Filomat 35:13 (2021), 44954499
https://doi.org/10.2298/FIL2113495G

) Published by Faculty of Sciences and Mathematics,
\: University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2y

‘&,
g,
T &

&
Ipapor®

Inequalities Related to Schatten Norm
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Abstract. In this paper, we investigate the known operator inequalities for the p-Schatten norm and
obtain some refinements of these inequalities when parameters taking values in different regions. Let
Ay, , Ay, By, -+, By € By(H) such that szzlA:Bj =0. Thenp>2, p<Aand u >2,
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ForO0<p <2, p>A>0and0 < u <2, the inequalities are reversed. Moreover, we get some applications
of our results.

1. Introduction

Let B(H) be the C*-algebra of all bounded linear operators acting on a complex separable Hilbert space H.
|A| = (X*X)!/2 denotes the absolute value of an operator A € B(H). If A € B(H) is compact, let {s ]-(A)};?‘;l be the
sequence of decreasingly ordered singular values of A. For 0 < p < oo, let||Al|, = (trlAP)VP = (2}21 s;; (A)Vr,

where fr is the usual trace function. This defines the Schatten p-norm (quasi-norm, resp.) for 1 < p < oo
(0 <p<1,resp.) on the set

By(H) = {X € B(H) : [IX[|, < oo},

which is called the p-Schatten class of B(H) (see [5]). The Schatten p-norms are unitarily invariant and when
p =1, llAll; = tr|Al is called the trace norm of A.
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There are some classical Clarkson’s inequalities for the Schatten p-norms of operators in B,(H) (See [3]).
If A, B € By(H), then

2 L(AIL + IBIE) < 1A = BIE + 1A + BIE, < 2(IAIL + IBIE) — (1.1)
for0 <p <2and
2(IIAI, +1IBI) < 1A = BIl, + 1A + Bll, < 2°7'(IAll, + IBllp) - (1.2)
for2 < p < 0. For p =2, by (1.1) and (1.2), we have
A = BIi3 + lA + BII3 = 2(IlAI3 + IIBIE),

which is called parallelogram law. When p # 2, the equality 2(||A||Z + ||B||£) =|A- B|I5 +|A + B|I5 holds if
and only if A"B = AB* = 0, or equivalently R(A) and R(B) are orthogonal. (See [3]).

Hirzallah, Kittaneh and Moslehian etc. have obtained some generalizations of (1.1) and (1.2) to n-tuples
of operators and many different conclusions by using various methods such as complex interpolation
method, concavity and convexity of certain functions, etc. (See [1,6 — 10]).

Recently, some refinements of some p-Schatten inequalities have been given by Conde and Moslehian
in [4].

Theorem 1.1 ([4]). Let Ay,---,A;, By, -+, B, € By(H) such that Z?,j:lA;Bj =0,thenfor0<p <2, p<A
and 0 < u <2,

n n n n
2 i VY A + Y BT < n 2O AN + ) IBIR)2
i=1 i=1 i=1 i=1
n
< nUUNCY 1A £ B (13)
i,j=1

For2 <p, 0 <A <pand 2 < y, the inequalities are reversed.
Theorem 1.2 ([4]). Let Ay,---,A;, By, -+, B, € B,(H) such that Z;'].zlA;.‘Bj =0,thenfor0<p <2, p<A
and0<p<2,

1 n - n
n(—5 Y N4 £ B <! PVAY T IGAR + BN (14)
ij=1 i=1
For2 <p, 0 <A <pand2 < y, the inequality is reversed.
In this paper, motivated by the above conclusions, we consider some refinements of p-Schatten norm
inequalities when p, A and p taking values in different regions.

2. Main results

In this section we consider the p-Schatten norm inequalities of (1.3) and (1.4) when parameters taking
values in different regions. We start our works with the following lemmas that we will use along the paper.

Fact 1. M,(X) < My (X) for 0 < s < s’, where Ms(¥) = (2 XL x)'5, X = (x1,--+,x,) is an n-tuples of
non-negative numbers.

Fact 2. ||T||§ = |||T|2||,,/2 for any T € B,(H) with p > 0.

Lemma 2.1 ([4]). Let Ay,--+ ,A,, B1,- -+, By, € B(H) such that szzlAij =0, then

n n n
Z |A; + B Z A + B + Z ABj + BiA;

ij=1 ij=1 ij=1

n
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Lemma 2.2 ([2-3]). If Ay, -+, Ay, € By(H) for some p > 0, and Ay, --- , A, are positive, then for 0 <p <1,

n n n n
-1 P
w Zl“uAin s<;||Ai||p)Ps||;Ai||”s ) IAl ()
i= i= i=

i=

and for 1 < p < o the inequalities are reversed.

They are refinements of Lemma 2.1 in [7]. A commutative version of the previous lemma for scalars is
the following:

Let x = (xy, ..., x,) be an n-tuples of non-negative numbers, then

n n n
nP~! Z K < (Z xi) < Z X (2.3)
i=1 i=1 i=1
forO0<p<land
n n n
Z xf <() x) <nP! Z xf (2.4)
i=1 i=1 i=1

for1 <p < oo.

Theorem 2.3. Let Ay, --- , Ay, By, -+, By € By(H) such that szzlA;Bj =0. Thenforp>2,p<Aandyu >2,

n n n n

_ /A 4/ 4/ _ 1/2
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n
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IA

ForO0<p<2,p>A>0and0 < u <2, the inequalities are reversed.

Proof. Letp > 2, p < A, u > 2. It follows from M,(x) < M, (x) that

n n
_ 1
DY A= BN = PP Y A Byl
ij=1 ij=1

()" lhA; = BylIp) .

ij=1

v

Applying the well-known fact that ||T||§ = |||T|2||p/2 forany T € B,(H) with p > 0 and Lemma 2.1 and Lemma
2.2, we get

n n
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Using Lemma 2.2, (2.3) and the concavity of the function f(x) = x* on [0, +o0) for 0 < a < 1, we obtain

n
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- 1/2
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Let0<p <2, p>Aand0 < p <2. We can prove the inequalities by the same ways.

Corollary 2.4. Let Ay, --- , Ay, By, -+, By € By(H) such that Z;szl A’B; = 0. Then forp > 2,

n n n n
_ p/d 4/ 4/ _ 172
2l Y A N B < 22 Y AR+ Y BRI
i=1 i=1 i=1 i=1
n
< QA= B,

ij=1

For 0 < p < 2, the inequalities are reversed.
Proof. Motivated by Theorem 2.3, let A = u = p.

Corollary 2.5. Let Ay, --- , A, € By(H) such that Yii;Ai =0. Then forp > 2

n n n
VPl I2CY AP < 21222 N JARIRE < () 1A Ajll) .
i=1 i=1 ij=1

For 0 < p <2, the inequalities are reversed.
Proof. Y. ; A; = 0 implies that Z?le A?A; = 0. The statement is a consequence of Corollary 2.4.

Theorem 2.6. Let Ay, -+ , Ay, By, -+, By € By(H) such that szzlA:Bj =0. Thenforp >2, p<Adandpu >2,
n n
n(L/m Y A = Bl = n/2() " I0ALR + 1B 2.

ij=1 i=1

ForO<p <2, p>2A>0and0 < u <2, the inequality is reversed.



F. Gao et al. / Filomat 35:13 (2021), 4495-4499 4499

Proof. We suppose thatp > 2, p < A and y > 2. Then by Lemma 2.2 and the convexity of the function
f(x) =x*on [0, +o0) fora > 1

n
n(1/n? ) 1IA; = Bjlly)"#
ij=1
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Let0<p<2,p>2A>0and0 < pu < 2. We can prove the inequality by the same ways.
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