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On a Fiber-wise Homogeneous Deformation of the Sasaki Metric
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Abstract. In this paper, we firstly determine a new deformed Sasaki type lift of a metric from a Riemannian
manifold to its coframe bundle and investigate a few special (1.1)-tensor structures (i.e. almost Hermit
structures) in the coframe bundle equipped with this type lift.

1. Introduction

Inspired by the work of Sasaki [10] some authors continued investigations on natural lifts of metrics, i.e.
on deformed Sasaki type lifts in different bundles (see for example [1-4, 6-9, 11]). It is well known that any
vector bundle (tangent, cotangent and tensor bundles) one always has the global zero section. But there is
the other situation, that of the coframe bundle, which is a GL(n,R)-principal bundle without zero section.
Using this property we define a homogeneous type deformed Sasaki metric in the coframe bundle. This
paper is devoted to the investigation of this lift in the coframe bundle. In Section 2 we briefly describe the
definitions and results that are needed later, after which a homogeneous type deformed Sasaki lift (metric)
1̃ of a Riemannian metric 1 to coframe bundle F∗(Mn) is constructed in Section 3. The Levi-Civita connection
of 1̃ is studied in Section 4. A few special (1,1)-tensor structures, i.e. almost Hermit structures in the linear
co-frame bundle equipped with the lift 1̃ of a Riemannian metric 1 is investigated in Section 5.

2. Preliminaries

In this section we shall summarize briefly the basic definitions and results which will be used later. Let
Mn be an n−dimensional differentiable manifold of class C∞, and F∗(Mn) = {(x,u∗ ) |x ∈M n , u∗ : coframe
for a dual space T∗x (Mn)} be the linear coframe bundle over Mn. We denote by π the natural projection
of F∗(Mn) on Mn defined by π(x,u∗) = x. If (U; x1, x2, ..., xn) is a system of local coordinates in Mn, then a
coframe u∗ = (Xα) = (X1,X2, ...,Xn) for T∗x(Mn) can be expressed uniquely in the form Xα = Xα

i (dxi)x and
hence(

π−1(U); x1, x2, ..., xn,X1
1,X

1
2, ...,X

n
n

)
is a system of local coordinates in F∗(Mn). The indices i, j, k, ..., α, β, γ, ... have range in {1, 2, ...,n}, while
indices A,B,C, ... have range in{

1, ...,n,n + 1, ...,n + n2
}
.
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We put hα = α · n + h (hα = n + 1,n + 2, ...,n + n2). Summation over repeated indices is always implied.
We denote by=r

s(Mn) the set of all differentiable tensor fields of type (r, s) on Mn. We consider a symmetric
linear connection ∇ on Mn with components Γk

i j. It is known that T(F∗(Mn)) = H(F∗(Mn))⊕V(F∗(Mn)), where
H(F∗(Mn)) and V(F∗(Mn)) are the horizontal and the vertical distributions of a linear coframe bundle F∗(Mn),
respectively. Hence every X ∈ =1

0(F∗(Mn)) has the unique decomposing X = HX̃+VX̃, HX̃ ∈ H(F∗(Mn)), VX̃ ∈
V(F∗(Mn)).

Let V = Vi∂i and ω = ωidxi be the local expressions in U ⊂Mn of a vector and a covector (1-form) fields
V ∈ =1

0(Mn) and ω ∈ =0
1(Mn), respectively. Then the complete and horizontal lifts CV, HV ∈ =1

0(F∗(Mn)) of V
and the β−th vertical lifts Vβω ∈ =1

0(F∗(Mn)) (β = 1, 2, ...,n) of ω are defined by

CV = Vi∂i − Xα
m∂iVm∂iα ,

HV = Vi∂i + Xα
mΓm

ikVk∂iα , (1)

Vβω =
∑

i

δαβωi∂iα (2)

with respect to the natural frame
{
∂i, ∂iα

}
=

{
∂
∂xi ,

∂
∂Xα

i

}
, respectively (see [3] for more details). The vertical lift

of a smooth function f on Mn is a function V f on F∗(Mn) defined by V f = f ◦ π.
Let (U, xi) be a coordinate system in Mn. In U ⊂Mn, we put

X(i) =
∂

∂xi , θ
(i) = dxi, i = 1, 2, ...,n.

Taking into account (1) and (2), we easily see that the components of HX(i) and Vαθ(i) are given by

HX(i) =
(
A H

i

)
=

 δh
i

Xα
j Γ

j
ih

 , (3)

Vαθ(i) =
(
A H

iα

)
=

(
0
δ
β
αδ

i
h

)
(4)

with respect to the natural frame
{
∂ j, ∂ jβ

}
, respectively, where δh

i are the Kronecker symbols. This n+n2 vector
fields are linearly independent and generate, respectively, the horizontal distribution of linear connection
∇ and vertical distribution of the linear bundle F∗(Mn). The set

{
HX(i), Vαθ(i)

}
is called the frame adapted to

the linear connection ∇ on π−1(U) ⊂ F∗(Mn). By setting

Di = HX(i), Diα = Vαθ(i),

we write the adapted frame as {DI} =
{
Di,Diα

}
. From equations (1)-(4), we see that HV and Vαω have

respectively, components

HV = ViDi,
HV =

(
HVI

)
=

(
Vi

0

)
, (5)

Vβω =
∑

i

ωiδ
α
βDiα ,

Vβω =
(

VβωI
)

=

(
0

δαβωi

)
(6)

with respect to the adapted frame {DI}.
Let us consider the local 1−forms η̃I in π−1(U) defined by

η̃I = ĀI
JdxJ,
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where

A−1 = (ĀI
J) =

 Āi
j Āi

jβ

Āiα
j Āiα

jβ

 =

 δi
j 0

−Xα
mΓm

ij δαβδ
j
i

 . (7)

The matrix (7) is the inverse of the matrix

A = (A J
K ) =

 A j
k A j

kγ

A jβ
k A jβ

kγ

 =

 δ j
k 0

Xβ
mΓm

jk δ
β
γδ

k
j


of the transformation DK = A J

K ∂J (see (3) and (4)). It is easy to establish that the set
{
η̃I

}
is the coframe dual

to the adapted frame {DK}, i.e.

η̃I(DK) = ĀI
JA

J
K = δI

K.

The following theorem holds.

Theorem 2.1. Let Mn be a Riemannian manifold with metric 1, let ∇ be the Levi-Civita connection and let R be the
Riemannian curvature tensor. Then the Lie bracket of the linear coframe bundle F∗(Mn) of Mn satisfies the following:
i)

[Vβω, Vγθ] = 0, (8)

ii)

[HX, Vβω] = Vβ (∇Xω), (9)

ii)

[HX, HY] = H[X,Y] + γ(R(X,Y)) (10)

for all X,Y ∈ =1
0(Mn) and ω, θ ∈ =0

1(Mn).

Proof. In the case when I = i, by using (2), we see that the left hand side of (8) reduces to

[Vβω, Vγθ]I = [Vβω, Vγθ]i = VβωK∂K
Vγθi
−

VγθK∂K
Vβωi = 0.

In the case I = iα we have

[Vβω, Vγθ]I = [Vβω, Vγθ]iα = VβωK∂K
Vγθiα − VγθK∂K

Vβωiα

= Vβωk∂k
Vγθiα + Vβωkσ∂kσ

Vγθiα − Vγθk∂k
Vβωiα − Vγθkσ∂kσ

Vβωiα

= δαγδ
σ
β

∑
k

ωk∂kσθi − δ
σ
γδ
α
β

∑
k

θk∂kσωi = 0.

ii) In the case I = i, from (1) and (2) we have

[HX, Vβω]I = [HX, Vβω]i = HXK∂K
Vβωi

−
VβωK∂K

HXi

= −Vβωk∂k
HXi
−

Vβωkσ∂kσ
HXi = 0.

In the case I = iα we obtain

[HX, Vβω]I = [HX, Vβω]iα = HXK∂K
Vβωiα − VβωK∂K

HXiα

= Vβωk∂k
HXiα + Vβωk∂k

HXiα − Vβωkσ∂kσ
HXiα − Vβωkσ∂kσ

HXiα
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= δαβXk∂kωi − δ
σ
βωk∂kσ (X

α
j Γ

j
ilX

l) = δαβXk∂kωi − δ
σ
βωkδ

k
jδ
α
σΓ

j
ilX

l

= δαβ (Xk∂kωi − XkΓl
ikωl) = δαβ ∇̂Xωi

from which, due to symmetry of connection ∇, it follows that

[HX, Vβω] = Vβ (∇Xω).

iii) In the case when I = i, by using (1), we see that left hand side of (10) reduces to

[HX, HY]I = [HX, HY]i = HXK∂K
HYi
−

HYK∂K
HXi = HXk∂k

HYi

+HXkσ∂kσ
HYi
−

HYk∂k
HXi
−

HYkσ∂kσ
HXi = Xk∂kYi

− Yk∂kXi = [X,Y]i

= H[X,Y]i.

In the case I = iα we have

[HX, HY]I = [HX, HY]iα = HXK∂K
HYiα − HYK∂K

HXiα = HXk∂k
HYiα

+HXkσ∂kσ
HYiα − HYk∂k

HXiα − HYkσ∂kσ
HXiα = Xk∂k(Xα

j Γ
j
ilY

l)

+(Xσ
mΓm

ksX
s)∂kσ (X

α
j Γ

j
ilY

l) − Yk∂k(Xα
j Γ

j
ilX

l) − (Xσ
mΓm

ksY
s)∂kσ (X

α
j Γ

j
ilX

l)

= XkXα
j (∂kΓ

j
il)Y

l + XkXα
j Γ

j
il∂kYl + Xα

mXsYlΓm
ksΓ

k
il − YkXα

j (∂kΓ
j
il)X

l

−YkXα
j Γ

j
il∂kXl

− Xα
mYsXlΓm

ksΓ
k
il = Xα

j Γ
j
il[X,Y]l + XkYlXα

j (∂kΓ
j
il − ∂lΓ

j
ik

+Γ
j
skΓ

s
il − Γ

j
slΓ

s
ik) = H[X,Y]iα + XkYlXα

j R j
kli = H[X,Y]iα + δαβXβ

j R(X,Y) j
i .

Therefore

[HX, HY] = H[X,Y] + γ(R(X,Y))

and Theorem 2.1 is proved.

Remark 2.2. Using equality (2), it is easy to establish that a vertical vector field γ(R(X,Y)) ∈ =1
0(F∗(Mn)) can

be represented as

γ(R(X,Y)) =

n∑
β=1

Vβ (Xβ
◦ R(X,Y)) . (11)

3. Homogeneous Type Deformed Sasaki Metric

Let (Mn, 1) be a Riemannian manifold. The diagonal lift (or the Sasaki lift) D1 of Riemannian metric 1 to
coframe bundle F∗(Mn) is defined by

D1 = 1i jdxi
⊗ dx j + δαβ1

i jδXα
i ⊗ δXβ

j

and satisfies the following conditions:

D1(HX, HY) = V(1(X,Y)) = 1(X,Y) ◦ π,

D1(Vαω, Vβθ) = δαβ
V(1−1(ω, θ)) = δαβ1

−1(ω, θ) ◦ π,
D1(HX, Vβθ) = 0
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for all X,Y ∈ =1
0(Mn) and ω, θ ∈ =0

1(Mn), where δXα
i = dXα

i − Γm
kiX

α
mdxk and 1i j denote contravariant

components of 1.
Let us consider the homothety hλ : (x,u∗) → (x, λu∗), λ ∈ R+ on the fibers of the linear coframe bundle

F∗(Mn). Then D1 is transformed as follows:

D1(x, λu∗) = 1i jdxi
⊗ dx j + δαβλ

21i jδXα
i ⊗ δXβ

j ,∀λ ∈ R+.

We see, that the metric D1 is not homogeneous, i.e.

D1(x,u∗) , D1(x, λu∗).

Now, we define a new lift 1̃ of a Riemannian metric 1 to the coframe bundle F∗(Mn) as follows:

1̃ = 1i jdxi
⊗ dx j + 1

hδαβ1
i jδXα

i ⊗ δXβ
j ,

where h is a function defined as

h =

n∑
α=1

‖Xα
‖

2 =

n∑
α=1

1i jXα
i Xα

j =

n∑
α=1

1−1(Xα,Xα). (12)

It is easy to see that 1̃ is homogeneous with respect to Xα
i , i.e.

1̃(x, λu∗) = 1i jdxi
⊗ dx j + λ2

λ2·hδαβ1
i jδXα

i ⊗ δXβ
j = 1̃(x,u∗),∀λ ∈ R+.

Remark 3.1. Since u∗ = (X1,X2, ...,Xn) , 0 is a basis of the cotangent space T∗x(Mn), the condition h , 0 is
fulfilled at each point x ∈ Mn and in the coframe bundle does not exist zero section. This means that the
metric 1̃ is defined in the linear coframe bundle F∗(Mn).

We get, without difficulties:

Theorem 3.2. The following properties hold:
1◦. The pair (F∗(Mn), 1̃) is a Riemannian space, depending only on the metric 1.
2◦. 1̃ is homogeneous on the linear coframe bundle F∗(Mn).

3◦. The distributions H and V are orthogonal with respect to 1̃:

1̃(HX̃, VX̃) = 0,∀X,Y ∈ =1
0(F∗(Mn)).

We can write 1̃ in the form

1̃ = 1̃H + 1̃V, 1̃H = 1i jdxi
⊗ dx j, 1̃V = 1

hδαβ1
i jδXα

i ⊗ δXβ
j .

The metric 1̃ has components(
1̃IJ

)
=

(
1i j 0
0 1

hδαβ1
i j

)
(13)

with respect to the adapted frame {DI} in F∗(Mn). From (13) it easily follows that if 1 is a Riemannian metric
in Mn, then 1̃ is a Riemannian metric in F∗(Mn) and it is called a homogeneous type deformed Sasaki metric.

It is easily to verify that the inverse matrix (1̃IJ) of matrix
(
1̃IJ

)
is as follows:

(
1̃IJ

)
=

(
1i j 0
0 hδαβ1i j

)
with respect to the adapted frame {DI} in F∗(Mn).
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Also, we can represent the metric 1̃ by the following global formulas:

1̃(HX, HY) = 1(X,Y) ◦ π,

1̃(Vαω, Vβθ) = 1
hδαβ1

−1(ω, θ) ◦ π, (14)

1̃(HX, Vβθ) = 0

for all vector fields X,Y ∈ =1
0(Mn) and covector fields (1−forms) ω, θ ∈ =0

1(Mn). We recall that any element
t ∈ =0

2(F∗(Mn)) is completely determined by its action on vector fields of type HX and Vαω. From this it
follows that 1̃ is completely determined by (14).

Using (5), (6), (7) and DK = A J
K ∂J, after straightforward computations, we obtain:

HX(h) = HX

 n∑
α=1

1−1(Xα,Xα)

 = (XiDi)

 n∑
α=1

1−1(Xα,Xα)


= Xi

(
∂i + Γm

ikXγ
m∂kγ

)  n∑
α=1

1−1(Xα,Xα)

 = Xi∂i

 n∑
α=1

1−1(Xα,Xα)


+Γm

ikXiXγ
m∂kγ

 n∑
α=1

1−1(Xα,Xα)

 = Xi
n∑
α=1

(∂i1
−1)(Xα,Xα)

+Γm
ikXiXγ

m∂kγ

 n∑
α=1

1−1(Xα,Xα)

 = Xi
n∑
α=1

(∂i1
rs)Xα

r Xα
s

+Γm
ikXiXγ

m∂kγ

 n∑
α=1

1rsXα
r Xα

s

 = Xi
n∑
α=1

(−Γr
il1

ls
− Γs

il1
rl)Xα

r Xα
s

+

n∑
α=1

Γm
ikXi1rsXγ

mδ
k
rδ
α
γXα

s +

n∑
α=1

Γm
ikXi1rsXγ

mδ
k
sδ
α
γXα

r

= −XiΓr
il

n∑
α=1

1lsXα
r Xα

s − XiΓs
il

n∑
α=1

1rlXα
r Xα

s + XiΓm
ir

n∑
α=1

1rsXα
mXα

s

+XiΓm
is

n∑
α=1

1rsXα
mXα

r = 0, (15)

and

Vβω(h) = δ
β
γωiDiγ

 n∑
α=1

1rsXα
r Xα

s

 = δ
β
γωi∂iγ

 n∑
α=1

1rsXα
r Xα

s


= δ

β
γωi

n∑
α=1

(
∂iγX

α
r

)
1rsXα

s + δ
β
γωi

n∑
α=1

(
∂iγX

α
s

)
1rsXα

r

= δ
β
γωi

n∑
α=1

δγαδ
i
r1

rsXα
s + δ

β
γωi

n∑
α=1

δγαδ
i
s1

rsXα
r =

n∑
α=1

δ
β
α1

rsXα
sωr

+

n∑
α=1

δ
β
α1

rsXα
rωs = 2

n∑
α=1

δ
β
α1
−1 (Xα, ω) . (16)
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for all X ∈ =1
0(Mn) and ω ∈ =0

1(Mn).
From (15) and (16) it immediately follows that

HX( 1
h ) = 0, (17)

Vαω( 1
h ) =

−2
∑n
σ=1 δ

α
σ1
−1(Xσ,ω)

h2 . (18)

4. Levi-Civita Connection of 1̃

It is well-known that the Levi-Civita connection ∇ of a Riemannian metric 1 is given by Koszul formula

21(∇XY,Z) = X1(Y,Z) + Y1(Z,X) − Z1(X,Y) + 1([X,Y],Z)

−1([Y,Z],X) + 1([Z,X],Y) (19)

for all vector fields X,Y,Z ∈ =1
0(Mn).

Using (5), (6), (11), (14), (17), (18) and (19), we have

Theorem 4.1. Let Mn be a Riemannian manifold with metric 1 and ∇̃ be the Levi-Civita connection of the linear
coframe bundle F∗(Mn) equipped with the metric 1̃. Then ∇̃ satisfies:
i)

∇̃HX
HY = H(∇XY) + 1

2

n∑
σ=1

Vσ (Xσ
◦ R(X,Y)),

ii)

∇̃HX
Vαω = Vα (∇Xω) + 1

2h

n∑
σ=1

δασ
H(Xσ

◦ R( ,X)ω̃),

iii)

∇̃Vαω
HY = 1

2h

n∑
σ=1

δασ
H(Xσ

◦ R( ,Y)ω̃), (20)

iv)

∇̃Vαω
Vβθ = −1̃(Vαω,

n∑
σ=1

VσXσ)Vβθ − 1̃(Vβθ,
n∑
σ=1

VσXσ)Vαω + 1̃(Vαω, Vβθ)
n∑
σ=1

VσXσ,

for all X,Y ∈ =1
0(Mn), ω, θ ∈ =0

1(Mn), where ω̃ = 1−1
◦ ω ∈ =1

0(Mn), X̃α = 1−1
◦ Xα

∈ =
1
0(Mn) with respect to the

adapted frame {DI}.

Proof. i) By help of Koszul formula (19), (10) and (11), we have

21̃(∇̃HX
HY, HZ) = HX(1̃(HY, HZ)) + HY(1̃(HZ, HX)) − HZ(1̃(HX, HY))

−1̃(HX, [HY, HZ]) + 1̃(HY, [HZ, HX]) + 1̃(HZ, [HX, HY]) = 21(∇XY,Z) (21)

and

21̃(∇̃HX
HY, Vαω) = HX(1̃(HY, Vαω)) + HY(1̃(Vαω, HX)) − Vαω(1̃(HX, HY))

−1̃(HX, [HY, Vαω]) + 1̃(HY, [Vαω, HX]) + 1̃(Vαω, [HX, HY]) = Vαω(1(X,Y))
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−1̃(HX, Vα (∇Yω)) + 1̃(HY,−Vα (∇Yω)) + 1̃(Vαω, H[X,Y] + γ(R(X,Y)))

= 1̃(Vαω, γ(R(X,Y))) = 1̃

Vαω,
n∑
σ=1

Vσ (Xσ
◦ R(X,Y))

 . (22)

By combining of (21) and (22), we obtain:

∇̃HX
HY = H(∇XY) + 1

2

n∑
σ=1

Vσ (Xσ
◦ R(X,Y)).

ii) By help of Koszul formula (19) and (9), we get:

21̃(∇̃HX
Vαω, HY) = HX(1̃(Vαω, HY)) + Vαω(1̃(HY, HX)) − HY(1̃(HX, Vαω))

−1̃(HX, [Vαω, HY]) + 1̃(Vαω, [HY, HX]) + 1̃(HY, [HX, Vαω])

= 1̃(Vαω, γ(R(Y,X))) = 1̃(Vαω,
n∑
σ=1

Vσ (Xσ
◦ R(Y,X)))

= 1̃

 n∑
σ=1

Vσ (Xσ
◦ R(Y,X)), Vαω

 =

n∑
σ=1

1̃(Vσ (Xσ
◦ R(Y,X)), Vαω)

=

n∑
σ=1

1
hδασ1

−1(Xσ
◦ R(Y,X), ω).

Using

1−1(Xσ
◦ R(Y,X), ω) = 1i j(Xσ

◦ R(Y,X))iω j = 1i jXσ
s R s

kli YkXlω j

= Xσ
s R s

kli YkXlω̃i = 1kmXσ
s Rm s
· li YkXlω̃i = 1(Xβ(1−1

◦ R( ,X)ω̃),Y)

= 1̃(H(Xβ(1−1
◦ R( ,X)ω̃)), HY)

and

HX( 1
h ) = 0,

we have

21̃(∇̃HX
Vαω, HY) = 1

h

n∑
σ=1

δασ1̃(H(Xσ(1−1
◦ R( ,X)ω̃)), HY).

On the other hand,

21̃(∇̃HX
Vαω, Vβθ) = HX(1̃(Vαω, Vβθ)) − 1̃(Vαω, Vβ (∇Xθ))

+1̃(Vβθ, Vα (∇Xω)) = 1̃(Vαω, Vβ (∇Xθ)) + 1̃(Vβθ, Vα (∇Xω))

−1̃(Vαω, Vβ (∇Xθ)) + 1̃(Vβθ, Vα (∇Xω)) = 21̃(Vα (∇Xω), Vβθ).

Therefore,

∇̃HX
Vαω = Vα (∇Xω) + 1

2h

n∑
σ=1

δασ
H(Xσ(1−1

◦ R( ,X)ω̃)).
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iii) By calculations analogy to those in ii), we obtain:

21̃(∇̃Vαω
HY, Vβθ) = HY(1̃(Vαω, Vβθ)) − 1̃(Vαω, Vβ (∇Yθ))

−1̃(Vβθ, Vα (∇Yω)) = 1̃(Vα (∇Yω), Vβθ) + 1̃(Vαω, Vβ (∇Yθ))

−1̃(Vαω, Vβ (∇Yθ)) − 1̃(Vβθ, Vα (∇Yω)) = 0

and

21̃(∇̃Vαω
HY, HZ) = −1̃(Vαω, γ(R(Y,Z))) = −1̃

Vαω,
n∑
σ=1

Vσ (R(Y,Z)Xσ)


= −

n∑
σ=1

1̃(Vσ (Xσ
◦ R(Y,Z)), Vαω) = −

n∑
σ=1

1
hδασ1

−1(Xσ
◦ R(Y,Z), ω)

=

n∑
σ=1

1
hδασ1̃(

H(Xσ(1−1
◦ R( ,Y)ω̃), HZ).

Thus, we have

∇̃Vαω
HY = 1

2h

n∑
σ=1

δασ
H(Xσ(1−1

◦ R( ,Y)ω̃)).

iv) By using Koszul formula (19), we have

21̃(∇̃Vαω
Vβθ, HZ) = −HZ(1̃(Vαω, Vβθ)) + 1̃(Vαω, Vβ (∇Zθ))

+1̃(Vβθ, Vα (∇Zω)) = −1̃(Vα (∇Zω), Vβθ) − 1̃(Vαω, Vβ (∇Zθ))

+1̃(Vαω, Vβ (∇Zθ)) + 1̃(Vβθ, Vα (∇Zω)) = 0.

On the other hand, using (8), (11) (for R(X,Y) = δ) , (14) and

Vαω( 1
h ) =

−2
∑n
σ=1 δ

α
σ1
−1(Xσ,ω)

h2 ,

Vαω(1̃(Vβθ, Vγξ)) = Vαω( 1
hδβγ1

−1(θ, ξ)) =
−2

∑n
σ=1 δ

α
σ1
−1(Xσ,ω)

h2 · δβγ1
−1(θ, ξ),

1̃(Vαω, γδ) = 1̃

Vαω,
n∑
σ=1

VσXσ

 =

n∑
σ=1

1̃(Vαω, VσXσ) = 1
h

n∑
σ=1

δασ1
−1(ω,Xσ),

we have the following

h2(1̃(∇Vαω
Vβθ, Vγξ) = h2

2 (Vαω(1̃(Vβθ, Vγξ)) + Vβθ(1̃(Vγξ, Vαω))

−
Vγξ(1̃(Vαω, Vβθ))) = −

n∑
σ=1

δασ1
−1(Xσ, ω) · δβγ1−1(θ, ξ)

−

n∑
σ=1

δ
β
σ1
−1(Xσ, θ) · δγα1−1(ξ,ω) +

n∑
σ=1

δγσ1
−1(Xσ, ξ) · δαβ1−1(ω, θ)

= −h
n∑
σ=1

δασ1
−1(Xσ, ω) · 1̃(Vβθ, Vγξ) − h

n∑
σ=1

δ
β
σ1
−1(Xσ, θ) · 1̃(Vγξ, Vαω)



A. Salimov, H. Fattayev / Filomat 35:11 (2021), 3607–3619 3616

+h
n∑
σ=1

δγσ1
−1(Xσ, ξ) · 1̃(Vαω, Vβθ) = 1̃

−h21̃

Vαω,
n∑
σ=1

VσXσ

 Vβθ−

−h21̃

Vβθ,
n∑
σ=1

VσXσ

 Vαω + h21̃
(

Vαω, Vβθ
) n∑
σ=1

VσXσ, Vγξ

 .
Thus

∇̃Vαω
Vβθ = −1̃

Vαω,
n∑
σ=1

VσXσ

 Vβθ − 1̃

Vβθ,
n∑
σ=1

VσXσ

 Vαω+

+1̃(Vαω, Vβθ)
n∑
σ=1

VσXσ

and the proof of Theorem 4.1 is completed.

Let

∇̃DI DJ = Γ̃K
IJDK

with respect to the adapted frame {DK} of linear coframe bundle F∗(Mn), where Γ̃K
IJ denote the components

of the Levi-Civita connection ∇̃. Then by using the Theorem 4.1, we immediately get following:

Theorem 4.2. Let (Mn, 1) be a Riemannian manifold and ∇̃ be the Levi-Civita connection of the linear coframe bundle
F∗(Mn) equipped with the homogeneous type deformed Sasaki lift 1̃ of a Riemannian metric 1 on Mn. The particular
values of Γ̃K

IJ for different indices, by taking account of (20) are then found to be

Γ̃k
i j = Γk

i j, Γ̃
k
iα jβ = Γ

kγ
iα j = 0,

Γ̃
kγ
i j = 1

2

n∑
σ=1

δγσXσ
mRm

ijk, Γ̃
kγ
i jβ

= −δγβΓ
j
ik,

Γ̃k
iα j = 1

2h

n∑
σ=1

δασXσ
mRk im

· j · , Γ̃
k
i jβ = 1

2h

n∑
σ=1

δβσXσ
mRk jm

·i · ,

Γ̃
kγ
iα jβ

= − 1
h

(
δαε1

imXε
mδ

γ
βδ

j
k + δβε1

jmXε
mδ

γ
αδ

i
k − δαβ1

i jXγ
k

)
with respect to the adapted frame {DK}, where Rk jm

·i · = 1kl1 jsR m
lis .

5. Almost Hermit Structures on the Coframe Bundle

Various tensor structures of type (1.1) (i.e. (1.1)-tensor structures) on manifolds have been studied
by many authors (see for example [5]). Some classes of (1,1)-tensor structures can be an isomorphic
representation of certain algebras. Such tensor structures are called algebraic tensor structures. In this
section, we define a few specific (1,1)-tensor structures, i.e almost Hermit structures on the linear coframe
bundle equipped with a homogeneous type deformed Sasaki lift of the Riemannian metric.

Let (Mn, 1) be a Riemannian manifold and let F∗(Mn) be its linear coframe bundle equipped with a lift 1̃
of the metric 1 to F∗(Mn). On linear coframe bundle F∗(Mn) we define the mappings

∗

Fβ,
∗

Fβ : =1
0(F∗(Mn))→ =1

0(F∗(Mn)), β = 1, 2, ...,n,
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as follows:
∗

Fβ(Di) =
∗

Fβ( δ
δxi ) =

√

h1i j
Vβ (dx j) =

∑
j

√

h 1i jD jβ =
∑

j

√

h 1i j
∂
∂Xβ

j

, (23)

∗

Fβ(Diα ) =
∗

Fβ( ∂
∂Xα

i
) = − 1

√
h
δαβ1

i jH
(
∂
∂x j

)
= − 1

√
h
δαβ 1

i jD j, (24)

where {DI} =
{
Di,Diα

}
is the adapted frame of the linear frame bundle F∗(Mn) and

h is a function defined by (12).
It is not difficult to prove:

Theorem 5.1. For each β = 1, 2, ...,n,
∗

Fβ has the following properties:

1◦.
∗

Fβ is a (1,1)-tensor structure on linear coframe bundle F∗(Mn);

2◦.
∗

Fβ depends only on the metric 1;

3◦.
∗

Fβ is homogeneous on the fibers of the linear coframe bundle F∗(Mn).

We denote by Π the (1,1)-tensor structure
{
∗

Fβ
}
, β = 1, 2, ...,n, defined by (23) and (24) on the linear

coframe bundle F∗(Mn). Using (23) and (24), we have

Theorem 5.2. The (1.1)-tensor structure Π =
{
∗

Fβ
}
, β = 1, 2, ...,n, satisfies the relations:

∗

Fβ 2 = −I, β = 1, 2, ...,n,

∗

Fβ ◦
∗

Fγ = O, β , γ,

where I and O are the identity and zero tensor fields on F∗(Mn), respectively.

Proof. From (23) and (24) we obtain

∗

Fβ 2(Di) =
∗

Fβ
(
∗

Fβ(Di)
)

=
∗

Fβ

∑
j

√

h 1i jD jβ

 =
√

h
∑

j

1i j
∗

Fβ(D jβ )

= −
√

h · 1
√

h
δββ1i j1

jkDk = −δk
i Dk = −Di

∗

Fβ 2(Diα ) =
∗

Fβ (
∗

Fβ(Diα )) =
∗

Fβ
(
−

1
√

h
1i jδβα D j

)
= − 1

√
h
δβα1

i j
∗

Fβ(D j)

−
1
√

h

√

h · δβα1i j1 jkDkβ = −δi
kDkα = −Diα ,

from which it follows that

∗

Fβ 2 = −I, β = 1, 2, ...,n.

Similarly, we have

∗

(Fβ ◦
∗

Fγ)(Di) =
∗

Fβ (
∗

Fγ(Di)) =
∗

Fβ

∑
j

√

h 1i jD jγ

 =
√

h
∑

j

1i j
∗

Fβ(D jγ )

= −
√

h · 1
√

h
1i j1

jkδ
β
γDk = −δ

β
γδ

k
i Dk = −δ

β
γDi = 0 (β , γ),
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and
∗

(Fβ ◦
∗

Fγ)(Diα ) =
∗

Fβ (
∗

Fγ(Diα )) =
∗

Fβ
(
−

1
√

h
1i jδαγD j

)
= − 1

√
h
δαγ1

i j
∗

Fβ(D j)

= − 1
√

h
·

√

hδαγ1i j1 jkDkβ = −δαγδ
αβδi

kDkα = −δ
β
γDiα = 0 (β , γ).

Thus
∗

Fβ ◦
∗

Fγ = O

for all β , γ and Theorem 5.2 is proved.

On the linear coframe bundle F∗(Mn) we introduce the (1,1)-tensor structure Π̃ =
{
ϕβ̄

}
, β̄ = 1, 2, ...,n,n+1

as follows

ϕβ̄ =

 I, i f β̄ = 1,
∗

F β̄−1, i f β̄ = 2, 3, ...,n,n + 1,

where I is the identity (1,1)-tensor field on F∗(Mn). Such tensor structures play an important role in the
theory of algebraic structures. From Theorem 5.2 we have

Corollary 5.3. The (1,1)-tensor structure Π̃ =
{
ϕβ̄

}
, β̄ = 1, 2, ...,n,n + 1 satisfies the conditions

ϕᾱ ◦ ϕβ̄ = Cγ̄
ᾱβ̄
ϕγ̄, ᾱ, β̄, γ̄, ... = 1, 2, ...,n + 1,

C1
11 = C2

12 = · · · = Cn+1
1,n+1 = 1,C1

22 = C1
33 = · · · = C1

n+1,n+1 = −1,

all the other coefficients are zero.

The following theorem holds.

Theorem 5.4. The homogeneous type deformed Sasaki lift 1̃ of a Riemannian metric 1 to the coframe bundle F∗(Mn)

is compatible with the (1,1)-tensor structure Π =
{
∗

Fβ
}
, β = 1, 2, ...,n, i.e.,

1̃(
∗

FβX,
∗

FβY) = 1̃(X,Y), β = 1, 2, ...,n,

for all X,Y ∈ =1
0(F∗(Mn)).

Proof. Since the matrix (1i j) is the inverse of the matrix (1i j), from (23), (24) and (13), it follows that for each
β = 1, 2, ...,n,

1̃(
∗

Fβ(Di),
∗

Fβ(D j)) = 1̃(Di, D j),

1̃(
∗

Fβ(Diα ),
∗

Fβ(D jγ )) = 1̃(Diα , D jγ ),

1̃(
∗

Fβ(Diα ),
∗

Fβ(D j)) = 1̃(Diα , D j) = 0.

Hence

1̃(
∗

FβX,
∗

FβY) = 1̃(X,Y)

for all X,Y ∈ =1
0(F∗(Mn)) and β = 1, 2, ...,n. Thus, Theorem 5.4 is proved.

From Theorem 5.4 it follows

Corollary 5.5. The triple (F∗(Mn), 1̃,
∗

Fβ) is an almost Hermit manifold for any β = 1,n.
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