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The Extreme Problem for Orlicz and L, Torsional Rigidity and their
Properties

Zhenzhen Wei?, Jin Yang?

"Hubei Minzu University

Abstract. In this paper, the extreme problem for Orlicz and L, torsional rigidity is discussed. Moreover,
we introduce Orlicz and L, geominimal torsional rigidity, which is defined as being motivated through
Orlicz L, mixed torsional rigidity. Also, the invariance of Orlicz and L, geominimal torsional rigidity

under orthogonal matrices is proved, and isoperimetric type inequality and circular type inequality for the
torsional rigidity are established as well.

1. Introduction

The setting of this paper is in the n-dimensional Euclidean space R". A subset K in R" is convex if for
all x,y € Kand a € [0, 1] satisfying ax + (1 — a)y € K. Let K and Kj be the set of convex bodies (compact
convex set with nonempty interior) and the set of convex bodies which contain the origin o in their interiors,
respectively. Denote |K]| as the volume of K € K. In general, B} is defined as the unitball of the n-dimensional
Euclidean space with the surface area of S+l and IB}| = wy,. The volume radius of K € K, denoted by
vrad(K) = (|K|/ a)n)%. If K is a compact convex set in R”, its support function A(K,-) : R" — R is defined
by h(K, x) = max{x - y : y € K}, where x - y denotes the inner product of x and y. We write h(K, u) = hx(u).
Evidently, for K,L € K and a > 0, hux (1) = ahx(u) and hg.r(u) = hx(u) + hr(u) for any u € s,

For K, L € K, the mixed volume of K and L, denoted by V;(K, L) in [20], is defined as

Vi(K L) = %f;l h(L, u)dS(K, u), (1)

where S(K, 1) is the surface area measure on S"~! of the convex body K (for the definition see section 2). For
a convex body K € K, the geominimal surface area, G(K) of K, rasied by Petty [29], could be defined by

G(K) = inf{ f WL, u)dS(K, u) : L € Ky, |L°| = a),,}, )
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where L° is the polar body of L, i.e., L° = {x € R" : x - y < 1 for y € L}. Combining with (1) and (2), one gets
G(K) = inf{(nV1(K,L) : L € Ko, IL°| = wy}. 3)

This indicates that the classical geominimal surface area was defined on the basis of the mixed volume. The
study of geominimal surface area was first explained by Petty in [29], the classical geominimal surface area
naturally connects relative geometry, affine geometry and Minkowski geometry. Therefore, it received a lot
of attention (see e.g., [1, 7-9, 13]). Related to this is the classical Brunn-Minkowski theory, which originated
from Brunn [3] and Minkowski [27]. It is the core content of convex geometry analysis. Whereafter the
L, Brunn-Minkowski theory originated from the introduction of Firey — p combination of convex bodies
into the classical Brunn-Minkowski theory by Lutwak [20]. Due to (3), in [21], Lutwak also introduced L,
geominimal surface area for p > 1. And Ye [38] further expanded the p > 1 form to p € R form. One can also
find more resources for L, geominimal surface area (see e.g., [19, 21, 22, 30, 33-35, 40, 43, 46, 47]). Lately,
the L, Brunn-Minkowski theory is extended to the Orlicz-Brunn-Minkowski theory by Lutwak, Yang and
Zhang [23, 24] on the basis of solving asymmetric problems. With the continuous improvement of Orlicz-
Brunn-Minkowski theory (see e.g., [4, 13, 15, 37, 45, 48]), this theory has become the mainstream research
in the field of convex geometry analysis. Recently, Gardner, Hug and Weil [10] and Xi, Jin and Leng [36]
constructed a general framework for Orlicz-Brunn-Minkowski theory, including Orlicz addition and Orlicz
mixed volume, respectively. In addition, they established the new Orlicz-Brunn-Minkowski inequality
and Orlicz-Minkowski mixed volume inequality. The new theory has gained widespread popularity (see
e.g., [16, 17, 23, 24, 36, 41, 49]). At the same time, the geominimal surface area is developed into Orlicz
geominimal surface area (see e.g., [39, 41, 42]). Quite recently, the geominimal surface area associated with
the capacity is also considered (see e.g., [6, 12, 16, 17, 25, 32, 44]).

In [16], the definition of the nonhomogeneous Orlicz L, mixed torsional rigidity was introduced.
Consequently, we will define the homogeneous Orlicz L, mixed torsional rigidity and the Orlicz geominimal
torsional rigidity with respect to & which is a nonempty subset of Sy (the set of start bodies about the origin
0). For example, suppose K € Ky and ¢ € I (the definition of 1 in section 3), the nonhomogeneous Orlicz
geominimal torsional rigidity H; ,(K, &) of K, is defined by the extreme problem as follows:

Hy (K, &) = mf {11,p(K, vrad(L)L®)}.

Likewise, the homogeneous Orlicz geominimal torsional rigidity I’-I\l,(p (K, &p) of K, is defined by the extreme
problem as follows:

Hp(K, &) = inf (71 p(K, vrad (L))

And then we will stress two special cases as follows, let & = Ky and & = Sy. For the sake of easy,
we replace Hy (K, Ko), Hl(p(K Ko), H1,,(K, So), Hl(P(K So) with Hy ,(K), quJ(K) F1,4(K), Fl(p(K) respectively.
And, let’s define Bx = vrad(K)B} to be the origin symmetric ball of radius vrad(K) for K € Kj. For definitions
of Dy, Iy and Dy, see section 3.

Then we discuss some properties of Orlicz geominimal torsional rigidity, such as establishing some
isopermetric type inequalities, as follows:

Theorem 1.1. Suppose L € Ky and the center or Santalé point of L is the origin o.
(i) If o € Dy U I and then

fl,qa(L) - ﬁl,q,(L) - (L)
E/(P(BL) - Hl,(p(BL) ~ 7(Br)

Equality holds if L is an origin symmetric ball.
(ii) If € Dy, then there exists a constant d > 0 such that

Frp(L) N Hy (L) -l
f:\l,(p(BL) - H\l,(p(BL) ©(Br)
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According to the definitions of Orlicz geominimal torsional rigidity in section 3, let ¢ (t) = #, in section

4, we define the L, geominimal torsional rigidity of K with respect to Ky and Sy. For instance, for g > 0, we
denote Hy 4(K) with respect to Kj, by

— n/n+q 7 o|q/n+q
Hig(K) = inf {ry,(K, L)L/
And define Fy 4(K) with respect to Sy, by
_ oyn/n+q|7 19/n+q
Fig(K) = inf {rq (K, L)L)

We also discuss some properties of L, geominimal torsional rigidity. For example, we establish some
isopermetric type inequalities for Fy ,(K) and Hy ,(K).

Theorem 1.2. Let K € Ky, the center or Santald point of K is the origin o.
(i) Forqg >0,

Fl,q(K) < Hl,q(K) - ( T(K) )n/(n+q)
F1,4(Bx) = Hi,y(Bx) ~ \7(Bk)

(ii) For -n < q <0,

Fl,q(K) S Hl,q(K) - ( T(K) )n/(n+q)
Fl,q(BK) - Hl,q(BK) “\7(Bx)

(iii) For q < —n, there exists a constant a > 0 such that

Pl,q(K) > Hl,q(K) >
F14(Bx) ~ Hi4(Bk) —

Theorem 1.3. Let K € Kp.
@If-n<t<0<r<sor-n<s<0<r<t, then

/(n+
/49 (ﬂ) "

7(Bk)

H, r(K) < (H1 t(K))(r—s)(n+t)/(t—s)(n+r) (H1 S(K))(r—t)(n+s)/(s—t)(n+r)‘
({i)If n<t<r<s<0o0r—-n<s<r<t<O0,then

Hi (K) < (H; t(K))(r—s)(n+t)/(tfs)(n+r)(HlS(K))(rft)(n+s)/(sft)(n+r).
(i) Ift<r<-n<s<0o0rs<r<-n<t<O0,then

Hl,r(K) > (Hllt(K))(r—s)(n+t)/(t—s)(n+r) (Hl,s (K))(r—t)(n+s)/(s—t)(n+r)‘

2. Background and Preliminaries

In this section, we will focus on some detailed preliminaries.

If C, D are compact convex sets in R” and 4 € R, the Minkowski addition C + D is the vector addition,
C+D ={x+y:xeCye D}, and the scalar multiplication aC = {ax : x € C}. Denote O(n) as the class of
n X n orthogonal matrixs. And we use det¢ to represent the determinant of ¢. If det¢ # 0, then we use ¢!
to denote the inverse of ¢, i.e., ¢ is invertible.

The polar body of K € Kj, denoted by K°, is defined as K° = {x € R" : x - y < 1 for any y € K}. By the
definition of the polar body, it is easy to get that K°° = K for K € Kj in [31]. Define K?, the polar body of K
with respect to p, by K¥ = (K —p)° + p, for K € K and p € intK (where intK is the interior of K). The Santal6
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point of K € K, denoted by s(K) € intK, is defined as |[K*®| = inf{|K¥| : w € intK}, and the Santal6 point of K
is unique (see [26]). And there is the distinguished Blaschke-Santal6 inequality: For K € %K,

K] - |1K*N)| < @2 4)

with equality if and only if K is an ellipsoid. In addition, the inverse of this inequality (4) is called the
inverse Santal6 inequality (see e.g., [2, 14, 28]), for K € K, there exists a contant d > 0 such that

K] - |K5®)| > d"w?. (5)

If for any x € L € IR”, the line segment from the origin o to x is contained in L, then L is a star-shaped set
with respect to the origin 0. For a compact star-shaped set L with respect to the origin o, the radial function
pr(u) : "1 — [0, o) is defined by py (1) = max{a > 0 : au € L} for u € S"~1. Obviously, the radial function is
positive and continuous. We call a star-shaped set M a star body, if the radial function of the star-shaped set
is continuous about the variable x € M. Since S is the set of start bodies about the origin o, then Ky C Sp.
And for K € Ko, px-(u) = 1/hg(u) and hg-(u) = 1/pg(u) for u € S*! (see [31]). Furthermore, for K € Sy, the
following the formula for the volume of L:

1
|L| = E L‘n_l pL(M)ndM.

Combining with each K € Kj, the surface area measure of K on S"™! is denoted by S(K, ) (see [18]), which
is defined as: for any subset measurable A C 5"},

S(K,A) = f AH (u),
v (4)

where vi! : §"1 — 9K is the inverse Gauss map and H"~! is the (1 — 1)-dimensional Hausdorff measure
on JK (the boundary of K). Let C°(intK), C*(intK), C(K), C*(S"™!) be the set of all infinitely differentiable
functions on intK with compact supports, the set of all infinitely differentiable functions on intK, the set of
all continuous functions on K and the set of all positive continuous functions on §"~!, respectively. If the
surface area measure S(K,-) of K € K is absolutely continuous about spherical measure o(-), then K has a
curvature function gx(-) : S"! = R, and gx(u) = dS(K, u)/do(u) almost everywhere about o(-). Define G, a
subset of Ko, by G§ = (K € Ko : gx(u) € CH(S" ).
For K € K, the torsional rigidity of K, denoted by 7(K), is defined as follows [5]:

1 VePdx
- f{ (fK Y v € Wy (intK) andﬁ(lv(x)ldx > O},

where Vo is the gradient of the function v and W'?(intK) is the Sobolev space of the functions in L?(intK)
whose first-order weak derivatives belong to L?(intK), and W(l)'z(intK) represents the closure of C°(intK) in
the Sobolev space W12(intK). By this definition, for K € K and b > 0, one has

7(bK) = b"*?7(K). (6)

For any K € Kj, there exists a unique solution u,x € C*(intK) N C(K) to the following boundary value
problem:

(7)

Au=-2 inK
u=0 ondkK

In addition, one can easily get the following property by Li and Zhu [16].
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Remark 2.1. For any ¢ € O(n) and K € Ko, the solution u ¢k to (7) in ¢K has this simple property,
Ur (i) = o (P'u) 8)
foru e S"L,

The torsional rigidity measure (K, -) on §", as follows [6]:
U (K, A) = f Vi k (x)PdH™ (x) for any measurable subset A C st
v (A)

It is easy to calculate that
de (K, 1) = [V c(vig' ()PdS(K, u) for u € S" 1. )

Evidently, the torsional rigidity measure (K, -) is not concentrated on a great subsphere.
According to the above information, the formula was given by Colesanti and Fimiani [6]: If K € K, then

_ 1 2 n-1
oK)= g [ IOV R
1
- fs e o). (10)
In particular, if K = B}, then
" 2
7(By) = —_ (11)
and
a oy 2(n+2) w1
du.(By,u) = = 2)do(u) forue S". (12)

By (10), one can define the following probability measure u;(K,-) on $"}, if K € K,

1 (K u)

. n-1
— 2K forueS" .

p (K u) =

3. The Orlicz geominimal torsional rigidity

In this section, according to the definitions of the nonhomogeneous and homogeneous Orlicz mixed
torsional rigidity, we will consider the extreme problems associated with them by studying the properties
of the corresponding mixed torsional rigidity.

First of all, let D be the set of continuous functions ¢ : (0, o) — (0, ), such that ¢ is strictly decreasing
with lim;_,g+ @(f) = 0, lim;,e @(t) = 0 and @(1) = 1. Let I be the set of continuous functions ¢ : (0, ) —
(0, ), such that g is strictly increasing with lim;_,o+ @(t) = 0, lim;—,, @(t) = o0 and ¢(1) = 1. The following
two definitions will be required.

Definition 3.1. (see [16] Definition 4.1) Let ¢ € 7 U D and K,L € Ky. The nonhomogeneous Orlicz L, mixed
torsional of K and L is written as t1,,(K, L). Define

=5 [ o i

n+2 hx (1)
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Accordingly, by Definition 3.1, one can easily know that
(i) If K and L are dilates, i.e., K = aL for some a > 0, then

T19(K L) = p(a)r(K);
(ii) If L € Sy, one has

oo 1 1
T1,0(K, L°) = — L\rxl (p(—pL(u)hK(u))hK(u)dyT(K, u).

Definition 3.2. Suppose ¢ € I U D and K, L € Ky. The homogeneous Orlicz L, mixed torsional rigidity of K and
L, denoted by T1,,(K, L), is defined as

T(K)hr (1) . ~
S it =1 "

Ifs,t > 0, one can get
T1p(K tL) = s -7 (K, L), (14)

then71,(K, L) is homogeneous. In particular, if L € Sy, then (13) and (14) can be written as

() *
= d Lu) = 1.
fs <”(W(K, L°>pL<u>hK<u>) Ko =1

T1p(SK (tD)°) = s #7173 4 (K, L°). (15)

In order to facilitate the study of the Orlicz geominimal torsional rigidity, the following concept will be
helpful:

To=TIN{p:(0,00) — (0,00)p(t V") is strictly convex};
Do =DN{p:(0,0) — (0,00)|p(t"1/") is strictly concave};
Dy =DN{p:(0,0) — (0,00)|p(t1/") is strictly convex}.
For any L € Ky, due to |(vrad(L°)L)°| = wy, hyraqeyr = vrad(L®)hy and for any L € Sy, pvrad@e) = vrad(L®)pr,

we can define the following Orlicz geominimal torsional rigidity. Suppose & is a subset of Sy and is
nonempty.

Definition 3.3. Suppose K € Ky, the nonhomogeneous Orlicz geominimal torsional rigidity of K with respect to &,
denoted by Hy,,(K, &), is defined as

Hap(K, &) = inf {r1,0(K, vrad(L)L")} for ¢ € T U Dy,

Hi,,(K, &) = sup{t1,,(K, vrad(L)L®)} for ¢ € Dy.
L680

Definition 3.4. Suppose K € Ky, the homogeneous Orlicz geominimal torsional rigidity of K with respect to &y,
denoted by Hy,(K, &), is defined as
Hy (K, &) = inf (T1,0(K, vrad(L)L*)} for ¢ € T U Dy,
€S

H, (K, &) = sup(T1 (K, vrad(L)L°)} for ¢ € D.
Le&y

Next we have the following two special cases according to the previous definitions and will discuss
their related properties.
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Remark 3.5. (i) If & = Ko, one gets

Hl,(p(K) = Hl,(p(K/ (](0);
Hip(K) = Hy (K, Ko).

(if) If & = So, one gets

Fl,(p(K) = Hl,(p(K/ SO);
F1»(K) = Hi (K, Sp).

As a result of Ky € So, one has

Fu,0(K) < Hy ,(K) for o € T N Dy,
Fy,0(K) > Hy»(K) for ¢ € Dy

and

F1p(K) < Hy o (K) for ¢ € T N Dy,
E,¢(K) > ﬁ1,¢(K) for ¢ € Dy.

From (14) and (15), if 2 > 0, one has
Hip(aK) = " Hy (K);
F1p(akK) = a™Fy , (K).
Proposition 3.6. Suppose ¢ € T U Dy U Dy and K € Ko, then for any ¢ € O(n) , one has
Hip(9K) = Hio(K), Hip(@K) = Hp(K)
and
Fip(@K) = F1,p(K), F1,0(9K) = F1,4(K).

Proof. We only prove Hy ,(¢pK) = Hiy(K), the other conclusions follow along the same argument. Let
¢ € O(n) and L € Ky, then |pL| = |L|, vrad(¢L) = vrad(L), by (8) and (9) for u € S"!, one has
(K, 1) = [Vidg gk (v () PdS(PK, 1)
= [Viri(vi (9'w))PAS(K, ¢'u)
= du.(K, ¢'u). (16)
Let L € Ky and ¢ € O(n), by (¢L)° = ¢L° and (16), one has

T1,p(¢K, vrad(PL)(PL)°) = T1,4(¢K, vrad(L)pL)

1 hyradmypre (1)
-z (W) ot (K1)

hvra °© t
T -1|- 2 fsm ¢ (%ﬁu)) hi (' u)d i (K, ')
= T1,,(K, vrad(L)L°).




Z. Wei, J. Yang / Filomat 35:12 (2021), 40334048 4040
Together with Definition 3.3, then if p € 7 U Dy,
Hy(¢K) = inf {11, (¢K, vrad(¢pL)(¢L)°)}
(PLE(]((]

ngt}go{ﬁ,@(K, vrad(L)L®)}
= Hy,(K). O

In addition, it is difficult to calculate H ,(K), ﬁl,(p (K), F1,4(K) and f1,¢(K). But in some special cases, one
can calculate their exact values, i.e., let K = AB)) for some A > 0.

Theorem 3.7. Suppose p € 19U Dy U Dy and A > 0. Then

F1»(BY) = Hy(BY) = ©(BL), (17)

F1,p(ABY) = Hy ,(ABY) = @(1/A)T(ABY). (18)

Proof. Since the proof process of ¢ € Dy U D; and ¢ € 1 of (17) and (18) are similar, so we just prove that
@ € 1. First, we prove (17). Let Ly = L/vrad(L) for any L € Sg. Then vrad(Lo) = 1 and |Lo| = w,. By ¢ € 1y,
combining with Jensen’s inequality, (11) and (12), one has

1if¢P w0 ymmm
gn-1 T 1,<p(B§/ LS)PLO (“)th (u) i
_ f o ( 7(B3) ) do(u)
gn-1 ?1,(0 (BZ, LS)pLo (u) nwy,
>¢Hf ( (BY) ywdmyw]
gn-1 ’T\lxﬂ (BZ, LS)PLO (1/{) nawy

olemm)
TLeBLLY))

Due to ¢ € Iy and ¢(1) = 1, then
7(By) < T1,4(B5, L) = T1,4(By, vrad(L)L®).

According to the definition of I’-I\Lq,(K, &p) in Definition 3.4, one has

©(B}) < F1,,(B}) < Hy\(BY) = jnf (T, (BY, vrad(L)L%)} < T(BY).
0

Therefore, 7(B}) = fl,@(Bg) = ﬁL@(B;). Along the same line, one can prove (18). [
Recall that Bx = vrad(K)B}, be the origin symmetric ball of radius vrad(K) for K € Kp. The following
theorems are the isoperimetric type inequalities of Fy,(-), H1,o(-), F1,4(-), and Hy ,(-).
Theorem 3.8. Suppose L € Ky and the center or Santalé point of L is the origin o.
(@) If o € Do U I and then
Fie(L) - Hi (L) ()
j‘:up(BL) - H\l,(p(BL) ~ ©(Br)

Equality holds if L is an origin symmetric ball.
(ii) If ¢ € Dy, then there exists a constant d > 0 such that

Frp(L) N Hy,(L) -l
f:\l,(p(BL) - H\l,(p(BL) -~ t(B)




Z. Wei, |. Yang / Filomat 35:12 (2021), 4033-4048 4041

Proof. (i) If ¢ € Dy U I. By Theorem 3.7, the homogeneity of ﬁ1,¢(-), f1,¢(-) and 7(-), one has

7(BL)
vrad(L)

Due to (14) and Definition 3.4, one gets

F14(Br) = Hip(B1) = (19)

F1p(L) < Hi (L) < T14(L, vrad(L°)L) = vrad(L°)z(L).
Combining with (4) and (19), one gets

FipM) _ Hipl) _ «(n)
Fip(B) ~ Hip(B) ~ B

Let L = cB}, for some ¢ > 0, one can easily get L = By and then the equality holds.
(i) According to the same argument above, if ¢ € D, by (5), one has

Fio@) _ HipL) _ vrad(l)-vrad(L*) - 7(L) _ d (L)
Fiy(Bl) HipB) ™(B1) ~ 1(Br)
In the same manner, one can check the similar results for F; ,(L) and Hy ,(L).

Theorem 3.9. Suppose L € Ky and the center or Santalé point of L is the origin o.
@) If o € D1 U Iy and then

Fl,(p(L) < Hl,(p(L) < T(L)
F1,o((Bre)°) = Hie((Bre)°) = t((Bre)°)
In addition, if € 1y, then
Fy,p(L) - Hy (L) (D)
Fi4(Br) = Hip(Br) = t(Br)

Equality holds if L is an origin symmetric ball.
(ii) If € Dy, then

Fio) _ Hiy@ | <(h)
Fi4(Br) ~ Hie(Br) — t(Br)
Equality holds if L is an origin symmetric ball.

Proof. (i) If ¢ € Dy U Iy, together with Definition 3.3, one has
F1,o(L) < Hy (L) < 11,9(L, vrad(L°)L) = p(vrad(L®))(L). (20)
Since (18) and (By-)° = (vrad(L°)B})° = (1/vrad(L®))B}, then
F1,0(BL) = H1,4(BL) = @(1/vrad(L))T(BL); (21)
F1,,((Br=)°) = H1,4((B1-)°) = @(vrad(L®))7((Br-)°). (22)
Together with (20) and (22), one has
F1,(L) < Hi (L) < 7(L) .
F1p((B)°) =~ Hup((Br:)°) = 7((Br-)°)
If ¢ € T, by (4) and (20), one has
F1,,(L) < Hy(L) < @(vrad(L®))t(L) < ¢(1/vrad(L))T(L). (23)

The desired inequality follows from (21) and (23). If L is an origin symmetric ball, the equality obviously
holds. In the case of ¢ € 9y, we can prove that (ii) is true by the same way. O
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4. The L, geominimal torsional rigidity

In Definition 3.1, ¢ € D U I, here we let ¢ (t) = t7 and think about the L, geominimal torsional rigidity
of K with respect to Kj and Sp. Namely, let

1 h i
71,4 (K L) = — ﬁnl (h;i EZ))) hyx (u) du, (K, u) for L € Ko;

. 1 1 1
T1,q (K,L ) = m j;nl (m) hK (u) dlll-[ (K, M) forL € S().

Definition 4.1. Suppose K € Ky and —n # q € R. Define the L, geominimal torsional rigidity Hy 4(K) on Ko, by

Hq (K) = inf KL n/(n+q) (1 o9/ (n+4) ,q>0; 24

1,17( ) Llen7(0 {Tl,q( ) IL°| } q= (24)

Hig(K) = sup {11(K, L/ Lo04D} 2 g < 0. (25)
LE(](()

Define the L, geominimal torsional rigidity Fy,(K) about S, by

Fl,q(K) = inf {Tl,q(K/ Lo>n/(n+q)|L|‘1/(n+q)},q > 0/- (26)
LeS,

F14(K) = sup {1,(K, LY D|L 0D}~ £ g < 0, (27)
LeS,

Obviously, H10(K) = F10(K) = ©(K) for K € K. And, for ¢ () = t1(q # —n),
Hl,q(ﬂK) — a(”+2_”7)”/("+”7)H1,q(K),

Fl,q(aK) — u(”+2_q)”/(”+q)F1,q(K)
forany a > 0;
Hi4(@K) = Hi4(K),

F1,4(¢K) = F14(K)
for ¢ € O(n). In addition, if g # 0, —n, by @ (t) = #9, then

_ )
A0 = Ty, oo, (28)
wn
_ KL-(1/9)
F1,(K) = LH (K)(mq)/nq‘ (29)
o A

wl/m
According to (17) and (24), one can get the following corollary.
Corollary 4.2. If -n # q € R, then
Hl,q(Bg) = Fl,q(Bg)
- (T(Bg‘))”/(”“”IBZIW("”)
= (11,4(By, BY))" /DBy,
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Using the following theorem we will introduce a convenient way to calculate Fy 4(K). Let

Fua(K 1) = by ") Vit (vi ) Pg(u) for K € G5, q # —n,
where gk (+) is the curvature function of K in S"1, u, k is the solution of (7). For —n # g €R,let
Cug = {K € Gf :AD € Sy, st gug(K,u) = pp()™T,u € $").
Thus,
2(n+2)
nn-2)
)1/(n+q)

!]y,q(Bn/ u) = PD, (w)"1 foru e Sn_l,

where D, = (iEZiig Bl € S,.

Theorem 4.3. If K € 4, then for —n # g € R,

1 1/ (n+q) 1\9/(r+9) n/(n+q)
F14(K) = (n + q) (Z) Lﬂl Pualft) e

Proof. LetL € Sy, ifq =0,
1

Fa®) = 5 [ (K0 = o),

the conclusion is clearly true.
If g > 0, by the integral form of the Holder inequality [11], one has

1 n/(n+q) 1 q/(n+q)
(sl )" [ tcar=sas

1\ 1 \a/(+9)
= (n " 2) (E) L:l [gy,q(K, u) - pr(u)™- pL(u)"]”/(”+q)dG(u)

q/(n+q) (K n/(n+q)
s(% f pL(u)”dG(u)) ( L Iual u)da(u))
Sn—l

n+2 Jo1 pr(u)?

= |L|3/) 14 (K, LO)n/(nw) ) (30)

ﬁnd equality holds if and only if pr (u)"*7 = g,,,(K, u) for u € S"~1. Taking minimize both sides of (30), one
" 1 Y+ o \a/(n+g)

(n T 2) (;) fs Fuq(K, )" Vdo(u) < Fi4(K). (31)

Since K € (4, then there exists a star body Q € Sp such that

po(u) = gy,q(K/ u)l/(n+q),
for u € S""1. And by (26), then

1 n/(n+q) 1 q/(n+q)
- K n/(n+q)
) G [ st ot
= 11,0 (K, Q)" |QI/ "D > Fy 4 (K). (32)

Combining with (31) and (32), one gets

1 )n/(n+q) (1)q/(n+q)

n+2 n

- 9, (K, 1) (u).

PR = B

In the case of —n # q < 0 can be obtained by using the same lines. [
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For K € C;4,and —n # q € IR, one can define ®,, ,K € Sy, the torsional rigidity g-curvature image of K, by

n+2 1
Guq(Ku) = WP@,,J(”)“%” es". (33)

By Theorem 4.3, one can also get
o\ (n+4)
F1o(K) = (114K, (©ugK))) " 10,,KI7 ), (34)
For-n#qg€eR,ues"},

Nug = {K € Gy :AQ e Ko, st guyg(Ku) = pQ(u)"+‘7}.

Obviously, 1,4 € Cuq- In particular, we have B} € 7,, that implies n,, # 0. The following proposition
provide a simple method for calculating Hj 4(K) for K € 1,4

Proposition 4.4. If —n # g € R, K € 1,4, then Hy 4(K) = Fy 4(K).

Proof. First, we will show that ©,,K € Ky if K € n,,. Assume K € 7,4, then there exists a convex body
Q € Ko such that g, 4(K, u) = po(u)"*7 for u € S"1, combining with (33), one has

n+2 _
—nIG) X p@“lqK(u)””’ = po(u)" foru € 5" 1
g

thus

”|®u/qK|)l/(n+q) Qe K
0-

®“’qK:( n+2

Next, we prove Hi 4(K) = Fy4(K).
If g = 0, it is easy to prove that Hy o(K) = Fyo(K).
If g > 0, by (24) and (26), one gets Hy 4(K) > Fy 4(K). By ©,,,K € Ky, (24) and (34), one has

Fl,q(K) 2 Hl,q(K)-

Thus Hlfq(K) = Fl,q(K).
If -n # q <0, by (25), (27), (34) and ©,, ;K € K, one gets

Hy4(K) < F1,4(K) < Hy 4(K).
Therefore, Hy 4(K) = F14(K). O
In addition, one can easily get the following isoperimetric type inequality.

Theorem 4.5. Let K € Ky, the center or Santald point of K is the origin o.
(i) Forg = 0,

Fia®) _ Hiy(K) _ ( “(K) )"/W’
F14(Bx) = Hi4(Bx) ~ \7(Bk)

(if) For -n < q <0,
FiaK) _ Hiy(K) ( (K) )"/W’
F14(Bx) — Hi4(Bk) — \7(Bk)

(iii) For g < —n, there exists a constant a > 0 such that

n/(n+q)
FW(K) > Hl:q(K) > anq/(nw)( T(K)_) )
F1,4(Bk) — Hiq(Bxk) 7(Bk)
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Proof. (i) If g = 0, since F1o(K) = Hi9(K) = t(K) for K € Ky, then obviously

Fi1y(K) — Hyy(K) ( 2(K) )n/<n+q>
F1,(Bx)  Hiz(Bk) \7(Bk)

holds. If g > 0, by (i) in Theorem 3.8, (28) and (29), one has

T(K)'=(/9) T(K)'=0/9)

Tn Fqu(K)(nw)/nq o Hllq(K)(nﬂq)/nq
Wy < w,, - 7(K)
1-(1/9) - 1-(1/q) = (B .
B0 T, e IO Ty gy (Br)
wl/n A a)l/" i
n n

After simple calculation, one can get the following result:

F1,4(K) B Hi4(K) . ( 7(K) )n/(n+q)
Fl,q(BK) - Hl,q(BK) - T(BK)

On the basis of the same way, again, using Theorem 3.8 , (28) and (29), according to Theorem 3.9, one
can prove (ii) and (iii). O

The following theorem gives the cyclic inequality for Hy ,(K).

Theorem 4.6. Let K € K.
@OIf-n<t<0<r<s,or-n<s<0<r<t, then

Hl r(K) < (Hl t(K))(r—s)(n+t)/(t—s)(n+r) (Hl S(K))(r—t)(n+s)/(s—t)(n+r).
({i)If n<t<r<s<0o0r—-n<s<r<t<0,then

Hl r(K) < (Hl t(K))(r—s)(n+t)/(t—s)(n+r) (Hl s(K))(r—t)(n+s)/(s—t)(n+r).
(i) Ift<r<-n<s<00rs<r<-n<t<O0,then

H1 r(K) > (Hl t(K))(r—s)(n+t)/(t—s)(n+r) (H1 S(K))(r—t)(n+s)/(s—t)(n+r)‘

Proof. Firstofall, letK,L € Ky, s, r,t € Rsuchthat0 < i:—: < 1, by the integral form of the Holder inequality,
one has

1

D) = o [ e ()
Sn_

1
<
n+2

(r=t)/(s—t)
(f hL(u)shK(u)l‘sdyT(K,u))
Sn—'l

(r—s)/(t-s)
- ( f hie () by (u)' " dp (K, u))
Sn—l

= (11,5(K, L))"y (K, L)) =909, 35)
)If-n<t<0<r<s, then

(r—s)(n+t) (r—t)(n+s)
—oe+n ™ eTheen T
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Combining with Definition 4.1 and (35), one has
— n/(n+r) |1 or/(n+r)
Hi(K) = inf {0, (K, L)L 100
< inf {[Tl t(K L)n/(n+t)|Lo|t/(n+t)](r—s)(n+t)/(t—s)(n+r)
T ek, Y

. [Tl s(K/ L)n/(n+s)|Lo|s/(n+s)](r—t)(n+s)/(s—t)(n+r)}

< Sup{T1 t(K, L)n/(rH—t)|Lo|t/(n+t)}(r—s)(n+t)/(t—s)(n+r)
LeKy '
inf {Tl s(K L)n/(n+s)|Lo|s/(n+s)}(r—t)(n+s)/(s—t)(n+r)
LE?(U , !
— let(K)(r—s)(n+t)/(t—s)(n+r) . HLS(K)(r—t)(n+s)/(s—t)(n+r)'

The case —n < s < 0 <r < t can be proved follow along the same lines.
(i) If-n<t<r<s<0,then

(r—=s)(n+t) (r—=tH(n+s)
—omen >t e Thmn Y

Combining with Definition 4.1 and (35), one has

Hy,(K) = sup {r1,,(K, L)/ |Lo| /00
LEWO

< SUP{[Tl,t(K, L)(r_s)/(t_s)Tl,s(K/ L)(r—t)/(s—t)]n/(n+r)|L0|r/(n+r)}
LeKo
< SUP{Tl,t(K, L)n/(n+t)|Lo|t/(n+t)}(r—s)(n+t)/(t—s)(n+r)
LeKy
. sup{Tl,s(K, L)n/(n+s)|Lo|s/(n+s)}(r—t)(n+s)/(s—t)(n+r)
LeKo
— Hllt(K)(V—s)(nﬂ)/(tfs)(nw) . HLS(K)(rff)(nJrs)/(s—t)(nH)'

By transposing s and ¢, the case —n < s < r < t < 0 can be proved.
(i) If t < r < —n <5 < 0, then

(r—=s)(n+t) (r—=t)(n+s)
—om+n ™ e Thman <

Combining with Definition 4.1 and (35), one has

Hi(K) = sup {t1,(K, Ly "Ly /)
LeKy

> sup{[’cu(K, L)(rfs)/(tfs)Tlfs(K, L)(r—t)/(sft)]n/(nﬂ)|L0|7/(n+r)}
LeKy
> sup{’cl,t(K, L)n/(n+t)|Lo|t/(n+t)}(r—s)(n+t)/(t—s)(n+r)
LeKo
. Sup{Tl,s(K, L)n/(n+s)|Lo|s/(n+s)}(r—t)(n+s)/(s—t)(n+r)
LeKy
— Hllt(K)(r—s)(n+t)/(t—s)(n+r) A HLS(K)(r—t)(n+s)/(s—t)(n+r)'

By transposing s and t, the case s < r < —n <t < 0 can be proved. [

4046
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