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A Matrix Transform on Function Space with Related Topics

Hyun Soo Chung?

?Department of Mathematics, Dankook University, Cheonan 31116, Korea

Abstract. In this paper, we define a matrix transform of functionals via the bounded linear operators on
function space. We then establish the existence of the matrix transform for exponential functionals. Finally,
we obtain some fundamental formulas for the matrix transform involving the generalized first variations.

1. Introduction

For a positive real number T, let the triple (Co[0, T], M, m) be the one-parameter Wiener space and let
K = Ky[0, T] be the space of complex-valued continuous functions defined on [0, T] which vanish at t = 0.
We denote the Wiener integral of a Wiener integrable functional F by

f F(x)dm(x).
Col0,T]

For certain values of the parameters y and § and for certain classes of functionals, the Fourier-Wiener
transform, the modified Fourier-Wiener transform, the Fourier-Feynman transform and the Gauss transform
are special cases of Lee’s integral transform ¥, g defined by the formula

T = [ Foreppine, ek "

0[0,T

Lee showed that the solution of a differential equation (Cauchy problem) can be obtained by the integral
transform [14]. Many mathematicians have attempted to define a more generalized form of the integral
transform. One of them is the integral transform defined by the formula

Fri(F)(y) = f FOyZy, (x,) + BZi,(y, Ndm(x),  y €K,
Gol0,T1]

for some appropriate functions iy and hy on [0, T], where Zj,(x,t) = fot h(s)dx is the Paley-Wiener-Zygmund

(PWZ) stochastic integral. One can show that T;”;(F)(y) = ¥, 8(F)(y), see [4]. The other example of
generalized versions is the integral transform defined by the formula

Gsx(F)(y) = f F(Sx + Rydm(x),  yeKk, )

Col0,T]
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where S and R are bounded linear operators on K, see [2, 6, 7, 15].

Recently, anumber of studies have been published on the generalized version of Lee’s integral transform.
It is natural that arise the needness to us a more generalized version of them. We have felt the need for a
new integral transform that encompasses all of the concepts of integral transforms to date, and we thought
that a new type of integral transform was needed. We are forcing to define a more generalized version
of integral transform. In order to do this, we define a matrix transform of functionals on function space,
and then we establish some fundamental formulas for the matrix transform involving the generalized first
variations. All results and formulas in previous papers [1-3, 8, 9, 12, 17] are corollaries of our results and
formulas in this paper.

2. Definitions and preliminaries

We first list some definitions and preliminaries to understand this paper.

A subset B of Cy[0, T] is said to be scale-invariant measurable provided pB € Mforall p > 0, and a scale-
invariant measurable set N is said to be scale-invariant null provided m(pN) = 0 for all p > 0. A property
that holds except on a scale-invariant null set is said to hold scale-invariant almost everywhere(s-a.e.) [16].

Let

t
Cy = Cyl0, T] = {w € Col0, T : w(t) = f 2u(S)ds, zy € Lo[0, T]).
0
Then it is a separable infinite dimensional Hilbert space with inner product

T
(w1,wz)c6=f w’ (tywy (t)dt.
0

Also, let K’ be the complexification of Cj. As is known, (C;[0, T], Co[0, T],m) is an example of abstract
Wiener spaces [10, 11, 13]. Thus we have Ca-[B,-/T] c CZ;[B,JT] ~ Cy[0, T] c Co[0, T], where S is the topological
dual space of a normed space S. Let X and Y be normed spaces and let £(X : Y) be the space of all bounded
linear operators from X to Y. Hence the space £ = L(K : K) is the set of all bounded linear operators on K
into K.

Forv € [,[0, T] and x € Co[0, T], let (v, x) denote the PWZ stochastic integral. One can show that for each
v € [,[0,T], (v, x) exists for a.e. x € Cp[0, T] and if v € L,[0, T] is a function of bounded variation on [0, T],

(v, x) equals the Riemann-Stieltjes integral fOT u(t)dx(t) for s-a.e. x € Co[0, T]. Also, (v,x) has the expected

linearity property. Furthermore, (v, x) is a Gaussian random variable with mean 0 and variance ||v||§. For a
more detailed study of the PWZ stochastic integral, see [1, 5,7, 9, 14, 15, 18].

For x € Co[0,T] and w € C[0, T] with w(t) = fot z(s)ds for t € [0,T], (w,x)~ = (Dyw,z) = (z,x) is a
well-defined Gaussian random variable with mean 0 and variance IIwIIé. Then we have the following
observations : !

(i) For x € Kand w € C{[0, T], let (w,x)™ = (w, Re(x))™ + i(w, [m(x))~.
(ii) For x € Cy[0, T] and w € K’, let (w, x)~ = (Re(w), x)~ + i(Im(w), x)™.
(iii) In view of (ii) and (iii), for x € K and w € K’, it follows that

(w, x)™ = (Re(w), Re(x))™ + i(Im(w), Re(x))~
+ i(Re(w), Im(x))~ — (Im(w), Im(x))"~.

In this case (-, -)” is a complex bilinear form on KxK.

F

e be the set of all matrices whose

Let ¥ be an arbitrary set. For natural numbers k and 7, let M
components are in ¥, namely,

M ={A= @)l € F,1<i<k1<j<nh

kxn
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Example 2.1. Whenk =2,n=1and ¥ =K,
K X
M, = Xzy:x,yeK.

T, T
L _ —[+122),
M2><2 = {A = (T3 T4) 1 Tq,To, T3, Ty € .E} .

Ifk=n=2and F = L, then

3. Algebraic calculations on foﬂ

In this section, we explain algebraic calculations on Mkfxn to develop our theories and results. According
to the various algebraic calculations for the matrices with constant coefficients, we shall introduce some

algebraic calculations on M/Zm‘ Before do this, we investigate an algebraic structure on fon.

Define a function || - ||[o on Mﬁm by the formula
lAllo = max{l|Tijllop : 1 <i<k1<j<n}

where A = (Tjj) € ML and IT|lop is the operator norm of T € .L. One can see that |- ||p is a norm on fonand

kxn
hence (MkLXH, Il - llo) is a normed space.
Theorem 3.1. The space (M,fxn , |l - llo) is a Banach space.

Proof. Let (A)) = (A));2, be a Cauchy sequence in fon. It suffices to show that the sequence (A;) converges.
Let A = (Tg)). Since (4;) is Cauchy;, for every € > 0 there is a positive integer N so that for any s, 7 > N,

I1As = Afllo = max{lI TS =T llyp s 1<i<k1<j<n)<e

This shows that for each fixed i and j with 1 <i <k and 1 < j < n, the sequence (Tg.j)) is a Cauchy sequence
in (£, || lop) and so (Tg.) )) converges, say, Tg.’ ) Tg,)) as p — oo. Using these k X 1 limits, we define A = (Tg.))).
Clearly, A € MkLX , and hence we can conclude that for any p > N

lA, = Allp <e.
Hence we have the desired results. [

From now on, we are going to explain algebraic calculations on MkLXn for k = 2 and n = 1,2 via the
properties of matrices for real or complex numbers as below :

(a) For Ae M£, and X € MK, let

2x17
_ T T\ [x _ T1X+T2y
AX = (T3 T4) (y) - (T3X + T4y) ’ (3)
Then AX € ngl.

(b) For A1, Ay € ME ), let

T T (T Too\  (T11Tan + T12Tozs T1iTop + T12T24
A1A, = =

4
T13 T1a) \T23 Tos T13To1 + T14Toz  T13Top + T14To4 @

where T1T) is the composition of T; and T5. Then A1A; is also in M2£><2 and A1A; # AyA; generally.
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(c) We next shall introduce a transform H on M§X1 into M11<><1 defined by the formula

w((;)) x4y ©)

In fact, MY | = K. Then H is a linear operator on M5 | into ME .

(d) Let F be a complex-valued functional on K. According to three algebraic calculations (3), (4) and (5),
one can observe that (F o H) is defined on Mgil into C and

(Fo H)(X) = F(H(X)) = F(x + )

X 2x17

where X = (;) Furthermore, we can see that for A € M2£ ,and X € MK
(F o H)(AX) = F((T1 + T3)x + (T2 + T4)y)

where A = (T1 T2).

T Ty
(e) Using some technic and methods on the theory of matrices, we have the following observations.

(i) For A e M, with A = (T1 ik

20 Ts T4)’ let A1y and A(y) be sub-matrices of A, namely, A can be written
by

A=(AplAw)

_(Th (T2
where Ay = (Ts) and Ap) = (T4)'
(ii) For A € /\/(kL>< ., let A’ be the transposed matrix of A. Then A’ is an element of fok.
(iii) For A = (Tjj) € ME et A* = (T;fj) be the matrix of adjoint operators, where T* is the adjoint

kxn”
operator of T. For example, if A = (2 %) then A= (% %)

(iv) In view of (i), (ii) and (iii), one can see that for all A € MZ |, (A*)! = (A")*. Furthermore, for

kxn’
Ae ME withA = (Tl ik

e Ts T4)’ we have

. T1\ (e e T, TiT;
Aa)(f‘m)t:(Ts)(Tl T;) ( 1 3)

ToT: TsT

and it is an element of M2L><2'

4. Matrix transform with some fundamental formulas

In this section, we define a matrix transform of functionals on K, and then establish some fundamental

formulas for the matrix transform.

We start this section by giving the class of functionals on function space used in this paper. For each
w € K, let @, be a functional on K of the form

Dy(x) = eXp{(wr x)"}. (6)

The functionals of the form (6) are called the exponential type functionals. We note that K ¢ K’ ~ K’ ¢ K
and so foreach T € L and w € K, we have

exp{(w, Tx)"} = exp{(T"w, x)"}.
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We next state the following useful formula for Wiener integrals; namely that for w € Kand x € Col0, T],

f exp{(w, x)~}dm(x) = exp{%(w, w)~}. 7)
Co[0,T]

If w € C{, then it follows that

- 1
f exp{(w, x)~ }dm(x) = exp{illwllz,}.
Col0,T] 0
We are ready to define a matrix transform via the bounded linear operators on function space.

Definition 4.1. Let F be a functional on K and let H be as in equation (5). For a given A € foz, the H-matrix
transform Tj’(F) of F is defined by the formula

T?wa=bf (Fo H)AX)dm(),  yeK ®)

Col0,T]

if it exists, where X = (;)

Remark 4.2. When A = T 0 , we have
0 Ty

T} (B = Gr,1.E)Y)
for all y € K if they exist, where Gr, 1, is the generalized integral transform defined by equation (2). In particular, for

nonzero complex numbers y and f, if A = ()6 0), then

p
TH (F)Y) = Fp(F)(Y)
for all y € K if they exist, where g is the generalized integral transform defined by equation (1).

In order to establish various fundamental formulas and results, we need the following Lemma 4.3.

Lemma4.3. Let A € foz with its sub-matrices A1y and Ay and let H be ginve by equation (5). Then we have
* w % % % %
ﬂ(A(l)(A(l))t (w)) = (T1T1 + T1 T3 + T3T1 + T3T3)w (9)
and
* \F} w *
(A(Z)) w = (T2 + T4) w (10)

_(Th T _(Th _ (T2 [T T5
Proof. Let A = (T3 T4) and hence A¢y = (T3)’ Ap) = (T4) and A" = (T; T: ) One can see that

T, TiT;
N 1144 143
A(l)(A(l)) - (T3T; TST*)

Aay (A5 w) _ TlTi T1T§ w\ _ T1T1w+T1T§w '
@ \w T:T] TsT;)\w T3Tyw + TsTyw

and so
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This yields equation (9). Also, we have

* w % % w * *
(A (w) =(13 7)) (w) = Tyw + Tjw
and so equation (10) is obtained. [J

For notational convenience we adopt the following notation: for A;, As,..., A, € M2£><2 and w € IZ let

n

B(A1,..., A, :w) = exp{% Z(?‘I(A(ﬂ)(Afﬂ))tW)f w)~}r (11)

where W = (Z) and A1) is the first part of sub-matrix of A; foreach j = 1,2,...,n. Note that the symmetric
property for B(-;w) holds. That is to say,
B(Al,Az, .. .,An : ZU) = B(An(l)/An(Z)r . rAn(n) . ZU)
for any permutation 7 of {1, ...,n}.
In Theorem 4.4, we establish the existence of H{-matrix transform Tz‘{(@w) of an exponential functional

Dy

Theorem 4.4. Let Oy, be an exponential type functional and let A, Aqy and Ay be as in Lemma 4.3 above. Then the
H-matrix transform Tf(@w) of Oy, exists and is given by the formula

T3 (@0)(y) = BA : 0)P(r,amyoly) (12)
for y € K. Furthermore, using the algebraic calculations, we have

T (@0)(y) = BA : w)@iu, yw(y) (13)
fory e K.

Proof. We start to establish (12). By using equations (7), (8) and (6). Then we have

'ﬁ@mwif @y 0 H)AX)dm(x)

Col0,T]

= f Dy ((T1 + Ta)x + (T2 + Ta)y)dm(x)
Col0,T]

= f exp{((T} + Ty)w, x)™ + ((T5 + T})w, y)~ }dm(x)
Col0,T]

= ®(T2+T4)*w(y)

1
xXexps =|(ThTiw,w)” + (T3Tw, w)” + (I1Trw,w)” + (I3T w, w)”™
pl5| MiTiw, @) + (Tw, @) + (T, w) + (TaTjw,0)° |

for y € K. Now using equation (9) in Lemma 4.3 and equation (11) above, we can establish equation (12) as
desired. Also, using equation (10), equation (13) is also obtained. Hence we have the desired results. [

In the second theorem, we give a formula for the commutativity of H-matrix transform of exponential
functionals.
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Theorem 4.5. Let ©,, be an exponential type functional and let

_ T11 T12 _ T21 T22
Ar= (Tls T14) and Az = (T23 T24)

be elements of foz.Then the Fubini theorem for H-matrix transform is given by the formula
T (T (@0)(y) = T (T (@) (v)

for y € K if and only if the following conditions : Tiy + T14 and Top + Ty are commutative, and
B(Al : ZU)B(AQ : (T12 + T14)*ZU) = B(A2 : 'LU)B(Al : (T22 + T24)*ZU)

hold. Furthermore, the composition formula is given by the formula
T3 (T7 (@) (y) = TH (D) (v)

T3 T3

for y € K, where Az = (T33 T,

Z), if and only if the following conditions :

B(A1 : w)B(Az : (T12 + T1a)'w) = B(A3 : w)
and

(T2 + T24)"(T12 + T1a)" = (T2 + Tz4)"
hold.

4465

(14)

(15)

(16)

(17)

(18)

Proof. We first use equations (7), (8), (3) and (12) to establish the left-hand side of equation (14). Then we

have ) )
T (T (@) (v)

= f T (D) ((T2r + Ta3)x + (Taz + Taa)y)dm(x)
Col0,T]

=B(A; : w) D1+ Ty w((T21r + Toz)x + (T2 + Tog)y)dm(x)
Col0,T]

= B(As : )B(A2 : (Trz + Taa)0) exp((Taz + Too) (Trz + Taayw,y) |
= B(A1 : w)B(Az : (T12 + T1a) W) P14 Toyy: (T1p+ Trs) 20 (Y)-
Also using equations (7), (8), (4) and (12) again, we obtain that
T:Iq{l (T:}q—i (q)w))(y) = B(A2 . ZU)B(Al . (Tzz + T24)*w)q)(T12+T14)*(T22+T24)*w(y)-
Hence we can complete the proof of Theorem 4.5 as desired. [

In our next theorem, we establish the inverse transform for H{-matrix transform.

Theorem 4.6. Let @y, be an exponential type functional and let

T11 Tr2
A=
(T13 T14)

be an element of M . Then the equation

TH (T (@u))(y) = Puly) = TH (T (@))(w)
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holds if and only if T1p + T14 and Top + Toy are commutative,
B(A1 : w)B(Ap : (T12 + T1a)'w) = B(Ag : w)B(A; : (Toz + Tos)'w),
B(A1 : ZU)B(AO : (le + T14)*ZU) =1

and
(Toa + Tog)" (T2 + T1g)" =1

Tor Toz

fory € K, where Ag = (T03 Tos

). These tell that the inverse matrix transform exists and is given by the formula
Hy\-1 _ H
(Ty)" =T,.

Proof. The proof of Theorem 4.6 is established from equations (14) thru (18) in Theorem 4.5 above. [

5. More formulas involving the generalized first variations

In this section, we give some fundamental formulas for the H-matrix transform involving the general-
ized first variation.
We state the definition of the generalized first variation of functionals on K, see [8, 9].

Definition 5.1. Let W be a functional on K and let S € L. Then the generalized first variation 6s(\W|u) of W is
defined by the formula (if it exists)

55 W (xfu) = %‘If(x +kSu) s muek (19)

Remark 5.2. The generalized first variation 6s\V (x|u) acts like a directional derivative in the direction of Su. If S = I,
where I is the identity operator, then 6s\W(x|u) = 6\W(x|u) which was used in [4, 6]. We will explain the meaning of
the generalized first variation 6s\V(x[u) as follows: For an orthonormal set {¢1,- -+, ¢y} in Cp, let S1 : Cjj — C| be
the linear operator defined by

n

Six(t) = Y (@), My by(0):

=

Also, let Sy : Cjy — C be the linear operator defined by
t
S,w(t) = f w(s)db(s).
0
Then
t t
Ssw(t) = w(T)t - f w(s)ds = f [w(T) — w(s)]ds
0 0
and so the linear operator A = S3,S, is given by
T
Aw(t) = f min{s, t}w(s)ds.
0
And hence A is a self-adjoint operator on Cj and
T
(w1, Awz)c, = (S2w1, Sawz)cy = f wi(s)wa(s)ds
0

for all wy,w, € C. Thus A is a positive definite operator. From two examples, we can tell that our generalized first
variation is better to explain various circumuvents.
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In our next theorem, we establish a relationship between the H-matrix transform T:’:(q)w) and the
generalized first variation 0s(®y,) of exponential functionals.

Theorem 5.3. Let @, be an exponential type functional and let A = (? ;2) be an element of foz. Let S € Land
3 1y

letu e Ci- Then
T 01,75 P (1)) (y) = 65(T4 (@) (ylw) (20)
fory e K.
Proof. Using equations (8), (12) and (19), it follows that for all y € K,
T Gmmsuti)) = [  (Oamas®) o HAXING)
0Ly,
= f i@w o HY)AX")| dm(x)
coto,ry 9k k=0
_9
Ik Jeopo,m
= (8§ (T2 + Ty)'w, u)"B(A : w)P(1,4T,yw(Y)

(21)

Dy (H(AX) + k(T2 + T4)Su)dm(x)
k=0

k(T + Ts)Su

where X’ :X+( 0

). Also, using equations (8), (12) and (19), it follows that for all y € K,

05 (T (@) (yl)
_d
ok
_d
ok

= %(B(A s w) exp{((T2 + Ta)'w, y)™ + k(S (T2 + Ta)'w, u)~})

T4 (©u)(y + kSu)

k=0
(22)

(B : ity + k1)

k=0
= (§(T2 + Ty)'w, u)"B(A : w)D(1,+7,yw(Y)-

Comparing two equations (21) and (22), we complete the proof of Theorem 5.3 as desired. [
In the last theorem, we give a fundamental formula involving the generalized first variation.
Theorem 5.4. Let ®,, A1, A>, A3 be as in Theorem 4.5, and let S and u be as in Theorem 5.3. Then we have
T8 (T O+ To)s P DY) = T 074705 Pu (1)) (1) (23)
fory e K.

Proof. First using equation (20) twice, it follows that for all y € K,

T (T (S (T4 )T+ TasPao (110)) ()
= T 0T+ 720)s T (D) (1)) ()
= 55T (TR (D)) (ylw).
We now use equation (13) to yield the equation

T (TR (T4 T T4 Tap)sPuo (1)) () = 55T (@) (lw)-
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Using equation (20) again, we obtain

T 047505 @) 1)) (y) = 55T (@o)(ylu),

which completes the proof of Theorem 5.4 as desired. [
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