

[f(E)— fw)] < e+ 26—]24(15 —u)>.
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By taking into account the properties of M, 4,, we obtain that

|Mm,p,,,,q,,, (f(é)/ M) - f(u)l

< Mg, g, (1FE) = FO0l;12) + | FO M, g, (L 10) = 1]
2M
< ‘Mm,pm,qm (5 + y(p(u);u) + M My, p,, 5, (1;u) =1
2M 4M
< et (et Mot S0 Mg, (110 = 11+ S50 Mg, (6510 —
2M 2 )
+ ? Mm/pm/q”t (E ;u) —u

where a2 = max{|u|}. Then taking supremum over u € [0, 1] in last inequality, we have

2
Mo pyg,, (fE); 1) = f(Wllcry < € +1 Z Mo, p,,,g., (fi(£); ) = fi(wllcr)
i=0

where n = max {e +M+ %Aaz, ‘%a, %A} Now, for a given ¢’ > 0, choose a number ¢ > 0 such that ¢ < &’.

Then, the following sets can be defined as

A= {m €N: ”Mm,p,,,,q,,,(f(é); Ll) - f(u)”C(I) > 5,},

& =& .
{m €IN: ||Mﬂ1/pm/qm(ﬁ(£); 1/[) - ﬁ(u)”C(I) 2 317 }r 1= 0/ 1/ 2.

;7‘,'2

Then it is easy to see that A C Ay U A1 U A, and hence 6(A) < 6(Ap) + 0(A1) + 6(Ap). Letting m — oo, we
immediately get that

st = lim M, q, (0 0) = f@)llocry =0, for each f & C(T).

Thus, the proof is completed. [

4. Direct Theorems

Here, we present some direct theorems and obtain the rate of convergence.
The Peetre’s K-functional of f € Cy is defined by

Ka(f,0) = gierxz{llf = gllcay +0llg”llc,, 6> 0}

where
W2={geCs:q,9" €Cs}.
By [15], there exists a positive constant M > 0 such that
I (f, 8) < Mwy(f,6%) (5> 0)

where w, represent the second order modulus of continuity given by

wz(f,éi) = sup sup |f(u+2h)-2f(u+h)+ f(u)l.

O<h<b% u,u+2hel0,1]
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Theorem 4.1. Let f be a real continuous function defined in I and 0 < q <p < 1. Then ¥ n € N, there is M > 0
such that

|Mm,p,q(f/' u) — f(u) < Mws(f, 0m(u))
where
pm

6%1(14) = MZ(P - 1) + mu.

Proof. Let g € W,. From Taylor’s expansion, we obtain

&
9©) = gu) + 7 (u)(E — 1) + f € —u) g0y du, (€ €[0,1])
By Lemma[2.2|(1), we have

&
Mo (06 1) = (1) + Mg ( f (& =) ") dut u)

which yields that

IN

| Minp,q(9(E); 1) = g(u) |

‘Mm,p,q (jj(é —u) 9" (u) du; u)

IN

3
Mg (f [E-u)| 9" (u)]|duy; u)
Mg ((& = 0% u) llg”l

IN

Using Lemma [2.2](ii), we get

pm
———1u |lg
[m+1],,

II||

| Mg (9(E); ) - g(u0) 1< 12(p = Dllg”ll +

From the definition of M, 4(f; u), we obtain

| Minpq(f;10) 1< NIfI.

Minppg(fi1) = F@O < [Mipg((f = ) ) =(f = 90| + Mo pq(g5 1) = g(w)
2 ’/ pm 77
< f =gl +u(p—Dlg”ll + um”!} II.

Now taking infimum over all g € W?, we have

| Mipq(f 1) = f(u) | CH(f, 62,(w))
Hence, we obtain
| M q(f518) = £(u) 1< Ca(f, O(w)).
|
Theorem 4.2. If f € Cy, then

|Mm,p,q(f/' M) - f(u)‘ﬁ 2w(f/ \/[ pm ip- , )

m+1],,
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Proof. Since My, ,4(1,u) = 1, we have

1 [ n+t [€lpap™
M, u) — fw)| < ‘_1 ulp=tmp, u‘ ( - )— u‘
[Mapa(f510) = f0)] T ;; ¢ Lﬂ P PO\ g )
1 ¢ [y — ol
m + —{m nm+ ”
< { - [ ’ ] ulp~" pm_l(u)( 22 +1)}wf(5)
P T P
_ (1 1 o[ mt e £, —tm ([f]p—,,p’” - )2
= {52;77”(7;“) [Z:;‘[ £ L,qu P P @) [m +f]p,q !
1 + _
+ m(m+1) [ " [ } ufp fmpm_l (u)}Wf(é)
P =0 &

(Mg (8251) = 2uMo (6 10) + 1M1 u))+1}wf(5)

IA
b

(ﬁ +p- 1) + 1}wf(6),

where Pj,_1(u) = [](p° — g°u). Choosing 6 = 0, = /ﬁ +p—1,weget
s=0 ’

Mo (f10) = f(18)|< 2005(5,).

Further, we estimate the rate of convergence in terms of elements of the usual Lipschitz class Lipp(cr) of
the operators M, ;.

Let f € C;, M >0and 0 < a < 1. A function f € Lip () if the following inequality
If(&) = f)l < MIE—ul®, (t,u €[0,1])

hold.

Theorem 4.3. Let 1> p > g > 0. Then for every f € Lip p(cx) we get

|Mm,p,q(f; u) — f(u)| < Moy (u)*

where
0%, (u) = uz(p -1+ Lu.
[m+1],,
Proof. Let us denote
1 m+€ —tm - s s
Pue)=— | "7 | w07 - qw)
p : pA 5=0
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. From monotonicity of the operators M, ;,;, we can write

|Mm,p,q(f; M) - f(u)| < Mmpq(lf(g) - f(u)| u)
p" [y,
< Z Puclf( oy 7))
P Pl
< M) Py -
Z (u ) 1, '
p alU? 2012 o,
Now for the sum, applying the Holder’s inequality with f = 2 and § = 32 and Lemma 2.1] . (i) and Lemma
2| (ii), we get
M (f u) — f(u)| < (i E(M)( p" €] P )Z)a/Z(iP g(u))zzﬂ
e - =0 * lpa =

= M{Mm,p,q((t —u)%; u)}%

Choosing 6 = 6,,(1) = \/Mm,p,q((é - u)?; u), we obtain

|Mm,p,q(f; Ll) - f(u)| < Mém(u)"‘.
|

5. Example

In this section, we show the comparisons of the operators (4) for the convergence to the function

poo=(o- o 3e-3)

and some illustrative graphics [44] for different parameters. Because of a complicated infinite series, we
investigate our series only for finite terms.

s
WD)

S Dot 0004 05 06 0T 08 0yt
b ) ft11=3, D500

@) (b)
Figure 1: (p, 9)-Meyer-Konig and Zeller operator
We can observe that in Figure (1), (p, q)-Meyer-Konig and Zeller operators (5) converges towards 1 as

the value of ¢ increases. In Figure (1) (a), value of £ = 0 to 100 whereas in Figure (1) (b), value of £ = 0 to 500
forn = 3.
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——Forg=9,p=95
0.25F = function

For q=95, p=99 For =95, p=.99
function = function

08 1 o 02 08 1 0 02 08 1

04 06 04 06
x (for n = 2, k=0 to 200) x (for n = 2, k=0 to 500)

(@ (b) (©

04 06
X (for n = 2, k=0 t0 200)

Figure 2: (p, 9)-Meyer-Konig and Zeller operators

—— For =95, p=99 For =95, p=.99
= function = function

o 02 08 1 0 02 08 1

04 06 0.4 06
x (for n =2, k=0 10 500) X (for n = 2, k=010 600)

(@) (b)

Figure 3: (p, 9)-Meyer-Konig and Zeller operator

Also, In Figure (2), we observed that the operators (5) converge towards the function as the value of p

and g approaches to 1 provided 0 < g <p < 1.
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