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Abstract. Trace class operators for quaternionic Hilbert spaces (QHS) were studied by Moretti and
Oppio [18]. In this paper, we study trace class operators via operator valued frames (OPV-frames). We
introduce OPV-frames in a right quaternionic Hilbert space H with range in a two sided quaternionic
Hilbert space K and obtain various results including several characterizations of OPV-frames. Also, we
obtain a necessary and sufficient condition for abounded operator on a right QHS to be a trace class operator
which generalizes a similar result by Attal [2]. Moreover, we construct a trace class operator on a two sided
QHS. Finally, we study quaternionic quantum channels as completely positive trace preserving maps and

obtain various Choi-Kraus type representations of quaternionic quantum channels using OPV-frames in
quaternionic Hilbert spaces.

1. Introduction

Duffin and Schaeffer [12] introduced frames in a study of non-harmonic Fourier series. Later,
Daubechies, Grossmann and Meyer [11] reintroduced frames which gather a lot of attention among the
researchers. The main reason for frames to be popular among researchers in recent years is their applications
in digital signal processing [3] and other areas having physical and engineering problems [8].

Frames are integrally connected to time-frequency analysis. It is difficult to find a particular category of
frames that is suitable to most of the physical problems, as there is no comprehensive class of frames that
suits to all types of problems. Keeping this in mind, researchers across the disciplines come together for
finding tools for the theory of frames to tackle various physical problems including solutions of operator
equations in Hilbert spaces with fixed dual pairing [4]. Duffin and Schaeffer [12] defined frames as follows:

Let H be a Hilbert space. A sequence {x,},en € H is a frame for H, if there exist numbers A, B > 0 such
that

Al < ) 12 < BIIP, x € H.
neN

1)

The scalars A and B are called the lower and upper frame bounds of the frame, respectively. They are not
unique. If A = B, then {x,},en is called an A-tight frame and if A = B = 1, then {x,},en is called a Parseval
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frame. The inequality in (1) is called the frame inequality of the frame. The operator T : {* — H defined as

T({cilken) = Y cxxx, {cilien € €2, is called the pre-frame operator (or synthesis operator) and its adjoint operator
kelN

T*: H — (? is called the analysis operator and is given by
T"(x) = {{x, xiken, x € H.

Composing T and T*, we obtain the frame operator S = TT* : H — H given by

S(x) = Z(x, X)X, X € H.

keN

The frame operator S is a positive, self-adjoint and invertible operator on H and gives the following
reconstruction formula:

keIN keIN

x=851x= Z(S‘lx, X)Xk [ = Z(x, S ) ], x € H.

For various details related to frames and applications, one may allude to [5, 8].

In recent years, many generalizations of frames in Hilbert spaces and quaternionic Hilbert spaces
have been introduced and studied. In 2004, Casazza and Kutyniok [6] defined frames of subspaces
which has many applications in sensor networks and packet encoding. Khokulan, Thirulogasanthar and
Srisatkunarajah [17] introduced and studied frames for finite dimensional quaternionic Hilbert spaces.
Sharma and Virender [25] studied some different types of dual frames of a given frame in a finite dimensional
quaternionic Hilbert space and gave various types of reconstructions with the help of dual frames. Sharma
and Goel [23] introduced and studied frames for seperable quaternionic Hilbert spaces. Muraleetharan
and Thirulogasanthar [19] studied the invariance of the Fredholm index under small norm operator and
compact operator perturbations and with the association of the Fredholm operators, developed the theory of
essential S-spectrum. K-frames in quaternionic Hilbert spaces were studied in [13]. Very recently, Sharma,
Jarrah and Kaushik [24] introduced frame of operators in quaternionic Hilbert spaces and proved that they
generalizes various notions like Pseduo frames, bounded quasi-projectors and frame of subspaces (fusion
frames) in separable quaternionic Hilbert spaces.

Overview. We organize the paper as follows: In Section 2, we state some known results and standard
definitions which are necessary for understanding the main content of the paper. In Section 3, we define
and study operator valued frames (OPV-frames) in a quaternionic Hilbert space and give a necessary and
sufficient condition for the existence of an OPV-frame. Also, we obtain conditions under which an OPV-
frame is a Riesz and orthonormal OPV-frame. Further, it is proved that an OPV-frame is a compression of
a Riesz OPV-frame and a Parseval OPV-frame is a compression of an orthonormal OPV-frame. In Section
4, we study trace class operators and quaternionic quantum channels and obtain various results including
the Choi-Kraus type representations of quaternionic quantum channels using OPV-frames in quaternionic
Hilbert spaces.

2. Prerequisites

Throughout this paper, until specified, we will denote IH to be the non-commutative field of quaternions,
N the set of natural numbers, H a separable right quaternionic Hilbert space, K a separable two-sided
quaternionic Hilbert space. By the term “right linear operator”, we mean a “right IH-linear operator”,
B(H,K) denotes the set of all bounded (right H-linear) operators from H to K and the space £,(IH) denotes
the set of all sequences {g,},en € H such that Y |g,/* < +c0.

nelN

Let D be a division ring and F be the center of D. A unital D-bimodule X is called a D-vector space if X

is a F-vector space( or vector space over F) under the restriction of the scalar multiplication to F.
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Here, we deal with the case when D = H, the set of all real quaternions. One may observe that, H® H
together with the scalar multiplication, a(a ® b) = aa ® b is a H-vector space.

For basic definitions of right quaternionic pre-Hilbert space (or right quaternionic inner product space), right
quaternionic Hilbert space and other terminologies related to quaternionic Hilbert spaces one may refer to
[20, 23].

In [1], Daniel Alpay and H. Turgay Kaptanoglu observed that if H is a right quaternionic Hilbert space
and K is a two-sided quaternionic Hilbert space, then H ® K is also a right quaternionic Hilbert space with
the inner product {.|.) : (H ® K) x (H ® K) — H given by

<h1 ®k1|l’12 ®k2>W®7( = <<h2|h1>7.{k1|k2>(K , hy,hy € H and ki,kr € ‘K.

Further, if {;}ien and {ki}ien are orthonormal sets in H and K respectively, then {i; ® k;}; jen is an
orthonormal set in H ® K.

Definition 2.1. [18] Let H be a right quaternionic Hilbert space. Then, T € B(H) is said to be of trace-class if

Z(ullTlu)<oo, for some orthonormal basis N ¢ ‘H, 2)
ueN

where |T| = (T*T)V2. Let us denote B1(H) C B(H) as the set of all trace-class operators on H.
Theorem 2.2. [18] The set B1(H) enjoys the following properties:

(a) If T € B1(H), then (2) is valid for every orthonormal basis M C H and '}, <u)|T|u> does not depend on M.
ueM

(b) T € Bi(H) if and only if

(i) T is a compact operator, and

(ii) |ITllh = Y. Ady<oo, where o(|T|) C [0, +00) is the spherical point spectrum of the self adjoint compact
Aea(Tl)
operator |T| = VT*T and d) = 1,2 -- < oo is the dimension of the A-eigenspace of |T.

(c) If T € B1(H), then for every orthonormal basis M C H, ||Tlli = Y,eplullTlu).

Theorem 2.3. [14] (Polar Decomposition of an Operator) Let T € B(H). Then, there exists a unique operator
W € B(H) such that

(@) T =WI|T|.
(b) N(TI) c N(W).
() IW@)Il = llull, uw € N(T])*.

A quaternionic quantum channel is defined as a completely positive trace-preserving map. Matthew A.
Graydon in [15] has given a Choi-Kraus type representation of quaternionic quantum channels as follows:

Definition 2.4. [15] A quaternionic quantum channel is a map ¢ : B(H) — B(K) whose action on any T € B(H)
is defined in terms of some bounded operators {Fy,},en € B(H, K) such that

o(T) = Z F,TF;,, T € B(H) and Z F'F, = TIp.

nelN nelN
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3. Operator valued frames

The classical frame inequalities can be expressed in terms of operator inequalities involving sums of rank
one operators. This case, called the multiplicity one case motivated Kaftal et al. [16] in 2009 to introduce
the notion of operator-valued frames (OPV-frames).

In this section, we define and study OPV-frames for quaternionic Hilbert spaces. More precisely, we have

Definition 3.1. Let H be a right quaternionic Hilbert space, K a two-sided quaternionic Hilbert space, and
F = {Fulnen C B(H,K). Then F is said to be an OPV-frame for H with range in K if there exist positive
constants r1 < ry such that

ni<y FF,<nl. 3)
neN

The positive constants ry and 1o, are called lower and upper frame bounds for the OPV-frame F, respectively and the
inequality (3) is called the OPV-frame inequality. The family ¥ is called an OPV Bessel sequence for H with range
in K with Bessel bound r,, if ¥ satisfies the right hand side of the inequality (3). The family ¥ is said to be an OPV
tight frame for H with range in K if there exist positive constants vy, r, satisfying inequality (3) with ri = 1, and is
called an OPV Parseval frame if it is tight and r1 = r, = 1. Further, ¥ is called exact if it ceases to be an OPV-frame
in case any one of its elements is removed. The multiplicity of an OPV-frame F is defined as sup {rank F,},en.

For each h € H, define |h)¢4; : K - H K as

e (k) = h @k, ke K. 4)
Also, define ¢/(h| : H® K — K as
w0 @K) = (WK, W ek e HoK. (5)

One may easily observe that, the operators defined in (4) and (5) are bounded and satisfies
12 1| = 1 ChL I = NIl and |R),, = 4Chl, h € H.

In particular, given a two-sided quaternionic Hilbert space K , we can define the partial isometries with
mutually orthogonal ranges le,)e,@) : K — G(IH) ® K, len),m(k) = e, ®k for k € K, and the adjoint is
given by ¢,a(enl : L(H) @ K — K, r,an){enl(q @ k) = (gle.)k, where g = {g,}nen € &r(IH), k € K and {e,} e is
the standard orthonormal basis of £,(IH).

Next, we give a result in the form of a lemma, related to some basic properties of the above defined
partial isometries, which will be used in subsequent results.

Lemma 3.2. Let {e,},eN be an orthonormal basis of €>(H). Then

(@) Y len)e,m) eien] = Loex-
nelN

(b) el lepem) = 0ij L «.
Proof. (a) Let q®k € £>(IH) ® K. Then, we compute

Z len) e,y omylenlq®k) = Z le) e, 1) (Gnk), where g = {gnlien € €2(IH)
nelN nelN

= Z en ® (an)

nelN

= Zenqn®k:q®k.

nelN
(b) Let k € K. Then, we have
eyl lepoank) = oamylelle; ® k) = dijk. U

In the following result, we give a necessary and sufficient condition for the existence of an OPV Bessel
sequence in a right quaternionic Hilbert space.
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Theorem 3.3. Let 7 = {F,}uen € B(H, K). Then F is an OPV Bessel sequence for H with range in K with Bessel
bound r if and only if there exists a bounded right linear operator Q from £,(H) ® K into H with ||Q|| < V/r such that

QoK) =Y Fi@k) =Y F an(el@ekh, ke L)X,
nelN nelN

where {e,}nen is an orthonormal basis of £&,(H) and q = {gu}nen € C(H).

Proof. Let {F,}uen be an OPV Bessel sequence for H with range in K with Bessel bound r. Define
U:H - 6H(H)®K as

Uy = Y leayeanFalh) = Y e ®Fy(h), 1€ H.

neN neN
Then, using hypothesis we have

<Z e ®F, (0| Y e; ®Fj(h)>

neN jeEN OHH)EK

Y (teleneaPati]Fi)

n,jeN

N UELIE < AR, heH.

nelN

Therefore, the operator U is well defined and bounded such that ||U]|| < \r. Take Q = U*. For each
gk e {r(H) ® K, we have

Q®K) =Y F,pan(enl@®k) = Y Fi(@k), = {guluen € Go(H).
nelN nelN
Since U is bounded, sois Q and ||Q| < 7.

Conversely, let Q : £,(IH) ® K — H be a well- defined bounded right linear operator with [|Q|| < vr. As
Q*(h) = Y. e, ® F,(h), we obtain
nelN

IumP?

IQ M = Z IE (I, heH.

nelN
This gives
Y EIP < 7l e H.
neN

Thus, ¥ is an OPV Bessel sequence for H with range in K. [

Given a Bessel sequence {v,},en with Bessel bound r in H. For each n € IN, define an operator
F, € B(H,H) as

Fu(x) = (uulx), x € H.

Then, the family ¥ = {F,},en is an OPV Bessel sequence for H with range in IH with Bessel bound
r. Conversely, by Quaternionic representation Riesz theorem[9, 14], every OPV Bessel sequence ¥ =
{Fulnen € B(H,H) can be identified with the vectors {v,},en of H. Then, the sequence {v,},en is a Bessel
sequence in H with the same Bessel bound. Thus, a Bessel sequence in a right quaternionic Hilbert space
H corresponds to an OPV Bessel sequence for H with range in H.

Further, if we consider an OPV-frame 7 = {F,},en for H with range in K of multiplicity one, then each
operator F,, can be identified with a vector of H. Therefore, every OPV-frame of multiplicity one gives rise to
a frame for H with the same bounds. Indeed, let {F,},en be an OPV-frame of multiplicity one. Then, without
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loss of generality, using Quaternionic representation Riesz theorem, for each n € IN, F,(x) = e,(v,|x), for
some unit vector ¢, € K, x € H, and v, € H. So, we get

Y IR =Y Koo, x € H.
nelN neN
Next, we give a characterization of an OPV-frame in a right quaternionic Hilbert space.

Theorem 3.4. Let ¥ = {F,}yen C B(H, K). Then, F is an OPV-frame for H with range in K if and only if there
exists a bounded, right linear operator Q from £,(IH) ® K onto H such that

Q@ek =Y Fi@k) =Y F canled@@h), qeke bLIH) @K, ()

nelN nelN
where {e,}nen is an orthonormal basis of £,(H) and q = {g,}nen € L2(IH).

Proof. Let ¥ be an OPV-frame for H with range in K. Since, ¥ is an OPV Bessel sequence, there exists a
bounded, right linear operator Q satisfying (6) and the adjoint U : H — £(H) ® K of Q is given by

Uy =Y leneuanFaln) = Y en @ Fy(h), € H.
nelN nelN
This gives
QU(h) = Z F F(h), h e H.
nelN

Therefore, QU is invertible. Hence Q is a surjective operator.
Conversely, since Q is a surjective operator, Q" is one-one and hence there exists a positive constant r
such that

Akl < 1Q" P = Z IEa (I, 1€ H.

nelN
This gives
Y IEIE = Y CFu(OIEa0) = (1) Y FLFu(0), € .
neN nelN neN

Also by Theorem 3.3, ¥ is a Bessel sequence. Hence ¥ is an OPV-frame for H with range in K. [

Let = {F,}nen be an OPV-frame for H with range in K and {e,},en be an orthonormal basis of £(IH).
Then, the analysis operator T : H — £,(H) ® K of the OPV-frame ¥ is given by

TH) = Y lewemFal) =Y e @Fu(l), heH,
nelN nelN

and the synthesis operator 7 : {r(H) ® K — H of ¥ is given by

T =) Fypanenl

nelN

By composing 7 with its adjoint 7°, we obtain the frame operator S given by

S=T"T =) FiF.

neN

Observe that an OPV-frame ¥ = {F,},eN is a Parseval OPV- frame if and only if 7 is an isometry. This
is because

IO = Y I G2 = {1

nelN

y F;Fn(h)> — (WS, h e H.

nelN
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Remark 3.5. The analysis operator T : H — {,(H) ® K of an OPV-frame F = {F}uen is a bounded injective
operator.

Next, we observe that the information carried by an OPV-frame can be fully encoded with the help of
its analysis operator. In other words, an OPV-frame can be fully reconstructed from its analysis operator.

Theorem 3.6. Let ¥ = {F,},en be an OPV- frame for H with range in K and T, T be the analysis and synthesis
operators of ¥, respectively. Then, for eachn € IN, F, = gmfeqlT and F; = T "leq) (1), where {ey}nen is an
orthonormal basis of £>(H).

Proof. For h € H, we compute ¢,m){eq7 (1) = Y {ejle.)F;j(h) = Fy(h). Similarly, for k € K, we have
jEN
T len) e,y (k) = X F;((€n|€j>k) =F, (). O
jEN

In the following result, we give some properties of the frame operator for an OPV-frame in a right
quaternionic Hilbert space.

Theorem 3.7. Let ¥ = {F}yen be an OPV-frame for H with range in K having lower and upper frame bounds rq
and 1, respectively with the frame operator S. Then S is a right-linear, positive, self- adjoint, bounded and bijective
operator.

Proof. Clearly, S = 77 is self adjoint bounded operator. Also, in view of the frame inequality, we have
rnZ <8 <l and so S is positive. Let S(h) = 0. Then, ||hl[> = (hlh) < (S(h)|h) = 0. This implies i = 0.
Further, as 7 is surjective, for any h € H, there exists g ® k € £,(IH) ® K such that 77(q ® k) = h. Thus
g®k e N(T*)* = R(7). Hence S is a bijective operator. [J

Definition 3.8. Let ¥ = (F,},en be an OPV-frame for H with range in K. Then, F is said to be
(i) a Riesz OPV-frame for H with range in K if T (H) = {,(H) @ K.
(ii) an orthonormal OPV-frame for H with range in K if it is a Parseval Riesz OPV-frame.

Observations (I) Let ¥ = {F,},en € B(H, K). Then, ¥ is a Riesz OPV frame for H with range in K if and
only if there exists a bounded, bijective and right linear operator Q : £,(IH) ® K — H such that

Q®K) = Y Fi(@h) = Y Fy anelq@k), qoke L) @K,

nelN nelN

where {e,},en is an orthonormal basis of £;(IH) and q = {g,}nen € 2(IH).
(ID Let F = {Fu}uen € B(H,K). Then F is an orthonormal OPV-frame for H with range in K if and only if
there exists a unitary operator Q : £>(IH) ® K — H such that

QoK) =Y Fi@k) =Y F can(el@ekh, qeke L)X,
nelN nelN

where {e,},en is an orthonormal basis of £,(IH) and q = {gu}nen € L2(IH).

(1D Let ¥ = {F,},en be an OPV-frame for H with range in K and Sbe its frame operator. Write ? = 7S 17.
Then, P is a projection from ¢,(H) ® K onto 7 (H). Further, if ¥ is a Riesz OPV-frame for H with range in
XK, then P = I o, (m)e%c-

In the following result, we characterize Riesz OPV-frames and orthonormal OPV-frames in a right
quaternionic Hilbert space.

Theorem 3.9. Let ¥ = {F,}uen be an OPV- frame for H with range in K with frame operator S. Then
(a) F is Riesz OPV-frame for H with range in K if and only if for each i, j € N, FiS’lF} = Ojjlx.
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(b) F is orthonormal OPV-frame for H with range in K if and only if EF; = Oijlgc and {F,}uen is Parseval
OPV-frame.

Proof. (a) Let ¥ be a Riesz OPV-frame. Then, for each k € K and i, j € N, we compute
Fz'S—lF;(k) = o@elT ST lepam(®) = nayleld nanex leemk) = k.
Conversely, for g ® k € £,(H) ® K, we have
P k) TS'T(q®k)
- 7S1Y Figh

nelN

= Y T(SFq.0)

nelN

= )Y e @ F(STF(q.0)

nelN jelN

= Zen®(an):q®k.

nelN

Therefore, P = 1 ¢, myex-
(b) Straight forward. 0O

In the next result, we give a characterization of OPV-frame and orthonormal OPV-frame with the help
of frame and orthonormal basis in H, respectively.

Theorem 3.10. Let F = {F,},en be an OPV-frame for H with range in K and {k;}jen be an orthonormal basis of
K. Then

(a) F is an OPV-frame if and only if {F, (k;)}jnen is a frame for H.
(b) F is an orthonormal OPV-frame if and only if {F, (kj)};neN is an orthonormal basis of H.

Proof. (a) Let h € H. Then, for each n € N, we have
Fa(h) = ) kilkilFui) = ) ity (ki) Ih).

€N €N

Also, we compute

IEx (I

(X kEm| Y ke o)

i€N jEN K

X Y CHIF () g iy yac Ry
i€eN jeN

PRCANRACI

jEN

Y KHIE, ()P,

jEN

This gives
Y NEIE =YY K ()P
nelN neN jeN

Hence ¥ is an OPV-frame if and only if {F; (k;)} ;s is a frame for H.
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(b) As ¥ is an orthonormal OPV-frame, F,-F; = 0;jilyx and ), F,F, = Iy. Also, for each n € N,
nelN
Fu(h) = ¥ ki(F,(kj)lh). This gives
jEN

h= Z F.F,(h) = Z Fo,(kj)(F(ki)lhy, h e H.
neN n,jeN
Also, we have
IF, (k)IP = CkjIFuFp (ki) = llkGl> = 1.
and (F;, (kj))IF;, (kj,)) = 0.

Conversely, let {F; (kj)};sen be an orthonormal basis of H. Then

=Y Fu)Fuki = Y FyFa), he H.

n,j€eN nelN

Therefore {F,,},en is a Parseval OPV-frame. Also, for each k € K, we compute

FUF0) = Y kiCkIFF00) = Y ki(Fa [Pl X Kkl )) = Y kicklio = k.

jEN jEN ieN ieN

and

F.F,, (k) = Z kiCE (kIE, (k) = Z ki (eDIE S, (ki) )Kilk) = 0.

jeN i,jeN
Hence, by Theorem 3.9, ¥ is an orthonormal OPV-frame for H with range in K. [

In the following result, we show that an OPV-frame is a compression of a Riesz OPV-frame in a right
quaternionic Hilbert space.

Theorem 3.11. Let ¥ = {F,}nen be an OPV- frame for H with range in K with lower and upper frame bounds r
and 1, respectively, and frame operator S. Then, there exists a right quaternionic Hilbert space G and a sequence of
bounded right linear operators {E, : G — Klnen such that {E,}nen is a Riesz OPV-frame for G with range in K and
Eulge =Fy, n €N,

Proof. Let Q = Tpaex — T ST and G = H @ ker 7, where 7 is the analysis operator for . For each
n €N, defineE, : G — K as

E.(h®y) =Fu.(h)+ ¢,a0{e.lQ(y), he H, yeker T,

where {e,},,en is an orthonormal basis of £;(IH). Also, define E : G — £,(H) ® K as

Eh@y) =) leduanEni®y) = ) e @E (1Y), hoyeg.

nelN nelN
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Since y € ker 7" we have Q(y) = y. Therefore, we compute

IER® pIF =) I y)IP

nelN

= Y U0 + (el QI

nelN

= Z [|F,(h) + [Z(H)<€n|(y)||2

nelN

= Y EIP + Y e ealIP + Y KFalh)l anenl) + Y eanlenl )IFa(n)

nelN nelN nelN neN

= Y I )P + <Z lewescen 52<H><en|(y)'y> + <Z |en>g2<H>Fn<h>‘y> + <y
neN nelN

neN

= Y UELGOIP + Iyl + (T ()ly) + T ()

nelN

Z |en>{’2(]H)Fn(h)>
nelN

= Y IEIP + Iyl

nelN

Thus, E is a well defined bounded operator. Now, for eachn € IN, E;, = F;,+Qlen) e,y and E* = Y, E;, ¢,qny{enl-
nelN

Further, for g ® k € £>(IH) ® K, the adjoint E* of E is given by

E@ek = Y. E nanlenlqek)

nelN

- Z (F:, + Qlen>€z(JH)) emylenlq ®k)

nelN

= Y B aan(el@@h @ Q) lennm canlelq®k)

nelN nelN
= T'@ekeQgek).

Let ®k € kerE*. Then 7*(q®k) = 0 and g®k = TS T (g ® k). Since ker 7S 7" = ker7T",
g®k = TS8T*(g® k) = 0. This shows that E* is injective. Now, to show that E* is surjective, let
hey € Hoker 7. Since 7 is onto, there exists C € {,(IH)®K such thath = 7*(C). Let T S717*(0) +y = q®k,
forg®k € £,(H) ® K. This gives y = (L ,anex — T S T)(q® k) = Qg ® k).

Also, we compute

TS T (qek) =TS T TS'T Q)+ TS 'T(y) = TS 7).
This gives 7*(C) = 7 (g9 ® k). Therefore
h=T)=7"(q®k) and hoy=T"(ok ®Q(g®k) = E'(g®k).

This verifies that E* is surjective. Hence, {E,}qen is a Riesz OPV-frame for G with range in K. Further,
E g =F,nmeN. O

Next, we show that a Parseval OPV-frame can also be expressed as a compression of an orthonormal
OPV-frame in a right quaternionic Hilbert space.

Theorem 3.12. Let ¥ = {F,}uen be a Parseval OPV-frame for H with range in K. Then, there exists a right
quaternionic Hilbert space G and a sequence of bounded right linear operators {E, : G — K}nen such that {E,},en
is an orthonormal OPV-frame for G with range in K and E,|¢y = F,, n € IN.
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Proof. Let Q = Ipanex — T ST and G = H @ ker 7+, where 7 is the analysis operator of # . For each
n €N, define E, : G — K by

E.(h®y) =F,(h)+ e,meqlQ(y), he H, yekerT".
Leth®ye Haker7T". DefineE: G — 6(H) @ K as

Eroy) =Y lenamEni@y) = Y e, ®En(h@ ).

nelN neN

Proceeding as in Theorem 3.11, we have

IE @ I = Z IE. (I + WIyIP = 17IP + Iyl = h @yl hey € H @ ker 7.

neN

Therefore E is an isometry. So, {E,},en is a Parseval OPV-frame for G with range in K. Also, it is a Riesz
OPV-frame by Theorem 3.11 and hence {E,},en is an orthonormal OPV-frame for G with range in K. O

4. Trace class operators and their applications in quaternionic Hilbert spaces

In [7], Choi proved that in a Hilbert space H, a linear operator f on B(H) is completely positive and

trace preserving if and only if f(F) = ), F;FF,, where {F,},en is a collection of operators in B(H) such that
nelN

Y, F,F, = I.In [21], Poumai, Kaushik, and Djordjevi¢ obtained Choi-Kraus representation in the context

neN
of OPV-frames in Hilbert spaces. In this section, we will prove these result in the context of quaternionic

Hilbert spaces.

In [2], Stéphane Attal gave a necessary and sufficient condition for an operator to be of trace class in a
Hilbert space. The following is an extension of this result for a right quaternionic Hilbert space.

Theorem 4.1. A bounded operator T on a right quaternionic Hilbert space H is trace-class if and only if
Y. KgulThy)| < oo, for all orthonormal families {g,}nen and {hy}uen in H. Further, there exist orthonormal families
neN

{Fntnen and {hy}nen in H such that ||T|, = Z]NKgn|Thn>|~
ne

Proof. Let T € Bi(H). Then, T is compact and there exist orthonormal sequences {¢y}nen, {Entnen in H and
a sequence of positive real numbers {a,}.en (see [10, 22]) such that

Tx = Z énan<¢n|x>/ xeH.
Y KgulThl =) Xcskak<¢k|hn>>

nelN
<gn
nelN nelN kelN

2 Y algal€ el

nelN kelN

1/2 1/2
Y o [Z |<gn|5k>|2] [2 |<q>k|hn>|2]

keIN nelN nelN

- Zaknéknnmll

Also, we have

IN

IA
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If we take g, = &, and h, = ¢y, for all n € IN, then
Y Kgul T = Y e = |Tlh.
neN keN
Conversely, let T € B(H) be such that ), [{g,|Th,)|<co, for all orthonormal families {g,}nen, {nlnen € H.
nelN

Let T = U|T| be the polar decomposition of T (see Theorem 2.3). Choose an orthonormal basis {/,},en Of

Ran(|T|) and put g, = Uh,, n € IN. Since U is an isometry on Ran(|T|), U*(9,) = h,, n € IN. Therefore, we
obtain

Y KgulTh)l = Khall Tl = Y (allTIR).

nelN nelN nelN

Further, one may observe that ), (h,||T|h,)<co. Extending the family {/,},en into an orthonormal basis {(h,)
nelN

of H by completing with orthonormal vectors in R(m(ITI)L = N(|T|), we get
Y Ty = Y (Tl )<co.
nelN nelN

Hence, T is a trace-class operator on H. [

In the next result, we obtain a trace class operator on a two-sided quaternionic Hilbert space K using a
trace class operator on H ® K.

Theorem 4.2. If T is a trace-class operator on H ® K, then the operator ¢;(h|T|h)q is a trace-class operator on K,
for all h € H. Moreover, for any orthonormal basis {hy,},en of H, the series Tra(T) = Y. e 1Tl Tl des is ||l
convergent.

Proof. Let {kn}uen and {u,},en be orthonormal families in K. Without loss of generality, let & € H be such
that ||i]| = 1. Then

Y Kkl TV p10)] = ) K @ Kl T @ 1)),
nelN neN

As T is a trace-class operator on H ® K and {h ® k,},en, (h ® uy}nen are orthonormal families in H ® K, we
have

Y Kkl I TU) 10,0 <00.

nelN

Thus, ¢/(h|T|h)¢ is a trace-class operator on K.
Moreover, as for each n € IN, ¢/(h,|T|h,)4( is a trace-class operator on K. Therefore, by Theorem 4.1,
there exist orthonormal families { ] }nen and {7}, }men in K such that

ll Pl T )l = Z [Kfl 4l T g4 G-

melN
This gives
Y el Thaygddh = Y Y Kl sellal Tl gl = Y Y Kb @ fit [T @ g
nelN neN meN neN meN

Since {h, ® filmnen and {h, ® g} nen are orthonormal in H ® K, by Theorem 4.1, we obtain

Y ) ® £ IT(h ® ginpl<eo.

nelN melN
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Therefore, the series Y, ¢/(hu|T|h, )¢ is ||.|lh convergent and hence the operator
nelN

Try(T) = ) 9l T}
nelN

is a well defined, trace-class operator on K. [

Definition 4.3. Let {h,},en be an orthonormal basis of a right quaternionic Hilbert space H. Then, the partial trace
Trgy is a map from B1(H @ K) into B1(K) defined by

Try(L) = Y sChalLlh)se.

nelN

Now, we prove three results in the form of lemmas which will be used in the subsequent results.

Lemma 4.4. Let & = {Fp}uen be an orthonormal OPV-frame for H with range in K, and {e, ® kylnen be an
orthonormal system in £(H) ® K. Then, {T (e, ® kn)}nen is an orthonormal system in H.

Proof. Since ¥ is an orthonormal OPV-frame, by Observation (II), 77 = 1. Therefore
1T (e ® k)P = (T (e @ k)| T"(e; ® k) = (e @ kiles ® ki) = 1.

and
(T i ®k)T (ej®k;))=0. O

Lemma 4.5. Let ¥ = {F,}uen be a Riesz OPV-frame for H with range in K with frame operator S and {e, ® ky}nen
be an orthonormal system in £,(IH) ® K. Then {S™V2T*(e,, ® k) }nen is an orthonormal system in H.

Proof. It follows bearing in mind that

IS (e @ ki)l = <3_1/27'*(€i kST (e; ® ki)> = (e ®k)T ST (i ®k)y = llei @ kill* = 1
and

(ST (e; @ k) S™V*T(e; ®kj)) =0. O

In the following result, we construct a trace class operator on {»(IH) ® K using a trace class operator on

H.

Lemma 4.6. Let ¥ = {F,}nen be an orthonormal OPV-frame for H with range in K and T be a trace class operator
on H. Then T TT* is a trace class operator on {,(H) ® K, where T is the analysis operator of the OPV-frame ¥ .

Proof. Let {e; ® ki}ien and {v; ® u;}ien be orthonormal systems in £,(IH) ® K. Then
Y K ®KITTT (0@ u)l = Y KT (e; @ k)ITT (0 ® i),
ieN ieN
Note that {7 *(e; ® ki)}ien and {7 *(v; ® u;)}ien are orthonormal systems in H and T € B1(H). Then, one can
obtain
Y K @ k)T TT (01 ® w))l<co.
ielN
Hence, 7 T7 " is a trace class operator on £,(H) ® K. O

Next, we give a Choi-Kraus type representation using orthonormal OPV-frames in a right quaternionic
Hilbert space.
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Theorem 4.7. Let ¥ = {F,}uen be an orthonormal OPV-frame for H with range in K. Then, there exists an operator
¢ : Bi(H) — B1(K) such that

O(T) = Z F,TE, T € By(H).

nelN

Proof. As T is a trace-class operator on H, by Lemma 4.6, 7 T7 * is a trace-class operator on ¢,(H) ® K. Let
{en}nen be an orthonormal basis of £>(IH). Proceeding as in Theorem 4.2, Y, pmlenT TT *len) e,y is II-1h
nelN

convergent. Therefore,
TT[Z(]H)(TTT*) = Z fz(]H)(en|7~T7—*|en>€z(IH) = Z FnTF:I.
neN neN
Now define ¢ : B1(H) — B1(K) as
O(T) = Treyan(TTT") = Y FTF,, TeBy(H). O
neN
Next, we give another type of Choi-Kraus type representation using Riesz OPV-frames.

Theorem 4.8. Let & = {Fylyen be a Riesz OPV-frame for H with range in K. Then, there exists an operator
¢ : Bi(H) — B1(K) such that

o) = Y F.STPTSF,
nelN
where S is the frame operator for the Riesz OPV-frame F. Further, we have

(P(T) = TVKZ(IH) (TS_l/zTS_l/ZT*).

Proof. Let {e, ® ky}nen and {v,, ® 1, },en be orthonormal systems in €,(IH) ® K. Then

Y Kew @ T SVATS T (w0, @ u)l = Y KS™V2T (0 @ kn)TS V2T (0 ® 1)),
neN nelN

Also, since {S™27 (e, ® ku)}new and {S™Y2T (v, ® 1) }uen are orthonormal systems in H and T € B;(H),
we have

Y (ST (e @ k)ITS ™27 (0 @ )l <oo.
nelN

This gives
Z Ken ® knlT STV TS™2T (v, ® uy))|<o0.

neN
Thus, 7S/2TS™1/27 is a trace-class operator on £,(H) ® K. Further, proceeding as in Theorem 4.7, there
exists an operator ¢ : B1(H) — B1(K) such that
O(T) = Troan(T S V2TS V27 = Z @ el TS VPTS 2T e, )y = Z F,SV2TSV2F . O
nelN nelN

The following is another Choi-Kraus type representation using Parseval OPV-frames.

Theorem 4.9. Let ¥ = {F,},en be a Parseval OPV-frame for H with range in K. Then, there exists a sequence of
operators {E, : H @ker 7" — Kl,en and an operator © : B1(H @ ker T*) — B1(K) such that

O(T) = )" E,TE;, TeBi(HakerT") and Y E;Ey = Tptorerr-
nelN nelN

Proof. It can be worked out on the lines of the proof of Theorem 3.12 and Theorem 4.7. [J
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Finally, we show that for any quaternionic quantum channel ¢ : B(H) — B(K), there exists a right
quaternionic Hilbertspace Z and anisometry V : H — Z®K such thatforany T € B(H), ¢(T) = Trz(VTV*).

Theorem 4.10. Let {F,},en be a Parseval OPV-frame for H with range in K. If there exists an operator
D : B1(H) — B1(K) such that

O(T) = Z F,TF., T € Bi(H),

nelN
then there exists an isometry T : H — €,(H) ® K such that O(T) = Tre,q (T TT ) and T*T = L 4.

Proof. Let 7 be the analysis operator for the Parseval OPV-frame ¥ = {F,},en. Then, 7 is an isometry. Let
T € B1(H). Then

TTT" = Zlen>€2(H)Fn (T) Z‘F] omlejl| = Z lew) e, FnTF; e,un)ejl.

neN jEN n,jeN

Also, we have

Tre,my(TTT™) = Z amlellen mFaTFE; oalejllenam = Z F,TF;.
in,jeN nelN

Hence O(T) = Trg,my(TTT ) and 7T = I¢.. O

5. Conclusion

OPV-frames can be used in the study of quaternionic quantum mechanics (QQM). Quaternionic quantum
channels are the transformation channels that can transform the initial associated state of any physical
system. These channels act as a path or a pipe used to transmit quantum information. Keeping this
in mind,we made an attempt to find Choi- Kraus type representations in quaternionic Hilbert spaces.
To achieve this goal, we introduced and studied OPV-frames in quaternionic Hilbert spaces and obtained
various results including a characterization for their existence. We also proved that an OPV-frame (Parseval
OPV-frame) is a compression of a Riesz OPV-frame (orthonormal OPV-frame).
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