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Abstract. In this paper we study ratio block sequences possessing an asymptotic distribution function. By
means of these distribution functions we define new families of subsets of IN which appear to be admissible
ideals. We characterize these ideals using the exponent of convergence and this characterization is useful
in decision if a given set belongs to a given ideal of this kind.

1. Introduction

In the whole paper we assume X = {x; <x, <--- <x, <...} C IN where IN denotes the set of all positive

integers.

The following sequence derived from X
RN N N S o
xlllexz/x31x31x3l"'1x”/xﬂl"‘lxnl"'

is called the ratio block sequence of the sequence X.
It is formed by the blocks Xj, X», ..., Xy, ... where
X1 X2 Xn )

an( 7

Seen, n=12,...
Xn X Xn

is called the n-th block. This kind of block sequences was introduced by O. Strauch and J. T. T6th [14] and
they studied the set G(X,) of its distribution functions.

In this paper we will be interested in ratio block sequences of type (1) possessing an asymptotic distri-
bution function, i.e. G(X,) is a singleton (see definitions in the next section). By means of these distribution
functions we define new families of subsets of IN which appear to be admissible ideals. We characterize
these ideals using the exponent of convergence and this characterization is useful in decision if a given set
belongs to a given ideal of this kind.

The rest of our paper is organized as follows. In Section 2 and Section 3 we recall some known definitions,
notations and theorems, which will be used and extended. In Section 4 our new results are presented.
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2. Definitions

The following basic definitions are from papers [9], [11], [14] and [15].

.

For each nn € IN consider the step distribution function

#i<n; - <x}
F(Xn,x) = #/

for x € [0,1), and for x = 1 we define F(X,,,1) = 1.

A non-decreasing function g : [0,1] — [0,1], g(0) = 0, g(1) = 1 is called a distribution function
(abbreviated d.f.). We shall identify any two d.f.s coinciding at common points of continuity.

. Adf. g(x)isadf. of the sequence of blocks X, n = 1,2,..., if there exists an increasing sequence

1y < np < --- of positive integers such that

lim F(X,,2) = ()

a.e. on [0,1]. This is equivalent to the weak convergence, i.e., the preceding limit holds for every
point x € [0, 1] of continuity of g(x).

. Denote by G(X,,) the set of all d.f.s of X,;,, n =1,2,.... The set of distribution functions of ratio block

sequences was studied in [1-7, 10-14].
If G(X,,) = {g(x)} is a singleton, the d.f. g(x) is also called the asymptotic distribution function of X,,.
Especially, if G(X,) = {x}, then we say that the sequence of blocks X, is uniformly distributed in [0, 1].

. Let the function A : 2N — [0, 1] defined by

. 1
/\(A):1nf{t>0:ZE < o)
acA

be the exponent of convergence of a set A € IN.
If > A(A) then Y cs = < o0 and if § < A(A) then Y,c4 = = o0. In the case when g = A(A), the series
Y.sea & can be either convergent or divergent.
From ([9], p.26, Exercises 113, 114) it follows that the set of all possible values of A forms the whole
interval [0,1], i.e. {A(A) : AC N} =[0,1]andif A ={a; <a, < --- <a, < ---} then A(A) can be
calculated by

A(A) = limsup

n—-oo 1

logn
oga,

Evidently the exponent of convergence A is a monotone set function, i.e. A(A) < A(B) for Ac Bc N
and also A(A U B) = max{A(A), A(B)} holds for all A, B ¢ IN.

. By means of A we can define the following sets:

I 4={ACN:AMA)<glfor0<g<1,
T ={AcCN:AA)<g}for0<g<1land
Iy={AcCIN:AA) =0}

Obviously 7y = Igand 74 =2N.

For a finite set A C IN we have A(A) = 0. Consequently, 7y = {A C IN : Ais finite} C 7. Families
1y, I<; and the well known family

Iﬁq)z{Az{a1<a2<---}cN:i:—q<oo}
n=1 "1

are related for 0 < g < ¢’ < 1 by following inclusions (see [15])

IfgIOgI<quz(:q)gIngI<q’QI<1- (2)
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. Let 7 c 2N, Then 7 is called an admissible ideal of subsets of positive integers, if I is additive (if
A,B eI then AUB € 1), hereditary (if A € 7 and B C A then B € I), containing all finite subsets of N
and it does not contain IN.

3. Overwiew of known results

In this section we mention known results related to the topic of this paper and some other ones we use in
the proofs of our theorems. In the whole section in (A1)-(A8) weassume X = {x; <x; <---<x, <...} CIN.

(A1) We will use step function

() = 0 ifx=0,
"N ifo<x <.

Assume that G(X,) is singleton, i.e., G(X,) = {g(x)}. Then either g(x) = co(x) for x € [0,1]; or g(x) = x1
for x € [0,1] and some fixed 0 < g < 1. [[14], Th. 8.2]

(A2) Let0 < g <1 be areal number. Then G(X,,) = {x7} if and only if for every k € N

LoX 1
lim =< = ki .

n—oo X,
[[6], Th. 1]
(A3) Let0 < g <1be areal number. If G(X,,) = {x7} then

. Xn+1
lim 2 =1.

n—oo _xn
[[4], Remark 3]
(A4) We have

n

G(Xy) = {co(x)} & lim !

n—eo 11Xy,

X = 0.
i=1
[[14], Th. 7.1]

(A5) We have

1 n
X,) & liminf i =0.
co(x) € G(X) imin _— Ex 0

[[4], Th. 4]
(A6) Let0 < g <1 be areal number. Then

GX,) = ) &= lim — Y x = —_.

n—oo 11Xy, P q+ 1
[[1], Th. 1]
(A7) Let G(X,) = {co(x)}. Then
. logn
lim =0.
n—co log x,

[[1], Th. 2]
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(A8) Let0 < g <1 be areal number and G(X,,) = {x7}. Then

. logn
lim =q.
n—00 ]og Xy

[[1], Th. 3]
(A9) Let 0 < g < 1. Then each of the families 7, 7, and 7 <, forms an admissible ideal, except for 7 ;.
[[15], Th. 1]
(A10) We have

Iy= () I4=()19=() I

0<g<1 0<g<1 0<g<1
[[15], Th. 2]

(A11) LetO<g <1bereal, ACcNand A(x) =#{a <x:a € A} forx > 1. Then A € I, if and only if for every

06>0
lim 2% _ ¢

x—oo xd+0

[[15], Th. 3]
(A12) Let 0 < g <1be areal number and A C N. Then A € 7, if and only if there exists 6 > 0 such that

AW _

lim =0.

X—00 xqﬂs

[[15], Th. 4]

4. Results

The result (A1) provides motivation to introduce the following families of subsets of IN:
U(co(x)) ={X CIN : G(X) = {co(}H},

T(co(x)) = {A ¢ N : AX € U(cy(¥)), A € X)),

andfor0<g<1
UXT) ={X N : G(Xy) = {x7}},

IT(x)={AcIN:3IX e UKT),A cC X}.
Obviously
Ulco(x)) € I(co(x)), UXT) S I(x7).

Sets X = {x1 < xp <...}from U(cy(x)) are characterized by (A4) and sets belonging to U (x7) are characterized
by (A2) and (A6).

In the sequel we will demonstrate some properties of these families and we will characterize 7 (cy(x)) and
I (x7) by means of the exponent of convergence. From these properties follows also that families 7 (co(x))
and 7 (x7) are ideals.

Theorem 1. The family U(co(x)) is additive, i.e. it is closed with respect to finite unions.
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Proof. Let A, B € U(co(x)) and
A:{X1<XQ<--'}, B:{y1<y2<"'}.

Using (A4) for k — oo and n — oo we have

kak Z x—0 and Z y—0. ?3)

XEA, Xx<xg " yeB, y<y,

LetAUB={z1 <z <---}and z,, € AUB.
For z,, = y, and x¢ < vy, < X1 We have

1y mly[ NETY y]s

z
m z€AUB, z<z,, X€A, X<y yeB, y<y,

k1
SMZ ZV

X€A, x<xi jEB Y<VYn
As % <1, & <1, using (3) we obtain for m — oo (k — coand n — o0)
1
Loy o
MZ

z€AUB, z<z,,

and using (A4) again we have A U B € U(cy(x)). The case when z,, = x,, and yx < x, < Vi1 follows in the
same way. [

Example 1. The family U(co(x)) does not form an ideal as it is not hereditary, i.e. there exists sets C € U(co(x)) and
B c C such that B ¢ U(co(x)).

Proof. Put C = AU B where A = {2";n € N} and
B= UBn where B, =[2",2" +2)AN,(n=1,2,...).
n=1

Then for a block B,, we have

Z b — (2”! + 2"! ;27[ _ 1)2" < 21’[21’[! + 22‘rl S zn!2n+1/
beB,

> 2o,

Z - (@™ + 2™ + 2" —1)2"

2
beB,,

We will use these estimates in the rest of proof. We will show that C € U(co(x)) and B ¢ U(co(x)) by (A4).
1) C € U(co(x)). Let C = {c1 < ¢ <---} and ¢, € C where n is sufficiently large. Then there exists such
k € N, that 2 < ¢, < 2D, Obviously n > k!, thus we have

n
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Thus we have n%n Y., ¢ — 0 for n — oo, consequently also k — .
2) B ¢ U(co(x)). Let my (k =1,2,...) be such that b, = 2 + 2 — 1. Then ny = Y5, 2/ = 21 — 2 and also

My

1 2k g

— ) b2 b> — = —.
Mby, &t T (241 = 2)(2 4 2K) ;Bk 2k+L(QK 4 DKy T 4

O
The following theorem shows a natural extension of U(cy(x)) to an ideal.
Theorem 2. The family I (co(x)) is an ideal.

Proof. Its proof follows from the obvious fact that the set of all subsets of an additive family forms an
ideal. O

On the other hand we have.
Theorem 3. The inclusion I (co(x)) C I Eq) holds for each 0 < g < 1.

Proof. Let0 < g <1and B € I(co(x)). Then there exists aset A = {a3 <ap <---} € IN such that A € U(co(x))
and B ¢ A. Choose p > 0 such that pg > 1. The relation in the statement (A7) yields existence of ny € IN
such that a,, > n” holds for all n > ny. Thus we have

Z — —<+oo
nap

n=np+1 ” n=np+1
implyin w} L < oo, consequently A € T @ and alsoBe I @ O
plymng o ’ q Yy c ¢
n: n

Theorem 3 and the relation (A10) yield

Corollary 1.
T(colx)) © ﬂ 79 = 13

0<g<1
In order to characterize the families 7(co(x)) and 7 (x7) the following theorem will be very useful.

Theorem 4. Let 0 < g <1, X={x;<xp<---]CN,Y={y; <yp <---} CN, let g(x) € {co(x), x7} be fixed and
assume that

Y e U(g(x)) and tllrg — =0. 4)

Then
XUY € U(gx)).

Proof. Letz, € XUY. If z,, = y, and xx < y, < X471 then max{k, n} < m < k + n. Under assumptions, for
every 0 < x <1 we have

#li<n: L <x Y
g(x) = lim . } = lim () and X(zn) = K -0

n—0c0 n n—oo 1 Y(z,) n

when m — o0, i.e. also k —» oo and n — . Thus% — 0and /. — 1form — oo. Forevery 0 < x <1we
have the following estimation

Y(xy,,)ﬁ < X UY(xzy) < X(xxps1) k+1 N Y(xyn)ﬁ
n o m- m - k+1 m n o m
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For m — oo we obtain

fim XU Y0Z) Y(’;y”) —g), ie XUYeU@h).

m—oo m n—o0

The proof in the case z,, = xx and y,, < xx < Yy41 is similar. O

Corollary 2. Let0<g<1, X={x; <xp <---}CIN,Y ={y1 <yp <---} C N. Assume that

YeUr) and lim 2 = co. 6)
n—oo yn
Then
XUY e UG

Proof. Let k € N and ¢ > 0 such that ¢ > k. From (5) according the (A2) there exist 1y € IN such that

X k
2 >¢ and &<c.

Yn Yn

holds for all positive integer n > ny. Let now t be a real number and ¢ > x,,. Then x,, <t < x,,1 for some
n > ny and we obtained

X(®) < X(xp41) < X(xp41) < X(x441) _n+ 1
Y T Y(xn) T Y(cyn) T Y(Ykn) kn

Here we used 1 — oo for t — oo
n+1 1

fimoup X0 <
TRV T T Tk

The previous inequality is hold for every k € IN, so
lim XM _
Then by Theorem 4 we have X UY € U(x7). O

0.

The following theorem shows 1(co(x)) = 1y, it means that also the reverse inclusion to that in Corollary
1 is valid.

Theorem 5. Let X = {x; <xp, <---} CIN. Then

1
ogn _ 0.

X € I(co(x)) ifand only if X € Iy i.e. ;}1_%10 log %,
Proof. 1f X € I(co(x)) then there exists a set X" € U(co(x)) such that X ¢ X’. Put X" = {x] <x} <---}. Then

(A7) yields lim 98— 0. As X, = x}, holds for every n € IN, we have lim 8" _ 0 and AX) =0.
y n—oo Iogx” n y n—00 10gx"

We are going to prove the opposite implication. If lim 98" _ () then x, = n/® for n > 2 and function
n

o0 10g Xy
f :IN — R* such that f(n) — co with n — oo.
Define a function g : N — IN such that

(i) g(1) = 1and g(n) <max{1; 3 f([Vn])},n=2,3,...,
where [x] stands for the integer part of x.

(if) g(n)is nondecreasing and unbounded, i. e. lim g(n) = oo.
n—00
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for t — co. Then an application of Theorem 4 yields X UY € U(co(x)), consequently X € I (co(x)).
I) First we show Y € U(co(x)). By (ii) and the definition of y, we have

)9(71) <x)

#li<n: L =120 <y #{iSn:(ﬁ
n >

n n
Fix 0 < x < 1. Then for every ¢ > 0 there exists a 11y € IN such that
#i<n: (ﬁ)g(n)

n

<x}
>1-¢

holds for all n > ny. Here we used g(n) — oo for n — oo. As ¢ > 0 was arbitrary, for ¢ — 0, we have

i #i<n: (%)g(”) < x}

n—o0 n

=1, i.e. Y € U(co(x)).
II) Now we prove % — Ofort — oo.
For sufficiently large n by (i) we have

X(y,) = max {k O <y, = n?(”)} < Vn.
Let now t be a sufficiently large real number. Then y,-1 <t < y, and n — oo if t — co moreover

X0 X(Yn) < Vn
Y®) = Y(yur) - n-1

— 0 forn — oo.

Consequently

X() _
mmye =0

O
Theorem 6. Let 0 < g < 1. Then

T yCcI(x)cCIg.

3952

We use g to construct the set Y = {y; < y» < -+-} by y,, = n9™. We will show Y € U(co(x)) and % -0

(6)

Proof. We prove the first inclusion. Let X = {x; < x; < ...} C N besuchthat X € I < 1. €. AX) < g. Thus

logx, 1

lim inf .
n—oo log n q

Then there exists a real number r > % and a positive integer 7y such that

log x;, Sy
logn

holds for all n > ny. Consider the sequence y, = [né], n=1,2,---).
As % > 1, the inequality v, < yu+1 holds for every n € IN.

Putting Y = {y1 < y» < ...} € N we have Y € U(x7). Let now t be a real number. Thenn <t <n+ 1.

Moreover, as % — g <0, wehave

-0

¥ Pt
0<&<X(n+1)<(n+1) =(n+1) 171 1
T

“Y®H) T Yn) T ni-1 n
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if n = co. An application of Theorem 4 yields X U Y € U(x7), 1. e. X € I (x7).
Now we prove the second inclusion. Let X = {x; < x, < ...} € Nand X € 7(x7). Then there exists
X" € U(xT) such that X ¢ X’. Let X" = {x] <}, <...}. By (A8) we have

logn
lim —2 — =4.
n—oo log x;,
Using x,, > x;, we obtain
1 <l log =
AP g, < TP Togy <

consequently A(X) <g,ie. Xel,. O
Corollary 3. If0 < g <q <1 then I(co(x)) C I(x9) C I(x7T).
Proof. Theorem 5, (2) and Theorem 6 implies
T =TocTqycI(x)cIgycIaycI@).
O
The following lemma gives a useful sufficient condition for a set A to belong to U (x).

Lemmal. Let0<g<1 X={x; <xp <...) CINand let its terms be given by

1

Xn = [ng‘*an],

where the sequence () fulfils
lima, =0

n—o0

and
lim (ax, — an) logn =0

for every k € N. Then X € U(x1).

Proof. By (A2) it is sufficient to show that under assumptions the relation

. Xk 1
lim == = ki
n—00 xn
holds for every positive integer k. Thus calculate
Lo,
X . kn)s™ ] -
lim = = lim —( ? = lim ki % =t —
n—o0 xn n—oo [nE_HX"] n—oo

1 It 1
= k7 lim e@»n=@n)108" — k3

n—oo

and the statement of lemma follows. O

The following theorem provides a nice characterization of the family 7(x7). It follows that 7 (x7) = 7.
In the monography ([8] , p.7, exercise 1.13.) it is noted that X = IN € U(x7) in the case g = 1. This means
that N € I (x!), but then A € I(x!) holds for every A ¢ N, i. e. Z(x!) = 2N = 7. Thus it is sufficient to
prove the equality 7(x7) = 7, for0 <g < 1.

Theorem 7. Let X ={x; <xy <---} CINand 0 < g < 1. Then

logn

X € I(x7)ifand only if X € T ie. limsup
n—oo 108Xy

<q
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Proof. Let X = {x; <x < ...} and 0 < g < 1. By virtue of (6) it is sufficient to prove the implication, if
AX) = g then X € I(x7). Thus let us assume A(X) = g. To complete the proof, it is sufficient to find a set
Y ={y1 <y» <...}such that

XUYeUR.

lia,

Thus we assume that A(X) = g, consequently its terms x,, can be expressed by x,, = n1™"" whereliminfa,, = 0.
n—oo

To simplify technical manipulations we will start with a modification of parameters of the set X. For every
positive integer n put

1

= infloy; k = 1.} ——.
Bn = inflay; o } loglog(n + 2)
Then g, is a nondecreasing sequence of not positive numbers converging to 0 and

1

Pu< = loglog(n + 2)

holds for all n € IN.
Let f: [1,00) — R be a very slowly increasing unbounded function such that

lim (f(px) = f(x))logx =0

holds for every p € IN. As an example of such function can serve logloglog(x + 3). For every positive
integer n put 6, = f(n + 1) — f(n) and construct the sequence (),,) as follows. Let y; = 1 and for n € IN put
by induction

Vst = Vn"'(sn/ if )/n"'én Sﬁn+1/
" Vu, if Vn + 671 > ﬁn+1 .

Then y, < B, for all n € N, thus (7) holds also when §, is replaced by y, for every n € IN. Also
lim y, =0,

n—o0

as both sequences (8,,) and (6,) converge to 0. Moreover,
lim (ypn — ) logn < lim(f(pn) — f(n))logn =0,
thus the set of positive integers Y = {y; < y» <...}, where y; = 1 and

Yua1 = max{y, +1,[(n +1)171])

belongs to U(x7) by Lemma 1. The reason is that the maximum in the above formula is equal to the second
term for all sufficiently large n € IN.

To complete the proof, calculate using y, < f, and (7)
% +ay

n
An=Vn —

. X . .
lim == > lim = limn
n—oo y” n—oo naJer,, n—oo
logn
lim e@y1087 5 Jim @ —F1ogn > Jim T8 = oo

n—o0 n—00 n—oo

and application of Corollary 2 proves XU Y € U(x7). O

Corollary 4. Let 0 < q < 1 and a decreasing sequence 1 > q1 > g, > --- > g, > ... converges to q. Then

ﬂ T(™) = I(x9).
n=1
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Proof. Theorem 7 implies
ﬂ T(x™) = ﬂ Ty =Ty =T(X).
n=1 n=1
O

Remark 1. In Theorem 5. and Theorem 7 there are characterized sets A C IN belonging to ideals I (co(x)) and I (x7)
by means of the exponent of convergence of the corresponding sets, i.e. A(A) = 0or A(A) < q what means that A € I

or A € I<;. On the other hand, (A11) contains an alternative characterization of the above theorem saying that for

every 6 > 0 we have lim % =0or lim fjj? = 0. Let us also note that from Theorem 7 and (A9) follows that also
X—00 X—00

the family I (x7) is ideal. From (A8) we obtain also the following interesting inclusion holding for studied families of
sets (for characterization of 1 ; see (A12))

UXT) C T\ Ty wichimplies T, C T(x7)\ U(XT).
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