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Abstract. We introduce a new notion of Reeb invariant structure Jacobi operator and two kinds of singular
normal vector field N for a real hypersurface M in the complex quadric Q", m > 3. If the unit normal N is

A-isotropic, we give a classification of Hopf real hypersurfaces with Reeb invariant structure Jacobi operator
in the complex quadric Q™, for m > 3.

1. Introduction

In 20th century, some classification theorems for real hypersurfaces in Hermitian symmetric spaces of
rank 1 have been investigated by many differential geometers (see [1], [2], [8], [29], [30] and [31]). For
instance, Okumura [17] investigated real hypersurfaces with isometric Reeb flow in complex projective
space. Using this condition, Montiel and Romero [16] gave a classification for real hypersurfaces in
complex hyperbolic space. Recently, many differential geometers have extended some results in Hermitian

symmetric spaces of rank 1 to Hermitian symmetric spaces of rank 2 (see [3], [4], [5], [6], [11], [22], [23]
and [28]).

As typical examples of Hermitian symmetric spaces of rank 2 we can consider the complex two-
plane Grassmannians SU,,.+2/S(UxU,,) and complex hyperbolic two-plane Grassmannians SUy ,, /S(Up U,y,).
Berndt and Suh [4] gave a classification of real hypersurfaces with isometric Reeb flow in complex two-plane
Grassmannians and Suh [22] did it for complex hyperbolic two-plane Grassmannians.

On the other hand, the complex quadric Q" = SO,,4+2/5S0,50; is another kind of rank 2 Hermitian
symmetric space of compact type different from the complex two-plane Grassmannian. Indeed, the complex
quadric Q™ is a complex hypersurface in complex projective space CP"*1. The complex quadric can be
regarded as a kind of real Grassmann manifolds of compact type with rank 2. In fact, the complex quadric
admits two important geometric structures which are a complex conjugation A and a Kéhler structure J.
For these two structures, A and JA are self-adjoint, whereas | is skew-adjoint. Then for m > 3 the triple
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(Q™, ], 9) is a Hermitian symmetric space of compact type with rank 2 and its maximal sectional curvature
is equal to 4 (see [9], [10], [20] and [21]).

There is another remarkable geometric structure on Q™, namely a parallel rank 2 vector bundle % which
contains an S'-bundle of real structures. This is denoted by U = {Axz|A € S' ¢ C}, [z] € Q™. Now, Ap
is a parallel rank 2-subbundle of End(T};;Q"), [z] € Q™. This geometric structure determines a maximal
W-invariant subbundle Q of the tangent bundle TM of a real hypersurface M in Q™. Here the notion of
parallel vector bundle % means that (VxA)Y = g(X)JAY for any vector fields X and Y on Q™, where V and g
denote a connection and a certain 1-form defined on TQ™, [z] € Q™, respectively (see [20]).

On the other hand, since the real structure A is an involutive automorphism on T1,jQ™, [z] € Q", it can be
decomposed as T[;;Q™" = V(A) @ JV(A), where V(A) = {X € T|;;Q" |AX = X} and JV(A) = {X € T|;Q" |AX =
—X} are the (+1)-eigenspace and the (—1)-eigenspace of A, respectively. It implies that for every unit vector
W € T};)Q™ there exist t € [0, 7] and orthonormal vectors Zy, Z, € V(A) so that

W = cos(t)Z1 + sin(t)Z,

holds (see Proposition 3 in [20]). Here, t is uniquely determined by W. In particular, the vector W is singular
if and only if either t =0 or ¢t = % holds. The vectors with t = 0 are called UA-principal, whereas the vectors
with t = 7 are called A-isotropic. If W is regular,i.e. 0 <t < § holds, then also A and Z;, Z, are uniquely
determined by W.

Let M be a real hypersurface of Q™ and N be a unit normal vector field on M. From the complex
structure | of (Q™, g), we naturally obtain an almost contact metric structure (¢,&,1,9) on M. Also, by
Weingarten formula which is VxN = —SX we define the shape operator S of M.

For a typical classification of real hypersurfaces in the complex quadric Q™, we introduce a new notion
of Reeb-invariant shape operator defined by (L:S)Y = 0 along the Reeb direction & = —JN, where £ denotes
the Lie derivative on the hypersurface. By using such notion, Suh [24] gave the following

Theorem 1.1 ([24]). Let M be a Hopf real hypersurface with Reeb invariant shape operator in the complex quadric Q™,
m > 3. Then m is even, say m = 2k, and M is locally congruent to a tube over a totally geodesic complex projective
space CP¥ in Q% (this tube is called a model space of type (T 4)).

Here, we say that a real hypersurface M is Hopf if the Reeb vector field & is principal, that is, S& = a¢.
Moreover, the smooth function a = ¢(5¢, &) is called the Reeb function of M. If the Reeb function a
identically vanishes, we say that M has vanishing geodesic Reeb flow. Otherwise, M has non-vanishing geodesic
Reeb flow.

By using the expression of the curvature tensor R for a real hypersurface M in Q™, the structure Jacobi
operator R¢ is an (1,1)-type tensor that can be defined as

R¢(X) = R(X, £)E

for any tangent vector field X on M. Pérez and Santos [19] gave a complete classification of real hypersurfaces
in complex projective spaces satisfying recurrent structure Jacobi operator, that is, (VxRs)Y = w(X)RsY for
any X,Y € TM. Moreover, Machado, Pérez and Suh [15] investigated real hypersurfaces in complex two-
plane Grassmannians with commuting structure Jacobi operator defined by Rs o Ry = Ry o R¢, where
Ry = R(-,Y)Y is the Jacobi operator with respect to Y € TM.

On the other hand, the structure Jacobi operator Rs of M is said to be invariant if the operator Ry satisfies
(LxR:)Y =0
for any X, Y € TM, where the Lie derivative (LxR;)Y is given by
(LxRe)Y = [X,R:Y] - Re[X, Y]
= Vx(ReY) = VR .y X = Re(VxY = VyX) (1.1)
= (VXRg)Y — VRﬁyX + Ré(VyX)
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In particular, it is said to be Reeb invariant if the structure Jacobi operator R; of M holds
(LeRe)Y =0 )

for any Y € TM. Moreover, from (1.1) and using Vy& = ¢SY for any Y € TM, the condition (*) is equivalent
to

(VeRe)Y = pSR:Y — RepSY 1.2)

forany Y € TM.

Machado and Pérez [14] considered the notion of Reeb invariant structure Jacobi operator of real
hypersurfaces in complex two-plane Grassmannians G,(C"*?). By using this notion, they proved that a real
hypersurface M in Go(C™*?) has Reeb invariant structure Jacobi operator if and only if M is locally congruent to a
open part of a tube around a totally geodesic Go(C™) in Go(C™+2).

Related to these facts, we want to give a classification of Hopf real hypersurfaces in the complex
quadric Q™ satisfying the Reeb invariance of the structure Jacobi operator R, that is, L:R: = 0.

First, when the normal vector field N of M in Q™ is U-principal, we assert:

Theorem 1.2. There does not exist a Hopf hypersurface with Reeb invariant structure Jacobi operator in the complex
quadric Q™, m > 3, whose normal vector field is A-principal.

Next, by using the result of isometric Reeb flow in the complex quadric Q™ due to Berndt and Suh [5],
we obtain:

Theorem 1.3. Let M be a Hopf real hypersurface with -isotropic normal vector field and non-vanishing geodesic
Reeb flow in the complex quadric Q™. Then, the structure Jacobi operator R of M is Reeb invariant if and only if M
is locally congruent to a tube of radius r € (0, ) U (%, Z) around a totally geodesic CP* in Q.

This paper is organized as follows. First, in section 2 we review some geometric structures of complex
quadric Q™ and set up the notations of geometric tools in a Hopf real hypersurface M in Q™. Also, we
deal with useful materials to classify real hypersurfaces in the complex quadric Q™ in section 2. Next, in
sections 3 and 4 we give a classification of real hypersurfaces in complex quadric Q™ with Reeb invariant
structure Jacobi operator.

2. Complex quadrics and their Hopf real hypersurfaces

In this section, we deal with some general formulas given on a Hopf hypersurface M in the complex
quadric Q™. And we introduce some key Lemmas depending on U-principal or A-isotropic normal vector
field N of M, which are used in sections 3 and 4, respectively. For more details, we can refer to [12], [13],
[18], [25], [26] and [27].

As mentioned in the introduction, the complex quadric Q™ = 5SO,,42/50250,, is a complex hypersurface
in CP™!, which is defined by the equation 22 + --- + 22 ., = 0, where 2,21, ,zus1 are homogeneous
coordinates on CP"™*! (see [5], [7], [9], [10] and [20]). It admits two geometric structures, a complex
conjugation A and a Kahler structure J. Such two structures of Q" satisfy the anti-commuting property
AJ = —JA for each A € UA. Here U is a parallel rank two vector bundle which contains an S'-bundle of real
structures, that is, Az} = {Axz| A € S' € C} for any point [z] € Q™.

The complex quadric Q! = SO;3/SO, is isometric to a sphere S? with constant curvature. And Q? is
isometric to the Riemannian product of two complex projective spaces CP! X CP!, which is grounded in the
Segre embedding CP! x CP! — Q? c CP3. For this reason, we will assume m > 3 hereafter.
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The Gauss equation for Q™ in CP™*! implies the Riemannian curvature tensor R of Q" which is described
in terms of the complex structure | and the complex conjugations A € U as follows:

RX,VZ = (%, D)X - g(X, 2)Y + g(Y, 2)]X - gUX, D)]Y - 29(JX, Y)]Z

+ g(AY, Z)AX — g(AX, 2)AY + g(JAY, Z)]AX — g(JAX, Z)JAY. 1)

Let M be a real hypersurface in Q™ and denote by (¢, &, i, g) the induced almost contact metric structure.
By the Gauss and Weingarten formulas, the left side of (2.1) becomes

R(X,Y)Z = R(X,Y)Z — g(SY, Z)SX + g(SX, Z)SY + {g((VXS)Y, Z) — g((VyS)X, Z)}N, (22)
where R and S denote the Riemannian curvature tensor and the shape operator of M in Q”, respectively.
On the other hand, at each point [z] € M we can choose A € |, such that
N = cos(t)Z1 + sin(t)]Z,

for some orthonormal vectors Z;,Z, € V(A) and 0 < t < ¥ (see Proposition 3 in [20]). Note that ¢ is a

function on M. From this, we have

AN = cos(t)AZy + sin(t)AJZ, = cos(t)Zy — sin(t)JAZ, = cos(t)Z1 — sin(t)[Z,,

JN = cos(t)]Z1 + sin(t)J*Z, = cos(t)]Z; — sin(t)Z,
and

AJN = cos(t)A]Z1 — sin(t)AZ, = —cos(t)JAZ, — sin(t)Z, = — cos(t)]Z1 — sin(t)Z,. (2.3)
Since [N = —¢, (2.3) becomes

A& = cos(t)]Z1 + sin(t)Z;. (2.4)
Taking the inner product of (2.4) with the unit normal vector N yields

g(AE, N) = g(cos(t)]Z1 + sin(t)Zy, cos(t)Zq + sin(t)[Z,) = 0,

which means the vector field AE is tangent to M. Also, by using J]X = ¢X + n(X)N and n(X) = g(X, &) for
any X € TM, we may put

AX = BX + g(AX,N)N (2.5)
and
AN = AJE = —JAE = —QAE — g(ASE, &N, (2.6)

where BX and —¢A¢& are tangential parts of AX and AN, respectively. Using these notations, together
with (2.2), and taking the tangential and normal components of (2.1), we obtain
RX,V)Z = g(Y, 2)X = (X, 2)Y + g(¢Y, 2)pX — g(¢pX, 2)pY = 29(pX, YV)pZ
+ g(AY, Z)BX — g(AX, Z)BY + g(SY, Z)SX — g(SX, Z)SY (2.7)

+ gAY, Z){ - BpX + n(X)pAE} - gJAX, Z)| - BoY + n(Y)pAE]
and

9(VxS)Y = (Vy5)X, Z) = n(X)g(¢Y, Z) — n(Y)g(¢X, Z) = 2n(2)g(¢X, Y) + g(X, AN)g(AY, Z)

2.8
~ gV, AN)J(AX, Z) + g(X, AS)AY, Z) - (Y, AE)g(JAX, Z), @8)
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which are called the equations of Gauss and Codazzi, respectively.

Now, we assume that M is a Hopf real hypersurface in the complex quadric. We say that M is Hopf if
the Reeb vector field & of M is principal for the shape operator S, that is, S& = g(S&, )& = a&. In particular,
if the Reeb function @ = g(5¢, &) identically vanishes, we say that M has a vanishing geodesic Reeb flow.
Otherwise, M has a non-vanishing geodesic Reeb flow. By virtue of the Codazzi equation (2.8), we obtain
the following lemma.

Lemma 2.1 ([5]). Let M be a Hopf real hypersurface in the complex quadric Q™, m > 3. We have
Ya = (Ea)n(Y) +2g9(Y, AN)g(&, A<), (2.9)
and

0 = 29(SPSX, Y) — ag((S + SP)X, Y) — 29(pX, Y) + g(X, AN)g(Y, A&) — g(Y, AN)g(X, AE)

- g(X, AE)g(JY, AE) + g(Y, A&)g(TX, AE) — 29(X, AN)g(&, A&)n(Y) + 2g(Y, AN)g(&, AE)n(X) (2.10)

for any tangent vector fields X and Y on M.

Recall that there are two types of singular tangent vector fields for the complex quadric Q", one is given
by U-principal vector fields and the other by A-isotropic vector fields. From such notions, we want to give
two important lemmas.

First, if the unit normal vector field N of M in Q" is U-principal, then we obtain that AN = N and
A& = —&. From these geometric properties we see that AY € T,M for every tangent vector Y € T;;M.
Moreover, we assert:

Lemma 2.2. Let M be a Hopf real hypersurface in Q™ with U-principal normal vector field N. Then following
statements hold.

(a) ais constant on M.

(b) pAX = —ApX for X € TM.

(©) 9(X) =2an(X) for X € TM.

(d) ASX = SAX = 5X = 2an(X)¢& for X € TM.

Proof. Since the unit normal vector field N is A-principal, we get A = =& and AN = N. From this, (2.9)
leads to

Ya = (Ea)n(Y) (2.11)

for any tangent vector field Y on M. This implies that grad a = ({a)&, where grad a denotes the gradient of
the Reeb function a. By using the property of g(Vxgrad a, Y) = g(Vygrad a, X), we obtain

(X(E))n(¥) + (Ea)g(9SX, Y) = (Y(E@)(X) + (£a)g(@SY, X) (2.12)

for any tangent vector fields X and Y on M. Putting Y = £ in (2.12) it follows (X(&x)) = (E(éa))n(X). From
this, the equation (2.12) becomes

(E)g((S + SP)X, Y) = 0.

On the other hand, in [12] Lee and Suh proved that there does not exist a real hypersurface with anti-
commuting property, S¢ + ¢S = 0, in Q™, m > 3. Thus, by virtue of this result we get & = 0 on M. From
this, (2.11) implies that Ya = 0 for any Y € TM. So, this means that the Reeb function a = g(S¢, &) is constant
on M.
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In order to show that pAX = —A¢pX, first we consider the equation JAX = —AJX for any X € TM. From
AN = N, we obtain AX € TM for any X € TM. Thus we get

JAX = pAX + n(AX)N = AX — n(X)N,

where we have used n(AX) = g(AX, &) = g(X,Af) = —g(X,&). Similarly, we see that —AJX = -A¢pX -
N(X)AN = —A¢pX — n(X)N. Comparing these two equations yields the equality in (b).

We now prove (c). Since g(A&, N) = 0, AE is tangent to M. Then by the Gauss formula, we get

Vx(AE) = Vx(Ag) - o(X, A)
= X)JAE + A(VxE) + g(SX, E)AN — g(SX, AN,

together with the covariant derivative of A with respect to the Riemann connection V of Q™ given by
(VxA)Y = g(X)JAY. Taking the inner product with N, it becomes

q(X)g(AE, &) = —g(AN, Vx&) + g(SX, E)g(AS, €) + g(SX, AC). (2.13)
Applying g(AN,N) =1, g(A&, &) = =1 and S& = aé, we get q(X) = 2an(X), the end of the proof of (c).

Finally, we prove the equation (d). Since AN = N, we differentiate this equation with respect to a tangent
vector field X. Then we see that
(va)N + AVXN = VxN

By using the Weingarten equation VxN = —SX, we have
g(X)JAN — ASX = -SX.
From this, together with (c), it follows that
ASX = SX —2an(X)& (2.14)

for all tangent vector field X of M. Furthermore, taking the symmetric part of (2.14) implies AS = SA. It
gives a complete proof of (d). I

Next, in the case of the normal vector field N is U-isotropic, we obtain g(AN, N) = g(A¢, &) = 0. So, we
can introduce the following lemma.

Lemma 2.3 ([12]). Let M be a Hopf real hypersurface in Q™ with U-isotropic normal vector field. Then we have

(@) a = g(S¢,8&) is constant on M.

(b) AN,AE € TM.

(c) SAN = SpAE = SAE = 0.

(d) If X € Qis a principal curvature vector of M with SX = AX, then a # 2A. Moreover, X is a principal curvature

vector whose principal curvature i is given by u = S22 (that is, ApX = udX).

3. Reeb invariant structure Jacobi operator with "-principal normal vector field

In this section, we classify a real hypersurface M with Reeb invariant structure Jacobi operator in the
complex quadric Q™ for m > 3, if N is A-principal.

First, we introduce the basic equation for structure Jacobi operator Rs of M. Putting Y = Z = £ in (2.7),
the structure Jacobi operator Rs of M is given by

RgY = R(Y, &)E

3.1
=Y -n(Y)E + g(AE, E)BY — g(AE, Y)AE + g(AN, Y)PAE + aSY — azn(Y)é. G.1)

Using this equation, we give the following lemma.
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Lemma 3.1. Let M be a Hopf hypersurface with Reeb invariant structure Jacobi operator in the complex quadric Q™
for m > 3. If M has W-principal unit normal vector field, then the Reeb function « identically vanishes on M.
Moreover, S¢p + ¢S = 0 for the shape operator S of M in Q™.

Proof. Note that (L:R:)Y = 0 is equivalent to (VsR:)Y = ¢pSR:Y — Re¢pSY. Differentiating (3.1) along any
direction X, it follows that

9((VxR:)Y, Z) = —g(Y, VxEN(Z) — n(V)g(Z, Vx&) + g(APSX, E)g(AY, Z) + g(AE, Vx&E)g(AY, Z)
+g(AE, E){q(X)g(IAYZ +9(SX, Y)9(AN, Z) + g(AN, Y)g(SX, Z)}
— (A&, Z){9(APSX, Y) + an(X)g(AN, V)| - g(AE, V){g(A$SX, Z) + an(X)g(AN, Z)}  (32)
+ 9(AN, Z){9(AY, SX) + g(SX, V)g(AE, &)} + 9(AN, V){9(AZ, SX) + g(SX, Z)9(AE, &)}
+ (Xa)g(SY, Z) + ag((VxS)Y, Z) — 2a(Xa)n(Y)n(Z) — a?g(Y, VxEN(Z) — a?n(Y)g(Z, VxE),

for any vector fields X, Y, and Z on M.

Inserting X = & in (3.2) and using the assumption of M being Hopf, together with V:& = ¢pSE = 0, we
get

9(VeRe)Y, 2) = g(AE, O{G()gUAY, Z) + g(SE, V)g(AN, Z) + g(AN, V)g(S&, 2)
—ag(AE, Z)g(AN,Y) — ag(AE, Y)9(AN, Z)

+ 9(AN, 2){ag(AY, &) + an(Y)g(AS, &)} (3.3)
+ (AN, ){ag(AZ, &) + an(Z)g(A¢, &)
+(a)g(SY, Z) + ag((VeS)Y, Z2) = 2a(Ea)n(Y)n(Z).

On the other hand, by the equation (3.1), pSR:Y — R¢pSY is given by

PSR:Y — RepSY = g(AE, E)PSBY — g(AE, Y)PSAE + g(AN, Y)PSHAE + apS2Y

— (A&, E)BPSY — g(PAE, SY)AE — g(AN, pSY)PAE — aSHSY. G4

Thus, from (3.3) and (3.4), the Reeb invariant structure Jacobi operator R¢ can be arranged as

HAE, )a(©)9UAY, Z) + g(SE, Y)g(AN, Z) + (AN, Y)g(SE, 2))
+ 9(AN, 2){ag(AY, &) + an(V)g(AE, &)} + g(AN, ){ag(AZ, &) + an(Z)g(A¢, &)
— ag(A&, 2)7(AN,Y) - ag(AE, Y)g(AN, Z) + (E)g(SY, Z) + ag((VeS)Y, Z) - 2a(Ea)n(V)n(Z)
= g9((VeRe)Y, Z) (3.5)
= g(pSR¢Y — R:pSY, Z)
= J(AE, &)g(SBY, Z) — g(AE, Y)g($SAE, Z) + g(AN, Y)g(9SGAE, Z) + ag(9S>Y, Z)
— 9(AE, )g(BYSY, Z) - g(GAE, SY)(AE, Z) — g(AN, $SY)g(PAE, Z) — ag(SpSY, Z)

for any tangent vector fields Y and Z on M.
Now, by our assumption of N being -principal, AE = =& and AN = N, (3.5) gives

—q(E)PAY + (Ea)SY + a(VeS)Y — 2a(éa)n(Y)E = —pSBY + an)SZY + BpSY — aS¢SY,
where we have used

AY = BY + g(AY,N)N = BY + g(Y,AN)N = BY + g(Y,N)N = BY € TM
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and
JAY = GAY + g(AY, E)N = AY — g(Y, E)N = ¢AY —n(Y)N.

When the normal vector field N of M is A-principal, from Lemma 2.2, we see that the Reeb function a =
g(S¢, &) is constant on M. So, it leads to

—q(E)PAY + a(V:S)Y = =pSBY + apS*Y + BHSY — aSHSY.
Moreover, from Lemma 2.2 it can be rewritten as

—2apAY + a(V:S)Y = —pSAY + adpS?Y — pASY — aS¢SY. (3.6)
By means of the Codazzi equation, we obtain

(VeS)Y = apSY — S¢SY + ¢Y — pAY.

From this, (3.6) yields

=3apAY + a*PpSY + adY = —pSAY + apS?Y — GASY. (3.7)
Applying the structure tensor ¢ and using ¢?Y = =Y + 1(Y)¢, (3.7) becomes

3aAY — a®SY +2an(Y)E — aY — SAY + aS?Y — ASY =0 (3.8)

for any tangent vector field Y on M.
Restricting Y € C := {Y € TM| YL¢&} and using Lemma 2.2, (3.8) becomes

3aAY — a?SY —aY —2SY + aS*Y = 0. (3.9)
Applying the complex conjugation A to (3.9) and using A = I, it yields that
3aY — a®SY — aAY —2SY +aS*Y =0 (3.10)

where we have use
ASY = SY —2an(Y)¢ = SY

and
AS?Y = §*Y - 2an(SY)E = S?Y — 2a’n(Y)E = S*Y

for any Y € C. Subtracting (3.10) from (3.9), we get that for any Y € C
4a(AY -Y) =0. (3.11)

Assume a # 0. Then (3.11) givesus AY = Y for any Y € C. From this, the trace Tr(A) of a real structure A
of Q™ is given by

2m
Tr(A) = Z g(Ae;i, e;)
i=1

2m—2 (312)
= gAN,N) + g(AE, &) + Y g(Acie:)
i=1
=2m -2,
where {e1, ez, -, eam—2,€2m-1 = &, €2, = N} is an orthonormal basis of TQ™. Then it makes a contradiction.

In fact, it is known that the trace Tr(A) of real structure A of Q™ is zero, that is, TrA = 0. From this and (3.12),
we obtain m = 1. But we only consider m > 3 for Q™ in this paper.
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Therefore, we see that the Reeb function a identically vanishes on M. Then the equation (3.8) becomes
-SAY - ASY =0,
for any tangent vector field Y on M. By using Lemma 2.2, this implies SAY = 0, thus we conclude that
SY =2an(Y)&

for any tangent vector field Y on M. It means that M is a totally geodesic real hypersurface with S¢+ ¢S = 0,
which completes our proof of Lemma 3.1. [J

On the other hand, in [12] Lee and Suh considered the classification problem for real hypersurfaces in
the complex quadric Q™ satisfying the property S¢ + ¢S = 0 (which is called anti-commuting shape operator)
and gave a non-existence theorem as follows:

Theorem 3.2. There does not exist any real hypersurface with anti-commuting shape operator in the complex
quadric Q™ for m > 3.

Summing up Lemma 3.1 and Theorem 3.2, we give a complete proof of our Theorem 1.2 in the intro-
duction.

4. Reeb invariant structure Jacobi operator with U-isotropic normal vector field

In this section, we classify Hopf real hypersurfaces with Reeb invariant structure Jacobi operator and
A-isotropic normal vector field. First we prove the following Lemma.

Lemma 4.1. Let M be a real hypersurface with Reeb invariant structure Jacobi operator and non-vanishing geodesic
Reeb flow in the complex quadric Q™, m > 3. If the normal vector field N is W-isotropic, then the Reeb flow of M is
isometric.

Proof. From our assumption of the unit normal vector N being U-isotropic, we see that g(A¢&, &) = 0. From
this and using (3.3) and (3.4), we get

a(V:S)Y = apS*Y — aS¢Sy, 4.1)
for any tangent vector field Y on M. On the other hand, the equation of Codazzi gives us

(VeS)Y = apSY — S¢SY + @Y — g(AN, Y)AE + g(AE, Y)AN.
From this and (4.1), we obtain

a’PpSY + adY — ag(AN, Y)AE + ag(AE, Y)AN = apS?Y. 4.2)
Taking the symmetric part of (4.2), we get

—-a?SPY — adY — ag(AE, Y)AN + g(AN, Y)AE = —aS?¢Y. (4.3)
Comparing (4.2) and (4.3), we obtain

a*(PS — SP)Y = a(pS* — S*P)Y (4.4)
for any tangent vector field Y on M.

Bearing in mind Lemma 2.3 in section 2, we may take a vector field U in @ such that SU = AU. Then we
see that @ # 2, and SU = u¢dU, where p = 222 Then, for such vector field U € Q, together with & # 0,
(4.4) provides

a(A = U = (A - p)oU. (4.5)
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Taking the inner product of (4.5) with ¢pU, we get
A-wA+u—a)=0. (4.6)

Suppose (A + y —a) = 0. Since y = 24*2, we obtain a quadratic equation for A given by

202 —2ad +a® +2 =0.

By using the discriminant about the roots of the quadratic equation, D/4 = a®> = 2(a®> +2) = —(a®> + 4) < 0,
we can see that this equation has imaginary roots, which makes a contradiction.

From this and (4.6), we assert that A = u. By means of this discussion, we can take an orthonormal basis
(&, AL, QAL e1 02, ema, D1, Pea, -+, Pen2) for T M at [z] € M so that

S = d-lag(a/ 0/ 0/ /\1/ A’ZI ttty /\m—Z/ /\1/ AZ/ ttty /\m—z)/

thatis, Se; = Aje;, (i=1,--- ,m —2) and Se; = pidpe; = Aide;, (i =1,--- ,m — 2). For such orthonormal basis,
any tangent vector field X of TM can be expressed by

m=2 m=2
= 9(X, )& + g(X, AOAE + g(X, GAOPAE + ) g(X,eei+ ), g(X, be)pes. 47)
i=1 i=1

Taking two skew-symmetric tensors S¢ and ¢S for (4.7), we obtain respectively
SPX = Z g(X, e)Sche; + Z 9(X, pei)S¢e;
i=1

m-2
= Z 9(X, e)Scpe; — Z g(X, de;)Se;

m-=2

- g(x e)digpe; = ) g(X, pe) e

i=1

§~
N»—l

H

and
m—
$SX = Z (X, e))pSe; + Z 9(X, pe)pSe;
=1
m-2
= Z g(X, e)Aicpe; - Z 9(X, e dide;
i=1
m-2
g(X, e))Aide; — Z 9(X, pei)Aei,
i=1 i=1
where we have used SAE = SPAE = 0 and qbZei =—e,i=1,2,--- ,m—2. From these two equations, we see

that the shape operator S commutes with the structure tensor ¢, that is, S = ¢S. This means that the Reeb
flow of M is isometric. [J

On the other hand, Berndt and Suh proved:

Theorem 4.2 ([5]). Let M be a real hypersurface of the complex quadric Q™, m > 3. Then the Reeb flow on M is
isometric if and only if m is even, say m = 2k, and M is an open part of a tube around a totally geodesic CP* in Q.
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By virtue of Theorem 4.2 and Lemma 4.1 we assert that a Hopf real hypersurface M satisfying the conditions
given in Lemma 4.1 is locally congruent to a tube (T 4) over a totally geodesic CP* in Q.

Now, let us check the structure Jacobi operator R: of the tube (74) satisfies Reeb invariance (*). That is,
we check that the equation

(VeRe) = ¢SRe — Re¢pS (4.8)

holds on (774). In order to do this, we introduce more detailed information about the model space of type
(74) as follows:

Proposition 4.3 ([5]). Let (7) be the tube of radius 0 < r < % around the totally geodesic CP* in Q*. Then the
following statements hold:

(i) (Ta) is a Hopf hypersurface.
(ii) Every unit normal vector N of (T 4) is W-isotropic and therefore can be written in the form N = (Z1 + | Z,)/ \2

for some orthonormal vectors Zy1, Z, € V(A) and A € W.

(iii) (T a) has four distinct constant principal curvatures. Their values and corresponding eigenspaces and multi-
plicities are given the following Table.

principal curvature | eigenspace multiplicity
a =2 cot(2r) T, =RJN 1

ﬁ =0 Tﬁ =C(JZ1 + Zy) 2

A = —tan(r) T) = TCP* e C(JZ; + Z) 2k -2

u = cot(r) T, = vCP*o CN 2k -2

Here, TCP* and vCP* denote the tangent and normal bundles of CP¥, respectively. Moreover, we have
A(TCP*e C(JZ, + Z,)) = vCP*© CN.
(iv) S¢ = ¢S (isometric Reeb flow).

Bearing in mind Proposition 4.3, by using (3.3) and the Codazzi equation the left side of (4.8) is given by
(L.S.) = (VeRe)Y = a(VeS)Y
= a?PpSY + adY — ag(AN, Y)AE + ag(AE, Y)AN,

0, YETQGBT!;
={a(@A +1)pY, YeT,
alap +1)9Y, YeT,,

On the other hand, by using (3.4) the right side of (4.8) becomes

(R.S.) = ¢SR:Y — RepSY
= apS*Y
0, YeET,®Tp

={aA%Y, YeT,
M2Y, YT,

By virtue of Proposition 4.3, we get aA + 1 — A> = 0 and ap + 1 — p? = 0, which implies that a(aA + 1) = aA?
and a(ap + 1) = ap®. So, we assert that the structure Jacobi operator R; of a real hypersurface of type (74)
is Reeb-invariant. Therefore, we complete the proof of our Theorem 1.3.
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