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Multi-Valued Perturbations to a Couple of Differential Inclusions
Governed by Maximal Monotone Operators

D. Azzam-Laouir?, M. Benguessoum?

?LAOTI, Université Mohamed Seddik Benyahia de [ijel, Algérie

Abstract. This paper concerns the existence of absolutely continuous solutions for a couple of evolution

problems, governed by time and state dependent maximal monotone operators and sweeping process to
subsmooth sets, with multi-valued perturbations.

1. Introduction

In [8], the authors have proven in a real Hilbert space H, the existence of absolutely continuous solutions
for a couple of evolution differential inclusions governed by time and state dependent maximal monotone
operators and a time and state dependent closed convex sweeping process, with single-valued perturbations
of Carathéodory type.

As a continuation of this work, we study in this paper, the existence of absolutely continuous solutions
to the following differential system

—1(t) € At, v(t))u(t) + F(t, u(t), v(t)), ae.te[0,T]
u(t) € D(A(t, (1)), Yt e [0,T]
(51){ —o(t) € NC(t,u(t))(v(t)) + G(t, u(t), v(t)), ae.tel0,T]

o(t) € C(t, u(t)), ae.te[0,T]
u(0) = ug € D(A(0,v0)), v(0) = vg € C(0, up),
where for all (¢t,x) € [0, T] X H, A(t, x) is a time and state dependent maximal monotone operator, {C(t, x) :
(t,x) € I x H} is an equi-uniformly subsmooth family of closed sets, N v (-) the Fréchet normal cone to
C(t,x), and F, G are set-valued maps with nonempty convex and closed values. So that, our main theorem
generalizes the result in [8] in two directions, since we deal with multi-valued perturbations and the class
of subsmooth sets, which strictly contains that of convex sets.

Such problems find many applications in mechanics, hysteresis systems, traffic equilibria, social and
economic modelings, optimal control; to cite but a few topics. There is a vast related bibliography in the
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literature, we can cite for instance [3-6, 10, 11, 16, 18, 21-23, 25, 29, 31-34] and their references, and for some
contributions to sweeping process with subsmooth sets we refer to [2, 19, 20, 26].

Our paper is organized as follows: In the next section we recall the background materials that we need
in our proof, and in section 3 we state and prove our main result.

2. Notation and Preliminaries

Throughout this paper, I := [0, T] (T > 0) and H is a real separable Hilbert space, with the inner product
{-,-» and the associated norm || - ||. We denote by Bu(x, r) (resp. Bu(x, 1)) the closed (resp. open) ball of H of

center x € H and radius r > 0, and by By its closed unit ball. On I we consider the Lebesgue sigma-algebra
L(I), and on H the Borel sigma-algebra $B(H).
For p € [0, +oo[, we denote by LP(I, H) the quotient Banach space of measurable maps u : I — H,

1
such that ¢t — ||u(t)|F is Lebesgue-integrable, equipped with its standard norm [[u]l;, = ( fOT IIu(t)II”)p, and

by C(I, H) we denote the Banach space of continuous mappings u : I — H endowed with the sup-norm
I| - llc. Finally, W(I, H) (g = 1,2), denotes the space of mappings u € C(I, H) such that their first derivatives
1 € LI(I, H).

For S ¢ H, we denote by co(S) the convex hull of S and by co(S) its closed convex hull. Recall that if S is
a nonempty subset of H, then

(S) ={reS: V' e H(x,x) <&'(,S)}, (1)

where 0°(+, S) is the support function of S, i.e., 6*(z, S) := sup(z, x), ¥z € H.
X€S
A subset S of H is said to be ball compact, if its intersection with any closed ball of H is compact.

We denote by H(S1, Sz) the Hausdorff distance between closed subsets S; and S, of H, which is defined
by H(S1, S2) := max {supd(x, S1), supd(x, 52)}, where d(x, S) := inf{|lx — y|| : y € S}is the distance from x € H

X€S, x€8

to S C H, sometimes denoted by ds(x). The projection set of x into S is the set Proj(x, S) := {y €S: dx,S) =
[|x — yll}, if Proj(x, S) is a singleton, its unique element will be denoted by proj(x, S), in the case x = 0, this
element, which is the element of minimal norm of S, will be denoted by S0 ie., S0 = proj(0,S).

2.1. Cones and subdifferentials

For more information on these notions and properties we refer the reader to [13-15, 24, 27, 28].
Let f be a proper lower semicontinuous function from H into R U {+co} and let x be any point where f
is finite. We recall that the Clarke subdifferential of f at x is defined by

If()={E€H: (&h) < f'(x,h) YheH],

where f1(x, ) is the generalized Rockafellar directional derivative given by

[+ ) - f(¥)
- :

fT(x, h) = limsup inf

x—fx
110

The notation ¥’ —s/ x means that ¥’ — x and flx') — f(x).
When f is locally Lipschitz, the Clarke subdifferential has also an other useful description
f()={ € H: (& hy < fOlx,h) VheH],

where , ,
FOc,h) = limsup M
', H)—(x,0) t
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The Fréchet subdifferential of f at x is defined by:
I f(x):={CeH:VYe>0,35>0,Y% € Bu(x,0),((, ¥ - x) < f() — f(x) +ellx - xfl}.

It is known that we always have the inclusion of f(x) C d°f(x) for all x € H. By convention we set
I f(x) = dF f(x) = 0, if f(x) is not finite.

Let S be a nonempty and closed subset of H and x € S. Let us recall that the Clarke normal cone (resp.
the Fréchet normal cone) of S at x, Ng (x) (resp. NIS: (x)) is the subdifferential of the indicator function of S,
Le., NS(x) = 9“0s(x) (resp. NE(x) = 9"65(x)), where 65(x) = 0 if x € S and +co otherwise, so that we have
always the inclusion Ng (x) C Ng(x) for all x € S. The Fréchet normal cone is also related to the Fréchet
subdifferential of the distance function since for all x € S

dFds(x) = NE(x) N By 2
and observe that if y € Proj(x, S), one has
X—ye Ng(y) andsox—y € Ng(y). 3)

We introduce in the following, the definition and some properties of subsmooth sets, and we refer the
reader to [1] for more details. See also [30].

Definition 2.1. We say that a nonempty and closed subset S of H is subsmooth at xo € S, if for every € > 0, there
exists 6 > 0, such that for all x1,x, € Ba(xo,0) N Sand all C; € Ng(x,-) N By (i=1,2), we have

(C1 = Co,x1 — x2) 2 —€llx1 — x2l. 4)

The set S is subsmooth, if it is subsmooth at each point of S. We further say that S is uniformly subsmooth, if for every

€ > 0, there exists 0 > 0, such that (4) holds for all x1,x, € S satisfying |lx1 — x|l < 6 and for all C; € Ng(x,-) N By
i=1,2).

Proposition 2.2. Let S be a closed subset of H and xo € S. If S is subsmooth at x, then it is normally Fréchet reqular
at xo, that is N (xo) = NS (xo). Furthermore, dds(xo) = 9% ds(xo).

We also introduce the concept of equi-uniform subsmoothness for a family of closed sets.

Definition 2.3. [1] Let (5(q))4eq be a family of closed sets of H with parameter q € Q. This family is called equi-
uniformly subsmooth, if for every € > 0, there exists & > 0, such that for each q € Q, the inequality (4) holds for all
X1, X2 € 5(q) satisfying |lx1 — x2|| < 6, and for all C; € Nsc(q)(xi) N By (i=1,2).

Hereafter, we will denote by Ns(-) and dds(:), the Clarke normal cone and subdifferential of the distance
function to S, instead of Ng(-) and dg(-).

We close this subsection by the following proposition, which is crucial for the statement of our main
theorem. We refer the reader to [1] for the proof.

Proposition 2.4. Let {K(t,x) : (t,x) € I X H} be a family of nonempty closed sets of H, which is equi-uniformly
subsmooth and let a real 1 > 0. Assume that there exist a real constant L > 0 and a continuous function 9 : I - R
such that, for any x1,x2,y € Hand t,s € |

ld(y, K(t, x1)) — d(y, K(s, x2))| < [9(£) = 9(s)| + Lilxy — xa]l.

Then, the following assertions hold.

(i) For all (t,x,y) € gph(K) we have nddx +(y) C nBy.

(ii) For any sequence (t,), C I converging to t, any sequence (x,), converging to x, any sequence (y,), converging to
y € K(t, x) with y, € K(t,, x,,), and any & € H, we have

lim sup 6°(&, nddx, x,) (Yn)) < 6°(&, N9kt (Y))-

n—+oo
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2.2. Maximal monotone operators

We recall in this subsection, see [7, 9, 35], definition and some properties of maximal monotone operators
that we need after.
A set-valued operator A from H to H is a mapping from H into 2. Tts domain and range are defined by

DA)={xeH: Ax#0}, R(A)= YA
X€E

while its graph is the following set
gph(A) = {(x, yeHXxH: xeD(A), ye Ax}.

The operator A : D(A) — 2H is monotone, if (Y1 — y2,x1 — x2) 2 0 for all (x1,y1), (x2,¥2) € gph(A). Itis
maximal monotone, if it is monotone and its graph could not be strictly contained in the graph of any other
monotone operator, i.e., from Minty’s Theorem, for all A > 0, R(Iy + AA) = H, where Iy stands for the
identity mapping of H.

If A is a maximal monotone operator, then for every x € D(A), Ax is nonempty, closed and convex. So
that, the projection of the origin into Ax, A%(x), exists and is unique.

For A > 0, the resolvent and the Yosida approximation of A are the single valued operators defined on

all of H by ]’AL‘ = (g + )LA)_1 and A, = % (I H— ]j? ), respectively. Furthermore, we have

Ji(x) € D(A) Vxe€H. (5)
Al < A°()Il Vx € D(A). (6)
1AL (x) = AWl < %le -yl Vx,yeH. @)

We close this subsection by the definition of Vladimirov’s pseudo distance (see [34]), and some funda-
mental lemmas crucial for our proof. We refer the reader to [21] for details.

Let A : D(A) — 2 and B : D(B) — 2H be maximal monotone operators, then we denote by dis(A, B),
the Vladimirov’s pseudo-distance between A and B defined by

‘ -y, ¥ ) ,
dis(4,B) = sup (i o+ (o) € aphid), (') € gph(B) ®)

Lemma 2.5. Let A : D(A) — 2 be a maximal monotone operator. If x € D(A) and y € H are such that
(A’(z) —y,z—x) 2 0 Yz € D(A),
then x € D(A) and y € Ax.

Lemma 2.6. Let A, : D(A,) — 25 (n € N) and A : D(A) — 28 be maximal monotone operators such that
dis(A,, A) — 0. Suppose also that x, € D(Ay) with x, — x and y, € Ayx, with y, — y weakly for some
x,y € H. Then x € D(A) and y € Ax.

Lemma 2.7. Let A, : D(A,) — 28 (n € N) and A : D(A) — 28 be maximal monotone operators such that
dis(An, A) — 0 and for some ¢ > 0, all n € N and x € D(A,), |A2(x)|| < ¢ (1 + ||x]l). Then for every z € D(A) there
exists a sequence (C,;) such that

Cu€D(A,), G — z and A%NL,) — A3). )
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3. Main result

Let H be a real separable Hilbert space. Let for every (t,x) € [ x H, A(t,x) : D(A(t,x)) c H — 2 be a
maximal monotone operator, and let C : I X H = H be a set-valued map with nonempty closed values and
F G :1x H x H 3 H be set-valued maps with nonempty, closed and convex values.

We will state our main result under the following assumptions.
(7-(94) D(A(t,x)) = D for all (¢, x) € I X H, that is A(¢, x) has fixed domain.
(H;) There exista nonnegative real constant A and a nonnegative and nondecreasing function § € W(I, R),
such that
dis (A(t, x), A(s,y)) < IB(t) = B(s) + Allx — yll Vt,sel, Vx,y € H.

(H f‘) There exists a nonnegative real constant c such that
IA°(t, Yl < c + x|l + lyll) Vtel, Vx € H, Yy € D(A(t, x)).

(H3) D is relatively ball compact.

(‘Hé) The family {C(t, x): (t,x)eIxH } is equi-uniformly subsmooth.

(H?2) There exist a nonnegative real constant a, satisfying @A < 1, and a nonnegative and nondecreasing
function n € WY(I, R), such that

ldcin(z) = doey@)| < In(t) = 1)l + allx = yll Vt,s €1, Vx,y,z € H.

(?{(3:) For any bounded subset E C H, the set C(I X E) is ball compact.

(H}) (resp. (HL)) F (resp. G) is L(I) ® B(H) ® B(H)-measurable.

(7{3) (resp. (‘Hé)) Foreacht €, F(t,-,-) (resp. G(t,-,-)) is scalarly upper semi-continuous.
(7{2 ) (resp. (7{8)) There exists a non negative real constant My (resp. M) such that

d(OIF(tlxl y)) < MF(l + ”x” + ”y“) V(t,x, y) €IXHXH
(resp.
d(0,G(t, x,y)) < Mc(1 +lIxll + [lyll) V(¢ x,y) € I X HX H).

Now we present our main theorem. We follow ideas of the proof of Theorem 3.1 in [8]. We stress the fact
that in [8] the functions g and n were taken in W'2(I, R), in this work we have weaken these hypotheses by
taking f and 7 in WU(I, R), with an additional assumption, that the domain of A(t, x) is fixed (hypothesis

(HY)-

Theorem 3.1. Let for every (t,x) € I X H, A(t,x) : D — 2 be a maximal monotone operator satisfying (7’{2),
(H}), (H3) and (H3).

Let C : I x H 3 H be a set-valued map with nonempty closed values satisfying (?(é), (7—((2:) and (?{g), and let
F:IxHxH 33 H(resp. G:1xHxH =3 H) be a set-valued map with nonempty, closed and convex values
satisfying (H}), (HE) and (H?) (resp. (HL), (HZ) and (H3)). Then, for any (1o, vo) € D x C(0, uo), there exists an
absolutely continuous solution (u,v) : | — H X H of the evolution problem (S1). Furthermore, this solution satisfies,
for almost every t € I and for some nonnegative real constants K and y, the following estimates:

(Bl < KL+ () + () and ol < y(1 + (t) + 1(H))-
Proof. For each n > 1, consider the partition {¢! : i = 0,1, .., n} of the interval I, and fori = 0,1, ...,n — 1, set
iy =ty — 171, By = IB(t) — BEDL iy = In(ty,) — n(E)I- (10)
Without loss of generality, we suppose that §(0) = n(0) = 0.
Set b(t) := t + B(t) + n(t) for all ¢ € I. Since § and 7 are absolutely continuous, the partition {t! : i = 0, ..., n}
can be chosen such that foralli=0,..,n—landn >1,

i+1 T =

n n n n 1
ki =00y + By + i < Eb(T)- (11)
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For each (t,x,y) € I x H X H, let us denote by f(¢t,x, y) (resp. g(t,x, y)) the element of minimal norm of
the closed convex set F(t, x, y) (resp. G(t, x, y)) of H, that is

f(t,x,y) = F(t, x,y) = proj(0, F(t, x, y))

g(t,x,y) = G'(t, x,y) = proj(0, G(t, x, y)).

For each (x,y) € H x H, the map t = f(t,x,y) (resp t = g(t,x,y)) is L(I)-measurable thanks to (7{;) (resp.
(H})) and the separability of H; see Theorem III-41 in [12] for details. Furthermore, by hypotheses (7;),
(H),

(%, Il < Mp(L+ il + lyll) Y(t,x,y) € IXHXH, (12)

lg(t, x, Il < Mc(1 + [lx[| + [lyl) V(¢ x,y) € [ XHXH. (13)

Step 1. Construction of step mappings (u,(.)), and (v,(.)),.
For each n > 1, define the mappings u,, v, : I — H as follows: for t € [t?, tf’“[, 0<i<n-1,

t—th t t
un(t) = ul' + o —lt" (”?ﬂ —u! + t f(s, u?,v;’)ds) - I fs,ul,v)ds (14)
i+1 i i i
L by -b), , ti - t .
va(t) = 0} + kn—(vi+1 - + ; g(s,uj, v} )ds) - : g(s,u,v})ds (15)
i+1 i i

and u,(T) = uy, v,(T) = vy, where v} = vy, uj = 1 and fori=0,..,n-1,

1

i+1

v}, € Proj(v:.7 =, g(s,u},v}')ds, C(tl’.lﬂ,u?)), (16)
n n n t;:-l n n
ul,, = ]i+1(”i - : fs,uf, v )ds). (17)
Al _ -1
Here, Ji., := 5, th= (IH + 6;?+1A(t7+1,v7+1)) :

Observe that relation (16) is well defined since the sets C(t, x) are ball-compact, and clearly, for i =
0,..,n-1,

U?Jrl € C(t?ﬂ’u?)’ (18)
and from (3) and (16) we have

!

i+1
-, )€ NC(t;’H,u?)(U?H) + f g(s,u!,vl)ds. (19)
tVl

On the other hand, using relation (5), we have from (17),

ul €D (A(t::—l’v?ﬂ)) =D, (20)
and
ut o —u 1 tia
— e € A )l + 5 f f(s,u, of)ds. (21)
i+1 i+1 Vi
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Obviously, the mappings u, and v, are absolutely continuous, u,(t!) = u!, v,(t!) = 0!, and for t €]t t [,

tn

1, (t) = 6’} ( ul g, —ul + fs ul,v”)ds) f(t,ul, o), (22)
i+1 t!
0.0 = 0t - ;
Ou(t) = o (vF, — 0] + 9(5 u!,o')ds) - g(t, ul', o). 23)

o

From (21) and (22) we have

_u”(t) f(t uz ’Un) € A( i+17 1+1)u7+1’ (24)
and from (19) and (23)
—0n(t) € Negr un(©0),1) + gt uil, 0}). (25)

To be able to continue the proof, we need the following estimates. We refer to the proof of Theorem 3.1
in [8].

Lemma 3.2. Under the hypotheses (H;), (H3), (HZ), (HZ) and (H), there exist nonnegative real constants K,y
such that, forn > 1andi=0,...,n,

lufll <K and ||0}|I <y. -

Now, observe that from (22) we have for all ¢ €]¢", t* [,

g
||un(t)||<|1 (l+1—u?+ f 1 Fs,ul, s )| + £ ul, o)l
1+1 £
= ”63 ,+1 j; f(s, ul,v”)ds —-u! +fn f(s, ul,v”)ds)||+||f(t ul, o)l
i+1 t; &

MmWw%MW‘ﬁmﬂmﬁwmmﬂwmﬁﬂm

z+1
< JlAs, W o) = | fs uf os) = A (8, )0
o
+ NAse, (8, O )@+ I, o),
; _ 1
here, Ay (t!,,,77,,) is the Yosida approximation of A(t!,,,0!,), ie., Ay (4,07 )(x) = @(x ().

Since u! € D(A(t!,v!")) = D(A(t!,,,v",,)) = D, using (6) and (7) together with (7—(2), (H3) and (26), we get

¥ ]' t;l n 1
i (DI < 5 f £ (s, 1], 0)lds + A (KL, y, o}, D@D+ 1 (E ], )]
i+1
< 2Mp(L+ 11+ 11971 + (1 + [luf Il + (107 411)
< @M+ +K+y)=

so that, there is a negligible subset N’ of I such that foralln > 1,
i ()l <R Vtel\N'. (27)
On the other hand, by (H, ) (23) and (26), for all ¢ €]¢!, £, [,

b(t .
o, (DI < ( ) ol =Ml + (b(t) + DMg(1 + K+ y)
z+1
< yb(t) + (b(t) + DMc(1 + K + ) =2 (b),
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that is, there is a negligible subset N”* of I such that foralln > 1,
lon (Il < P(t) VE€I\N", (28)

and this shows that (v,) is integrably bounded since ¢ € L'(I, R).
Now, consider the step functions 0,, ¢, : [ — I defined by 0,(t) = t,; and ¢@,(t) = t! if t €]¢', ¢! ] and
0,(0) = ¢,(0) = 0. Clearly,

|0,(t) =t = 0 and |p,(t) —t| = 0 asn — +oo. (29)

Forallt € I, set fu(t) = f(t, un(@u(t), va(@a(t))) and g,(t) = g(t, n(@n(t)), vu(@a(t))).
From (18), (20), (24) and (25), it follows that for each n > 1, there exists a negligible subset N, of I such that

—t1y(t) € A (On(t), 0n(On(1) un(On(t)) + fu(t) Y €I\ Ny. (30)
un(0n(t)) € D (A(Ou(t), va(0n(t)))) =D Vi€l (31)
fu(t) € E(t, un(@u(®)), vn(@n(D)) VEEL (32)
~0n(t) € Ne(6,),u,pu (1) ©n(On(1)) + gu(t) VEE T\ Ny (33)
Un(On(t) € C(On(t), un(pn(t)) Vtel (34)
In(t) € G(t, un(@n(t)), vn(@n(t))) VeI (35)

Step 2. Convergence of the sequences.
For every t,s € I (s < t), we have by (27),

t
[l () — un(S)ll < f (DIl dT < RJt —s| ¥Vn>1. (36)

This shows that the sequence (u,) is equicontinuous. On the other hand, from (26) and (31), we have for
every t €1,
(”n(en(t)))n cDhn KEH/

but, by (H3), we know that the set in the right hand side of this inclusion is relatively compact. Then, the
sequence (u,(0,(t))), is relatively compact. Since from (36) and (29) we have forall t € I, [[u,,(0,(t))—u, (H)|| —
0 as n — oo, we conclude that, for all t € I, {u,(t),n > 1} is also relatively compact. By Arzela-Ascoli
Theorem, up to a subsequence, (u,) converges uniformly and strongly to some mapping u € C(I, H).
Moreover, we have for all t € I,

4a(On(£)) = u@®ll < Jun(t) — u(l + 1un(f) = un(On@)I-
Then,

14 (0:(H) = u(H)l — 0 as n — oo, (37)
and similarly
lln(@n(8)) = u(®ll — 0 as n — co. (38)

As regards the convergence of (v,,), for every t,s € I (s < t), we have by (28),

t t
lon(t) - 0a(s)ll < f lon(D)l dt < f YOdr Vi > 1. (39)

This shows that the sequence (v,) is equicontinuous. On the other hand, from (26) and (34), we have for all
tel, _ —
(04(6x(1))), € C(I X KBg) N yBy.
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Whence, by (7—(8,), the sequence (v,(0,(t)), is relatively compact, and since from (39) and (29), for all ¢ € I,
10,(0,(t)) — va(t)ll — 0 as n — oo, we conclude that for all ¢ € I, {v,(t),n > 1} is relatively compact in H.
Then, (v,), is relatively compact in C(I, H), by extracting a subsequence, that we do not relabel, we conclude
that it converges uniformly and strongly to some mapping v € C(I, H). Moreover, for all t € I, we have

104 (0x(2)) — 0Ol < N[0 (t) — (Ol + [[02(On(t)) — vu(B)]] .0 (40)
and similarly
[0u(@u(t)) —o(®)l| — 0 as n —> oo. (41)

Now, from (27) and (28), we know that the sequences (it,) and (0,) are integrably bounded so, by
extracting subsequences, not relabeled, we may assume that they converge weakly in L!(I, H) to i and 0,
respectively (see [17]).

Step 3. Existence of a solution.
We start by proving that u(t) € D(A(t, v(t))) = D and v(t) € C(t, u(t)) for all t € I. Indeed, if we put for any
fixed t € [ and each 1 > 1, A, := A(O4(t), va(0,(1))), A := A(t, 0(t)), Xy := un(0n(t)) — u(t) and y, := AY(x,),
we get by (H}), (10), (11) and (40),

dis( Au, A) < 1B(0(8)) = PO + Moa(B:(B) = o)l — 0, (42)

and by (31), x, € D(A,), and by (7—(1%), (26), the sequence (y,) is bounded, hence, up to a subsequence, it is
weakly convergent in H. So that, by virtu of Lemma 2.6, we conclude that u(t) € D for all ¢ € I.
On the other hand, by (‘Hé), (11), (34), (38) and (40), for all t € I,
d (v(t), C(t, u(t))) < lon(0(6)) — ()l + d (0a(On(t)), C(E, u(t)))
< oa(@a(1)) = oIl + (0 (1)) = n(0)] + allitn(@u(®) — u®ll —> 0,

which means that v(t) € C(¢t, u(t)) since C(t, u(t)) is closed.
Next, since for allf € I and each n > 1,

IfOIl < Mp(L + llun(@aO + loa(@a(E)I)
< Mr(1+K+vy)
and
lgn (DIl < Mc(1+ K +7y), (43)

we may suppose (taking subsequences if necessary) that (f,) (resp. (g,)) converges weakly in L'(I, H) to
some mapping f (resp. g).

Now, since the sequence (i, + f,) (resp. (f,)) converges weakly in L'(I,H) to i + f (resp. to f), by
Mazur’s Theorem, there is a sequence (z;) (resp. (z)) such that for each j € IN, z; € co {1y + fi, k > j} (resp.
zj € co{fi, k > j} and (zj) (resp. (z;)) converges strongly in LYI,H) to i + f (resp. to f). Hence, there exists
a subset Iy (resp. I1) of I with null Lebesgue-measure and a subsequence (j,) (resp. (j;)) of IN such that for
allt € I'\ Ip (resp. t € I'\ I1) (z;,(t)) (resp. (zj,(t))) converges to u(t) + f(t) (resp. to f(t)). So that, for t € I'\ Iy
(resp. t €I\ L)

w(t) + £(t) € [\ fiuelt) + i),k = jy},

peIN
(resp.
f® e (ol fltr k= jp))

peN
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which means that for t € I'\ I (resp. t € I\ I;) and for any C € H

(Cu(t) + £(t)) < limsup (C, ita(t) + fu(t)). (44)
(resp.
(¢ f(H) < limsup (C, fu()).) (45)

Repeating the same arguments on the sequence (0, + g,) (resp. (gx)), we infer the existence of a subset I
(resp. I7) of I with null Lebesgue-measure such that for t € I \ [} (resp. t € I\ []) and for any C € H

(C,o(t) + g(t)) < limsup(C, v,(t) + gu(t)) (46)
(resp.
(G, g(t)) < limsup(C, gu(t)).) (47)

We finish par showing that # and v satisfy the system (S1).
Using (H3), we may apply Lemma 2.7, to the maximal monotone operators A, and A, which verify (42), to
ensure, for all £ € D(A) = D, the existence of a sequence (&,) such that

& €D(A)) =D, & — & and Aj(Es) — A%(E). (48)
Since for every (t,x) € I X H, A(t, x) is monotone, by (30), we have fort € [ \ N,
(1)) + Fu(8), un(0n(D) = En) < (ANER), En = 1 (On(1)))- (49)
Whence, from (27), (49) and (H2) together with (26), we obtain forall t € I\ (U,»; N« UN’ U Io),
(1t (8) + ful®), u(t) = &) = (1() + full), 1 (On(D)) — &)
+ (1) + fuld), (ult) = un(0u() — (€ = 1))
< {AYED, En = n(O4(1)) + (R + Me(L+ K + )1 (0(8) - u)ll + 1€, — &1).
Relations (37) and (48) then give

lim sup<t't,,(t) + fu(®), u(t) - 5> < <A0(.§), & - u(t)>,

which implies, by (44),
(i) + £(B),u(t) - £) < (A°(&), & = u(®)).
Since for all t € I, u(t) € D (A(t, v(t))) = D, by Lemma 2.5, we conclude that
—i(t) - f(t) € A(t,v() u(t) ae.tel

Now, from (28) and (43), we have for almost every t € I,
(On(t) = gu(t)) € P(t)By, where P(t) := () + M(1 + K + ), then from (33), (2) and Proposition 2.2, we have
for almost every t € I,
—0n(t) — gu(t) € NC(H,,(t),un(%(t))) (©a(On(1))) N EE(t)EH
= lp(t)adc(en(t),un(q)n(t))) (Va(0,(1)))- (50)
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Fixany t € I\ (( L>Jan) UN"” U 16) and any C € H, this last relation and (46) give us, by the use of (ii) of
nz
Proposition 2.4 taking into account relations (29), (38) and (40)
(C, U(t) + 9(1‘» < lim sup 6*(@ _ED(t)adc(en(t),un(%(t))) (vn(en (t))))

n—oo

6"(Z, =PIt 0(1)

Since —1P(t)ddcgu(ry)(v(t)) is a convex closed set, we deduce from (1) that —o(t) — g(t) € P(t)ddcp ey (v(t)) C
Neg,u) (0(£)).

It remains to check that for almost every t € I, f(t) € F(t, u(t), v(t)) (resp. g(t) € G(t, u(t), v(t))). From (32)
and (45) we have by the use of hypothesis (H7),

IA

G fE) < limsup (S E(t ua(0a(1), 0a(04(1)))
< 5*(C,F(t,u(t),v(t))).

Since F has closed and convex values, we conclude, by the use of relation (1), that f(t) € F(t, u(t), v(t)) a.e.
t € I. Using similar arguments, we also get g(t) € G(¢, u(t), v(t)) a.e. t € I. Consequently, (1, v) is a solution
of (§1). Furthermore, from (36) and (39) this solution satisfies

llu(t) = u(s)ll < Klb(t) = b(s)l, llo(t) = v(s)ll < yIb(t) = b(s)] Vi,s €1,
that is, # and v are absolutely continuous. This completes the proof. O

Remark 3.3. The statement of our Theorem 3.1 is also valid with no fixed domain D(A(t, x)) of the operator A(t, x),
if we take B, 1 € WY(I, H). The proof will be similar to the proof of Theorem 3.1 in [8].

We close the paper by the following corollaries.

Corollary 3.4. Let A be a nonempty, convex and ball compact subset of H. Let C, F and G as in Theorem 3.1. Then,
for any (uo, v9) € A X C(0, up), there exists a pair (u, v) of WYA(I, H)-mappings satisfying the evolution problem

—1(t) € Na(u(t)) + Et, u(t),o(t)) aetel
~9(t) € Ny (@(0) + G(t, u(t), o) ae.tel
u(t)ye A Vtel

u(t) € C(tu(t)) Vtel

(u(0),v(0)) = (uo, v0o).

Proof. Itis known that if for all (¢, x) € X H, B(t, x) is a closed convex subset of H, then the subdifferential
of its indicator function, dopx) = Np(x), is @ maximal monotone operator, furthermore,
diS(NB(t,x)/ NB(S,]/)) = 7_{(B(t/ .X'), B(Sr y)) v(t/ x)l (Sr y) eIx H/

and D(Np¢y) = B(t,x). So that, our corollary is a direct consequence of Theorem 3.1 by taking for all
(t,x,y) e IXHXH, A(t,x)y = doa(y) = Na(y). O

Corollary 3.5. Assume that for every (t,x) € IXH, A(t, x) : D(A(t, x)) € H — 2! is a maximal monotone operator
satisfying (7-(2), (H), (H3) and (?{i). Let h : H — H be a linear continuous and compact operator such that

Mkl < 1. Then, for any ug € D(A(0, h(uo))), there is a WY (I, H)-mapping u satisfying the evolution problem

—u(t) € Alt, h(u(t)u(t) aetel
u(0) = uy.

Proof. Apply Theorem 3.1 by taking forall (¢, x, y) € IXHXH, F(t,x, y) = G(t,x, y) = {0} and C(¢t, x) = {h(x)}.
O
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