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Abstract. In this paper, we present statistical weighted mean ( briefly, (N, p, ¢, 1,1)) summability method
for double sequences of fuzzy numbers and give necessary and sufficient Tauberian conditions under
which statistical convergence of a double sequence of fuzzy numbers follows from its statistical (N, p, 4, 1,1)
summability. Furthermore, we apply our new method of summability to prove a fuzzy Korovkin type
approximation theorem for a double sequence of fuzzy positive linear operators.

1. Introduction

The concept of statistical convergence of a double sequence has been presented by Mursaleen and Edely
[20], Tripathy [31] and Méricz [18] independently. From these papers. it is know that Ordinary convergence
implies statistical convergence, while the converse is not true, in general. Firstly, Edely and Mursaleen
[15] gave Tauberian conditions under which the ordinary convergence of double sequences follows from
the statistical convergence. Then many authors defined and studied statistical summability methods
for double sequences and proved Tauberian Theorems for these methods. Méricz [19] defined statistical
(C 1,1) summability method and gave Tauberian theorems for double sequences that are statistically (C, 1,1)
summable. Chen ve Chang [5] and Fekete [17] presented statistical (ﬁ, p,9,1,1) summability of a double
sequence and generalized the results obtained by Méricz [19]. Chen and Chan [6] improved earlier results
and gave Tauberian conditions under which the original convergence of double sequences follows from its
statistical (N, p, ¢, 1, 1) summability. By means of a four-dimensional non-negative RH-regular summability
matrix, a more general summability method for double sequences was given by Belen et al. [3]. This
method was called statistical A summability. Belen et al. [3] applied their new method of summability to
prove a Korovkin type approximation theorem for a function of two variables.

After fuzzy set theory was founded by Zadeh [37] in 1965, summability theory has developed a growing
interest in fuzzy set theory. Authors have introduced various types of summability methods for sequences
of fuzzy numbers and obtained corresponding Tauberian conditions [7-11, 14, 22, 25-29, 32, 35, 36].
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Since the concept of statistical convergence for double sequences of fuzzy numbers defined by Savas
and Mursaleen [24], many results obtained for double sequences of real numbers have been extended to
double sequences of fuzzy numbers. First Tauberian theorems for statistically convergent sequences of
fuzzy numbers have been given by Talo and Beyazit [30]. After this Yapali ve Talo [34] and Onder at al.
[21] presented statistical (C, 1, 1) summability method for double sequences of fuzzy numbers.

Demirci and Karakus [12] proved a fuzzy Korovkin-type approximation theorem for double sequences
of fuzzy positive linear operators by using statistical convergence. Yapali ve Talo [34] applied statistical
(C,1,1) summability method to prove a fuzzy Korovkin-type approximation theorem.

In this paper, we extend the results obtained by Chen [5] and by Chen and Chan [6] to double sequences
of fuzzy numbers. First, we present statistical (N,p,q,1,1) summability of a double sequence of fuzzy
numbers and later we give Tauberian theorems for this method. By using this summability method we
prove a fuzzy Korovkin-type approximation theorem. Also we have generalized the results of Yapali ve

Talo [34] from statistical (C,1,1) summability to statistical (ﬁ, p,49,1,1) summability.

2. Preliminaries

In this section, the basic notions and results related to fuzzy numbers without proof from [2, 13, 16] are
summarized.

Throughout this paper, R is the real line and IN = {0, 1, 2, ...} is the set of all natural numbers. The term
fuzzy set of R stands for a function from R to [0,1]. Let u be a fuzzy set of R. For all a € (0,1], a-level

set [u], is defined by {x € R : u(x) > a} and the support of u, denoted by [u]o, is the set {x € R : u(x) > 0}.
A fuzzy number is a fuzzy set of R which is normal, has bounded support, and is upper semi-continuous
and quasi-concave as a function on its support. We denote the set of all fuzzy numbers by E! and called it
the space of fuzzy numbers. u € E! if and only if [u], is closed, bounded and non-empty interval for each
a € [0,1]. We denote [u], = [u"(a), u”(a)] for a € [0, 1].

It is evident that a real number r can be considered as a fuzzy number 7 defined by

1, ifx=r
) = 0 , if x#r

Let u,v,w € E' and k € R. Then addition and scalar multiplication of fuzzy numbers are defined by
[u+0]e =[uls +[vle and [kul, = k[u]a, a €[0,1].
These operations have the following properties.
Lemma 2.1. [2] The following equalities hold true:
(i) 0O+u=u+0=uforanyueE.
(it) (k+Du =ku + lu for any k,1 € Rwith kI > 0 and u € E*.
(iii) k(u + v) = ku + ko for any k € Rand u,v € E..
(iv) k(lu) = (kl)u for any k,1 € R and u € E*.
For u,v € E! set

D(u,v) := 81[1p] max{lu”(a) — v~ (@), [u"(a) — " ()},
a€l0,1

then D is a metric on E! and has the following properties.
Proposition 2.2. [2] Let u,v,w,z € E* and k € R. Then,

(i) (E!, D) is a complete metric space.
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(ii) D(ku, ko) = [k|D(u, v).
(iii) D(u+v,w +v) = D(u, w).
(iv) D(u +v,w + z) < D(u, w) + D(v, 2).
The partial ordering relation on E' is defined as follows:
uo & [uls [0l
— u(a) <v (a) and u*(a) <v*(a) foralla €[0,1].

The concept of ordinary convergence of a double sequence of fuzzy numbers was presented by Savas
[23] as follows:

A double sequence u = (itn),, o of fuzzy numbers is called convergent to . if for every € > 0 there exists
ny € IN such that D(u, 1t) < €; whenever min(m, n) > ny and this is written as u,,, — g or limy, y—co Upn = .

In the remainder of this paper, we assume (u,,,) to be a double sequence of fuzzy numbers and u to be
a fuzzy number.

We call (1,n) bounded if sup,,, . D(tn, 0) < o0.

Savas and Mursaleen [24] have presented the concept of statistical convergence of a double sequence of
fuzzy numbers. u = () is called statistically convergent to u if for every ¢ > 0

1

M]l]{[l’iloo m |{I’}’l <M and n<N: D(an,‘ll) > €}| =0

holds, where | - | denotes the cardinality of a given set, and this is denoted as

st .
Upn — 1 Or st— lim w,, = p.

m,n— o0

Let p = (p;) and g = (qx) be two sequences of nonnegative real numbers with py > 0, g0 > 0 and

P :Zp] (m:0,1,2,...) ve Q” :qu (71:0,1,2,...).
= k=0

The weighted means t}, of (i) are defined by

1 .
b =

1 m n
gkl =0,12,...
Pan Zzpﬂkuﬂw mrn O/ 7~y

=0 k=0

We write tt,, — (N, p,q,1,1)if t}}, — u. We also write i, N u(N,p,q,1,1)if ti, N i

We know that u,, = 1 = Uy N pand Uy, = U = Uy — U (ﬁ, p,q,1,1). However, the converses
of these implications is false, in general. For the implication that 1, BN U = Upy — Y several Tauberian
results were found (see [21, 30]). Also Totur and Canak [33] have given Tauberian conditions under which

Unn — W (N,p,q,1,1) = thyy — . (1)

It is known that there is no implication from one of u,,, N p and Uy, BN U (ﬁ, p,4,1,1) to another in
El. First, we prove that if a double sequence (i) of fuzzy numbers is bounded, then the implication

oy = 11 =ty — 1 (N,p,q,1,1) )

holds. Then we introduce Tauberian conditions for the converse of (2). Furthermore, by combining our

results with results of [30], we deduce that under Hardy conditions, u,, N u (N, p,4q,1,1) implies validity
of y, — p. Our results include the corresponding results in [21, 34] for the case p; = 1 forall jand g, = 1
for all k.
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3. Main Results

Chen and Hsu [4] defined the class SVA.. SV A, is the set of all nonnegative real sequences p with the
property that P, # 0 for all m > 0 and

P
lim inf PL —1' >0 forall A >0with A # 1.

m—o0 m

Here and subsequently, A,, := [Am] and [-] denotes the integral part.

Lemma 3.1. [4]. Let p = (pn) be a nonnegative sequence with py > 0. Then p € SV A, is equivalent to any of the
following assertions:

P
liminf =2 >1  (A>1),

m—o0 m

p
limsup%<1 0<A<),

m—oo m
P
liminf =% > 1 0<A<1),
nm—00 /\Wl

lim sup P <1 A>1).

m—oo Am

First, we show that statistical (N, p, g, 1, 1) summability method is a regular method for bounded double
sequences of fuzzy numbers.

Theorem 3.2. Let p,q € SVA, and (uy,) be a bounded double sequence of fuzzy numbers with u,,y, N u. Then
Upn LN u (N, p,q,1,1).

Proof. By Lemma 2.2, we have

n

1
PyQn

1
Pan

D(t s 1) D

M-

I}
s o

k=0

Pkt k. M]
]

IN

=

gDk, ).
=0 k=0

We know that double real sequence {D(u, )} is bounded and D(u j, u) 0. So we have

1 m n
W Z Z qukD(u]'k, /J) S—t> 0.

=0 k=0
This implies that £11, =5 u. [

Note that for the case p; = 1 for all j and gx = 1 for all k, statistical (N,p,q,1,1) summability reduces
to statistical (C, 1, 1) summability. From Example 2 of [34] we know that there exists a double sequence of
fuzzy numbers which is statistical (C,1,1) summable to a fuzzy number, but not statistical convergent to
any fuzzy number.

11

Lemma 3.3. Let ity — 1 (N,p,q,1,1). Then for every A > 0, we have S 5, By =L wand B L

where A, = [An].

Proof. Replacing absolute value with metric D in Lemma 2.3. of [5], proof can be obtained easily. [J
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The following lemma gives a fuzzy version of Theorem 3.1 in [5]. Also, It generalizes Lemma 4 of [34].

Lemma 3.4. Letp,q € SVA, and uy,, N u (N, p,4;1,1). Then for A > 1

A A
1 m n
st— lim it =
mn—co (Py = Pp)(Qn, — )j;w:l k;l P e
and for0 < A <1
st— lim L i Zn: Pifktie = H-
mn—co (P - P/\ )(Qﬂ Q/\ )]: Am+1k=A,+1

Proof. Let A > 1. By Lemma 4 in [33],

1

A Ay

1
(PA —P,)(Qx, — Q) Z Z Piditje, | <

j=m+1k=n+1

(P/\m - Pm)(QA,, - Qn) _Z

p]qku]k/ mn +D(tmnr.u)

j=m+1 k=n+1

< o D[ 1)
TP - Z)?QAA,, —552 (i) 5)
- ()

’ ﬁl)( o) + Dty ).

By Lemma 3.1 we obtain

. P, ) P, )_1
limsup ————— =[1-limsup—| < o0
m—»oop (P/\m - Pm) ( m—>oop Am
Qa ( ) Qn )_1
hm su - —limsup =— < 00
p (Q/\ - Qn) n—»oop An

Therefore (3) follows from inequality (5), Lemma 3.3 and the statistical convergence of (t.},

Let0 < A < 1. Again by Lemma 4 in [33]

<D

m n

55 X Y

j=)\,,,+1 k=A,+1

[(P - Py, )(Qn
Py, Qx,

(P = PM,)(Qn

o) 2 D it | Dt

j=An+1 k=A,+1

D (t},}n, 0 )

= (Pm - P/\m)(Qn
Py, Qx,

Qx,)

11 11

(Pm - P/\,,,)(Qn
P,

+(Pm _P/\M)D(

N Qn, (

(Qn—Qx1,)

Qx,) D (t/\m,A,, ’ t/\m,n)

mn’

f11 t11 )

s, ) + D 1)
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From Lemma 3.1 we have

-1
P, P,
limsup ——=—— = [liminf — - 1] < oo,
n1—>oop (Pm - P/\,,,) ( m—eo Am )
. Q/\ ( . . Qn )_1
limsup ————— = |liminf =— -1| < oo.
n—)oop (Qn - QA,,) n—eo QA,,

Now (4) follows from inequality (6), Lemma 3.3 and the statistical convergence of (t..,). [

Now as a consequence of Lemma 3.4, we give the following main theorem.

Theorem 3.5. Let p,q € SVA, and uyyy, N 1 (N,p,q;1,1). Then tyy, N w if and only if one of the following two
conditions hold: for € > 0,

inf lim sup {m <Mandn<N:

121 o M+ DN+ 1)‘

eI i
D Piqict jis Umn > E} =0
[(PM ~PQi - Q) [, 2
or
Oirgllms_)up m‘ m<Mandn <N :
mo (®)
gk, U > e} =0.
Pl @ - PA,,,)(Qn Q) 4 Zm:m ;1 Pkt Hom

Proof. Necessity. Suppose that =5 i (N,p,q;1,1) and wy, =5 u are satisfied. Applying Lemma 3.4
yield (7) forall A > 1, and (8) forall 0 < A < 1.

Sufficiency. Assume that uy, Ny (N, p,q;1,1) and (7) are satisfied. In order to prove uy, BN L,itis
enough to show

D(ttn, 1) =5 0. 9)

For A > 1, we have

1 Ay
Dlt )= [(pAm—meQM Q) > ¥ Wk”fkf“mn]

j=m+1k=n+1

((PAm - Pm)(Q/\ - Qu) Z‘ Z Piqktik, t}H]"] :

j=m+1k=n+1

From inequality (5) we obtain

QaPa 1 11 Qxr.Pa 11 411
D(t,,.., Umn) < e Dt S + - Dt .t
(W) < 15— Qppr =P 2 (e o) * i@ =i =y 2 (i)
Py Qa
+ n D tll , tll =M tll , tll
(Pr,, = Pm) (A " m”) (Qr, - Q) —Q) (*” ”) (10)

+D

1 Y‘Vl
(P1, — Pu)(Qa, — Qn) Z Z Pjqrijc, umn]

j=m+1 k=n+1
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We define

Am

A
1 n .
PP @ =0 & D Pt “’“”] %3

j=m+1 k=n+1

Aun(e)={m<Mandn<N:D

and

Q/\ P/\ 11 11 QA PA 11,11
Bun(e :{mSMandnsN: s D (t Jt + = Dt t
) @ o =P i) * @ =g s = 2 (i i)

P, Qx €
+ m D tll , tll + n D tll , tll > _}'
(P/\m - Py) ( At mn) (Q/\y, - Q) ( A mn) -2

Then we have
{m <Mandn <N :D(tL}, uy,) > e} C Apn(€) U Bun(e).
For 6 > 0, from (7) there exist A > 1 such that

. 1
lim sup

P M DI £ 1) el =

From Lemma 3.4,

1
1' -
MNoe (M + 1)(N + 1)

So, we obtain

[Bmn (&)l = 0.

. 1 11 }
S S < <N: mn) = €| < 0.
11131\3105 Mz DN<D ‘{m <Mandn <N:D(t,,, Uun) = € o
Since 6 > 0 is arbitrary, for € > 0 we arrive at
~ 1 11 }
——  Hm< <N: mn) = €| = 0.
,IJ{JTOO MDD {m <Mandn <N :D(t,,, tn) = € 0

) -5 0.
mn
In case of 0 < A < 1, using the same way as in the preceding A > 1 and by (8) we have (9). O

This implies that D(tty,, t5:

Now we give statistically slow oscillation condition for a double sequence of fuzzy numbers. We say
that (i) is statistically slowly oscillating with respect to the first index if, for every € > 0,

e 1
}\r;{l%s_)ump m{m <Mandn<N: mr?j;i}(m D(ujn, pn) 2 g} =0 (11)
and that (u,,,) is statistically slowly oscillating in the strong sense with respect to the first index if (11) is
satisfied with
mr?jzxn D(ujx, unk) in place of mriljgm D(ujn, tpn)-
n<k<A,
The statistically slow oscillation property with respect to the second index is defined analogously.
Taking Lemma 2.1 and Proposition 2.2 into consideration we have the following inequality:

A A
1 m 1
D ZZ QU i, U < max D(uj, uy) + max DUk, W)
[(PM,—PW,XQAn—Qn) D T = A
= = n<k<A,

Hence, if (1) is statistically slowly oscillating with respect to the second index and statistically slowly
oscillating in the strong sense with respect to the first index, then (7) is satisfied for all ¢ > 0. By Theorem
3.5, we arrive at the following result.
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Corollary 3.6. Let p,q € SVA, and u, N U (ﬁ, p,q;1,1). If () is statistically slowly oscillating with respect
to both indices, in addition, in the strong sense with respect to one of the indices, then iy, N .

Now we give two-sided Landau’s conditions for double sequences of fuzzy numbers. We consider that
there exist constants 1y > 1 and H > 0 such that

jDWjn, uj10) <H (j,n > np), (12)

kD (g, mp-1) < H  (m, k > np). (13)
Then forA > 1 and m, k > ng, we obtain
j 1 AHX H
max D(uj, uyk) < max Z — || sup ID(ug, ui—14) | ¢ < Z — < HlogA.
m<j<Ap m<j<Ay 1 1 m<lI<j o=l I
n<k<A, n<k<A,

So if (12) is satisfied, then (u,,,) is statistically slowly oscillating in the strong sense with respect to the first
index. Similarly (13) implies the statistically slow oscillation property in the strong sense with respect to
the second index. As a result of (3.6) we give the next corollary.

Corollary 3.7. Letp,q € SVA, and uyy, N u (IT], p,q;1,1). If conditions (12) and (13) are satisfied for some ng > 1
and some H > 0, then u,,, N .

The following corollary is given by Talo and Bayazit [30].

Corollary 3.8. [30] Let uy, N . If conditions (12) and (13) are satisfied, then v, — L.

Combining corollaries 3.7 and 3.8 yields the next result.

Corollary 3.9. Letp,q € SVA, and uy, N 1 (N,p,q;1,1). I conditions (12) and (13) are satisfied for some ng > 1
and some H > 0, then uy,, — L.

4. Aplications to Fuzzy Korovkin Type Approximation Theorem

Demirci and Karakus [12] firstly proved a fuzzy version of Korovkin type approximation theorem
for functions of two variables. In this chapter, we proved this theorem by using statically (ﬁ, r,q:1,1)
summability method.

Let K be a compact subset of R? and we denote by C(K) the space of all continuous real functions on K.
C(K) is a Banach spaces with the norm:

lall = sup |h(x, y)l.
(x,y)eK

A fuzzy-number-valued function of two variable f : K — E! has the parametric representation

[fC e = [fa (6 y), fo (9],

for each (x,y) € Kand a € [0, 1]. The set of all continuous fuzzy-number-valued functions on K is denoted
by C#(K) and C#(K) is a metric space with the metric

D(f,9)

sup D(f(x,y),9(x, v))

(xy)eK

= sup sup max{|f, (x,y) - 7, (x, I |fx (x, v) = fa (x, Y}

(x,y)eK ae[0,1]
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Now let L : C#(K) — C#(K) be an operator. Then L is said to be fuzzy linear if for every A;,4; € R,
fi, f2 € C#(K) and (x, y) € K,

L(Afi + Aafo;x,y) = ML(fis %, y) + A2 L(fo2; %, 1)

holds. Also Lis called fuzzy positive linear operator if it is fuzzy linear and the condition L(f; x, y) < L(g; x, y)
is satisfied for any f, g € C#(K) and all (x, y) € K with f(x,y) < g(x, y).

Theorem 4.1. Let Ly, : C#(K) = Cx(K) be a fuzzy positive linear operator for each (m,n) € IN?. Suppose that
there exist corresponding positive linear operators Ly, : C(K) — C(K) fulfiling

{Ln(f5 x, ]/)}:_; szn(f;?x/ v) (14)
forall (x,y) € K, € [0,1], (m,n) € N? and f € C#(K). Suppose further that

st= lim 15, Qn ,Z;‘ ;; piaLi(g) — g =0, i=0,1,2,3 (15)
where go(x,y) =1, g1(x, y) = x, g2(x, ¥) =y, g3(x, y) = X2+ yz. Then, for all f € C#(K), we have
. . 1 m n B
st = m!;r—r}oo b Ple’l ;)‘ ; P]qu]k(f),f -0 (16)

Proof. By f € C#(K), there is a M > 0 such that D(f(x,y),0) < M for all (x, y) € K and for every ¢ > 0 there
exists a number 6 > 0 such that D(f(s, 1), f(x,y)) < ¢ for all (s,t) € K fulfilling +/(s —x)> + (t — y)> < 6. On
the other hand, if /(s — x)2 + (t — y)? > 6, then

D(f(s,1), f(x, y)) < D(f(s,),0) + D(f(x,),0) < Zéif (6=x?+t-v?)

Hence, for fixed (x, y) we attain
2M
D(f(s, 1), f(x, ) < & + 5 (=7 + (¢ = y)).
From definition of the metric D, for a € [0, 1] the following inequality
+ + 2M
oG- fityl<e+— ((s — 2+ (t - y)?) (17)

holds. We know that L, is linear and positive operator on C(K) and f; € C(K) for a € [0,1]. By (17) we
obtain

P Q,, Z Zp]qu]k(fa/x v) = filoy)

j=0 k=0

IA

2
€+(€ +M+ 6—A2/I(A2+B2))

0 ZZL]k(go,x ¥) — go(x, y)
m n ] O

2M
52

PO Q ZZPMkL]k(_%,x y) — g3(x, )

j=0 k=0

ZZP;qu]k(gux -0y
=0 k

n
Z pigkLi(92; %, y) — g2(x, y)|,
=0 k=0
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where A = max{|x|}, B = max{|y|}. Taking supremum over (x, y) € K, for « € [0, 1] we obtain

m n 3 m n
1 —
ZO piaLi(f) — fil| < e + CZ;‘ e ZO ;p,-qkwg» ~gi (18)
= =0 k=0
where
2M 2M 4MA 4MB
C:max{(€+M+ ﬁ(A2+B2)) 52 ,7, 52 }
From definition of D* we have
D* L = sup D L
P Qn Z;;P]qk () f] SuP [ PO Zzpmk w(fix,y), fx, y)]
j= 0 j=0 k=0
1 m n .
= sup sup max{ pigkLic(fo:%,9) = fo
(x,y)eK ae[0,1] Pan ; ;‘ ! !
1 m n _
'm ; L, piakLi(fas %, y) — fa (x, y)‘}
= sup max alin(f) - fx |l
aE[O},jl] { an ]_ZO Op]q ] f f
I ZZp,qu]Afa Al
=0 k=0
Combining the above equality with (18), we have
Z PMkL]k(f ]< €+CZ P Q Z PMkzjk(!]i)—yi . (19)
=0 k " j=0 k=0

Now, for ¢’ > 0, take ¢ > 0 fulfiling 0 < ¢ < ¢’ and also set the following sets:

1 m n
H: = {(mn)eN?:D" WZijqujk(f),f >¢&'y,
" j=0 k=0
o 2 || 1 mn,f,_, e—el| . _
Hi: = {(m,n)elN. 5 Qn;;p]qu,k(g,) 91| = —¢ }1_0,1,2,3.

Then (19) yields H € Hy U Hy U H, U H3. By taking this inclusion and (15) together into consideration, we
have (16), which completes the proof. [

Example 4.2. Let

Bun(f;%,y) = f(] k)(])xf(l X" f()k(l y) (20)
j=0 k=0

m’ n

where (x,y) € K=[0,1] X [0,1], f € C#(K), (m,n) € N. Consider

Lmn(f;xry) = (1/2+xmn)an(f;xr]/) (21)
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where (X, is defined by

|1, jisodd, forallk,
Xmn = 0, otherwise.

For each m,n € N, L, is a positive linear operator on C#(K). It is simple matter to see Xy, g /2(C,1,1). But
(xmn) is not statistically convergent. For all a € [0, 1] we have

Lun(f£5%, )

(1/2+ ) iZf( : )( )xf(l ()ykﬂ y'

j=0 k=0

{Lon(f5 2, )}

It is evident that {L,,,} satisfies (15). Thus, we obtain

st — mkill’_l)looD m ZZL]k(f) fl=

j=0 k=0
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