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Upper and Lower Solutions for Second-Order with M-Point Impulsive
Boundary Value Problems

Ilkay Yaslan Karaca?, Dondu Oz?

?Department of Mathematics, Ege University, 35100, Bornova, Izmir, Turkey

Abstract. In this paper, we consider a second-order m-point impulsive boundary value problem. By
applying the upper and lower solutions method and the Schauder’s fixed point theorem, we obtain the
existence of at least one positive solution. We also give an example to illustrate our main result.

1. Introduction

The theory of impulsive differential equations is a new and significant subsection of differential equation
theory, which has an extensive physical ecology, biological systems, population dynamics, and engineering
background. Moreover, impulsive differential equations advance a more realistic approach to modeling
many tangible problems encountered in various fields such as control theory, electronics, mechanics, eco-
nomics, electrical circuits and medicine. For the introduction of the fundamental theory of impulsive
equations, see [1, 4, 6, 22, 24] and the papers [2, 21].

Some authors in the literature have obtained results about the solutions of second-order impulsive
boundary value problems, for some see [5, 10-14, 16, 19, 20, 23, 27] in the references. Recently, some works,
such as Liu and Yu [3], Meiqiang and Dongxiu [8], Zhao et al. [18] and Tian and Liu [26], deal with
second-order m-point impulsive boundary value problems. Yet, many of the results are usually obtained
using fixed point theorems on the cone. There are also other methods to prove the existence of solutions.
The upper and lower solutions method, in particular, is a powerful method for proving the existence of
results for boundary value problems, for some see [7, 9, 17, 18, 25]. There is no study on second-order with

m-point impulsive boundary value problems using the method upper and lower solutions, except that in
[18].

In [18], Zhao and Ge considered

(6 @ ®)) + gt u(®), 1 (1) = 0, t € J' = [0, 1\[f1, b2y o )
A=y, = Iie(u(ty)), k=1,2,..,n,
APy )izt = Lx(u(ty), u'(tr), k=1,2,...,n,

m-=2

u(0) = Y (), w(1)=0

i=1
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by using the upper and lower solutions method, the authors have existence of solutions to the above
boundary value pronblem.

Motivated by the mentioned above result, in this study, we consider the following second-order m-point
impulsive boundary value problem (IBVP)

218+ flb 20,2 (1) =0, t€ ] = [0,1] ¢ # b k=1,2,.,m,
AZ|t:tk = Ik(_Z(tk))/
AZ |p=y, = —Ik(z(t), 2’ (t)), (1)

m—=2 m—=2

2(0) = Y yja(c)), az(l) +b2'(1) = Y 5j2(c))
= =1

where | = [0,1], t #t, k=1,2,..,nwith0 < t; <f, <..<t, <1. Az|=, and AZ'|;=;, indicate the jump of
z(t) and z’(t) at t = t, i.e.,

AzZliy, = 2(H) — 2(ty), 82|y, = 2/ () — 2 (),

where z(t]), z'(t]) and z(t,), z'(t,) symbolize the right-hand limit and left-hand limit of z() and z’(f) at t = #,
k=1,2,..,n, respectively.

We assume that following conditions are provided throughout this paper.
(K1) a,b €[0,0), y;,0;€[0,00), ¢; €(0,1), forje{l,.., m-2},
(K2) feC(JxR"xR",R"),

(K3) Ir € C(R*,IR*) is a bounded function, It € C(R* x R*,IR*) such that
[0 +a(l — t)k(z(te), 2’ (k) > alk(z(t)), t <t, k=1,2,..,n.

Our aim in this article is to investigate the existence of postive solutions for the IBVP (1). For this,
Schauder’s Fixed Point Theorem and the upper and lower solutions method will be the main tool.

The main structure of this paper is as follows. In Section 2, we provide some definitions and preliminary
lemmas are key tools for our main result. In Section 3, we give and prove our main result. In Section 4, we
give an example to demonstrate our main result.

2. Preliminaries

In this section, we first introduce some background definitions in Banach spaces, and then present
auxiliary lemmas which will be used later.
Let ]’ = J\{t1, t2, ..., tu}. C(J,R*) indicate the Banach space of all continuous mapping z : | - R* with the
norm ||zl| = sup |z(t)|, PC(J,R*) = {z: ] » R" : z € C(J"), z(t]) and z(t) exist and z(t,) = z(t), k =1,2,...,n}
te]

is also a Banach space with norm |lz|lpc = sup,; |z(*)|, and PC'(J,R*) = {z € PC(J,R*) : 2 € PC(]"), Z'(t)
and z'(t,) existand z'(t,) = z'(t), k = 1,2, ..., n} is a real Banach space with norm ||z||pc1 = max{llzllpc, I12’llpc}

where ||z||pc = SUPy; 1z, 11z llpc = SUP;¢; |2’ (1)]. A function z € PCY(J, R*) N C(J’, R) is referred a solution of
the IBVP (1) provided that it yields (1).

Definition 2.1. The function z € PC'(J,R*) N C*(J, R) is called a lower solution for the IBVP (1) if

Z'(t) + f(t,z(t),z(t) 20, t € ] =[0,1], t # 4,k =1,2,...,n,
AZli=y = L(z(t),
AZ =y, = —Ix(z(ty), Z' (1)),

m—2

m—=2
20) < ) yjz(c)), az(1) + b2 (1) < ) 82(c)).
= =1
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The function z € PCY(J,R*) N C(J,R) is called an upper solution for the IBVP (1) if

/M + f(t,zZ(),Z (1) <0, te ] = [0, 1]t # 4, k=1,2,...,7,
AZpy, = Ik(_z(tk))/
AZ |, = —IZ(k), Z (1)),

m—=2
20) 2 )y, a2(1)+ b2 (1) 2 )| 7(c)).

=1 =1

Forz, Z € PC(J,R*) N C*(J, R), we can write z < Z if z(t) < Z(t), Vt € |.

Definition 2.2. Let z, z € PCY(J,R*) N C(J’, R) be such that z <z on |. We express that f provides the Nagumo
condition with respect to z,z if for

{Z(tk+1) —z(ty) z(ti) — Z(t;:)}
= max ,

1<k<n bot =t b1 —

there exists a constant ¢ such that
o > max{g, I1Z'llec, IIZ'llpc},

a continuous function @ : [0, c0) — [0, 00) and constants D > 0, E > 0 such that
If(t,z,2) < DIZ'|lp(Z'|) + E,t €], 2<Zz 2z € R*

and

7 1
f ﬂds > D[max Z(t) — mm z(H)] + Ens1>a})x @

Also, suppose that the following conditions are provided:
(K4) f provides the Nagumo condition with respect to z, z;

(K5) I € C(R*,IR"), I € C(R* x R*,RY), Tk(z, z’) is nondecreasing in z’ € [-o,0] forall 1 < k < n;

m=2 m—2

(K6) Z(sj<a, Zyj<1.

j=1 j=1
We consider the modified problem

Z’(t) + f*(t, z(t), mzz(t z2))=0,te] =001t #H,k=12,..,n,

Az|t—tk - Ik(mg,z(tkl Z(tk)))/

an=EWAmmemHMD (2)
m—2
2(0) = Z)/]z(g]) az(1) + bz’ (1) = Z(S 2(c))
j=1 j=1
where
myz(t,z) — z

flz2) = ftmzt2),nt 20+ T o

and m_z(t, z) = max{z(t), min{z, z(#)}}, n(t, z) = max{—o, min{z, o}}.
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Lemma 2.3. [23] For each z € PCY(J,R*) N C(J’, R), the following two properties hold:

(i) %méi(t, z) exists for a.e. t € J';

(ii) if 2,2, € PC'(J,R*) N CX(J', R) and z, — z € PC'(J,R*) N C*(J', R), then %mﬁ(t, za(t)) = %mg,z(f/ 2(t)) for
ae te].

Set
p=a+b, (©)
and
-2 m=2
—ZV;'C]' p— ) vilb+a(l-cjl
A= ];_2 m]—=21 . (4)
p=Y dc; =Y olb+a(l-c)l
=1 =1

Lemma 2.4. Let (K1)-(K3) hold. Assume that
(K7) A #0.
Ifz e PCY(J,R*) N C2(J, R) is a solution of the equation

1 n
z(t) = fo G(t,s)f (s, z(s), 2 (s))ds + Z Wit 2) + tA(f) + (b + a(1 - 1))B(f), ()
k=1
where
_ 1 fH=ali(z(8)) + (0 + a(l = ) (z(8), 2 ()], ¢ < b,
Wilt,2) = o {(b +a(l — O)[L(z(t)) + tele(z(t), 2/ ()], te < t, ©
_1 slal —t)+Db], s<t,
Glt,s) = p {t[a(l —-s)+b], t<s, 7
m-=2 m-2
| LKA o= )yt
AN=7| w2 o2 : ®
6iK(cjz) =) ojlb+a(l - )l
= =
-2 m—2
| Ly Z viK(cj,2)
BH=7 o , ®)
p—)_ 0 6jK(¢j,2)
& 1
and
1 n
K62 = [ Gle) 96,26, 2 s + ) Wil ), (10
k=1

then z is a solution of the IBVP (1).
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Proof. Let z satisfies the integral equation (5), then we get

1 n
z(t) = f(; G(t,s)f(s,z(s), 2 (s))ds + Z Wi(t, z) + tA(f) + (b + a(1 — 1))B(f),
k=1

ie.,

t

1
z(t) = % j(; s +a(l —1)f(s,z(s),z'(s))ds + % ft t +a(l —s))f(s,z(s),Z'(s))ds

+2 Y (4 a1 - D)) + B0, 2 ()]

O<tr<t

w1 Y Haly(a(t) + (b + a1~ t)Tx(a(t), 2 ()

t<t<1

+A(f) + (b + a(1 — H)B(f),

P B A : 1 _ :
Z'(t) = Pfo( as)f(s,z(s),z(s))ds+p[(b+a(1 ) f(s,z(s),Z'(s))ds

= Y (a)lliCatte) + (et 2 ()]

O<ty<t

+1 Z [—ali(z(t)) + (b + a(l — ) (z(te), 2/ ()]

t<tp<l1

+A(f) + (=a)B(f).
So that

Z'(t) = %(—flf — (b +a(l - 1)) f(t,z(1), 2 (1)
= —f(t,2(t),Z' (1)),

2/(H) + f(t,z(t), 2 (1)) = 0.

Since

2(0) = pB(f),

we have that

z(0) = pB(f)
(11)
m-2 1 n
= Z Vi fo G(cj,9)f(s,2(5),2'(s))ds + Z Wi(cj, 2) + ¢jA(f) + (b +a(l — ¢;))B(f)|.
j=1 k=1

Since

1 n n
A1) = 2 [ sf6,20, O+ Y HRED,Z) + 2 Y RE) + A + ()
P Jo pi= Pia
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and
_ 1 _ n _ _ n
7)) = = f Bf(5,2(5), 2/ (5))ds + — Y bili(a(t), 2 (0) + — Y Te(z(t0) + A(f) + (~a)B(f),
p 0 p k=1 p k=1
we get that
az(1) +b2'(1) = pA(f)
(12)
m—2 1 n
=), fo G(cj,9)f(5,2(5), 2/ (5)ds + Y Wilc;,2) + SGA() + (b +a(l = ¢ )B()|
j:l k=1

From (11) and (12), we have that

m—=2
-1 e
=1

m—2 m—2
A+ [p =) yib+a(i - g;»))] B(f) = ), 7iK(c;,2),
= =1

m—2
{P - Z 0j¢;j
=1

which yields that A(f) and B(f) satisfy (8) and (9), respectively. [

m=2 m=2
A(f) +|= ) 0i(b+a(1 - g]-))l B(f) = ) 8;K(c;,2)
i1 j=1

Lemma 2.5. Let (K1)-(K3) hold. Then for all t,s € |, we have
G(t,s) < G(s,s).
Lemma 2.6. Let (K1)-(K3) hold. Assume that

m—2 m—2

(K8 2 <0, p=Y 6;;>0, p— Y ylb+all—cpl>0

=1 =1
holds. Then for z € PCY(J,R*) N C3(J’, R), the solution z of the IBVP (1) satisfies

z(t) 20 for te ]
Proof. It can be easily seen from the facts of G(t,5) > Oon J X Jand A(f) =0, B(f) 0. O

Lemma 2.7. Ifzis a solution of the IBVP (2), z(t) and z(t) are lower and upper solutions of the IBVP (1), respectively,
z <z, and

Ii(z(tr) < Ik(2) < IkZ(t)), k=1,...,n, (13)
for

z(ty) <z <z(t), k=1,..,n,
then

z(t) < z(t) < z(t), te].
Proof. Indicate 9(t) = z(t) — z(t), we will just prove that z(f) < z(t) for all ¢ € J. With the similar technique it
can be shown that z(t) > z(t) for all t € | is provided. Let z(t) > z(t),t € | holds. Then, sup(z(t) — z(t)) > 0,

te]
there are three cases.
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Case 1. Assume that max 9(f) = sup(z(t) — z(f)) = 3(0), or max 9(t) = 3(1), we only see that max 9(t) = 3(1).
0<t<1 p 0<t<1 0<t<1

€]
It is clear that 9(1) > 0. By virtue of definition 2.1 and (K6), we get

_ 1% b, 182 b,
(M) = z(1) -z(1) SEE @%”_E””‘EE 82(c)) + =2 (1)
j=1 =1

m=2

= 1Y bylate) - 26l - () ~Z (D]
j=1

m=2

= 1Y s - Ly

j=1

< max () - Z 0;
< max 9(t).
te]

This is a contradiction. So, our assumption is wrong.

Case 2. Assume that there exist k € {0, 1, ..., n} and C € (t, t+1) such that sup 9(t) = 3(C) = z(C) —z(C) > 0.
te(ti bl

Then ¥'(C) = 0 and 9”(t) < 0. On the other hand,

(= 2"0-2"0 2-f(C 20), 5 mzz(C 2)) + f(C,2(0),Z(0))

m;z(C, 2(0)) — z(C)
1+ (2(0) — mz(C, 2(0)))?

= —f(C,m(C,=(0)), 5 mzz@ 2) -

+£(C,2(0),Z(0))

m;z(C, 2(0)) — z(C)
1+ (z(0) = m32(C, 2(0)))?

= —f(CZ(0),Z(0) -

+£(C,2(0),2'(0))

=0 - m(C20)
T T4 @0 - ma(C ZO)P

30
T 1+92(0)

> 0.

This is a contradiction. So, our assumption is wrong. Consequently, the function 9 cannot have any positive
maximum in the interval (¢, txq1) fork =1,2,...,n
Case 3. In accordance with Case 2, if sup 9(t) > 0, then sup 9(t) = S() or sup 9(t) = () = 9(t), we just
te] te] te]
prove that sup 9(t) = 3(t,), k = 1,2, ..., n. Assume that sup 9(t) = 3(¢), ¥'(t1) = ¥'(t]) = 0.
te] te]
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From (2) and (13), we can get

zZ(t)) —z(t) = z(t]) — z(t)) = Li(mz(t, (1))
= I1(z(t1)) = z(t]) — z(t]) = Z(t) — z(t1),

Z(E)-2'(h) =Z(8)-2Z(H) = Lmyz(t, z(h)),n(t, 2 (1))
> [1E(h), Z () =2/ () - Z' (1)
Hence
8(H) = 2(t1) — Z(t) = 2(h) — Z(t) > O,
V() = 2(E) 2 () = 2/ (B) — 2 (R) > 0.

Assume that ¥'(t]) = 0 and 9 is nonincreasing on some interval (t;,# + «) C (t1, t2), where x > 0 is small
enough such that 8(t) > 0ont € (t1,t; + x). For t € (1,41 + x),

m,z(t,z) - z
1+ (z —myz(t, 2))?

=1 — d
"B -z 2 —ft,z(t), 7maz(t2) -

+f(tZ(),Z' (1)

Z - mz,f(t/ Z)
= = > 0
1+ (z — myz(t, 2))?

This contradicts the assumption of monotonicity of 9. Therefore, we have

0 < 3(t) < (k) = 3(t,),
¥(t) = ¥'(t;) > 0.

We practice the previous method and conclude by induction that
At) >0, ) =0, k=1,2,...,n+1.

This is a contradiction. Because 9(1) is not the maximum point. With the same analysis, we can obtain that
) >0, k=2,3,...,n, cannot hold. [

Lemma 2.8. —o < Z/(t) < 0 on ], where z(t) is the solution of the IBVP (2).

Z(tk1) — z(ty)

, k=1,2,..,n,
1 — b

Proof. We just show z’(t) < 0. Assume that there exists p € (f, fr1) with z/(p) =

and as a result,

() = 2(8) _

o< Z(tke1) — z(t) <2(p) <

0<o.
fee1 — b bep1 — b

Therefore, there exist 11, 2 € (t, tx+1) such that z’(m1) = o, z’(n2) = 0 and either

0<zZ'(t) <o, te(m, ),

or
0<7Z(t) <o, te(mm).
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we will only handle the first situation, as the other situation can be handled similarly. The following
statement is due to the assumption

270 = f(t z(t), 2/ ()l

< DEE'®)lp(" () + E, for t € (m,1n2)-

This implies that
12 |Z’/(t)| fflz fﬂz di’
dt <D 7' (H)|dt + E
f,,l PG | FOEE | o
— D(z(na) - =( ))+Eme
) == W PO
which yields
fgﬁ— fZ/(m)ﬁ < D(z(m2) — z(m)) + E(nz — )maxL
0 P(s) 2’(m) p@s) ' n =i P(s)

_ 1
<D z(t z(t)) + E —
(rrtlgx t) - max z ®) max e

This contradicts the choice of ¢. Thus, it is obtained that z’(t) < ois. O

3. Main Result

In this section, we will obtain the existence of at least one positive solution for the IBVP (1).
The theorem, which is fundamental and important for the proof of our main result, is the fixed point
theorem below.

Lemma 3.1. [6] (Schauder’s fixed point theorem) Let K be a convex subset of a normed linear space E. Each
continuous, compact map L : K — K has a fixed point.

Theorem 3.2. Assume that conditions (K1)-(K8) hold. Then the IBVP (1) has at least one positive solution z €
PC'(J,R*) N C*(J, R) such that

z(H) <z(t), —0<Z'(t)<o, te]

Proof. Solving the IBVP (2) is equivalent to finding z € PCY(J,R*) N C%(J’, R) which satisfies
1 d n
2t) = fo Glt,5) (s, 2(5), =moz(s, s + kZ:; Wi(t, 2)

+A(f (s, 2(5) ;mzz(s 2))) + (b +a(l = )B(f*(s,2(s), mzz(s 2))),

where [(z(t)) = L(mz(t, z(t))), L(z(t), 2/ () = Te(m, =t 2(1)), n(t, 2(t))) and

Wit 2 = L [0 E00) + O o = ) a(0, 2 G ¢ <
P |©+a(l = D)) + BT, 2 ()], b <t
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Now, define the following operator T : PC'(J,R*) N C%(J’, R) — PC'(J,R*) N C*(J’, R) by

1 n
@20) = [ G926, masts, s+ Y Wi
k=1

+A(f" (s, 2(5) ;mzz(s 2))) + (b +a(l = D)B(f(s, 2(s), mzz(s 2)))-

Let’s show the completely continuous of operator T : PC'(J,R*) N C?(J’,R) — PC'(J,R*) N C2(J',R) in 2
steps. Define the following for convenience:

1
H(c)) = f G(cj,8)ds + 2n,
0

m—2

m—2 m—2
yiHE) p- Zmb +a(l - )] -Y v YL vHE)
- 1= = =_ 1 =1 j=1
A:Z m=2 m—2 4 B:Z m—=2 m—2
8;H(c)) Z 8jlb +a(l — )] p=Y oic; Y 8;H(c))

—
—_
.
11
—_

=1

Step 1: In this step show that the operator T : PC'(J,R*) N CX(J’,R) — PCY(J,R*) N C%(J’,R) is continuous.
Assume that z, be a sequence in PC'(J,R*) N C%(J,R) such that z, — z, € PC'(J,R*) n C%(J,R) as

d
n — oo. Thus, we can write ||z, — zg|llpaa = 0 (n — o). From Lemma 2.3, we obtain that “_th =(t,zn) —

d
Sl = 0 (1 = o). Since llzy = zollpcr = 0 (2 = o) and | Em=(t2,) = Zmes(t z)lc:
0 (n — co), from the definition of the norm in PC!(J,R*), we can write ||zn —2zollpc = 0 (n — o) and

d
||dthZ(t ZVI) dt

Also, from the continuity of the f, I, I functions, we conclude that

—mz(t,zo)llpc = 0 (n — ).

(s, 2n(s), mzz(s zn)) = f7(5,20(s), mzz(s 20)| = 0 (1 = o),

I (zn(t)) — L (zo(tk)) = 0 (n — o0),

IIk(Zn(fk) mzz(tklzn(tk))) Ik(Zo(tk) mzz(terO(tk)))| =0 (n— ).

Therefore, considering Lemma 2.5 and with the help of Lebesgue Dominated Convergence Theorem, we can
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obtain

1
Tz, — Tzollpc < [) (s, 9)If"(s,zn(s), mZZ S,zn)) — (s, zo(s

+2n max{ll,’;(zn(tk)) = L (zo(t))l,

- d
I (2 (), an

+(A + pBy max{I; (2 ) = Ty ot

i —— 5 (t, Zu(tr))) — Ik(Zo(tk)

|Ik(zn (tk) tk

IF(5, 2a(5), mzz<s 20)) = £, 20(6), mzz<s zO>>|}—>0 (1 — o),

1Tz, — T'zollpc < f Gi(t, 8)le=sl f" (5, zn(s), mzz(s zn)) — f7(s,20(s), ;—Smgz(s, z0))|ds

20 max{u;;(zn(tk)) ~ L(zo(t),

|Ik(zn(tk)/ d mzz(tkzzn(tk))) Ik(ZO(tk) d mzz(tk/ZO(tk)))|}

+(A+ pB) max{u;(zn(tk» - Gzt

|1k(Zn(fk) mz 7(te, zu(tr))) — Ik(ZO(tk)

ds mz Z(S ZO))ldS

o, 200 = Tzolt), 7zt ()|

d A (),

4337

6 26, (s, 20) = (5, 208), ema=(s, 200} = 0 (1 o0).

This yields that, |[Tz, — Tzllpct — 0 as n — co. Hence, T is continuous.
Step 2: In order to prove the relatively compactness of operator T : PCY(J,R*) n C¥(J,

R) — PC'(J,R*) N

C%(J’, R). Let Bbe any bounded subset of PCY(J, R*)NC2(J’, R). Then there exists My > 0 such that ||z||pc: < Mo
for all z € B. Also, from f € C(J x R* x R*,R*), Iy € C(R*,R") I € C(R* x R*,RY), we can write

d
My = max £ (s, z(s mzz(s z)) <
s€[0,1]
d 0,Mo]
z, s myz(s,2)€[0,Mo
and
M, = max<{ max [;(z max Iz m S,2)) b < oo,
27 {ken ) 2el0Mo] K@), 2€[0,Mo] k( 22(5,2))
1z (s,2)€[0,Mo]

ds
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Then using conditions (K2), (K3) and Lemma 2.5, for z € B, we have

1
| Tzl|pc < [f G(s,s)ds +2n + A+ pg] max{M;i, M} < oo
0
and
1 — p—
I zllpc < [f Gi(t, s)|p=sds + 2n + A + pB] max{M;, M,} < co.
0

This yields that ||Tz|]|pci < 0. Hence, we obtain T(B) is uniformly bounded.
Next, we show that T is equicontinuous on J. For all € ], we can get

1
(Tz)(H) < [ f %(b +a(1 = s))ds + n + A|max{M;, M}
0

= M3.

For all t1,t, € ], t1 < tp, if we integrate the last inequality from #; to ¢, then we have (Tz)(t2) — (Tz)(t1) <
M3(t; — t). This means that

(Tz)(t2) — (Tz)(t1) = 0, t; — to. (14)

On the other hand, we know that

t
1) = = [ a0, st s
1 (! . d
oo [ e - 976,26, S, s

= Y (ol et + BTt 2 ()]

O<ty<t

2 Y ali(a(t) + (0 + a1~ )Ty (a(t), 2 ()]

t<tp<1

. d . d
+A(f(5,2(5), 2mzz(5,2)) + (~MB(f(5, 2(5), -m(5,2))).
From the above equation, we can obtain that
(T2)(t2) = (T2) () = 0, th — b (15)

Accordingly, from the equations (14) and (15), T(B) is equicontinuous on J. Consequently, from steps 1-2 by
Arzela-Ascoli Theorem, T : PC(J, R*) N C%(J’,R) — PCY(J,R*) N C%(J’, R) is completely continuous operator.
With the help of the Schauder s Fixed Point Theorem, we get that T has a fixed point z € PC*(J, R*)NC2(J, R).
Thus, it is obtained that z is a solution of the IBVP (2). From Lemma 2.7 and Lemma 2.8, we know that
z(t) < z(t) £ z(t), —o < Z'(t) < o, thereby IBVP (2) turns into the IBVP (1). Consequently, z(f) is a solution of
the IBVP (1). O

4. An Example

In this section, we give an example to demonstrate how our main result can be used in practice.
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Example 4.1. Consider the following the IBVP:

Z"(t) + f(t,z(t),Z’(t) =0, te [,
Azlp—y, = z(ty),

AZ =y, = 4z(t) + 2" (), (16)
2(0) = %z(%) N %z(%) 4z(1) + /(1) = z(%) + %z(%),

where f(t,z(t),z'(t)) = Z'(t). It is clear that

—(t—%)2+2, te[O,l],

(=0, () = —(t—§)2+3, te(%%]

—(t-1)>+4, te(%,l],

are lower and upper solutions of the IBVP (16), respectively.

5.
¢ = 0.2 0 0.2 04 0.6 08 1
3 S
2} A
X
| \\\
-0.5 0 0.5 1
-1
3
Figure 1: —: z(f) —: z(t) Figure 2: —: Lower —: Upper

The figures of z(t) and z(t) are given in Figure 1. It is clearly seen from the Figure 1 that z(t) < z(t). Substituting z(t)
and Z(t) in the equation 2" () + f (t, z(t), z'(t) = 0, t € ], it can be seen from Figure 2 that t € J', 2" (t)+ f(t, Z(t),Z’ () <
0 inequality and 2’ (t) + f(t,z(t), 2 ()) = 0. inequality are obtained. It can easily be obtained that other inequalities
are satisfied. In accordance with Definition 2.1, it is obtained that z(t) and z(t) are upper and lower solutions of the
IBVP (16), recpectively.

Let p(s) = Vs+1; then |f(t,z,2')| = || < DIZ’|(VIz’| + 1)+ E ,t €], z<z<Zz 2z’ € R* D,E > 0. Noting that
foranya >0,

*d 1 . o iy .

f (pTZ) = oo and max e < 1, there exists ¢ > 0 such that f satisfies the Nagumo condition with respect to z
a s2a

and z. Hence, the IBVP (16) has at least one positive solution z(t) € [z,z].
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