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Abstract. In this paper, we make Euler inequality, Chen first inequality and Chen-Ricci inequality for
non-integrable distributions in statistical manifolds with constant curvatures. Moreover, we investigate the
conditions for equality cases.

1. Introduction

It is well known that the curvature invariants play an important role in Riemannian geometry as well
as in physics. Among them, the most and well known objects are the sectional curvature, scalar curvature,
and Ricci curvatures. Establishing sharp relationships between intrinsic and extrinsic curvature invariants
are one of interesting topics in submanifold theory.

In 1993, B. Chen [4] defined a new type of curvature invariants, called 6-invariants (or Chen invariants).
He proved the Chen first inequality for submanifolds of a real space form. The Chen first invariant of an
n-dimensional Riemannian manifold M" is defined by 6y = 7 — infK, where 7 and K are the scalar and
sectional curvatures of M", respectively. Also a sharp relationship between the Ricci curvature and the
squared mean curvature for any Riemannian submanifold of a real space form was proved in [5], which
is known as the Chen-Ricci inequality. Many geometers studied similar problems for different classes of
submanifolds in various ambient spaces.

Statistical manifolds were introduced by Amari [1] in 1985. There are many applications in information
geometry, which represents one of the main tools for machine learning and evolutionary biology. Since such
a manifold is endowed with a pairing of torsion-free connections, called dual connections (or conjugate
connections in affine geometry [12, 14, 18]), its geometry is closely related to affine differential geometry.
Moreover, a statistical structure is a generalization of a Hessian structure.

In general, the dual connections are not metric; thus one cannot define a sectional curvature with respect

to them by the standard definition from Riemannian geometry. Opozda [15, 16] has proposed two different
definitions.
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The interest in Chen invariants for statistical submanifolds in statistical manifolds grew in the recent
years. Aydin et al., in [2], proved some geometric inequalities for the scalar curvature and the Ricci
curvature associated to the dual connections of submanifolds in statistical manifolds with a constant
curvature. Moreover, Aydin et al. further in [3] obtained a generalized Wintgen inequality for statistical
submanifolds in statistical manifolds with a constant curvature by using the sectional curvature in [15, 16].
By virtue of the sectional curvature, Mihai et al. [10] proved Euler and Chen-Ricci inequalities for statistical
submanifolds in Hessian manifolds of constant Hessian curvature. Chen et al. in [6] got a Chen first
inequality for statistical submanifolds in Hessian manifolds of constant Hessian curvature. Malek and
Akbari, in [9], obtained bounds for Casorati curvatures of submanifolds in Cosymplectic statistical space
forms.

On the other hand, any regular submanifold of R” is locally an integral manifold of a Pfaff system or
its incident, or dual, regular distribution. For any submanifold of a differentiable manifold M the situation
is the same. So, in some sense, the geometric study of regular distributions or Pfaff systems is a natural
generalization of the geometric study of submanifolds. The case of integrable Pfaff systems, or integrable
distributions, corresponds to the study of foliations. See [13] for a systematic study of this subject.

In [11], the author considered non-integrable distributions in a Riemannian manifold. The second
fundamental form was defined and the Gauss equation for non-integrable distributions was established. In
[17], Wang established the Gauss, Codazzi, and Ricci equations for non-integrable distributions with respect
to a semi-symmetric metric connection, a kind of semi-symmetric non-metric connections and a statistical
connection. He also obtained chen’s inequality for non-integrable distributions in real space forms with
respect to a semi-symmetric metric connection and a kind of semi-symmetric non-metric connection.

Motivated by the above studies, we will in the present paper make a Euler inequality, a Chen first
inequality and a Chen-Ricci inequality for non-integrable distributions in the statistical manifolds with
constant curvature using the sectional curvature defined in [15].

2. Statistical Manifolds and non-integrable distributions

Let (M™,g) be an m-dimensional Riemannian manifold (M™,g). A pair (V,g) is called a statistical
structure on M if V is an affine and torsion-free connection satisfying

(Vzg)(X,Y) = (Vx9)(Z,Y) )

forall X,Y,Z € £(TM).
In a statistical manifold, there exists a pair of torsion-free affine connections V and V* satisfying

Zg(X,Y) = g(V2X, Y) + g(X, V3, Y), 2)

forany X, Y, Z € £(TM). The statistical manifold is denoted by (M, g, V). The connections V and V* are called
dual connections, and it is easily seen that (V*)* = V. If (V, g) is a statistical structure on M, then (V*, g) is
also a statistical structure on M [1]. For the pair connections V and V*, we have:

V4V =2y, 3)

where V is the Levi-Civita connection on M™. If V = V*, then the statistical manifold simply reduces to
usual Riemannian manifold and (M, g, V) is called trivial statistical.

Denote by R, R and R* the Riemannian curvature tensor fields of V, Vand V*, respectively. A statistical
structure (V, g) is said to be of constant curvature ¢ € R if

R(X, Y)Z = clg(Y, 2)X - g(X, 2)Y}, ¥X, Y, Z € T(TM). (4)

A statistical structure (V, g) of constant curvature 0 is called a Hessian structure.
The curvature tensor fields R and R* of dual connections satisfy

g(R* (X, Y)Z, W) = —g(Z,R(X, Y)W). )
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From (5) it follows immediately that if (V, g) is a statistical structure of constant curvature ¢, then (V*, g)
is also a statistical structure of constant curvature c. In particular, if (V, g) is Hessian, so is (V*, g)(one can
see [7] for details).

In [8], Furuhata and Hasegawa have defined the statistical curvature tensor field S for a statistical
manifold (M, V, g) as follows (see also [15]):

5(X,Y)Z = %{R(X, Y)Z + R(X, Y)Z} (6)

forany X, Y, Z € ['(TM).

Let D € TM be a non-integrable distribution with constant rank 7 in an m-dimensional statistical
manifold (M, g,V). A non-integrable distribution is a subbundle of the tangent bundle TM and there exist
X,Y € I'(D) such that [X, Y] is not in I'(D), where I'(D) is the space of sections of D. The distribution D
inherits a metric tensor field g° from the original g in M. Let D+ C TM be the orthogonal distribution to D
which inherits a metric tensor field g” from the g and then g = g° & g”".

Let n° : TM — D,nP" : TM — D* be the projections. For X,Y € I'(D), we define VRY = nP(VxY),
[X, YIP = 7P([X, Y]) and [X, Y]P?" = =P ([X, Y]). By [11], for X, Y € T(D) we have

VRgP =0, T(X,Y) := VRY - VDX — [X, Y] = -[X, Y]"",

VxY =VRY + B(X,Y), 7)

where B(X,Y) = 7P (VxY) is called the second fundamental forms. Obviously, B(X,Y) # B(Y,X). The
formula (7) may be called the Gauss formula with respect to the Levi-Civita connection.
Similarly, the Gauss formulae with respect to the dual connections [17] are

VxY = VRY + B(X,Y),

_ _ _ 8
VY = V'Y + BY(X,Y), ®

where B and B* are also not symmetric (0, 2)-tensors and are also called the second fundamental forms with
dual connections. Using (3), we have 2B(X,Y) = B(X, Y) + B«(X, Y).

Given X, Y, Z € T(D), the curvature tensors R” on D with respect to VP is defined by

RP(X,Y)Z = VEVYZ - VOVRZ - V[E;,Y]DZ -nP[X, YIP, Z]. 9)

In (9), RP is a tensor field by adding the extra term —n”[[X, Y]P", Z].

Then the curvature tensors RP and RP* on D with respect to the statistical connection VP and VP* can
be defined analogously.

The corresponding Gauss equations are given by [17]:

9(R(X, )Z, W) = g(RP(X, Y)Z, W) + g(B(X, Z), B(Y, W)))

— g(B(X, W), B(Y, 2)) + g(B(Z, W), [X, Y]), (10
JRX,NZ, W) = gR°(X, Y)Z, W) + g(B(X, 2), B (Y, W))) a1
- g(B'(X, W), B(Y, 2)) + g(B'(Z, W), [X, Y1),
and
gR (X, V)Z,W) = g(R”*(X,Y)Z, W) + g(B*(X, Z), B(Y, W))) 12

- g(B(XX, W), B'(Y, 2)) + g(B(Z, W), [X, Y]).

The curvature tensor SP for non-integrable distributions D with respect to the dual connections is
defined by

SP(X,Y)Z = %[RD(X, Y)Z + RPA(X, Y)Z] (13)
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Let{E;,---,E,}and {E,+1, - , E;} be alocal orthonormal basis of I'(D) and I'(D+), respectively. Then the
mean curvature vector fields of D denoted by H, H, and H* are given by

n

i () W)Ea i = g(B(E, E)), Ea),

a=n+1 i=1

S|

1 n
H=-) B(EE)=
i=1

A= %Z‘B(Ei, Ej) = % i (Zn: h)Ea, b = g(B(E, Ej), Ea),

a=n+1 i=1
and
1 - T* T*a R*
ZB (EiE) =~ Z () FiEa, it = g(B'(Ei, Ej), Ea)
a=n+1 i=1

forl<ij<nandn+1<a<m.

We also set
IBIF = Zg(B ELE)BEE) = Y, Y ()%
i,j=1 a=n+1i,j=1
IBII? = Zg(B EiEj)BEE)= Y. Y (P,
i,j=1 a=n+1i,j=1
and

1B = ig(B*(Ei,E»,B*(Ei,Em = Z ZW“ 2

i,j=1 a=n+1i,j=1

The curve y is V-geodesic (resp. V-geodesic, or V*-geodesic) if Vyy = 0 (resp. V;y = 0, or V* =0).

We say that D is totally geodesic with respect to the Levi-Civita connection V (resp. the dual connectlon v,
or V*) if every V-geodesic (resp. V-geodesic, or V*-geodesic) with initial condition in D is contained in D.
Similar to Theorem 19 in [11], we have the following.

Proposition 2.1. A distribution D is totally geodesic with respect to V (resp. V, or V*) if and only if the symmetric
part of the second fundamental form is identically zero, i.e., B(X,Y) + B(Y,X) = 0 (resp. B(X,Y) + B(Y,X) = 0, or
B(X,Y)+B(Y,X)=0)

Let IT € D be a 2-plane section. Denote by I(éJ (IT) and KP(IT) the sectional curvature on D with the
induced connection VP and dual connections which are defined by, respectively,

KP(I) = %[g(RD(E1//E2)E2/ Ey)+ g(RD(Eanl)El,Ez)], (14)

KP(I1) = %[H(SD(El,,Ez)Ezl Eqp) + g(SD(Ez,,El)El,Ez)], (15)

where {E;, E»} is orthonormal basis of IT and KOD (IT), KP(T1) are independent of the choice of E;, E;. For
any orthonormal basis {Ej,--- ,E,} of D, the scalar curvature TOD and 7P on D with respect to the induced
connection VP and dual connections are given by, respectively,

=2 Y 9RO EE,E), (16)

1<i,j<n
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1
=2 Y 9P (E EDELE). v

1<i,j<n
Set
1
AP =3 ) g(BE;E),[E; E,
1<i,j<n
and
1
o= —ESI(B(El,Ez) — B(Ey, Eq), [E1, E2]).
Then AP and Q" are independent of the choice of the orthonormal basis.
We state the following algebraic lemmas, which will be used in the proof of the Chen first inequality.
Lemma 2.2. [6] Let n > 3 be an integer and ay, - - - , a, be n real numbers. Then we have:
n-2 \
Z aiaj — a1a; < m(z ai)z-
1<i<j<n i=1
Furthermore, the equality case of the above inequality holds if and only if a1 +ay =az = --- = a,
The following lemma will be essential for the proof of the Chen-Ricci inequality.
Lemma 2.3. Letay,--- ,a, be n real numbers. Then we have:
n 1 n
a Zﬂi < Z(Z a;)’.
i=2 i=1
Furthermore, the equality case of the above inequality holds if and only if a1 = a; + - - - + a,.

Proof. The inequality is equivalent to
0<(m—ay—-—an,

with the equality holding if and only ifay =a, + -+ +a,. O

3. Euler’s inequality

In this section, we will prove the Euler’s inequality for the non-integrable distributions in statistical
manifolds with constant curvature.

Theorem 3.1. Let (M, c) be an m-dimensional statistical manifold with constant curvature c. Let D C TM be a
non-integrable distribution with constant rank n and TM = D & D*. Then

7 T+ 1 D D*
207 — 420 = n(n = 1e = 24° — n(HIP + 1717 ~ SUBIE +11B'17) - 4vo. (18)

where Ty is the scalar curvature of the Levi-civita connection V on M.

Proof. From (4), (5) and (6), we have
98X, V)Z, W) = %[g(R(X, Y)Z, W) + g(R'(X, Y)Z, W)

= 2[R NZ W) - gREX VYW 2)] 19)
= c[g(¥, 2)9(X, W) - 9(X, Z)3(Y, W)]
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Using (11), (12), (13) and (19), we obtain
9(SP(X, V)Z, W) = c[g(Y, 2)g(X, W) - g(X, Z)g(X, W)]
+ 2 {[oB ¢ W), B 2) - 9(B(X, 2), B, W)
+ 9B, W), B (Y, 2)) - 9(B"(X, 2), B(Y, W)}
~ 2 lo® @ W), 1%, Y1) + 9Bz, W, 1%, YD)
= [9(¥, 2)9(X, W) - 9(X, 2)g(x, W)
+ 2 {[aB X, W), B 2)) + 9(BOX, W), B'(1,2)

- 9B, 2),B:(Y, W) + 9(B (X, Z), B, W)) |}
+9(BZ, W), [Y, X)),

where we used 2B(Z, W) = B(Z, W) + B*(Z, W).

3590

(20)

Let {E1, -+ ,E,} and {E41,- -+, Ei} be orthonormal basis of I'(D) and I'(D*), respectively. Putting X =

W =E;,Y =Z = E;in (20) and taking summation, we get

2P

Z 9(SP(Ei, E)Ej, Ei)

1<i,j<n

Y {coEs EpatE: ) - g(Ei, Epg (e En)]

1<i,j<n
+ %{[g(B*(Ei, E:), B(Ej, E))) + g(B(E;, E:), B (E}, Ej))]
- [!](B(Ei, Ej), B'(Ej, Ei)) + g(B*(E;, Ej), B(E), Ei))]}
+ 9(B(E;, E), [E;, EiD)

= n(n - 1)c + Z g(B(E;, Ei), [E;, Ei))

1<i,j<n

Z D i + Bl = iy + )|

a n+11<i,j<n

m

=5 Y ) R R

a=n+11<i,j<n

=n(n—1)c + 2A° + n? g(H,

I\.)I'—‘

T g 1 Y e T o
= n(n =1 +2A° +1g(H, H) - 5 DRI (R

a=n+11<i,j<n

+ I — BTG —

—n(n-1)c+2AD+ng(HH*)—2Z Z h;;h;+-z Z(hf;h;“l

a=n+11<i,j<n a=n+11<i,j<n

where we used Fl?;. + Fl:]a = Zh;’;, Vi, j,a.

h:]“h;f‘]

*(Y x-a
h1] h]l .

(21)

We denote by 1, the scalar curvature of the Levi-civita connection V on M. Gauss equation (10) implies

270 = 270 + n?||H|P - Z Y ks + 24P,
a=n+11<i,j<n

(22)
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We note that

h“)2 F Y+ ()

2 Z Z(hfjhj‘l+hjfh7?)>__ Z Z LV .

a=n+11<i,j<n a=n+11<i,j<n (23)

_ _1 D12 D*(12
= =5 (IBII" + 157 )
From (21),(22) and (23), we obtain

o 1 _ _
27° — 410 > n(n — 1)c - 2AP + n?g(H, H*) - 2n?||H|]* - E(||B||2 + 1B - 41
(24)

] T 1 D D*
= n(n — 1)c - 2A° - (|HI + |H"|) - §(||B|I2 +IB[I?) — 4.

This ends the proof Theorem 3.1. [

Corollary 3.2. The equality case of (18) holds if and only ifi_z“ h“ =0, h;" }_z;“ =0,Vi,j=1,-,ma=
n+1,---,m. ie. D is totally geodesic with respect to dual connectzons Vand V*.

Let M(¢) be a Hessian manifold of constant Hessian curvature &. Then it is flat with respect to the dual
connections V and V*. Moreover M(¢) is a Riemannian space form of constant sectional curvature —¢ \ 4
(with respect to the Levi-Civita connection V). So from Theorem 3.1, we have the following.

Theorem 3.3. Let M(¢) be an m-dimensional Hessian manifold of constant Hessian curvature ¢. Let D ¢ TM be a
non-integrable distribution with constant rank n and TM = D @ D*. Then

n(n —1)¢é

> (25)

I P
207 — 428 > =24 — (I +IF1P) = SUBIP + 1BIP) +

4. Chen first inequality

This section is devoted to establish Chen first inequality for non-integrable distributions in statistical
manifolds of constant curvature.

Theorem 4.1. Let (M, c) be an m-dimensional statistical manifold with constant curvature c. Let D C TM be a
non-integrable distribution with constant rank n and TM = D & D*. Then

P — KP(1T) - 2(<) - K2 (1)) > -AP-QP - M(IIHII2 +[IHI1%)

~ J0BIP + ) - 2(co - Ko(TD),

(n+ 1)2(n —Z)C

where to and Ko(IT) are the scalar curvature and sectional curvature of the Levi-civita connection V on M, respectively.



G. He et al. / Filomat 35:11 (2021), 3585-3596 3592
Proof. Using (17) and (20), we have

= Z {C[Q(E]’, Ejg(E;, E;) - g(Ei,Ej)g(Ej,Ei)]

1<i<j<n
- %{[-‘7(3*(5/ Ei), B(E;, E)) + g(B(E;, E)), B'(E;, E)))]
— [9(B(E,, E)), B (E;, E) + 9(B'(Ei, E)), B(E;, E)]}}

+% Y aB(E; E, [E},E)

1<i,j<n
_ 1’1(1’1 - 1) D 1 - Tat+a 71,0 1, T oo
= Tc +A” + E Z Z [(hiihjj + h,’,’ hjj) - (hijhji + hz’]’ hji)]
a=n+11<i<j<n
nn-1 1 v 7 Teay (7, it heh e
M p TN Y [ R ) i -

a=n+11<i<j<n

— (2 + IS + ) + RS, + B e |

:@6+AD+2 Zm: Z (i = T _% i Z )

a=n+1 1<i<j<n a=n+11<i<j<n
1 m o 1 m o 1 m o
- = Y+ = Th% + = e
2 Z Z h” h]] + 2 Z Z hl]h]’ + 2 Z Z h’] hﬂ ’
a=n+11<i<j<n a=n+11<i<j<n a=n+11<i<j<n

where we used 1_11?;. + Ftl*]“ = th}, Vi, j,a.

We denote by 7 the scalar curvature of the Levi-civita connection V on M. Gauss equation (10) implies

X, ) K

a=n+11<i<j<n

1 v N L o o
SPVDNUUEED D WU TED W WL

a=n+11<i<j<n a=n+11<i<j<n a=n+1 1<i<j<n

nn-1)

P = > c+210D—2’[0—AD—

N =

(27)

Let Eq, E; be a basis of Il € D. By (15) and (20), we get

n m
1 -
KP(T) =c - Q" +2 Y (1 — i) — 5 Y g,
a=n+1 a=n+1 (28)

m m

1 T+ T, * 1 . .o i, 1 T T, %
—5 ) R Y R+ Y g,

a=n+1 a=n+1 a=n+1

where Ky(I) is sectional curvature of the Levi-civita connection V on M.
Using the Gauss equation (10) for the Levi-Civita connection, we obtain

n
KD(IT) = Ko(T) - Q"+ Y (15,15, — highsy). (29)

a=n+1
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From (28) and (29), we have
1 m o
KP(ID) = ¢ + O+ 2K (IT) - 2Ko(IT) - Y his,
a=n+1 (30)
- Z FORS + Z FoLRS, + Z FShR
a n+1 a n+1 a n+1
By subtracting (30) from (27), we obtain
H(n-2
P — KP(IT) - 2(z) - KB (17)) = %c — AP - QP - 2(1g - Ko(IT))
ar,a a 1,0 *Q T, * AT %
Z[ Z huh]] h11h22 Z[ Z hll h]] h11h22] (31)
a n+1 1<i<j<n a n+l 1<i<j<n
Z [ Y, s —Risl+5 Z [ ) iy - hghsl.
a n+1 1<i<j<n a=n+1 1<i<j<n
Then Lemma 1.1 implies
YUY i Rl Y S (Z p = 28 DA (32)
i jj 1177224 = 2(1/1 1) ) ’
a=n+1 1<i<j<n a=n+1
ST+ *Q *a n-— 2 *D.' 2 (n 2) 2
Z [ Z hzz h]] h11h22 Z 2 (Z ) ) “H “ . (33)
a=n+1 1<i<j<n
We note that
YUY -l
a=n+1 1<i<j<n
m
= L 1), Rfie ), R
a=n+1 3<j<n 2<i<j<n
i (R ) + (s, )2 () + (h%)?
- s LA L 34
D N e I I 0
a=n+1 3<j<n 2<i<j<n
ha )2+(l’l (ha)Z ha)z n (fz“)z (h )2 ( a )2
N i 21
> - Z Z + Z + Z > + > ]
a=n+1 3<j<n 2<i<j<n i=1
B :
>
Similarly, we get
apa Lo pa ”B*”z
Z HERS = iy ] = =" (35)
a=n+1 1<i<j<n
By summing the above relations we obtain
2 — KP(ID) - 2(¢f — KD (1)) > wc — AP — QP —2(7y — Ky (1))
(36)

n(n 2)

=1 (11 +

B Ed 1 D D*
+IH?) - Z(IIBII2 +1IB'IP).
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This completes the proof of Theorem 4.1. [J

Corollary 4.2. The equality case of (26) holds if and only if D are also totally geodesic with respect to dual connections
Vﬂﬂd?*/andfzi“z :Flgl =0 P75 _]jlxz-(i :OfOrOC =n+1,---,m.

M =
Proof. The equality case of (32) holds if and only if k¢, +h, = h%, = --- = h%,. The equality case of (33) holds
if and only if 3% + 133 = b3 = --- = b&.

The equality case of (34) holds if and only if 1_1‘1*]. +f1§*1 =0for3<j<n, Flf;. + P_z;.*l. =0for2<i<j<nh%=0
fori=1,--- ,nandh, = h§, =0.
The equality case of (35) holds if and only if fz;?‘ + fl;‘l" =0for3<j<mn, i_ll*;" + fz;f‘ =0for2<i<j<n,

k@ =0fori=1,--- ,nand Iy = k3% = 0. This ends the proof of Corollary 4.2. [
For a Hessian manifold of constant Hessian curvature ¢, from Theorem 4.1 we have the following:

Theorem 4.3. Let M(¢) be an m-dimensional statistical manifold with constant curvature c. Let D c TM be a
non-integrable distribution with constant rank n and TM = D @ D*. Then

(n+1)(n-2)¢
4

2 = KP(n) — 2(f - K§(n)) > - AP QP

nn=2) oo peey Lo | imen
- m(HHH +IH) - Z(“B” +IB°II).

5. Chen-Ricci inequality

In this section, we will prove a Chen-Ricci inequality for non-integrable distributions in the statistical
manifolds of constant curvature.
For each unit vector field X € I'(D), we choose an orthornormal basis {E1, - -- , E,;} of D such that E; = X.
We define

RicP(X) = Z 9(SP(X, E))E;, X);
j=2

AP(X) = )" g(B(E;, X), [E}, X]);
j=2

IB¥IP = )" [9(B(E;, X), B(E;, X)) + g(B(X, E)), BX, E)};
j=2

n

1B = )" [9(B"(E}, X), B'(E;, X)) + 9(B' (X, E)), B'(X, E))].
j=2

Theorem 5.1. Let (M, c) be an m-dimensional statistical manifold with constant curvature c. Let D C TM be a
non-integrable distribution with constant rank n and TM = D @ D*. Then

RicP(X) - 2Ric) (X) > (n — 1)c = AP(X) - %2(||H||2 P
(37)
- }ﬁ”B“Z +IBIP) - 2Rico(X),

where Ricy(X) and RicOD (X) are Ricci curvatures with respect to the Levi-civita connection V on M and D, respectively.
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Proof. From (20) and the definition of Ric®(X), we have

n

RicP(X) = Y {c[g(E;, ENg(X, X) - g(X, Eg(E;, X)] + %{[g(B*(X, X), B(E;, E)))
j=2

+ 9(B(X, X), B'(E;, Ep)| - [9(B(X, Ej), B'(E;, X)) + 9(B'(X, Ey), B(E;, X))}
+ g(B(E}, X), [E;, X])}

= (n =D+ AP(X) + 3 Z Z[h“ B2+ SRS, — T — B

=n+1 j=2

1 *a a T*a

= (1-De+AP(X) + 5 Z Z[(h + (RS + T2
a=n+1 j=2

— T T = RTS8, + i) (s + T + T ey + Ty

m n

= (n—T)c+ AP(X) + % N Y A - ) = R RS = B + RS + RSk

a=n+1 j=2
Also, with respect to the Levi-Civita connection, we get

Ric(X) = ) g(RP(X, E))E, X)
=2

= Ricy(X) + Z Z(h“ . — I k%) + AP(X),

a=n+1 j=2

3595

(38)

(39)

where Ricy(X) and RicOD (X) are Ricci curvatures with respect to the Levi-civita connection on M and D,

respectively.
Using (38) and (39), we get

m n
RicP(X) — 2RicP(X) = (n — 1)c — AP(X) — 2Rico(X) — = Z Zh‘{‘lh’j‘j
a=n+1 j=2
1 m n 1 m n 1 m n
- *O T *OY - La Lo - *QU T *O
2 Z Zhllhu *3 Z Zhlfhﬂ *3 Z Zhlfhﬂ
a=n+1 j=2 a=n+1 j=2 a=n+1 j=2

Applying Lemma 2.2, we have

Z Zha ha] <7 |H||2 Z Zh*ah*a < nZZHH*HQ

a=n+1 j=2 a=n+1 j=2

On the other hand, we note

m

ooy O +(h N

1 Z‘ h?]h;xl B Z . 2 7

a=n+1 j=2 a=n+1 j=2

[

n *a 2 + (]’l ) ||B*X||2

DN TEED =

a=n+1 j=2 a=n+1 j=

N

(40)

(41)

(42)

(43)
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Using (41),(42) and (43), the formula (40) can become
2
RicP(X) — 2Ric) (X) = (n — 1)c - AP(X) - %(HHHZ + [|H%)

44
1 nX|12 n+X |2 H ( )
= 7 UBTIF + 1B — 2Rico(X)-

O

Corollary 5.2. The equality in (37) holds if and only if fora € {n +1,--- ,m}

n n
7 - Lo o _ T*a,
iy = )T = )
j=2 j=2
L, La _ T,* T _ . .
hlj +hj1 = O,hlj +h].1 =0,j=2,--,n.

For a Hessian manifold of constant Hessian curvature ¢, from Theorem 4.1 we have the following:

Theorem 5.3. Let M(¢) be an m-dimensional statistical manifold with constant curvature c. Let D C TM be a
non-integrable distribution with constant rank n and TM = D @ D*. Then

RicP(X) - 2Rich (X) > @

c D n o 2 2

- A" (X) - g(IIHII + 1H™[[)
1 i (45)
- Z(IIBxllz +[IBX|1?).
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