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Abstract. In this research, generalizations of midpoint type inequalities are established. h-convexity is
used as a tool. These inequalities are for differentiable functions which involve Riemann-Liouville fractional
integrals. Also, some consequences of these established inequalities are obtained.

1. Introduction

Fractional calculus plays an important role in many fields like engineering, economics, physics, and
many disciplines of mathematics. For more information about fraction calculus please refer to ([11], [16],
[19], [20], [24]). Similarly, It is well known that the convexity of a function plays a vital role in the field of
inequalities. Here, first we define a generalized convexity namely h-convexity.

Definition 1.1. [33] Let I, | be intervals in R, (0,1) C Jand let h : ] — R be a non-negative function, h # 0. A
non-negative function f : I — R is called h-convex if forall x, y € I, a € (0, 1), we have

flax + (1 = a)y) < ha)f(x) + h(1 = a)f(y).

Next, the following inequality is known as Hermite-Hadamard inequality for convex functions:
If f: I — Ris a convex function on the interval I of real numbers and a,b € [ with a < b, then

f(“;b)_b ff( SO0 1)

Both inequalities hold in the reversed direction if f is concave.
In [18], U. S. Kirmac give the following identity and using this identiy, obtain some bounds for the left
hand side of the inequality (1)

2020 Mathematics Subject Classification. Primary 26D15; Secondary 26B25 , 26D10

Keywords. Hermite-Hadamard inequality, fractional integral operators, convex functions, concave functions
Received: 23 August 2020; Accepted: 24 January 2021

Communicated by Dijana Mosié¢

Email addresses: kahkashan.mpa@gmail.com (Kahkashan Mahreen), hsyn.budak@gmail.com (Hiiseyin Budak)



K. Mahreen, H. Budak / Filomat 35:11 (2021), 3821-3832 3822

Lemma 1.2. Let f : I' — R be differentiable function on I*, a,b € I (I* is interior of I) witha < b. If f' € L[a, 1],
then we have

b
blTaff(t)dt—f(a;b) @)

1

1
= (b-a) ftf’(ta+(l—t)b)dt+f(l—t)f’(ta+(1—t)b)dt .

0

One can see ([1], [3], [5], [8], [9], [23], [25], [26], [31]) to study the new bound for left-hand side and
right-hand side of the inequality (1). Here we give the well-known Riemann-Liouville fractional integral
operators which will be helpful to obtain our main results.

Definition 1.3. Let f € L1[a, b]. The Riemann-Liouville integrals |3, f and J}!_f of order a > O witha > 0 are defined
by

T4 f(x) = Lft (x—D*f(Bdt, x>a

a+f - r(a) . f 4

and

b
J&ﬂm=i%5l:a—wavvmnx<b

respectively. Here, T(«) is the gamma function and Jg, f(x) = J)_f(x) = f(x).

In the following, Hermite-Hadamard type inequalities for Riemann-Liouville fractional integrals are
obtained in [28] and [27].

Theorem 1.4. Let f : [a,b] — R be a positive function with0 <a < band f € Ly [a,b] . If f is a convex function on
[a, b], then the following inequalities for fractional integrals hold:

b
f(”;b) zr((;‘”)[ +f(b)+1§_f(a)]sf—(”)zf()

3)

with a > 0.

Theorem 1.5. Let f : [a,b] — R be a positive function with a < band f € Ly [a,b]. If f is a convex function on
[a,b], then the following inequalities for fractional integrals hold:

b 2011 1 b
(50« D [y g0 gy 0] < F O, a

We will use the following lemmas to find our results.

Lemma 1.6. [4] Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b. If f* € L|a,b], then for all
x € [a, b] the following equality for fractional integrals holds:
TlNa+1 o o
(bfa)[(x—a)l Jifla+b=x)+ -2 ] fla+b-x)] - fla+b-x ()

1
2 2
- (’;‘_‘;) f(l—t“)f’(thr(l—t)(a+b—x))dt+%f(t“—l)f’(ta+(1—t)(a+b—x))dt
0 0
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Lemma 1.7. [6] Let f : [a,b] — R be a differentiable mapping on (a,b) witha < b.If ' € L [a, b] , then we have the
following equality for fractional integrals

T'e+1)
b—a

(=" Ty f@+ (=) o f(B) = fla+b—2) ©6)

2 1 2 1
_ %fﬂf’(t(ﬁb—xnu—t)b)dt—(bb‘_’;) ft“f’(t(a+b—x)+(1—t)a)dt,
0

0

forall x € [a,b].

Many authors generalized Hermite-Hadamard inequality for many fractional and conformable integral
operators. One can see ([2], [7], [10], [12]-[15], [17], [21], [22], [29], [30], [32]-[36]) for more information.
In the upcoming section, we established some new generalized midpoint type inequalities for Riemann-
Liouville fractional integrals by the mean of h-convexity. Some important consequences are also given in
the upcoming section.

2. Main Results

In this Section, by help of Lemma 1.6 and Lemma 1.7, we establish some generalized midpoint type
inequalities for h-convex functions.

some fixed q > 1, then for all x € [a, b] the following fractional integral inequality holds:

o 0)' T fa+b-x)+ (-2 fla+b- x)] —fla+b-x) 7)

1 ap
bT(ap+1) [(x

T(a +1)
‘ 0é+a [(x

IA

"(a+b- x)| ]7

+|f@+b- x))"]][fl t)dt]q,

0

1,1
where - + = = 1.
P g

Proof. By the Lemma 1.6, we have

‘r(a+a1)[(x D) T fla+b—x)+ (-0 J¢ fla+b-x)] —fa+b-2x) ®

b—
1

Y
O;_Z) fll—t“||f’(tb+(1—t)(a+b—x))|dt

0
1
)2
+(bb_’;) flt“—1|
0

IA

— 1) (a+b-x))|dt.
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fl

q, we obtain

Using the Holder’s inequality and h-convexity of

1
f|1—fa|
0

f(th+(1—1t)(a+b-x)|dt 9)

1

1 ; i
< 11—t dt] [ fth+1-H@+b-x)| dt]
Jroceaf (]
1 ; 1 1 i
< (1 - tr%) dt] [ Fo | nedt+|f @+b-x[ | n1- t)dt]
/ / /

1

o+ (a+b—x)|q)% [fh(t)dt] :
0

)

Here we use

(X-Y) <XI-Y",

forany X >Y >0and g > 1.
Similarly, we have

1
f|f“—1|
0

()

Combining (8), (9)and (10), inequality (7) is obtained. O

f/(ta+(1—t)(a+b—x)|dt (10)
1

f (a+b—x)|q)% [fh(t)dt] :

0

f @) +

atb
2 7

27+ 1) [, (a+b) ., (a+D a+b
o () (5 v
b—a ap v INT| 1 , o9, (1 0
< T(—apﬂ) (7 @P (1+n(z))+1r @f'n(3))
1 i %
- ot ron )| o]
Corollary 2.3. By taking h(t) = t° in (7), the following inequality holds for s-convexity:

0
‘F(a+1)
b-a

Corollary 2.2. Under assumption of Theorem 2.1 with x = the following inequality hold:

[Gc-a) " Jt fla+b-2)+(b—x)'"" % fla+b-x)] —fla+D—x)

1 ( ap [1F @ + f’(a+b—x))q% 2 f'(”)‘“f'(”’Lb_x)lq%
m(ap+1) l(x—ﬂ)[ s+ 1 +((b—x) s+1 .
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Remark 2.4. (i) If we take h(t) = t in Theorem 2.1, then Theorem 2.1 reduces to [4, Theorem 3].
(ii) If we take h(t) = t in Corollary 2.3, then Corollary 2.3 reduces to [4, Corollary 1]

T is h-convex on [a,b] for

Theorem 2.5. f : [a,b] — R be a differentiable mapping on (a,b) with 0 < a < b. If|f’
some fixed q > 1, then for all x € [a, b] the following fractional integral inequality holds:

‘F(a+1)[
b-a
1 a \"i[(x-a)?
m(ml) [(b—a)(ll

—_ )2 )
((bb _};)) (Il f’ (a)|q + 12 f, (ll +b- x)|q)q:| ’

(x=a) e fla+b—x)+ (0 -0 J¢ fla+b-x)] —fla+b-2)| (12)

Ji (a+b—x)|q)%

o) +5L

1 1
where Iy = [(1 - t*)h(t) and I, = [ (1 —*) h(1 — )dt.
0 0

Proof. By the Lemma 1.6 and the power mean inequality, we have

‘r(bajal) |- Je fla+b-x)+b-0""Jo, fa+b-x)] ~f@a+b-x) (13)
1
RV
= (2_2 fll—tallf’(tb+(1—t)(a+b—x))|dt
0
1
2
+(bb__);) flf“—ll f/(ta+(1—t)(a+b—x)|dt
0
o L =51 1
= ();__Z) [f'l‘f“mf] [fll—t“I f'(tb+(1—t)(a+b—x))|th]
0 0

fta+(1—-t@a+b —x))(th] .

(1 -1
+(bb__’;) [flt“—lldt] [fua—u
0 0

fl

q, we obtain

Using the h-convexity of

1
f|1—fa|
0

1
< f (1=t [nep)
0

1
Fo | a-enadt+
/

f(th+(1—t)(a+b-x)| dt

A

O\ +n1-t)

fa+b-x)|]dt

1
fa+b-x | @-tn1-bdt,
/
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and similarly, we have

1

flt“ -1

0

1
f (1) [
0

1
@ | -t +
/

f(ta+ Q=1 @+b-x)|dt

IN

£ @[ +h(-t)

fa+b-x)|]at

1
fa+b-x|" [ -t -t
/

which completes the proof. [

Corollary 2.6. Under assumption of Theorem 2.5 with x = %L, the following inequality holds:

% ]g_f(¥)+ o (a;b)]_f(a;b)iﬁ b;a(ail)l_; (14)
% ((Il +h(%)lz) f (b)|q+h(%)12 i (a)‘q)é
R

Corollary 2.7. By taking h(t) = t° in (12), the following inequality holds for s-convexity:

‘r(bajal) [(x —a) T fla+b-0)+ -0 fla+b- x)] fa+ b2

L)
< -
~ b-ala+1

b= __’;))2 (If’(a bl ar-Ba+ s+ )]s O ”

alf (o)l )5

, 1
(|f<a+b-X>'[s+—1‘B““”'S“)]*m

i (x—a)?
(b—a)

0 G+)sra+l)
where B(x, y) is Euler’s Beta function.

Remark 2.8. (i) If we take h(t) = t in Theorem 2.5, then Theorem 2.5 reduces to [4, Theorem 4].
(ii) If we take h(t) = t in Corollary 2.6, then Corollary 2.6 reduces to [4, Corollary 2].

Theorem 2.9. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 < a < band f' € L' [a,b]. If
h-convex on [a, b], then for all x € [a, D] the following fractional integrals inequality holds:

is

fl

[EE (0= 0 gy @)+ =0T f8) = Fla =) 5)
— )2 , , b= x)? , )
- (9;_‘;) [13|f(a+b—x))+14|f(b)|] + (b_’;) [I3|f(a+b—x)|+14|f (a)],

1 1
where Iy = [t*h(t)dt and I = [ t*h(1 — t)dt.
0 0
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Proof. Taking the modulus in Lemma 1.7, we have

[EE (0= 0 g @)+ =0T f8) = fla =)

1 X )
(3;—_5;)2 fta f,(t(a+b—X)+(1—t)b)|dt+ (bb—_chl) ft"‘
’ 0

@b -x)+ (1= Ha)dr

Using h-convexity of |f’

‘r (bafal) (0= Ty f@ + (=)' 02, f(B) = fla+b—2x)

, we get

(x—a

1
2
= i sl
0

IA

1
a2
+ (bb _’;) f [t”‘h(t) |f (@+b-x)|+th1 -1)| f’(a)(] dt
0

1 1
(x —a)? l| , ,
= ——||f @+b-x| | *ndt +|f ®)| | k1 - t)dt‘
b—a bf bf

(b — x)?
* b-a

1 1
|f@+b-x)| | t*hvdt +|f @] | t°n(1 - t)dt},
ool |

which completes the proof. [
Corollary 2.10. Under assumptions of Theorem 2.9 with x = “2, the following inequality holds:

T@+1)20 . a+b
W|:](u-£b)_f(a)+](a-§b)+f(b)]_f( 2 )' (16)

(b;a) f,(a-;b)
- [(Zh(%)h ; 14)(|f’(a)| ; 'f’(b)))].

(b —a)
Corollary 2.11. By taking h(t) = t° in (15), the following inequality holds for s-convexity:

‘r ;“_Jral) (00" f@ + (x =)' ]2, f(b) - fa+D—x)

_ @-ap [If'(a+b—x)|

[213

+L|f )|+ L |f'(a>1]

+|f ()| Bla + 1,s+1)]

b—a | a+s+1
b—x2[|fa+b-x|
(b—iz) [|faa+s+1x|+|f(a)(B(a+1,s+1) ,

where B(x, y) is Euler’s Beta function.

Remark 2.12. (i) If we take h(t) = t in Theorem 2.9, then Theorem 2.9 reduces to [6, Theorem 2.2].
(ii) If we take h(t) = t in Corollary 2.10, then Corollary 2.10 reduces to [27, Theorem 5].
(ii1) If we take h(t) = t and a = 1 Theorem 2.9, then Theorem 2.9 reduces to [6, Corollary 2.4].
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Theorem 2.13. Let f : [a,b] — R be a differentiable mapping on (a,b) with 0 < a < band f’ € L' [a,b]. If |f’ g
q > 1, is h-convex on [a, b] , then for all x € [a, b] the following fractional integral inequality holds:
T 1
[ D b= 2" g @+ (0= 0 T FO] = S0+ 5= (17)
1 (1Y , L
b_aLW+1)Vx—mﬂffa+b—ﬂf+f<wﬂ
oy
+ (b—mﬂf%a+b—mr+f%@ﬂﬂ[]%amﬂ,
0
where ; + 1 = 1.
Proof. By the Lemma 1.7, we have
r 1 -
D b= 20" g @+ (=)' Ty SO] ~fa+ b= ) (18)
, 1 , 1
g%géljlafwua+b—xyu1—ﬂbﬂm+(212 j}“f%ua+b—@+«1—ant
0 0
Using the Holder’s inequality and h-convexity of |f’ T, we obtain
1
j}ﬂfxua+b—@+«1—nwwt (19)
0
1 b1 g
< j}ﬂww][jﬂf%ua+b—@+«1—ﬂwWJ
0 0
1 (o g
< J}ﬂ%w][jTMﬂV%a+b—ﬂV+hﬂ—0f%mde
0 0
1\ o %
~ () (r@eo-al |7 o) U h(”dt] |
0
Similarly, we have
1
j}“f%ua+b—m+«1—ﬂmwt (20)

0

fa+b-x)|"+

1 1 %
1\ / :
(ap+1) ( f (ﬂ)|q) [fh(t)dt] :
0

Substituting the inequalities (19) and (20) in (18) , the required result is obtained. O
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Corollary 2.14. Under assumption of Theorem 2.13 with x = %2 , the following inequality holds:

2D e s+ Ty 50) - £ (152) @
(en(z)) b ofn(z))
1

) [0 l
o (s irond) | froa|

Corollary 2.15. By taking h(t) = t° in (17), the following result holds for s-convexity:

‘r(ba o [(b 0 Jasp—o-f@) + (x = a)” b S b)] fla+b-x)

1( 1y +lf @] Hr @)
m(ozp+l) s+1 l to- { s+1 ’

Remark 2.16. (i) If we take h(t) = t in Theorem 2.13, then Theorem 2.13 reduces to [6, Theorem 2.5].
(ii) If we take h(t) = t in Corollary 2.14, then Corollary 2.14 reduces to [6, Corollary 2.6].
(iii) If we take h(t) = t and o = 1 Theorem 2.13, then Theorem 2.13 reduces to [25, Theorem 4].

(x—

Theorem 2.17. Let f : [a,b] — R be differentiable mapping on (a,b) with 0 < a < band f' € L!
q > 1, is h-convex on [a, b], then for all x € [a, b] the following fractional integral inequality holds:

DO D 00" iy f @ + =0 iy f O] = b= 22)
1
b_(a+1) [(x_a I Tl )
+ -2 ( +L|F @) q].
Proof. By the Lemma 1.7 and the power mean inequality, we have
RO D 00" iy f @ + =0 Jiy g f O] = f b=
(23)

— 1) b)|dt

IA
~—~
| =
1!
Q| &
N
—
-
1)

Ff (t@+b—x)+ (1 - Da)|dt

(1 -3 ]
(J;)__”;) [ f t"‘dt] [ f | -~ dtJ

0

IN

1-1 1
q

o 1 7 (1
+(bb—_9;) [ftadt] [ft“'f’(t(a+b—x)+(1—t)a)'th] _
0 0
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di , we obtain

Elf (ta+b-x)+ Q- Db dt

t[lf

IN

S o

"a+b-x)| +h1-

‘7] dt

1 1

f Ph(Hdt + f h(1 — t)dt.

0 0

Similarly, we have
1
ft“ lf (t@+b-x)+(1-t)a)| dt
0
1

f Eh(Hdt +

0

1
f (1 - bdt.
0

This completes the proof. [

Corollary 2.18. Under assumption of Theorem 2.17 with x = 2, the following inequality holds:

2D [y S0+ ey S 0] - (5
e N S
o )l (s v
ST L R L e
e () )i o a3l o]

Corollary 2.19. By putting h(t) = t° (22), the following inequality holds for s-convexity:

2T (@ +1) [, ., a+b
g ey S @+ Ty f O] - ( )‘

= o2 [IF@+b =) ) {
(1) l(x = ['ff+s+f)| sparissyffof]

a+s+1

b—x) %
(b- x)2[|f(a+ x)| +B(a+1,s+1))f’(a)|ql }’

where B(x, y) is Euler’s Beta function.

3830

(24)
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Remark 2.20. (i) If we take h(t) = t in Theorem 2.17, then Theorem 2.17 reduces to [6, Theorem 2.7].
(ii) If we take h(t) = t in Corollary 2.18, then Corollary 2.18 reduces to [6, Corollary 2.8].
(iii) If we take h(t) = t and o = 1 Theorem 2.17, then Theorem 2.17 reduces to [25, Theorem 5].

3. Conclusions

The generalized midpoint inequalities and some related results have been obtained for h-convex func-
tions. The obtained inequalities have direct consequences in midpoint type inequalities for Riemann-
Liouville fractional integral operators via convex and s-convex functions.
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