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Positive Solutions for Second-Order Impulsive Time Scale Boundary
Value Problems on Infinite Intervals

Ismail Yaslan, Esma Tozak

? Pamukkale University, Department of Mathematics, 20070 Denizli, Turkey

Abstract. In this paper, we investigate the existence of at least one, two and three positive solutions to
the nonlinear second order m-point impulsive time scale boundary value problems on infinite intervals by

using the Krasnosel’skii fixed point theorem, Avery-Henderson fixed point theorem and the five functionals
fixed point theorem, respectively.

1. Introduction

The study of dynamic equations on time scales goes back to its founder Hilger [1]. A result for a dynamic
equation contains simultaneously a corresponding result for a differential equation, one for a difference
equation, as well as results for other dynamic equations in arbitrary time scales. Time scales theory presents
us with the tools necessary to understand and explain the mathematical structure underpinning the theories
of discrete and continuous dynamical systems and allows us to connect them. We refer the reader to the
excellent introductory text by Bohner and Peterson [2] as well as their recent research monograph [3].

The theory of impulsive differential equations describe processes with experience a sudden change of
their state at certain moments. The theory of impulsive differential equation has become important in
recent years in mathematical model of real processes rising in phenomena studied in physics, chemical
technology, population dynamics, ecology, biological systems, biotechnology, industrial robotics, optimal
control, economics, and so forth. For the introduction of the theory of impulsive differential equations,
we refer to the books [4-6]. Especially, the study of impulsive dynamic equations on time scales has also
attracted much attention since it provides an unifying structure for differential equations in the continuous
cases and finite difference equations in the discrete cases, see [7-25] and references therein. In recent years,
there are a few authors studied the existence of positive solutions for time scale boundary value problems
on infinite intervals.

Zhao, Ge [26] discussed the existence of at least three positive solutions for the nonlinear time scale
boundary value problems

(Pp(u ()Y +q()f (w(t), u’(t)) = 0, t€[0,00)y
u(0) = pur(n), limu(t) = 0
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by using Leggett-Williams fixed point theorem, where @,(s) = |sl2s, p > 1.
Zhao, Ge [27] considered the following m-point boundary value problem on time scale

(Pp(®)Y +h(t)f (£, u(t), ut () = 0, t€[0,00)r
m—2 m-2

u(0) = )::1 aiu(ny), ub(co) = )::1 Biut (1),

where u*(c0) = tlim ub(t),p(s) = IsP25,p > 1, 1,12, iz € T, 0(0) <11 <12 < ... < Ny < 00, @; > 0,
Bi=0fori=1,2,...,m—2. They established the sufficient conditions for the existence of positive solutions

by using Avery-Peterson theorem.
Karaca, Tokmak [28] studied the nonlinear p-Laplacian impulsive time scale boundary value problems

(PGB + ) f (£,x(8), x2H) = 0, € (0,00)r
¥0) =% and(), lim x(t) = 0,
i=1 —00

where f € C([0, oo) X [0,00) X [0,00),[0,00)). @ 20(1<i<m—=-2)0<m<mp<...<Np2<00,¢:R—->R
is an increasing homeomorphism and positive homomorphism with ¢(0) = 0. They obtained the criteria
for the existence of three positive solutions for m-point time scale boundary value problems on infinite
intervals by using the Leggett-Williams fixed point theorem and five functionals fixed point theorem.

Yaslan, Haznedar [29] investigated the criteria for the existence of at least one, two and three positive
solutions to the nonlinear impulsive time scale boundary value problems

(WA +hOf (£ (), y* () =0, tela)m, t#b, k=1,2,..,n
y(t) - y(t) = L(yt), k=1,2,..,n

m—2
y(a) — By>(a) = ;1 aiy*(n), limy*(H)=0, m=3

by using Leray-Schauder fixed point theorem, Avery-Henderson fixed point theorem and the five functional
fixed point theorem, respectively, where § > 0, a; 2 0(1 <i<m-2),0<a<m <1 <... <Ny < o,
f € C(la, )1 x[0,00) X [0,00),[0,00)) and ¢ : R — R is an increasing homeomorphism and positive
homomorphism with ¢(0) = 0.

Karaca, Sinanoglu [30] obtained the criteria for the existence of at least one positive solution to the
m-point time scale boundary value problems

(@)Y + h(t)f (£ u(t), ut(H) =0, te (0,00, t#t, k=1,2,..,n
m=2 m=2
u0) = X au’(n), ud(e0) = ; Bi(n:),

i=1 _
u(t)) —u(ty) = Lu(t), @p@(t)) — @pi(t)) = ~L(u(t)), k€N

by using the four functionals fixed point theorem, where u®(c0) = tlirn uA(t),(pp(s) =52, p > 1, I €

C([Ol OO)/ [0/ OO)), jk € C([O/ 00)/ [O/ OO)), N, M2,y NMm=2 € T/ G(O) < m < 12 <...< Nm-2 < 0.
We consider the following boundary value problem (BVP)

yAV () + RO f (8 (1), y*B) =0, tefa,00), t#t, k=1,2,.,n
y(E) =yt = Ly(t)), k=1,2,..,n

m—

2 m—2 (1)
y@ - yyr@ = T ayt), my® =) pym), m=3
i=1

i=1
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where T is a time scale, a; 2 0, 5; 20 (1 <i<m-2),y>20,0<a<m < ... <y < o and
f € C([a, o) X [0,00) X [0, 00), [0, 00)).

We have organized the paper as follows. In Section 2, we give some preliminary lemmas which are key
tools for our main results. In Section 3, we establish criteria for the existence of at least one positive solution
for the BVP (1) by using the Krasnosel’skii fixed point theorem. In Section 4, Avery-Henderson fixed point
theorem is used to investigate the existence of at least two positive solution of the BVP (1). Finally, we
apply the five functionals fixed point theorem to prove the existence of at least three positive solutions to
the BVP (1) in Section 5. The results are even new for the difference equations and differential equations as
well as for dynamic equations on general time scales.

We will assume that the following conditions are satisfied:

(H1) i € C([a, o), [0, 0)), }Oh(s)Vs < o0;

(H2) f(t,1+Hu,v) <w (m;x{|u|, [0]}) with w € C([0, o), [0, 00)) nondecreasing;
H3) Y. Ik(y(t) < oo, Iy € C(R,RY), t € [a,00)y and y(t]) = }llrr& y(tx + h), y(t) = }lirr(} y(tx — h) represent

a<ty<oo

the right and left limits of y(f) att = t, k=1, ..., n.

2. Preliminaries

We now state and prove several lemmas to state the main results of this paper.
Lemma 2.1. Assume (H3) holds. If x € C ([a, o), [0, 00)) and f x(t)Vt < oo, then the boundary value problem
a

yYW(t)+x(t) =0, tefa0), t#£h, k=1,2,.,n
y(t)) - y(t) = L(y(t), k=1,2,..,n

m—2

m—2
y@ =y @ = T ayte), limy =Y pya), m=3
i=1

i=1

has a unique solution

2 X ! m—2
y(t) = (y—a) | x(s)Vs+t | x(s)Vs+ | sx(s)Vs+(y +t—a) Biy(ni)
et [ | )
m=2 -2 o
b )| Y B + f XOVs|+ Y L(to). @
i=1 j=1 a<t<t

i

Proof. Since we have y2V(t) = —x(t) for t € [a, o), we obtain

yA(t) = lim yA () + fx(c’;‘)vcﬁ. 3)
t

From the second boundary condition we get

)

N _ m—2 ‘ |
yA =) pym) + | x@VE.
i=1 ¢

Integrating the above equality from a to ¢, we have

m-2 t oo
v -y Y, b = -0 ) g+ [ [xevsac
S

a<ti<t i=
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From the first boundary condition we obtain

m—2 m—2 ! s
VO =7y @+ Y avta)+ -0 Y g + [0+ -0 [xovss Y k).
i=1 i=1 p ; a<ti<t
Thus, from (3) we have (2).

O

By Lemma 2.1, the solutions of the BVP (1) are the fixed points of the operator A defined by

o)

(y-a) f h)f (5, (), y*(6)) Vs + t f hs)f (5, y(6), y*(5)) Vs

t

Ay(t)

t

m=2
fsh(s)f (s, y(s), yA(s)) Vs+(y+t—a) Z Biy(ni)
i=1

a

+

00

)+ [ 56 (5,96,v°6) v + Y, v

a<ti<t

m=2 m—2

2

i=1 j=1

+

ni
Let B be the Banach space defined by

) m—2

G |
B={yeCloon: sup {5 <o limy'0)= Y pym)
tefa,co)r i=1

with the norm |[|y|| = max {||y||1, ||yA||o<,}, where

ly(®) A A
lylh = sup —, Iy llo = sup [y"(})
y te[a,oI:)T T+t / te[a,oE)T y
and define the cone P C 8 by
m=2

P = {y € B:y@) - yy(a) = Z a;y*(1n;), y is concave, non-decreasing and

i=1
nonnegative on [a, OO)T}. 4)

Lemma 2.2. If y € P, then we have ||yll; < M||ly*|le, where

m—2

M = max{y —a+ Zai,l}. (5)
i=1
Proof. For y € P and t € [a, o0)t, we have
m—2
y(t) . t 2 t—a+y+ Zlai
_ A A CA( =l A A
147 141 f}/ (5)As +yy (a)+;azy )| < To7 o < Mlly*leo-

Hence, the proof is complete.
0
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Lemma 2.3. If (H1)-(H3) hold, then the operator A : P — P is completely continuous.
Proof. First, we will show that A:P — P. Fory € P, we have

(Ay)@) - y(Ay)*(a) = Z ai(Ay)* (),
(AyAV () = —h(D)f (t, y(t) yA(1) <0,
m—2
(Aph® = L iy + f 1(s)f (s, y(), y(5)) Vs > 0,

(AN = ( [xe9s+ 5 ) + T o] T gy + I [xoVs|+ T Kiy) 20
a<tp<t
Hence, A: P — P.
Now, we will show that A : P — P is continuous. If y, — y as n — oo in P, then there exists 7 such that

sup |ly.ll < 7. From (H2), forallt € [a, co)y we havef(t Yn(t), ¥4 (t)) < w(max{lyl’ﬁ)‘, At }) <@ (llyull) < w(7)
nelN

and f (t, y(t), yA(t)> < w (llyll) < w(7) by the continuity of norm function. Since
[ U (5309, 1569) = £ (5,960, ) s < 2000) [ ho)0s < o9

by using (H1), we get

(o8]

+ f h(s)

t

m—2

Ay 0 - At < Y

i=1

Bilyn () - y(n)) (5, yn(s) ¥5)) = £ (5, 4(), ¥*(5)) | Vs

- 0, n—> o
by using the Lebesgue dominated convergence theorem. Hence, we obtain
1Ay = (AY)*lw = 0,

as n — 0. Since [|Ay, — Ayll < M||(Ay,)® — (Ay)*|le — 0, A : P — P is continuous.

Now we will show that the image of any bounded subset of P under A is relatively compact in P. If Q
is any bounded subset of P, then there exists K > 0 such that ||y|| < K for Yy € Q. By (H1) and (H2), for
Yy € ), we have

(o]
m—2

||(Ay)A||Do Zﬁl (i) + fh(s)f(s y(s),y (s) Vs < KZﬁ(l +17,)+w(K)fh(s)Vs < 0.

a

Since [|AQ|| < M||(AQ)2|le < 00, AQ is uniformly bounded.
Now, we show that AQ is equicontinuous on [, o). For any R > 0, ¢,p € [4,R]r, and for all y € (),
without loss of generality we may assume that t < p. By (H2), we have

P
[ 167 (596,44 vs

t

p

< w(K) fh(s)Vs -0,

t

|(AA () - (Ap)(p)| =

uniformly as t — p. Since [[(Ay)*(t) — (Ay)*(p)llc — O, uniformly as t — p, we obtain ||(Ay)(t) — (Ay)(p)Il — O,
uniformly as t — p, by Lemma 2.2. Thus, AQ is equicontinuous on any compact interval of [a, o).
Now, we show that AQ is equiconvergent on [4, o). For any y € ), we have

-0

(AR () — (A ()| = \ f hs)f (5, (5), y(6)) Vs
t
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ast — oo. Then, we obtain ||(Ay)(t)—(Ay)(co)|| — 0,ast — oo, by Lemma 2.2. Therefore AQ is equiconvergent
on [a, co)r.
Hence, the operator A : P — P is completely continuous.
|

3. Existence of at least one positive solution

To prove the existence of at least one positive solution for the BVP (1), we will apply the following
Krasnosel’skii Fixed Point Theorem.

Theorem 3.1. ([31, Chapter 2]) (Krasnosel’skii Fixed Point Theorem) Let E be a Banach space, and let K C E be a
cone. Assume (1 and ), are open bounded subsets of E with 0 € (q, Q1 C )y, and let

A KN\ Q) - K

be a completely continuous operator such that either

(@) |1Aull < llull for u € KNIy, [|Aul| = ||ull for u € KN dy;
or

(i) NAul| = [lull for u € KN dQy, ||Aull < |lul| for u € KN Iy

hold. Then A has a fixed point in K 0 (Q \ Q).

Theorem 3.2. Suppose (H1)-(H3) hold. In addition, let there exist numbers 0 < r < R < oo such that the function
f satisfies the following conditions:

i) ft, 1 + Hu,v) < %(ﬁ - f’;zﬁi(l + T]i))u(t) or f(t,(1 + Hu,v) < %(ﬁ ~ ngﬁz(l . ni))v(t) o (e <
[0, 0001 X [0,/ 1% [0,7, =
(ii) f(t, (1 +tyu,v) > Mo(a) for (t,u,v) € [a,00)1 X [0,R] X [0, R],

where
N:fh(s)Vs. (6)

Then, the BVP (1) has at least one positive solution.

Proof. We apply the Krasnosel’skii Fixed Point Theorem to prove this theorem. Define the open bounded
subsets of Bby Q1 = {y € P : |lyll < 1} and Q, = {y eP: Iyl < R}. A:PN @\ Q) — Pis completely

continuous operator from Lemma 2.3.
If y € PN dQy, then |ly|| = r. Therefore, by using the hypothesis (i) and Lemma 2.2, we have

Ayl < M sup |AyA ()
tela,o0)

o
m—2

- M(Z Biy(m) + f h(s)f(s,y(s),yA(s))Vs)
i=1

a

(||y||Zﬁ(1+n,)+(NM NZﬁ(Hm IIylllfh

lIyll,

IA

IN
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where £(t, (1 + Hu,v) < ( —1 z Bi(1 + 771)) (). 1f we get f(t, (1 + ), ) < (LM —1 i Bi(1 + q,-))v(t), then
by using the hypothesis (i) and Lemma 2.2, we have }

(9]

m-=2 m-2
i< M{loll Y i+ )+ (55 = Y+ mJl [ 1) <
i=1 i=1

= a

Thus, ||Ayll < llyll for y € P N dQ;. On the other hand, y € P N dQ; implies ||y|| = R. Then, we have

(o8] (o8]
m=2

Ayl = I(Ay) e = Zﬁzy(m) ¥ f WO (5,99, y°(0)) Vs = 317 @ f ©)Vs) Iyl
from (ii) and Lemma 2.2. Consequently, ||Ayll > ||yl for y € P N ;.

By the first part of Theorem 3.1, A has a fixed point in P N (Q_2 \ 1), such that r < ||y|| < R. Therefore
BVP (1) has at least one positive solution.
O

4. Existence of at least two positive solutions

We will need also the following (Avery-Henderson) fixed point theorem [32] to prove the existence of
at least two positive solutions for the BVP (1).

Theorem 4.1. [32] Let P be a cone in a real Banach space E. Set
P(p,r)={ueP:p(u) <r}.

If n and ¢ are increasing, nonnegative continuous functionals on P, let 0 be a nonnegative continuous functional on
P with 6(0) = 0 such that, for some positive constants r and M,

P(u) < O(u) < n(u) and |lull < M (u)
for all u € P(, 7). Suppose that there exist positive numbers p < q < r such that
O(Au) < AB(u), forall 0 <A <1and u € JP(6,q).

If A : P(¢,r) — P is a completely continuous operator satisfying
(i) p(Au) > r for all u € IP(P, 1),
(if) O(Au) < q for all u € IP(0, q),
(iii) P(n,p) # 0 and n(Au) > p for all u € IP(n, p),

then A has at least two fixed points uy and uy such that

p < n(u1) with O(u1) < q and q < O(up) with p(uy) <.

Theorem 4.2. Assume (H1)-(H3) hold. Suppose there exist numbers 0 < p < g < r such that the function f satisfies
the following conditions:
(@) f(t, (1 + tu,v) > 5 for (t,u,v) € [a,00)T X [0, Mr] X [0, 7],

m—2

(@) f(t, (1 +tu,v) < 75 [1 M):ﬁ(1+r], ]for(tuv)e[a o) X [0,4] X [0, 4],

(iii) f (t, (1 + tyu,v) > & for (t,u, U) € [a, 00)1 X [0, p] X [0, p],
where M and N are defined in (5) and (6), respectively. Then the BVP (1) has at least two positive solutions y, and
Y2 such that

ly1ll > p with |ly1ll < q and ||yl > g with v, (a) <t
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Proof. Define the cone P asin (4). From Lemma2.3, A : P — Piscompletely continuous. Let the nonnegative
increasing continuous functionals ¢, 6 and 1 be defined on the cone P by

o) = y*(@), 0y) = lIyll, n(y) = llyll.

For each y € P, we have ¢(y) < 0(y) = n(y) and from Lemma 2.2 we have
Iyl < Mily*lleo = My*(a) = Mo (y)-

In addition, 6(0) = 0 and for all y € P, A € [0,1] we get O(Ay) = AO(y). We now verify that all of the
conditions of Theorem 4.1 are satisfied.

If y € dP(¢, 1), for s € [a,00) we have 0 < y(s) < rand 0 < % < Mr from Lemma 2.2. Then, from the
hypothesis (i) and (6), we find

(o) (o8]

m=2 r
P(Ay) = Zﬁiy(ni) + fh(s)f (s, y(s), yA(s)) Vs > N fh(s)Vs =7
i=1

a a

Thus, the condition (i) of Theorem 4.1 holds.
If y € JP(6,9), we have 0 < ¥ gand 0 < y*(s) < q for s € [a, c0)7. Then, we obtain

1+s —
6(Ay) < M sup |Ay (D)
tela,o0)t

(o)
m—2

MY piyn) + f HOf (596, y©) V)
i=1

a

m—2 o

m-2
. ya 1 (1 _ . .
< M(q 1[5,(1+17,)+ MN(1 M;ﬁ,(um)) f h(s)Vs)

1= a

< 1

by hypothesis (ii), (6) and Lemma 2.2. Hence the condition (ii) of Theorem 4.1 is satisfied.

Since 0 € Pand p > 0, P(n,p) # 0. If y € dP(n,p), we have 0 < ﬁ <pand 0 < y*(s) < p for s € [a, o).
Then, we get

00 e

m-2 p
nan > |, = Y o + [ 165 (s,v0,1°0) vs > £( [ hevs)=p
i=1

a a

using hypothesis (iii) and (6). Since all the conditions of Theorem 4.1 are fulfilled, the BVP (1) has at least
two positive solutions y; and y, such that

llyall > p with [[y1ll < g and |lyz|l > g with yzA(a) <t

5. Existence of at least three positive solutions

We will present the five functionals fixed point theorem. Let ¢, 1, 0 be nonnegative continuous con-
vex functionals on the cone P, and y, 1 nonnegative continuous concave functionals on the cone P. For
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nonnegative numbers ki, p, g, v and d, define the following convex sets:

P(p,r)={xeP:p(x)<r},
Pl@,y,p.r)={x€P:p <y(), o) <1},
Qlp,n,d,r) ={x € P:n(x) <d, p(x) <7}, )
P(p,0,y,p,9,1)={x€P:p<y),0(x)<q¢px) <r},
Qlp,n v, hd,r)={xeP:h<yx),nx) <d ek) <r}
Theorem 5.1. ([33])(Five Functionals Fixed Point Theorem) Let P be a cone in a real Banach space E. Suppose that

there exist nonnegative numbers r and M, nonnegative continuous concave functionals y and 1 on P, and nonnegative
continuous convex functionals ¢, 9 and 0 on P, with

y(x) < (%), lIxll £ Me(x), Vx € P(p,1).

Suppose that A : P(p,r) — P(@,r) is a completely continuous and there exist nonnegative numbers h,p, k,q, with
0 < p < q such that

(i) {x e P(@,0,y,q9,k 1) :v(x)>q} #0and y(Ax) > q for x € P(p,0,7,4,k,7),
(ii) {x € Q(p,d, ¢, h,p,r): S(x) < p} # 0 and I(Ax) <pforx € Qlp, S, ¢, h,p,1),
(iii) y(Ax) > q, for x € P(p,y,q,1), with O(Ax) > k,

(iv) S(Ax) <p, for x € Q(p, 3, p, 1), with P(Ax) < h,
then A has at least three fixed points x1,x;,x3 € W such that
(1) <p, yx2)>gq, Sx3)>p withy(xs)<q.

Define the constant
k
= f h(s)Vs. t))
1

Now, we will apply the five functionals fixed point theorem to investigate the existence of at least three
positive solutions for the BVP (1).

Theorem 5.2. Assume (H1)-(H3) hold and y —a > 1, 1 € T. Suppose that there exist constants 0 < p < q < r such
that the function f satisfies the following conditions:

(i) £ (&, (1 + Bu,0) > s for (t,u,0) € [1 ki x [1,71% [0, 7],

(i) £ (6 (1 + by, 0) < —[1 - Mmiz Bi(1+ m)] for (t,u,0) € [a, 00)x X [0, p] X [0, pl,

Giid) £ (E, (1 + By, v)<MN[1 Mz /3(1+nl]for(tuv)e[a oo)r X [0, X [0, 7],

where M and N are defined in (5) and (6) respectively. Then the BVP (1) has at least three positive solutions y1, 1
and ys satisfying

k k
lyill < p < llysll, and — mm yg(t) <q < —— min ().
k+1 et + 1 te[le0r
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Proof. Define the cone P as in (4) and define these maps

Y= g, min Y0, 90) =30 =00 = Iy, ¥ =

Then y and ¢ are nonnegative continuous concave functionals on P, and ¢, 9 and 6 are nonnegative

continuous convex functionals on P. Let P(@, 1), P(@, v,p,1), Q(p,S,d,1), P(p,0,y,p,q9,1v)and Q(p, S, ¢, h,d, 1)
be defined by (7). We have

ly@®)l
min y(H) < sup 2= = [yl <llyll = 9
% te[},00)r y( ) te[a,ola))qr 1+t s Y (y)

y(y) = 7 f 1. (t) =

and |lyl| = ¢(y) for all y € P(p, ).
If y € P(p,r), then we have 0 < ﬁi <rand 0 < y2(t) < r for all t € [a,0)r. By hypothesis (iii) and
Lemma 2.2, we find

P(Ay) < M sup |Ay(®)l
tefa,co)

o0
m—2

_ M(Z Biy(n;) + f h(s)f (s,y(s),]/A(s))Vs)

i=1 pd
m—

. .
< M(r 2 ﬁ,(1+n,)+—(1 MZﬁ(1+n, fh(s)Vs
= T

Then, we have A : P(p,r) — P(p, 7).
Now we verify that the remaining conditions of Theorem 5.1.

m-2
Let yi(f) = ZX(t + 1) + ‘7”( Y ai+y—(a+ 1)) for t € [a, co)r. Since we get
L

m=2
Yp) = & ‘I;—r( + 1) + qTJrr( ; @ +y—(a+ 1))] > T > g, 0(y1) < TF and @(y1) < r, we obtain

(yePe,6,7.q%, )‘y(y)>q} #0.
IfyeP(p,0,y,q9 % 2 *, ), then we have { < @ <rand 0 < yA(t) < rforallt € [{,k]. By the hypothesis (i),
we obtain

k
k 1 k 1 gk +1) )
n 1( Y+ I; - l/'l) fh(S)f(S, y(S), yA(S))VS > k+—1(')/ + E - a)m h(S)VS =4.

1 1
k k

V(Ay) =

Then, we have

Y(Ay) > q. ©)
Thus, the condition (i) of Theorem 5.1 is fulfilled.
Let yo(f) = p(t +1)+ ( Z ai+y—(a+ 1)) fort € [a, c0)y. Since d(y2) < p, p(y2) < rand Y(y2) =0 =1, we

find {y € Q(p, 5, ¢,Lp, 1) : S(y) <pl#0.Ify € Qlp,S,¢,1,p,r), then we obtain 0 < % <pand 0<yA(t) <p
for t € [a, o). Hence, we have
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S(Ay) < M sup |AyA(H)

te[a,co)y
< M(p mZ_Z Bi(1+m) + A%(l - MmZ_2 Bi(l+ m)) f h(s)Vs)
i=1 i=1

by the hypothesis (ii) and Lemma 2.2. It follows that condition (if) of Theorem 5.1 holds.
Now, we shall show that the condition (iii) of Theorem 5.1 is satisfied. If y € P(p, ¥, q,t), then for all
te [k, k]t we have 2 i < Y <y and 0 < yA(t) < r. According to (9), we have y(Ay) > q. Thus, the condition

= 14 =

(iii) of Theorem 5.1 holds.

Finally, we shall verify that the condition (iv) of Theorem 5.1 holds. Since 1)(Ay) < I = 0 is impossible,
we omit the condition (iv) of Theorem 5.1.

Since all the conditions of Theorem 5.1 are satisfied, the BVP (1) has at least three positive solutions

Y1, ¥2 and y3 satisfying

k k
lly1ll < p < llysll, and K1, r[mn ys() <g < K+l I[nlmnhr y2(t).

This completes the proof.
|

Example 5.3. Let T = [0,4] U {5,6} U [7, 00). Consider the following boundary value problem:

M)+ lm f(Ly®, A B) =0, t#], te[0,00)CT
y3H -y =4, o
YO - y0) = iyt (1) + 5r° G, Tmro = 3u(5)+ 393)

where

1+t2(” +3104),u<1, v>0,teT,

ft, 1+ tu,0) =
1+t2(480+ 3104),u >1,v>0teT.

Taking h(t) = ﬁ,a =0, y=l,oy=m=1,m=3t=m=p =3 p1=1and k=4, wehave M =12,
N ~ 0.9888 and A = 0.6. If we take p = 0.1,q = 4 and r = 3.10°, then all the conditions in Theorem 5.2 are verified.
Thus, the BVP has at least three positive solutions y1, y, and y3 satisfying

1
llyall < 0.1 < lysll, and - r[mn ya(h) <1< 5 B min v, (t).

SPRO
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