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Homology of Contact CR-Submanifolds

Fulya Sahin?®, Bayram Sahin®

?Ege University, Department of Mathematics, 35100, Izmir, Turkey

Abstract. In this paper, homology of a contact CR-submanifold of a real hypersurface, which has naturally
almost contact metric structure induced from the complex Euclidean space C”, is examined. More precisely,
nonexistence of stable integral currents on a compact contact CR-submanifold of real hypersurface of

canonical complex space form C" is investigated and vanishing theorems concerning the homology groups
are obtained.

1. Introduction

Recently, geometric and topological methods have important roles in learning neural networks, pattern
recognition and signal processing [2], [24]. The main idea in these areas is to consider a flat or curved
network parameter space endowed with a suitable geometric structure in the network learning algorithm.
The non-Euclidean nature of data implies that manifold theory may be considered as new tool to use in
these new research areas. One of the new methods in machine learning is depicted data as a submanifold
(with curvature) of Euclidean space. Thus submanifold theory finds a place in machine learning and data
mining, which are prominent research areas. Let M be an m-dimensional compact Riemannian manifold

with Riemannian metric § and the Levi-Civita connection V. Denote by (S, ) the oriented, p-rectifiable set
in M. The set of rectifiable p-currents is

[

Ro(M) =18 1 ) 183 Sy = (S, 00), M(S) = ) nHI(S,) < o0},

n=1 n=1

SeR, (M) is called an integral p-current if S and dS are both rectifiable currents, for details see:[9]. After
Federer and Fleming [10] showed that any non-trivial integral homology class in H,(M, Z) corresponds to
a stable current, Lawson and Simons [12] obtained that there are no stable integral currents in the sphere
§", and there is no integral current in a submanifold M™ of S"* when the second fundamental form of M™
satisfies a pinching condition. The result on submanifolds of 5" has been extended to Euclidean space [13],
[27], to §™ x S™ [30] and to higher codimensional submanifolds in the Euclidean spaces [14]. In [8], the
authors showed that when the second fundamental form of a compact submanifold N" of a hypersurface
M™ in R™! or a submanifold M™ in R"™*? satisfies some conditions, there is no stable integral p— current
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in N" and H,(N,Z) = H, »(N,Z) = 0, where H;(N,Z) is the i— th homology group of N with integer
coefficients.

CR-submanifolds of a K&hler manifold were introduced by Bejancu [1]. The study of such submanifolds
is still an active research area, see:[25], [26] for instances. On the other hand, Chen defined CR-warped
product submanifolds of almost Hermitian manifolds in his papers [6] and [7]. Later such submanifolds
have been studied by many authors, see book [5] and references therein. In almost contact manifolds,
Hasegawa and Mihai [11] introduced and studied contact CR-warped submanifolds and obtained a sharp
inequality for the squared norm of the second fundamental form (an extrinsic invariant) in terms of the
warping function for contact CR-warped products isometrically immersed in Sasakian manifolds. Moreover
Mihai [15] obtained a classification of contact CR-warped product submanifolds in spheres, which satisfy
the equality case, see also [16-18].

In [22], the first author considered CR-warped product submanifolds in even-dimensional Euclidean
spaces and obtained a sufficient condition for certain homology groups to be zero. In this article, a more
general case is taken into account in calculating homology groups of CR-submanifolds immersed in an
arbitrarily curved space. In this direction, first the non-existence of integral currents on a CR-warped
submanifold of the real hypersurface of complex Euclidean space was found in terms of the warping
function. Second, the non-existence of integral currents on a general contact CR-submanifold of the real
hypersurface of complex Euclidean space was obtained by using mixed scalar curvature introduced in [20],
[21] and related notions.

2. Preliminaries

In this section, we will review basic materials from [29] for later sections. An almost contact manifold
M is a manifold endowed with an (1, 1) tensor field ¢, a 1- form 1 and a vector field & such that

O*X = =X +n(X)E &) =1,p£ =0 (1)

for X € I'(TM), where I'(TM) denotes the module of vector fields on M. An almost contact metric structure
(¢, &, 1) is called Sasakian structure if

(Vx¢)Y = g(X, V)& = n(Y)X
for Y € T(TM), where V is the Levi-Civita connection on M. A Kihler manifold M is a differentiable
Riemannian manifold endowed with an almost complex structure |, and a Riemannian metric g such that
]2X=—X,V]IO,g(]X,]Y)=g(X,Y) (2)

for X,Y € I(TM). A complex space form is a simply connected complete Kihler manifold of constant
holomorphic sectional curvature.

Let M be an orientable real hypersurface of the complex space form C”, which is a complex space
form with constant holomorphic sectional curvature 0, with the unit normal vector field C. We denote the
induced metric on M by g again. Then there is an almost contact metric structure (¢, &, g) defined on M,
whose ¢ is the characteristic unit vector field defined by & = —JC, i is a smooth form which is dual to & that
is N(X) = g(X, &), X € I(TM) and ¢ is a tensor field of type (1, 1) satisfying (1) and

9(@X, PY) = g(X, Y) = n(X)n(Y).
Let A¢ be the shape operator of M with respect to C. Then we also have the following identities
R(X,Y)Z = g(AY, Z)AX — g(AX, Z)AY, 3)
JX = ¢pX +n(X)e (4)

where we have put A = A¢. Let N be an n + 1- dimensional submanifold, tangent to the structure vector
field & of a real hypersurface M*"~! of C™. The Gauss equation for a submanifold N is given by

JRXVZW) = gR'(XY)ZW)- gl (X, W), (Y,Z))
+g(H' (Y, W), ' (X, 2)) )
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for X,Y,Z,W € I'(TN), here I’ is the second fundamental form of N, R’ is the curvarture tensor field of N
and R is the curvature tensor field of M. From (1), (2) and (4), it follows that a real hypersurface of a Kdhler
manifold is Sasakian manifold if and only if A satisfies

A=-T+pn®&E

where 8 = n(A¢) + 1. For research papers on the real hypersurfaces of a Kaehler manifold being a Sasakian
manifold, see: [19] and [23], see also [4] for generalized Sasakian space form.

We now suppose N is a contact CR-submanifold of M?"~!, then there are two distrributions D and D*
on N such that

TM =D& D' @& ¢(D) = D, (D) c T*M.

We note that totally real submanifolds and invariant submanifolds are contact CR-submanifolds with
D = {0} and D+ = {0}, respectively. For examples of such submanifolds, see: [28]. Unless otherwise stated,
we will consider proper contact CR-submanifolds throughout this paper. This means that dim(D) = p # 0
and dim(D*) = g # 0.

3. Homology of Contact CR-Warped Submanifolds of a Sasakian Hypersurface

CR-warped product submanifolds of a Kdhler manifold were first introduced by Chen [5-7] and then
such submanifolds were studied by Hasegawa and Mihai[11], Mihai [15] and Munteanu [18] in the Sasakian
setting. We first recall basic notions for warped product manifolds from [3] and [5]. Let (B, g1) and (F, g2)
be two Riemannian manifolds, f : B — (0,c0) and 7w : BXF — B, n: BXF — F the projection maps given by
n(p,q) = p and n(p, q) = q for every (p,q) € B X F. The warped product [3] M = B X F is the manifold B X F
equipped with the Riemannian structure such that

9(X,Y) = g1(. X, 1.Y) + (for)*g2(n. X, 1.Y)

for every X and Y of M, where + denotes the tangent map. The function f is called the warping function of
the warped product manifold. In particular, if the warping function is constant, then the warped product
manifold M is said to be trivial. Let X,Y be vector fields on B and V, W vector fields on F, then from
Lemma 7.3 of [3], we have

Xf
f

where V is the Levi-Civita connection on M.

In [11], Hasegawa and Mihai considered warped products M = M; Xy M, which are contact CR-
submanifolds of a Sasakian manifold M. They showed that there do not exist warped product submanifolds
M = M Xy M, of a Sasakian manifold M such that M is an anti-invariant submanifold tangent to £ and M,
an invariant submanifold of M. Therefore they considered contact CR-warped product submanifold of the
form My Xy M, of M such that M; is an invariant submanifold to M and M, an anti-invariant submanifold
of M.

One of the generalized version of the Lawson-Simons’s result is obtained as follows.

ViV = VX = (55)V

Theorem 3.1. (Cheng-Shiohama)[8] Let N be an n-dimensional compact submanifold of M™ which is an m-
dimensional hypersurface of an (m + 1)-dimensional Euclidean space R"*1. If

Y L211 (ei, )l = I ey i), hlea, ea))] < 2p(p = m)A>
is satisfied for every x € N and any orthonormal basis {e;,e,} of TN, i =1, ...,p,a = p+1,...,n. Here I’ is the second
fundamental form of N in M™, and A? is the maximum at x of the square of principal curvatures of M™. Then there
is no integral p-current in N and Hy(N, Z)) = H,,(N, Z)) = 0, where H,(N, Z.) is the p-th singular homology group
with integer coefficients.
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In this section, we are going to find suitable conditions for a contact CR-warped product such that
(2p + 1)th homology group of N is zero and as a result of this, we obtain a sphere theorem for such
submanifolds. We note that the Laplacian of a function f is denoted by Af.

Theorem 3.2. Let N" be a compact contact CR-warped product submanifold M = My Xy M, of a Sasakian hyper-
surface of C™ such that M is a (2p + 1)-dimensional invariant submanifold tangent to & and M, a g-dimensional C-
totally real submanifold of M. If

Af < 5{2(210 +1)2p +1 - mAE)?* - q2p — N(AL) + IVInfI* + 1)}

is satisfied for every x € N, where A(x)* is the maximum at x of the square of principal curvature of M*"~1, then
there is no stable integral (2p + 1)-current in N and Hapy1(N, Z) = Hy—2p41)(N, Z) = 0, where Hpp41(N, Z) is the
(2p + 1)th homology group of N, where 2p + 1+ q = dimN = n and 2m — 1 — dimN = q.

Proof. From (3) and (5), we have

g (X, W), K (Y, 2)) = g(AX, 2)g(AY, W) — g(AY, Z)g(AX, W)
+g(R'(X, Y)Z, W) + g’ (Y, W), ' (X, Z)). (6)
for any vector fields X, Y,Zand W on N. We take X =Z =¢;, Y = W = ¢, in (6). Thus we obtain

2p+1 g 2p+1 g
Y o e Heae)) = )Y (@Aei e)g(Aea ea) — glAeq, e)glAei )
i=1 a=1 i=1 a=1

+9(R'(ei, ea)ei, ea) + g(h' (ea, €4), W (i, €1)))-

First of all for a contact CR- warped product submanifold, we have the following

99X, Z), pW) = X(Inf)g(Z, W), )
for X e I'(D) and Z € T(D*), See:[11]. Now using (7), we also have
g (X, Z), pW) = —pX(Inf)g(Z, W). ®)

Hence for dim(D*) = dim(TM™), we derive

2p+1 g 2y q
Y 90 e, W een)) = )Y gl (eiea), I (eiyea)
i=1 a=1 =1 a=1

+g(h,(ea/ é)l h’(em é))
Since (Y, &) = —¢Y (see:[1, Page 102, Lemma 1.2]) for Y € I'(D*), we obtain

Ly

1=

+

N
=

2 q
gl (eiyea), W (eiea)) = ) ) g (eiyea), W (eiyea)) + 4. ©)

i=1 a=1

Il
—_
1l
—_

i a

Using (7) and (8), we derive

2y q p4q
Y 90 e Hiene) = Y, Y (~gelinf)iglene,)?
i=1 a=1 i=1 a,y=1
+ei(Inf )zg(ea, ey)2
= ||VinflPq. (10)
Since
2p+1

q
Y gl engAe ) = @p+1- P,

i=1 a=1
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and
2p+1 g
Z Z g(Aeq, ei)g(Aeq, ei) = 0,
i=1 a=1
using (9) and (10), we have
2p+1 g
Y Y 200 ien), W (eise) P =gU (eas ea), I i)
i=1 a=1
2p+1 g
=@p+1-pg+ Y Y 9(R (e eadeise0) + VinflPq +q.
i=1 a=1

On the other hand since N is a contact CR-submanifold of a Sasakian manifold and it is a warped product
submanifold, we have (see [5])
gV, W)

f

R(X, V)W = VxVf.

Hence we get

2p+1 g

Z g(R(ei ea)ei ea) = 14 f.
1 f

i=1 a=
Thus we arrive at

2p+1

q
Y Y @l el — gl (o) W (e e)) = @p+1- g

i=1 a=1

+||Vlnf||2q+%Af+q.

Therefore, it follows that

2p+1 g

Y ) @I Geiyea)lP = g (easea), W (ei, ) < 22p + D)(2p +1 = WA

i=1 a=1
for x € N if and only if the following inequality is satisfied

Af < —5{(2;) +1—B)g +qlIVinfIF + 9 -2@2p + 1)Q2p + 1 - n)A(x)*}
which completes proof due to g = n(A&) +1. O

Thus we also have the following result.

Corollary 3.3. Let N" be a compact contact CR-warped product submanifold M = My Xy My of a Sasakian hyper-
surface of C™ such that M is a (2p + 1)-dimensional invariant submanifold tangent to & and M, a g-dimensional C-
totally real submanifold of M. If

Af < g{z@p S 1)@+ 1 - WA - g2p — 1(AS) + IVInfIP + 1))

is satisfied for every x € N, where A(x)? is the maximum at x of the square of principal curvature of M*"~, then N"
is homeomorphic to a sphere when n # 3 and N" is homotopic to a sphere when n = 3.
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4. Homology of Contact CR-submanifolds of a Sasakian hypersurface

In this section, we will consider an arbitrary contact CR-submanifold N of a Sasakian hypersurface
M?"1 immersed in C™. By definition of contact CR-submanifold, we use two differentiable distributions in
our study. Therefore, we will recall some notions related to distributions which are introduced recently in
[20] and [21]. Let D and D+ be two distributions on a submanifold M of a Riemannian manifold M. Let XT
be the D-component of X € (M) (resp., X* the D+-component of X). Then the second fundamental form
of D+ and D, respectively, are defined as

Wt (u,v) = %(Vuv + Vo), h' (X, Y) = %(VXY + VyX)*
foru,v e (DY) and X, Y € T'(D). The mean curvature of D+ and D are defined as

H'" = trace|,h", H* = trace|h*.
We also define the following maps
L 1 T T 1 L
T (ulv) = E[urv] /T (X/ Y) = E[X/ Y]

where T+ and TT denote the components of D* and D, respectively. Finally mixed scalar curvature of
submanifold of M is given

Smix = Z g(R(Ea/ gi)Em Si)
ai

We note that this notion is not depend on the order of distribution on the choice of a local frame. By direct
computation, we have [20]

Sy = [IHHIP = 1P + TP + IHT? = 1717 + div(HT + H). (11)

In this section, we are going to investigate certain conditions for a contact CR-submanifold of a Sasakian
hypersurface such that its 2p-th homology group is zero and as a result of this we obtain a sphere theorem
for contact CR-submanifold.

Theorem 4.1. Let N be an n-dimensional compact contact CR-submanifold of a Sasakian hypersurface M*™~! of C™.
If p = dim(D) and q = dim(D*4), if

P q
Swie < 2p(N(AE) =)+ Y Y =I(Vi0)eilP + 20((Visp)es, I (e, )

i=1 s=1
— 2l (ei, &) + 4p2p — m)A(x)?

is satisfied for every x € N and orthonormal basis {e;,e;} of D@D+, i=1,..,2p, s = 1,...,q, then there is no integral
2p-current in N and Hy,(N, Z) = H,—2,(N, Z) = 0, where Hy(N, Z) is the p-th singular homology group with integer
coefficients and I’ is the second fundamental form of N in M.

Proof. Taking X =Z =¢;,Y=W=¢,,a=1,..,4,9+1,in (6), we have

2p g+l 2p g+1
Y Y gl e Hiene)) = Y)Y (g(Ae,e)g(Aey, e) - glAea, e)glAci )
i=1 a=1 i=1 a=1

+9(R(ei, ea)ei, ea) + g(h' (ea, 4), W (i, €1))).

Since
2p g+1

Y. Y g(Aci e)g(Aes,e0) = =2p((=q + 1)+ ) = =2p(B— (9 + 1),

i=1 a=1
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and
2p g+1
Y'Y gen, e)g(Aeqe) = 0,
i=1 a=1
we derive
2p g+l 2p g+l
Y. Y g eea W eea) = — 2pB=(q+1)+ ) Y {9(R (erea)eien)
i=1 a=1 i=1 a=1
+g( (eq, €a), W (i, €:))).
Thus we get
2p g+1
Y Y 2R e IP = gl (easea), B eised)) = =2p( = (g + 1) + Spix
i=1 a=1
2p g+1
£ YY) g0 (eiea), (e ea). (12)
i=1 a=1
Since H’(e;, £) = 0, we obtain
Y g (eiven), W (eren)) = Y g (ei,€), 1 (ei €2) (13)

Putting (13) in (12), we get

2p g+1

Y Y UK (ee) P = gl (earen), W (e, e))) = =2p(B = (3 + 1) + Sy

i=1 a=1
2 q
£ YY) g0 (e €), 1 (e 3.

i=1 a=1
On the other hand, by direct calculation we have
W (pX, Z) = —=(V,)X + ¢ph'(Z, X),
where V’ is the induced Levi-Civita connection on M. Thus we have

gl (PX, 2,1 (@X,2)) = IV PXIF = 29((V,$)X, B (Z, X))
+g(oh' (Z, X), o' (Z, X)).

for X e I'(D) and Z € T(D*). Since n(h’(Z, X) = 0, we obtain

g(ph' (Z,X), ph'(Z, X)) = gh' (2, X), W' (Z, X))) = g(h'(Z, X), W (Z, X)).
Putting above equality in (13), we have

2p

q P4
Y g e e) ) = )Y (Vapel? - 29((Viples, dh' (€, e)

i=1 s=1 i=1 s=1

+2g9(1 (e;, €2), 1 (e;, €5))).-
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Thus we arrive at

2p g+1

Y. Y @ elP — gl eate) 1 (ei,e)) = =2p(8 = (9 + 1)) + Suix

P4
+ )Y Vel = 29((V2plei, H (€5, )

i=1 s=1

+2|I1 (ei, €)I). (14)
From above equality and Theorem 3.1, the proof is complete due to f = n(A&) +1. O
From Theorem 4.1, (14) and (11), we have the following result.
Corollary 4.2. Let N be a n-dimensional compact CR-submanifolds of M*"~! which is a (2m — 1)-dimensional
Sasakian hypersurface of C". If p = dim(D) and q = dim(D*), then

P4
IR + TP + TR + dioGHT + HY) + Y Y (V2 d)el + 201 e, €517)

i=1 s=1

=

9

< 2p(N(AE) = g)) +4p(2p — MA@ + ) Y 20((Vie e, Pl (€5, 7).

i=1 s=1

is satisfied for every x € N and orthonormal basis e;, ...,e;} of D@®D*, i =1,..,2p, s = 1,...,q. Then there is no
integral 2p-current in N and Hy,(N,Z) = H, 2,(N,Z) = 0, where Hy,(N, Z) is the p-th singular homology group
with integer coefficients and h' is the second fundamental form of N in M.

Proof. By using (11), (14) becomes

2p g+1

Y Y @l ed? gl (eaca), W (e e)) = ~2p(B — (9 + 1)

i=1 a=1

IHS P = P + TP + IHTIP = [1RT12 +

P4
+dio(H + HY) + Y Y (I(V, @)eil?

i=1 s=1

~29((Vy.0)ei, OH' (€5, €)) + 211K (ei, €)I)-

By using p = n(A¢) + 1 we obtain the assertion. [

We also have the following result.

Corollary 4.3. Let N be an n-dimensional compact contact CR-submanifold of a Sasakian hypersurface M*"~! of
C". Ifp = dim(D) and q = dim(D™), then

P 9
Swix < 2pMAE =)+ Y Y (<N(Vipedl + 29((Vse Pei, H' (€}, e1))

i=1 s=1

= 20K (i, )IP) + 4p(2p — m)A(x)?

is satisfied for every x € N and orthonormal basis {e;, ..., e;} of D®D*,i =1, ..., 2p,s = 1, ..., q, then N" is homeomorphic
to a sphere when n # 3 and N" is homotopic to a sphere when n = 3, where h' is the second fundamental form of N in
M.
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5. Concluding Remarks

In this article, we have taken a step in understanding the homology groups of the contact CR-
submanifold of a Sasakian hypersurface as the first step in understanding the homology groups of a
general contact CR-submanifold of an arbitrary almost contact manifold. Our study will stimulate to ob-
tain more results for more general situations.
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