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Abstract. Let A be a singular diagonalizable complex matrix with three distinct eigenvalues. We derive
all explicit solutions X of the Yang-Baxter-like matrix equation AXA = XAX, by taking advantage of the
Jordan form structure of A. The result generates the formula obtained in Chen et al. (2019) and M. Saeed
Ibrahim Adam et al. (2019). We give examples to illustrate the validity of the results obtained in this paper.

1. Introduction

Let A be an n X n singular diagonalizable complex matrix with three distinct eigenvalues. The quadratic
matrix equation

AXA = XAX, (1)

is often called the Yang-Baxter-like matrix equation (also called the star-triangle-like equation in statistical
mechanics; see, e.g., in Part III of [1]) because of its connections with the classical Yang-Baxter equation
arising in statistical mechanics [2—4].

No systematical study of (1) has appeared in the literature as a purely linear algebra problem although
some solutions have been found for Yang-Baxter equation in quantum group theory [5]. One possible reason
is that Yang-Baxter-like matrix equation (1) is equivalent to solving a polynomial system of n*> quadratic
equations with 7% unknowns, which solving this system is a very challenging topic. Almost all the works
so far have been toward constructing commuting solutions (AX = XA) of the equation; see, e.g., [5-16] and
the references therein. Finding all non-commuting solutions of Yang-Baxter-like matrix equation (1) is still
a challenging task when A is arbitrary. Up to now, there are only isolated results toward this goal for special
classes of the given matrix A, e.g., [17-28]. All solutions have been constructed for rank-1 matrices A in
[23], rank-2 matrices A in [24, 25], non-diagonalizable elementary matrices A in [26], idempotent matrices
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A (A% = A)in[19], A% =1in [18,20], A3 = Ain[21], A* = A in [27], and diagonalizable matrices A with two
different eigenvalues in [22].

In this paper, we try to solve the Yang-Baxter-like matrix equation (1) to derive all explicit solutions X
when the given singular diagonalizable matrix A has three distinct eigenvalues 0, A, and p, extending the
research for which A is diagonalizable matrix with spectrum contained in the set {1, &, 0} [17] and A has the
minimal polynomial g(x) = x> —x [21], respectively. This is an important step to solve more general matrices.
Problem of diagonalizing or block-diagonalizing matrices (or operator matrices) is closely related to solving
Sylvester equations. The sufficient conditions for the solvability of the Sylvester equation AX — XB = —C
are derived in [29], under the premise that o(A) N o(B) # 0. The singular diagonalizable complex matrices
are the perfect candidates for the results obtained in [29]. Our results rely on Jordan forms of the given
matrices, which agrees perfectly with the expression in [29].

We first provide some preliminary results. Then we study all solutions for Yang-Baxter-like matrix
equation (1) under the conditions that A2 — Ay + u? = 0 and A? — Au + p? # 0, respectively. The application
to the case that the minimal polynomial of A is g(x) = x> — x will be demonstrated in Section 5. Finally, we
give some numerical experiments to illustrate the validity of the results obtained in Section 6. We conclude
with Section 7.

2. Preliminary results

In this section we give some results and denotations for our further discussion. At first, we give an
assumption as follows.

Assumption 2.1. Let A be an n X n complex diagonalizable matrix with three distinct eigenvalues 0, A, and p.
Suppose the rank of A is m and the multiplicity of eigenvalue A is k. Then there exists a nonsingular S € C™" such
that A = SJS™' in which

] = diag (A, 0nm), (2)
and A = diag (AL, uLy,_x).

Let Y = S7'XS, then the matrix equation AXA = XAX is equivalent to JYJ = YJY. According to the
structure of [ in (2), we partition Y as

Y= (g VCV) KeC™m, W e Clmmxtem), 3)
Then we give the following results.

Lemma 2.1. Suppose that A satisfies Assumption 2.1. Then AXA = XAX holds if and only if the matrices K, C, D,
W in (3) satisfy the following equations

KAK = AKA,
KAC =0,
DAK =0, @)
DAC =0.

Then from the equivalent system (4), we see immediately that W is arbitrary for all of its solutions, so
in the remainder of the paper it can be any (n — m) X (n — m) matrix. The first equation in (4) is also a
Yang-Baxter-like matrix equation.

Based on Theorems 4.4 and 4.6 in [22], we need to discuss all solutions of AXA = XAX in two different
cases as A2 — Au+ p? = 0and A2 — A + p? # 0. So we give our results in the following two sections.
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3. All solutions for AXA = XAX in the case A — Ay + u> = 0

If Ap # 0and A% — Au + p? = 0, by Theorem 4.4 in [22], all solutions K of the first equation KAK = AKA
of (4) are

Al, 0 | F 0

K_[P o] 0 Op | O 0 [P‘l 0]

|0 Q| G 0 [u, 0 0 Q'Y
0 0 | 0 Opis

in which, P € C*, Q € C"-0x(m=h) are any invertible matrices, 0 < t; <k, 0 < t, < m —k, F is an arbitrary
t1 X t matrix, and G = (I - FFF)M(I — FF'), M is an arbitrary f, X t; matrix. Let

G
= _ p1 0 _ C,
C_[ 0 Q—l ]C— Cs |’

Cy

where C; € Ch*r=m) C, ¢ Ckt)xtn=m) Cy e CX(=m) and Cy € CU-k-2X(=m)  According to the second
equation KAC = 0 of (4), we have

My 0 | E 0

P o]l 0 040 0 [P o ][k 0 ]._

[0 Q] G 0 |u, 0 [ 0 Q' || 0 |7 ©)
0 0|0 Opss

P10 Alg 0 | Ak 0 Pt 0
0 Q_l 0 ,UIm—k B 0 HIm—k 0 Q_l ’

the equation (5) is equivalent to

since

Azltl 0 HP 0 Cl
0 Owy| O 0 G |_,
G 0 | %L 0 a | =Y
0 0 | 0 Opssn Il G
Thus
)\ZCl + yFCg, =0, (6)
AGCy + ‘L12C3 =0.

Notice that G = (I — FFF)M(I — FF'), we get GF = 0 and FG = 0. Because Au # 0, from (6), we have C; = 0
and C;z = 0. Thus

Let
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where Dy € C"">*t D, € Clr-mxk-t) Dy e C="> and Dy € CH-"*m=k=t)  According to the third
equation DAK = 0 of (4), we have

AL, 0

F o0
A0 [P o]l o o]0 o [P oo ]
D[ 0 ylm_kHO Q] G 0 [ul, O [ 0 1]‘0' ®)
0 0 |0 Ougs

since

P ol[A, o | [AL O P 0
0 Q| 0 wh [T] 0 whuw [[ 0 Q)

the equation (8) is equivalent to

2L 0 | AF 0
0 Oy| O 0

[ Dv D, Ds Dy | e kofl 7 =0
0 0 | 0 Opos

Thus

A2D; + uDsG =0,
AD:F + [JZDg, =0.

)
Since Ay # 0, GF =0, and FG = 0, from (9), we have D; = 0 and D3 = 0. Therefore
p! 0
D=[0 Dy |0 D4][ 0 Q‘l]‘ (10)

Combining (7) and (10) with the fourth equation DAC = 0 of (4) yields

=[Pt o J[A O P 0=
R T R )

A, 0 | o0 0 0

— 0 /\katl 0 0 C2

=[0 D 0 Dy || IR 5
0 0 0 wlyisn, Il Ca

=AD,C, + MD4C4

=0.

In summary, we have proved the following theorem.

Theorem 3.1. Suppose that A satisfies Assumption 2.1 with Ay # 0 and A*> — Ay + u? = 0. Then all solutions of
the Yang-Baxter-like matrix equation AXA = XAX have the form

AL, 0 | F 0 |o

P 0 0 0 Oy | O 0 |G I|[P* 0 0
X=S{0 Q 0 G 0 [ul 0 0 0 Q' o |s7,
0 0 Iy 0 0 | 0 Ouyss|Cs 0 0 IL_n

0

D, 0 Dy 144

in which, P € C**, Q € C"=X"=b gre any invertible matrices, 0 < t; < k, 0 < t, < m —k, F is an arbitrary
ty X tp matrix, G = (I — F'F)M(I — FF'), M is an arbitrary t, X t; matrix, C; € C*=txi=m) C, e Cin-k-t2)x(n=m)
D, € Ci=mxtk=t) D, e Clr=mxm=k=t) AD,Cy = —uDyCy, and W is an arbitrary (n — m) X (n — m) matrix.
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Corollary 3.2. Under the assumption of Theorem 3.1, if t1 = k, to = m —k, then all solutions of the Yang-Baxter-like
matrix equation AXA = XAX have the form

AL, PFQ™' 0
X=S| QGP! ul,x 0 |[S7},

0 0 W

in which, P € CP, Q e C"PXt"=b gre any invertible matrices, F is an arbitrary k X (m — k) matrix, G =
(I - F'F)M(I — FFY), M is an arbitrary (m — k) X k matrix, and W is an arbitrary (n — m) X (n — m) matrix.
4. All solutions for AXA = XAX in the case A> — Ap + p> # 0

If \p # 0and A? — Ap + u? # 0, by Theorem 4.6 in [22], all solutions K of the first equation KAK = AKA
of (4) are

A, 0 0 | F 0 0
0 AL, 0 [0 © 0
K:[P o] 0 0 Oyv| 0 0 0 [Pl 0 ]
0 Q|G 0 0 [aL, o0 0 0o Q'y
0 0 0 [0 u O
0 0 0 [0 0 Opkrr

in which, P € CP, Q € C"Px("=b) are any invertible matrices, 0 < r < min{k,m —k}, 0 < v < k-7,
“AUAP ) p o
(A=) )

—

2 2 . . . . .
O<t<m-k-r, A= HyTA’ U= AATy, F is an arbitrary r X r invertible matrix, and G =

where Cl c Crx(n—m)’ Cz c Cvx(n—m)’ C3 c C(k—r—v)x(n—m)’ C4 c Crx(n—m), C5 c Crx(n—m) and C6 c C(m—k—r—T)X(n—m)'
According to the second equation KAC = 0 of (4) and

p1 0 ALy 0 | Ak 0 p-1 0
0 Qf 0 whyx || 0O plux 0o Q'Y

we have
AL 0 0 | ur 0 0 C
0 A% 0 0 0 0 C
0 0 Oy !| O 0 0 Cs -0
AG 0 0 pul 0 0 o '
0 0 0 0 W2 0 Cs
0 0 0 0 0 Op—k—r—r Cs
Thus

AACy + uFCy = 0,
AGCy + ;[;IC4 =0,
A2C, =0,
[J2C5 =0.

(11)
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Since Au # 0, from the last two equations of (11), we get C; = 0 and Cs = 0. Because A # 0, A2 —Au+pu? # 0,

and G = MP‘l, from the first two equations of (11), we have C; = 0 and C4 = 0. Thus

(A-w)?

0
0

[P o] G

C‘[o Q] =t (12)
0
Ce

Let
= P 0
D=D[0 Q]:[Dl D, D3 Dy Ds D6]1

where 1)1 c C(n—m)xr/ Dz = C(n—m)xv/ 1)3 = C(n—m)x(k—r—v)’ D4 e C(n—m)xr/ 1)5 c C(n—m)xr/ and D6 c C(n—m)x(m—k—r—f)'
According to the third equation DAK = 0 of (4) and

P 0 Al 0 | ALk 0 P 0
0 Q| 0 wh || 0 whi |0 Q)

we have
AL 0 0 AFE 0 0
0 A2, 0 0 0 0
0 0 0., 0 0 0
D, D, Dy D, Ds D rv | Y =0.
[ 1 D2 D3 Dy Ds 6] G0 0 Wl 0 0
0 0 0 0 (2L 0
0 0 0 0 0 Op—k-r—t

Thus

AAD; + [.1D4G =0,
AD;F + ufiDy = 0
A2D, =0,
[,lZD5 =0.

(13)

Since Au # 0, from the last two equations of (13), we get D, = 0 and Ds = 0. Because Ay # 0, A2—=Au+p? # 0,

“Ap(A2=Ap+u?) -1 . .
and G = WF , from the first two equations of (13), we have D; = 0 and D4 = 0. Therefore
Pt 0

0 Q' [

Combining (12) and (14) with the fourth equation DAC = 0 of (4) yields

T EA T

D:[o 0 D;]|0 0 Dé][ (14)

0 Q71 0 uly 0 Q
AL 0 0 |0 o0 0 0
0 AL, 0 |0 0 0 0
) 0 0 Aliyw| 0 0 0 Cs
=[0 0 Dy 0 0 D |lg—5—5 i, 0 0 0
0 0 0 |0 upL O 0
0 0 0 |0 0 g Il Ce

= AD3Cs + HD6C6
=0.

In summary, we have proved the following theorem.
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Theorem 4.1. Suppose that A satisfies Assumption 2.1 with Ay # 0 and A> — Ay + p* # 0. Then all solutions of
the Yang-Baxter-like matrix equation AXA = XAX have the form

(AL 0 0 F 0 0 0 ]
0 A, 0 0 0 0 0
P 0 0 0 0 0., 0 0 0 Glrept o o
X=5{0 Q ©0 l G 0 0 |ul, © 0 0 0 Qt o0 ls-l,
0 0 In—m 0 0 0 0 ‘LlIT 0 0 0 0 In—m
0 0 0 0 0 Opsre|Cs
"0 o0 D, |0 0 Ds | W |

in which, P € C**, Q € CmRxm=K gre gny invertible matrices, 0 < r < minfk,m —k}, 0 < v < k-,

s~ 2 p ; ; ; ; _ A -Ap?) g (k=r—v)x(n—m)
0<t<m—k-r A= el A_H,Fzs an arbitrary rXr invertible matrix, G = e F*',CeC ,
Ce € Clnk=r=0xtn=m) D, e C-mxt=r—v) D¢ e Co=mxtm—k=r=1) AD:C3 = —uD¢Cs, and W is an arbitrary
(n —m) X (n — m) matrix.

Corollary 4.2. Under the assumption of Theorem 4.1, if r + v = k, v + T = m — k, then all solutions of the
Yang-Baxter-like matrix equation AXA = XAX have the form

A, 0| F 010
P 0O O 0 ALJO 0|0 Pt 0 0
X=8{0 Q 0 G 0 |al, 0]0 0 Q' 0 }S‘l,
0 0 In—m 0 0 0 [JIT 0 0 0 In—m
0 0[]0 O0[W

in which, P € CP, Q € C™m=0xt"=h gre any invertible matrices, 0 < r < minfk,m —k}, 0 < v < k-,

A2 Ap?) o .
%F 1 and W is an

— 2
O<t<m-k-r A= HHT/\' = %, F is an arbitrary r X r invertible matrix, G =
arbitrary (n — m) X (n — m) matrix.

5. Application

In this section we apply Theorem 4.1 to the case that the minimal polynomial of A4 is g(x) = x> — x. In
this case, A3 = A. M. Saeed Ibrahim Adam et al. have considered this case in [21]. It is well-known that
the zeros of the minimal polynomial of any square matrix give all the eigenvalues of the matrix and an
eigenvalue A is semisimple, that is the algebraic multiplicity of A equals its geometric multiplicity, if and
only if the multiplicity of A, as a zero of the minimal polynomial, is 1. Since g(x) = x> — x = x(x + 1)(x — 1),
A has three distinct eigenvalues —1, 0, and 1. Furthermore, each eigenvalue of A is semisimple, so A is
diagonalizable. In other words, there is a nonsingular matrix S such that AS = SJ, where | is a diagonal
matrix. Assume that the rank of A is m and the multiplicity of eigenvalue 1 is k. Then we can write the
Jordan form of A as | = diag{ly, —Ly—, On—m}. Since 12 =1 x (=1) + (=1)> = 3 # 0, applying Theorem 4.1, we
have the following theorem.

Theorem 5.1. If A3 = A. Assume that the rank of A is m and the multiplicity of eigenvalue 1 is k. Then all solutions
of the Yang-Baxter-like matrix equation AXA = XAX have the form

-iL, 0 0 |F 0 0 0 ]
0 L, 0 |0 0 0 0
P 0O 0 0 0 Oro| 0 O 0 G ([Pt 0 0
X=S[{0 Q 0 ] IF 0 0 |3 O 0 0 0 Q' 0 ]s—l,
0 0 Inm 0 0 0 |0 -IL 0 0 0 0 Iim
00 0 0 |0 0 Owsse|GCs
0 0 Ds [0 O Dy | W
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in which, P € C**, Q € C"0xtm=K) gre any invertible matrices, 0 < r < minfk,m -k}, 0 <v <k-r,0< 1<
m —k —r, F is an arbitrary r X r invertible matrix, C3 € Ck=7-vxtn=m) Cg e Clm-k=r-0x(n-m) D, ¢ Clr=mxtk=r-v),
D¢ € Cr=mXm=k=r=0) 'D3Cy = DCq, and W is an arbitrary (n — m) X (n — m) matrix.

The formula X in Theorem 5.1 are more general than the formula in Theorem 3.5 by M. Saeed Ibrahim
Adam et al. [21].

6. Numerical examples

We present two numerical examples to illustrate our results.

Example 6.1. Let

0 -2 3 -1
-1 -1 3 -1
A= -1 -2 4 -1
-1 -4 7 2

Then A% = A. This is the example in [21]. There exists a nonsingular matrix

= W N -
WIN ==
N — ==
[

such that A = SJS7, | = diag{1,1,-1,0}. all solutions of (1) are X = SYS~L. From Theorem 5.1, there are totally
eight cases to be considered in finding the general solution Y.
Casel:vr=1,v=1,t=0.

—0.5p1p4—p2p3 1.5p1pa pif

Pips—paps P1pa=paps q 0
—1.5p3ps p1pa+0.5p2p3 paf 0
Y = P1pa—paps P1pa=pap3 q
3qp4 _ 3qp2 05 0
4f(p1pa—pap3) 4f(p1pa—p2p3)
0 0 w

forall p1, p2, p3, pa, f, 9, we€C, pr1pa—paps #0, f #0,and g # 0.
Casell:vr=1,v=0,7=0.

[~

—0.5p1p4 0.5p1p2 pf —0.5p1p4 0.5p1p2 P

= 0 = c
P1pa=paps Pipa—paps q P1Pa=p2p3 Pipa—p2ps g PG
—0.5p3p4 0.5p2p3 M 0 —0.5p3p4 0.5p2p3 ;zg_f c
Y = p1pa—p2ps p1pa—p2ps q , P1pa—p2ps P1pa—p2ps q pacs
3qps ___ 3 05 0 3qpa __ 3 05 0
4f(p1pa—paps) 4f(p1pa—paps) ’ 4f(p1pa—p2p3) 4f(p1pa—p2ps) ’
—d3p3 d3p1 w 0 0 0 w

forallpy, p2, p3, pa, f, 9, w, c3, d3 €C, p1psa—pap3 # 0, f #0,and q # 0.
Caselll: r=0,v=2,t=1.

10 0 0
01 0 0
Y=10 0 -1 0
00 0 w

forallw e C.
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CaselV:r=0,v=2,7=0.

1 0 0 O 1 00 O
y = 01 0 O 01 0 O
10 0 0 O[]0 0 0O c4
0 0 d¢ w 00 0 w
forall c, dg, w € C.
Case V:r=0,v=117=1.
pip —pp pip —p1p
P1P41—;2P3 P1P4—1P§P3 0 }71}741—;2}03 le—lli;is p 263
P3pa —pP2ps3 0 P3pa —pP2p3 c
Y = | pwpipeps pipapeps , | Ppspeps pipapaps Pacs
0 0 -1 0 0 0 -1 0
—dsps dap1 0 w 0 0 0 w

forall pi, p2, p3, pa, w, c3, d3 € C, and p1ps — pop3 # 0.
CaseVI.r=0,v=1,t=0.

P1pa —pip2
Pll!’ﬁ‘pﬂzm Plp%—gzps 0 pacs

3P4 —P2P3
C
Y = | pippps pipapaps 0 pacs
0 0 0 «c¢

—d d

3P3 3P1 d6 w

P1Pa—p2p3 P1Pa—p2p3

forall p1, p2, p3, pa, w, c3, d3, co, ds € C, prpa — paps # 0, and dzcz = dece.
CaseVIL.vr=0,v=0,t=1.

0 0 0 C31

0 0 0 C32

0O 0 -1 0
d31 d32 0 w

Y =

fOT’ all c31, c32, d31, dz, w € C, and dzic31 = —dzc3).
Case VIII: r=0,v=0,7=0.

0 0 0 C31
_ 0 0 0 C32
Y= 0 0 0 ¢

ds1 dy de w

forall cz1, cs2, ds1, dsa, Co, do, w € C, and dz1c31 + d3ac3p = deCe.
We find the explicit expressions of the solution X. Our results are more general than those obtained recently by
M. Saeed Ibrahim Adam et al. [21].

Example 6.2. Let A = | = diag(1+i V3,1+iV3,2,0). So the nonzero eigenvalues satisfy (1 +i V3)2 - (1+iV3)x
2 + 2% = 0. Then by Theorem 3.1, there are totally six cases to be considered in finding the general solution X.
Casel:t1 =2,t, = 1.

1+iv3 0  fi 0 1+ivV3 0 0 0

X = 0 1+iV3 £ o\ l 0 1+iV3 0 0
0 0 2 0 ! 71 g2 2 0

0 0 0 w 0 0 0 w

forall fl/ f2/ 91, gZ, w e C
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Casell: ty =2,t, = 0.

1+iV3 0 00 1+iV3 0 0 0
x=| 0 1+iV3 0 0 0  1+iv3 0 0
0 0 0 cs |’ 0 0 0 0
0 0 0 w 0 0 dy w
forall cy, dy, weC.
Caselll: t; =1,t, = 1.
[ +iV3)pips  —(1+iVB)pip W+iVBpips (L4 NB)ppy pif O
pops e PLf P20 Pipacpops o pipapabs
A+iVB)paps  —(1+i V3)paps (L+iV3)psps  —(L+iV3)paps Foo
X = Pipa—p2ps pP1pa—p2ps p3f paca ’ P1pP4—p2ps P1pa—p2ps 3 ,
2 0 0 0
—dap3 dap1
0 0 0w pipa=paps PiPa—paps 0 w
[ (L+i x/_§>p1p4 —(1+i \_@m 0 s (Z;f;f;’;“ —ﬁl;igiz;pz 0 0
P1ps—p2p3 P1pPa—p2p3 ’ 4 3
A+iV3)psps  —(1+iV3)paps 0 (1+iV3)psps  —(1+i V3)paps 0 0
P1pa—paps P1pa—pap3 2 P1pa=paps P1pa=paps
gpa —gp2 ) 0 gpa gp2 2 0
P1pa—pap3 p1pa—paps P1P4d_52l73 Plpg—ppzps
—u2pP3 2P1
0 0 0 w P1pa—p2p3 P1pPa—p2p3 0 w

forall p1, p2, p3, pa, w, c2, da, f, g € C, and p1ps — pap3 # 0.
CaselV:t1 =1,1 =0.

+iV3)pips  —(1+iNB)pips

P1pa—paps P1Pa—p2p3 p2c2
(1+iV3)psps  —(1+i V3)paps 0
X =1 pipa=pops Pips—paps Pac2
0 0 0 C4
—daps3 dop1
P1p4=p2p3 P1pa—p2ps d4 w

forall p1, p2, p3, Pa, W, €2, A, ca, dy € C, and p1ps — pops # 0, and (1 +i \/5)11202 = —2dycq.
CaseV:t1 =0,t, = 1.

0 0 0 C21

_ 0 0 0 Cx
X= 0 0 2 0
dn dn 0 w

forall cy1, ¢, da1, dn, w € C, and dy1c1 = —dxncop.
Case VI: t1 =0, t, = 0.

0 0 0 C21
_ 0 0 0 C22
X= 0 0 0 ¢4

dy dyp di w
forall ca1, ¢, do, doa, ca,ds, w € C, and (1 +iV3)(daica1 + daac) = —2dacy.

7. Conclusions

When the given matrix A is diagonalizable matrix with three distinct eigenvalues 0, A, and u, we have
derived all explicit expression for the solutions X of the Yang-Baxter-like matrix equation (1) under the
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conditions that A — A + p? = 0 and A — Ap + u? # 0, respectively. Our approach here is to use the Jordan
decomposition of A to obtain a simplified Yang-Baxter-like matrix equation with A replaced by a simple
block diagonal matrix, and then we solve a system of several matrix equations for the smaller sized solution
blocks. The idea behind the technique can be generalized to consider more general cases. We demonstrate
the application to the case that the minimal polynomial of A is g(x) = x* — x. Our results have extended
the previous results of [17, 21]. Finding all the solutions of the Yang-Baxter-like matrix equation (1) for a
general matrix A is a hard task, which is continuing research work in the future.
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